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Abstract

The recovery of 3D shape and pose from 2D landmarks
stemming from a large ensemble of images can be viewed as
a non-rigid structure from motion (NRSfM) problem. Clas-
sical NRSfM approaches, however, are problematic as they
rely on heuristic priors on the 3D structure (e.g. low rank)
that do not scale well to large datasets. Learning-based
methods are showing the potential to reconstruct a much
broader set of 3D structures than classical methods – dra-
matically expanding the importance of NRSfM to atemporal
unsupervised 2D to 3D lifting. Hitherto, these learning ap-
proaches have not been able to effectively model perspec-
tive cameras or handle missing/occluded points – limiting
their applicability to in-the-wild datasets. In this paper,
we present a generalized strategy for improving learning-
based NRSfM methods [32] to tackle the above issues. Our
approach, Deep NRSf M++, achieves state-of-the-art per-
formance across numerous large-scale benchmarks, outper-
forming both classical and learning-based 2D-3D lifting
methods.

1. Introduction
Non-rigid Structure from Motion (NRSf M) aims to re-

construct the 3D structure of a deforming object from 2D
keypoint correspondences observed from multiple views [5,
14, 37, 8, 35, 31]. While the object deformation has clas-
sically been assumed to occur in time, the vision commu-
nity has increasingly drawn attention to atemporal appli-
cations – commonly known as unsupervised 2D-3D lift-
ing. Notable examples include (i) Structure from Category
(Sf C) [33, 2, 3, 18], where the deformation exists as the
shape variation within a category-specific object dataset,
and (ii) unsupervised human pose estimation [10, 34, 60],
which aims to recover the 3D human structure from 2D
keypoint annotations. More recently, learning-based meth-
ods [44, 32, 9] have shown impressive results for solving
atemporal NRSf M problems. These models are advanta-
geous because (i) they are scalable to large datasets and (ii)
they allow fast feed-forward predictions once trained, with-

out the need of rerunning costly optimization procedures for
new samples during inference.

In this regard Deep NRSf M [32] is of particular inter-
est. Deep NRSf M at its heart is a factorization method
that learns a series of dictionaries end-to-end for the joint
recovery of 3D shapes and camera poses. Unlike classical
NRSf M approaches, it incorporates hierarchical block spar-
sity as the shape prior, which was shown to be more express-
ible than the popular low-rank assumption [14, 36, 8, 4, 17]
and more robust than single-level block sparsity [33, 31].
A key concept in Deep NRSf M is its imposition of this
prior in the architectural design of the network. This allows
one to solve the hierarchical block-sparse dictionary learn-
ing problem by solely optimizing the reprojection objective
end-to-end using deep learning as the machinery. This also
makes such structured bias in the network architecture to
be interpretable as the optimization procedure used for esti-
mating block-sparse codes. Deep NRSf M has shown supe-
rior performance on Sf C and temporally unordered motion
capture datasets, outperforming comparable NRSf M meth-
ods [20, 23, 41, 3] by an order of magnitude.

Despite the recent advances on NRSf M, however,
two common drawbacks to state-of-the-art NRSf M meth-
ods [37, 36, 20, 23, 21] still remain: (i) the assumption of
an orthogonal camera model and (ii) the need for cumber-
some post-processing (e.g. low-rank matrix completion) to
handle missing data (keypoints). This makes them imprac-
tical for most datasets collected in the wild, where images
can exhibit strong perspective effects and structured miss-
ing keypoint annotations due to self/out-of-view occlusions.
Although perspective effects have been studied in physics-
based NRSf M [48, 38, 57, 11] where priors such as isomet-
ric deformation are enforced, they rarely hold for generic
atemporal shapes (e.g. object categories in Sf C) under con-
sideration in this paper. The application of a perspective
camera model to factorization methods, on the other hand,
is nontrivial. Specifically, the bilinear relationship of 2D
observations to the factorized 3D shape and camera matri-
ces in (1) breaks down; as a consequence, the naı̈ve block
sparsity prior would no longer mathematically hold.

In this paper, we address the above issues of recent
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learning-based NRSf M methods and provide a solution to
incorporate perspective cameras and handle missing data at
a theoretical angle. We focus on Deep NRSf M [32] and
show that the bilinear factorization relationship in (1) can
be preserved by centering the common reference frame to
the object center. This seemingly simple step, which draws
inspiration from Procrustes analysis [22, 6, 40] and previ-
ously applied in Perspective-n-Point (PnP) problem [65],
circumvents the need for explicitly modeling translation and
projective depths in NRSf M. The resulting bilinear factor-
ization induces a novel 2D-3D lifting network architecture
which is adaptive to camera models as well as the visib-
lity of input 2D points. We refer to our approach as Deep
NRSfM++, which achieves state-of-the-art results across a
myriad of benchmarks. In addition, we demonstrate signif-
icant improvements of Deep NRSf M++ in reconstruction
accuracy by correcting an inherent caveat of Deep NRSf M,
which made unwarranted relaxations of the block sparsity
prior that deviates from the true block-sparse coding objec-
tive.

Our contributions are summarized as below:

• We derive a bilinear factorization formulation to incor-
porate perspective projection and handle missing data
in learning-based NRSf M methods.

• We propose a solution at the architectural level that
keeps a closer mathematical proximity to the hierar-
chical block-sparse coding objective in NRSf M.

• We outperform numerous classical and learning-based
NRSf M methods and achieve state-of-the-art perfor-
mance across multiple benchmarks, showing its effec-
tiveness in handling large amounts of missing data un-
der both weak and strong perspective camera models.

2. Related Work

Non-rigid structure from motion. NRSf M concerns the
problem of reconstructing 3D shapes from 2D point corre-
spondences from multiple images, without the assumption
of the 3D shape being rigid. For a shape of P points un-
der orthogonal projection, atemporal NRSf M is typically
framed as factorizing the 2D measurements W ∈ R

P×2 as
the product of a 3D shape matrix S ∈ R

P×3 and camera
rotation matrix P ∈ R

3×2:

W = SP subject to P�P = I2 , (1)

where I is the identity matrix, and the i-th row of W and S
corresponds respectively to the image coordinates (ui, vi)
and world coordinates (xi, yi, zi) of the i-th point.

This factorization problem is ill-posed by nature; in or-
der to resolve the ambiguities in solutions, additional priors
are necessary to guarantee the uniqueness of the solution.

These priors include the assumption of shape/trajectory ma-
trices being (i) low-rank [14, 8, 4, 17, 36], (ii) being com-
pressible [33, 31, 66], or (iii) lying in a union of sub-
spaces [37, 67, 3]. Although classical NRSf M methods in-
corporating such priors are mathematically well interpreted,
they encounter limitations in large-scale datasets (e.g. with
a large number of frames). The low-rank assumption be-
comes infeasible when the data exhibits complex shapes
variations. Union-of-subspaces NRSf M methods have dif-
ficulty clustering shape deformations and estimating affinity
matrices effectively. The sparsity prior allows more power-
ful modeling of shape variations with large number of sub-
spaces but also suffers from sensitivity to noise.

Perspective projection. Most factorization-based NRSf M
research assumes an orthogonal camera model, but this
assumption often breaks down for real-world data, where
strong perspective effects may exhibit (e.g. when objects
are sufficiently close to the camera). Modeling perspective
projection thus become necessary for more accurate 3D re-
construction. Sturm & Triggs [52] formulate the rigid Sf M
problem under perspective camera as

diag(z1, . . . , zP )[W 1P ] = [S 1P ]P̃ , (2)

where zi is the projective depth of the i-th point and the
camera matrix P̃ ∈ R

4×3 additionally models translation.
This is similar to (1) except that the 2D measurements W
is now multiplied by the unknown depth. Since the prob-
lem is nonlinear, iterative optimization on the reprojection
error is adopted to adjust the projective depth while adding
constraints on the rank [52, 45, 13, 56, 26].

This formulation was later extended to solve NRSf M.
Xiao & Kanade [64] developed a two-step factorization al-
gorithm by recovering the projective depths with subspace
constraints and then solving the factorization with orthogo-
nal NRSf M. Wang et al. [61] proposed to update solutions
by gradually increasing the perspectiveness of the camera
and recursively refining the projective depth. Hartley &
Vidal [24] derived a closed-form linear solution requiring
an initial estimation of a multi-focal tensor, which was re-
ported sensitive to noise. Instead of directly solving the
problem in (2), we simplify the problem by fully utiliz-
ing the object-centric constraint, which has been previously
used to remove projective depth and translaton in PnP [65].
This results in a bilinear reformulation which is more com-
patible to factorization-based methods.

Missing data. Missing (annotated) point correspondences
are inevitable in real-world data due to self/out-of-view oc-
clusions of objects. Handling missing data is a nontrivial
task not only because the input data is incomplete, but also
because the true object center becomes unknown, making
naı̈ve centering of 2D data an ineffective strategy for com-
pensating translation. Previous works employ a strategy of
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either (i) introducing a visibility mask to exclude missing
points from the objective function [15, 20, 33, 62, 32], (ii)
recovering the missing 2D points with matrix completion
algorithms prior running NRSf M [14, 41, 23, 36], or (iii)
treating missing points as unknowns and updating them in
an iterative fashion [46]. We follow the first strategy and
introduce a visibility mask, but with an additional object-
centric constraint [40]. Our key difference to Lee et al. [40]
is that we (i) derive a bilinear form with dictionaries adap-
tively normalized to the data; (ii) extend to handle perspec-
tive projection which is missing in [40].

Unsupervised 2D-3D lifting The problem of unsupervised
2D-3D lifting, which is equivalent to atemporal NRSf M, is
recently approached by training neural networks to predict
the third (depth) coordinate of each input 2D point. These
networks are trained by minimizing the 2D reprojection er-
ror, but as with classical NRSf M, this is inherently an ill-
posed problem that requires priors or constraints in certain
forms. One popular prior is the use of Generative Adversar-
ial Networks (GANs) [19] to enforce realism of 2D repro-
jections across novel viewpoints [10, 58, 16, 34]. Low-rank
priors used in classical NRSf M was also explored as a loss
function [9]. The recently proposed C3DPO [44] instead
enforces self-consistency on the predicted canonicalization
of the same 3D shapes. These methods use black-boxed net-
work architectures without geometric interpretability, and
thus their robustness to missing data and perspective ef-
fects depends solely on the variations within the data, mak-
ing learning inefficient. In addition, most of these meth-
ods [10, 34, 9, 16, 58] are incapable of handling missing
data. We mathematically derive a general framework which
is applicable for both orthogonal and perspective cameras,
robust to large portion of missing data, and interpretable as
solving hierarchical block-sparse dictionary coding.

3. Generalized Bilinear Factorization
A wide range of 2D-3D lifting methods assume a linear

model for the 3D shapes to be reconstructed, i.e. at canoni-
cal coordinates, the vectorization of 3D shape S in (1), de-
noted as s = vec(S) ∈ R

3P , can be written as s = Dϕ,
where D ∈ R

3P×K is the shape dictionary with K basis
and ϕ ∈ R

K is the code vector. Equivalently, this linear
model could be writen as S = D�(ϕ ⊗ I3), where D� is a
P × 3K reshape of D and ⊗ denotes Kronecker product.
Applying the camera extrinsics (i.e. rotation R ∈ SO(3)
and translation t ∈ R

3) gives the 3D reconstruction in the
camera coordinates, written as

Scam = D�(ϕ⊗R) + 1P t
� , (3)

where 1 is the one vector. Under unsupervised settings, D,
ϕ, R, and t are all unknowns and are usually solved under
simplified assumptions, i.e. complete input 2D points un-

der orthogonal camera projection. In addition, the transla-
tional component t could be removed if the input 2D points
were pre-centered under the implicit object-centric assump-
tion that the origin of the canonical coordinates is placed at
the object center. This leads to a bilinear factorization prob-
lem which classical NRSf M methods [32, 14, 36] employ:

W = D�Ψxy s.t. Ψ = ϕ⊗R and ϕ ∈ C , (4)

where Ψxy ∈ R
3×2 denotes the first two columns of Ψ,

Ψ ∈ R
3K×3 is the block code (as it is a Kronecker product),

and C denotes the prior constraints applied on the code ϕ,
e.g. low rank [14, 38] or (hierarchical) sparsity [33, 31, 32].

In practical settings, however, the presence of either
missing data (from occlusions) or perspective projection
would break this bilinear form. With missing data in the
2D points W, the translation t does not vanish if W is sim-
ply pre-centered by the average of visible points. More-
over, directly applying Strum & Triggs [52] under perspec-
tive projection would introduce unknown projective depth
zi, resulting in a non-bilinear form of

diag(z1, . . . , zP )W = D�Ψxy + 1P t
�
xy , (5)

which prevents direct application of NRSf M algorithms de-
signed for the orthogonal case. Iterative methods which al-
ternates between solving orthogonal NRSf M and optimiz-
ing zp [61] can be applied, but it is cumbersome and prone
to poor local minima. On the other hand, similar issue
is also encountered in PnP problems, where the projective
depths make the problem nonlinear. A simple and effec-
tive solution for PnP is to turn the implicit object-centric
assumption into an explicit constraint, i.e.:

t =
1

P
Scam

�1P , (6)

The introduction of this simple equation allows the projec-
tive depth and translation to be eliminated for PnP [65].
Similar tricks also apply to NRSf M to remove zi and t
in (5), and naturally extends to handle missing data. Hence,
we derive a generalized bilinear factorization, which con-
siders both orthogonal and perspective projections, as well
as missing data:

MW̃ = MD̃Ψ̃ s.t. R ∈ SO(3) and ϕ ∈ C , (7)

where M = diag(m1, · · · ,mP ) is the input binary diagonal
matrix indicating visibility of points; and W̃, D̃, Ψ̃ are the
transformed forms of W, D, Ψ, whose formulation under
different settings are summarized in Table 1. Mathematical
derivations are provided in Sec. 3.1 for perspective camera
and Sec. 3.2 for missing data.
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˜W ˜D ˜Ψ

formulation shape formulation shape formulation shape

orthogonal W − 1

P̃
1P1

�
PMW R

P×2 D� + 1

P̃
1P1

�
P (IP −M)D�

R
P×3K ϕ⊗Rxy R

3K×2

perspective (14) R
2P×1 (14) R

2P×9K vec(ϕ⊗R) R
9K×1

Table 1: Summary of the formulations of matrices W̃, D̃, and Ψ̃ under orthogonal and perspective cameras.

3.1. Perspective Camera

We first consider the case where all points are visible.
Let (x′

i, y
′
i, z

′
i) be the 3D coordinates of the i-th point in

SR. Since SR = D�Ψ, we can also express (x′
i, y

′
i, z

′
i) as

x′
i = d�

i ψx, y′i = d�
i ψy, z′i = d�

i ψz , (8)

where dT
i is the i-th row of D� and ψx, ψy , and ψz are the

three columns in Ψ corresponding to the i-th point. The 3D
point (x′

i, y
′
i, z

′
i), its 3D translation (tx, ty, tz), and its 2D

projection (ui, vi) on the unit focal plane are related via

x′
i + tx = ui(z

′
i + tz) and y′i + ty = vi(z

′
i + tz) , (9)

which states that the product of the depth and 2D coordi-
nates is equivalent to the x-y coordinates in 3D. From the
object-centric constraint in (6), the translation can be ex-
pressed as the mean of back-projection of the 2D points as

tx =
1

P

P∑
i=1

ui(z
′
i+tz) and ty =

1

P

P∑
i=1

vi(z
′
i+tz). (10)

Substituting (10) and (8) into (9) and rearranging, we obtain
the compact bilinear relationship of W̃ = D̃Ψ̃, written as

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

...

(ui − 1

P

P∑
j=1

uj)tz

(vi − 1

P

P∑
j=1

vj)tz

...

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

︸ ︷︷ ︸
W̃: normalized 2D projection

=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

...
...

...

d�
i 0 −uid

�
i +

1

P

P∑
j=1

ujd
�
j

0 d�
i −vid

�
i +

1

P

P∑
j=1

vjd
�
j

...
...

...

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

︸ ︷︷ ︸
D̃: normalized dictionary

⎛
⎝ψx

ψy

ψz

⎞
⎠

︸ ︷︷ ︸
Ψ̃

,

(11)
where W̃ is computed from W via zero-centering by the
mean and rescaling by tz , the depth of the object center to
the camera. Here, tz is a scalar that normalizes the 2D in-
put and controls the scale of the 3D reconstruction, which is
similar to the weak perspective case. Ψ̃ becomes a vector-
ization of Ψ where the columns are simply concatenated.

Shape scale tz . As shown in (11), tz serves the purpose of
normalizing the 2D inputs and consequently sets the scale
of the shape reconstruction. We note that unlike rigid Sf M
or trajectory reconstruction, where scale constancy between
frames (e.g. object staticity or temporal smoothness within

the same dataset) is important, the purpose of “estimating”
scale is fundamentally inapplicable to this work. Under the
atemporal NRSf M settings, where we deal with non-rigid
objects only in the shape space, it is sufficient to obtain a
scaled 3D reconstruction, as was in the weak perspective
case. This in turn allows us to determine an arbitrary scale
tz for each sample as a preprocessing step to facilitate train-
ing. We leave details of determining tz in practice to Sec. 5.

3.2. Handling Missing Data

Perspective camera. When all the 2D keypoint locations
might not be fully available, it becomes insufficient to com-
pute t from (10). To resolve this, we propose to replace the
occluded keypoints with the ones directly from Scam, i.e.

tx =
1

P

P∑
i=1

miui(z
′
i + tz)︸ ︷︷ ︸

visible points

+(1−mi)(x
′
i + tx)︸ ︷︷ ︸

occluded points

, (12)

where mi indicates the visibility. Rearranging (12), we have

tx =
∑P

i=1 miui(z
′
i+tz)+(1−mi)x

′
i∑P

i=1 mi
(13)

and similarly for ty . Substituting the new expressions of the
translational components tx and ty into (9), we have

M

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

...

(ui −
∑P

j=1 mjuj∑P
j=1 mj

)tz

(vi −
∑P

j=1 mjvj∑P
j=1 mj

)tz

...

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

︸ ︷︷ ︸
W̃: normalized 2D projection

= M

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

...
...

...

d̃�
i 0 −uid

�
i +

∑P
j=1 mjujd

�
j∑P

j=1 mj

0 d̃�
i −vid

�
i +

∑P
j=1 mjvjd

�
j∑P

j=1 mj

...
...

...

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

︸ ︷︷ ︸
D̃: normalized dictionary

⎛
⎝ψx

ψy

ψz

⎞
⎠ ,

(14)

where d̃i = di +
∑P

j=1(1−mj)dj∑P
j=1 mj

.

Orthogonal camera. Handling missing data under orthog-
onal cameras can be derived using as identical strategy as

M (W − 1

P̃
1P1

�
PMW)︸ ︷︷ ︸

W̃: normalized 2D projection

= M (D� +
1

P̃
1P1

�
P (IP −M)D�)︸ ︷︷ ︸

D̃: normalized dictionary

Ψ , (15)

where P̃ is the number of visible points. We leave the
derivations to the supplementary material for conciseness.
This solution aligns with the common practice employed
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for data normalization [32, 44, 40]. The difference is that
we offset the shape dictionary as well to align the statistics
to the shifted 2D inputs.

4. Deep NRSfM++
To solve the generalized bilinear factorization (7) given

N tuples of (W(n),M(n)) as the dataset (with n indexing
the samples), two problems remain to address: (i) how to
define heuristics C, which is crucial to have an accurate so-
lution, and (ii) how to formulate the optimization strategy.
We choose to follow Deep NRSf M [32], which instead of
using simple handcrafted priors (e.g. low rank or sparsity),
it imposes hierarchical sparsity constraint CΘ with learnable
parameters Θ (see Sec. 4.1). The learning strategy of Deep
NRSf M is then interpreted as solving a bilevel optimization
problem:

minD,Θ

∑N
n=1 min ϕ(n)∈CΘ

R(n)∈SO(3)

‖M(n)W̃(n) −M(n)D̃Ψ̃(n)‖F , (16)

where the lower level problems are to solve single frame
2D-3D lifting with given D, Θ; and the upper level problem
is to find optimal D,Θ for the whole dataset.

Descent method is employed to solve this bilevel prob-
lem. We first approximate the solver of the lower level prob-
lem as a feedforward network, i.e. f(M,W(n);D,Θ) �→
(R∗(n)

D,Θ,ϕ
∗(n)
D,Θ). The architecture of the network (as il-

lustrated in Fig. 1) is induced from unrolling one iter-
ation of Iterative Shrinkage and Thresholding Algorithm
(ISTA) [7, 50, 25] (see Sec 4.2). Then with Ψ∗(n)

D,Θ =

ϕ∗(n)
D,Θ ⊗ R∗(n)

D,Θ, the original bilevel problem is reduced
to a single level unconstrained problem, i.e.

minD,Θ

∑N
n=1 ‖M(n)W̃(n) −M(n)D̃Ψ̃∗

D,Θ‖F , (17)

which allows the use of solvers such as gradient descent.
Finally, with D,Θ learned, f(M,W;D,Θ) is the 2D-3D
lifting network applicable to unseen data.
Note: Due to the introduction of multiple levels of dictio-
naries and codes in Sec. 4.1, we will abuse the notation of
D, ϕ, Ψ by adding subscript 1, i.e. D1, ϕ1, Ψ1 indicating
that they are from the first level of the hierarchy.

4.1. Hierarchical Block-Sparse Coding (HBSC)

Assuming the canonical 3D shapes are compressible via
multi-layer sparse coding, the shape code ϕ1 is constrained
by CΘ as:

ϕl−1 = Dlϕl, ‖ϕl‖1 ≤ λl, ϕl ≥ 0, ∀l ∈ {1, · · · , L} , (18)

where Dl ∈ R
Kl−1×Kl are the hierarchical dictionaries, l is

the index of hierarchy level, and λl is the scalar specifying
the amount of sparsity in each level. Thus the learnable pa-
rameters for CΘ is Θ = {· · · ,Dl, λl, · · · }. Constraints on

multi-layer sparsity not only preserves sufficient freedom
on shape variation, but it also results in more constrained
code recovery.

Multi-layer sparse coding induces a hierarchical block
sparsity constraint on the block codes Ψl (equal to ϕl⊗Rxy

if orthogonal projection and ϕl ⊗R if perspective), which
leads to a relaxation of the lower level problem in (16):

min
{Ψ1,···ΨL}

‖MW̃ −MD̃1Ψ̃1‖2F +
L∑

l=1

λl‖Ψl‖(3×a)
F

+
L∑

l=2

‖Ψl−1 − (Dl ⊗ I3)Ψl‖2F
(19)

where ‖.‖(3×a)
F denotes the sum of the Frobenius norm of

each 3 × a block. Here, a = 2 for orthogonal projections
and a = 3 for perspective projections.
Remark. Deep NRSf M [32] further relaxes the block spar-
sity in (19) to L1 sparsity with a nonnegative constraint to
allow for the use of ReLU activations in the network archi-
tecture. Such nonnegative constraint is inapplicable to our
generalized formulation of Ψ, and we empirically find the
use of ReLU activation to degrade performance (Tab. 2).

4.2. HBSC-induced Network Architecture

The 2D-3D lifting network f serves as an approximate
solver of the HBSC problem (19). The architecture is in-
duced from unrolling one iteration of the Iterative Shrink-
age and Thresholding Algorithm (ISTA) [7, 50, 25], one of
the classic methods for sparse coding. Unrolling iterative
solver as network architecture has been widely practised to
insert inductive bias for better generalization [49, 59, 54, 42,
27, 12, 43]. However, the motivation here is different – it is
used to insert learnable priors to constrain an unsupervised
learning problem. We provide derivations in the following.

Block soft thresholding. We review the block-sparse cod-
ing problem and consider the single-layer case. To recon-
struct an input signal X, we solves:

min
Ψ

‖X−DΨ‖2F + λ‖Ψ‖(3×a)
F . (20)

One iteration of ISTA is computed as

Ψ(t+1) = prox
λ‖·‖(3×a)

F

(Ψ(t) − αD�(DΨ(t) −X)) , (21)

where prox
λ‖·‖(3×a)

F

is the proximal operator for L1 block

sparsity of block size 3 × a. Let Ψ = [Π1,Π2, . . .ΠK ]�,
where Πi ∈ R

3×a ∀i. Thus prox
λ‖·‖(3×a)

F

is equivalent to
applying block soft thresholding (BST) to all Πi, defined as

BST(3×a)(Ψ;λ) =

[
. . . (1− λ

‖Πi‖F )+Π�
i . . .

]�
. (22)

Assuming the block code Ψ is initialized to 0 with the step
size α = 1, the first iteration of ISTA can be written as

Ψ = BST(3×a)(D�X;λ) . (23)
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Figure 1: Deep NRSfM++ is a general framework for learning hierarchical block-sparse dictionaries that operates under
perspective camera models with the ability to handle missing data. The 2D keypoint input W and shape dictionary D1 are
normalized according to the visibility mask M and camera model (Table 1). The encoder-decoder network, derived from
hierarchical block-sparse coding, takes the normalized 2D input W̃ and jointly predicts the camera matrix P and the 3D
shape S, further reprojected to 2D as W̃′. The training objective is to minimize the difference between W̃′ and W̃.

We interpret BST as solving for the block-sparse code and
incorporate BST(3×a)(·) as the nonlinearity in our encoder
part of the network, similar to a single-layer ReLU net-
work interpreted as basis pursuit [47]. Our formulation is
closer to the true block-sparse coding objective than Deep
NRSf M, which uses ReLU as the nonlinearity to relax the
constraint to L1 sparsity with nonnegative constraint.

Encoder-decoder network. By unrolling one iteration
of block ISTA for each layer, our encoder takes W̃ as input
and produces the block code for the last layer ΨL as output:

Ψ1 =BST(3×a)
(
[D̃�

1 W̃]3K1×a;λ1

)
,

Ψ2 =BST(3×a)
(
(D2 ⊗ I3)

�Ψ1;λ2

)
,

...

ΨL =BST(3×a)
(
(DL ⊗ I3)

�ΨL−1;λL

)
,

(24)

where λl is the learnable threshold for each Kl block and
[·]3K1×a is a 3K1 × a reshape. (Dl ⊗ I3)

TΨl−1 are imple-
mented by convolution transpose. ΨL are then factorized
into ϕL, R (constraining to SO(3) using SVD [32]). The
3D shape S is recovered from ϕL via the decoder as:

ϕL−1 = ReLU(DLϕL + bL) ,

...
ϕ1 = ReLU(D2ϕ2 + b2) ,

S = D1ϕ1 .

(25)

Remark. Our key technical differences to Deep NRSf M
are: (i) the first layer of the network is adaptive according to
the camera model and keypoint visibility; (ii) replacement

of ReLU with BST; (iii) block size of Ψl becomes 3 × 3
under the perspective camera model.

5. Experiments
Architectural details. The most important hyperparame-
ter of Deep NRSf M++ is the dictionary size KL at the last
level, which depends on the shape variation that exhibits
within the dataset. The rest are set arbitrarily and has less
affect on performance. Setting KL to 8 gives reasonable re-
sult across all evaluated tasks. For optimal performance by
validating on hold-out validation set, we use 8-10 for articu-
lated objects and 2-4 for rigid ones. The detailed description
of the architecture and the analysis of the robustness of KL

are included in the Supp.

Shape scale tz . To set the scale tz in practice, we make
use of available 2D information such as bounding boxes;
in applications where relative scales between samples in a
dataset is available (e.g. human skeletons), we can utilize
a strategy to estimate and recorrect the scale tz in an itera-
tive fashion. We use the detected 2D object bounding box
to provide an initial estimate of tz and subsequently update
the scale estimation (using the Frobenius norm of S or the
average bone length of a skeleton model, if available). Once
we have updated the scale estimation tz , we rerun Deep
NRSf M++ and update the reconstruction. This scale cor-
rection procedure allows the 3D reconstruction and scale
estimation to improve each other.

Evaluation metrics. We employ the following metrics to
evaluate the accuracy of 3D reconstruction. MPJPE: be-
fore calculating the mean per-joint position, we normalize
the scale of the prediction to match against ground truth
(GT). To account for the ambiguity from weak perspec-
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Subject CNS NLO SPS Deep NRSf M ReLU BST
1 0.613 1.22 1.28 0.175 0.265 0.112
5 0.657 1.160 1.122 0.220 0.393 0.230
18 0.541 0.917 0.953 0.081 0.117 0.076
23 0.603 0.998 0.880 0.053 0.093 0.048
64 0.543 1.218 1.119 0.082 0.179 0.020
70 0.472 0.836 1.009 0.039 0.030 0.019

106 0.636 1.016 0.957 0.113 0.364 0.116
123 0.479 1.009 0.828 0.040 0.040 0.020

Table 2: 3D reconstruction error on CMU Motion Capture
compared with NRSf M methods: CNS [41], NLO [15],
SPS [31] and Deep NRSf M [32]. “ReLU” and “BST” are
Deep NRSf M reimplemented with different nonlinearities.

tive cameras, we flip the depth value of the prediction if it
leads to lower error. PA-MPJPE: rigid align the prediction
to GT before evaluating MPJPE. STRESS: borrowed from
Novotny et al. [44] is a metric invariant to camera pose and
scale. Normalized 3D error: 3D error normalized by the
scale of GT, used in prior NRSf M works [5, 14, 32, 20].

BST vs ReLU. To study the effect of replacing ReLU with
BST as the nonlinearity, we compare our approach against
Deep NRSf M [32] on orthogonal projection data with per-
fect point correspondences on the CMU motion capture
dataset [1]. Normalized 3D error is reported per human
subject in Table 2. Our approach using BST achieves bet-
ter accuracy compared to Deep NRSf M, providing empiri-
cal benefits of its closer proximity to solving the true block
sparse coding objective.

Orthogonal projection with missing data. We evalu-
ate Deep NRSf M++ on two benchmarks with high amount
of missing data (Table. 3): (1) Synthetic UP-3D, a large
synthetic dataset with dense human keypoints based on the
UP-3D dataset [39]. The data was generated by ortho-
graphic projections of the SMPL body shape with the visi-
bility computed from a ray tracer. We follow the same set-
tings as C3DPO [44] and evaluate the 3D reconstruction of
79 representative vertices of the SMPL model on the test
set. (2) PASCAL3D+ [63] consists of images of 12 rigid
object categories with sparse keypoints annotations. To en-
sure consistency between 2D keypoint and 3D ground truth,
we follow C3DPO and use the orthographic projections of
the aligned CAD models with the visibility taken from the
original 2D annotations. A single model is trained to ac-
count for all 12 object categories. We also include results
where the 2D keypoints are detected by HRNet [53].

Our method achieves over 32% error reduction over
Deep NRSf M (Table 3(b)) while comparing favorably
against other NRSf M methods and deep learning methods
such as C3DPO.

Perspective projection. We evaluate our approach on

two datasets with strong perspective effects: (1) Human
3.6M [28], a large-scale human pose dataset annotated by
motion capture systems. We closely follow the commonly
used evaluation protocol: we use 5 subjects (1, 5, 6, 7, 8)
for training and 2 subjects (9, 11) for testing. (2) Apol-
loCar3D [51] has 5277 images featuring cars, where each
car instance comes with annotated 3D pose. 2D keypoint
annotations are also provided without 3D ground truth. To
evaluate our method, we render 2D keypoints by projecting
34 car models according to the 3D pose labels. Visibility of
each keypoints are marked according to the original 2D key-
point annotations. To showcase strong perspective effects,
we select cars within 30 meters with no less than 25 visible
points (out of 58 in total), which gives us 2848 samples for
training and 1842 for testing.

We evaluate different variants of our approach. We
find that modeling perspective projection (Deep NRSf M++
persp.) leads to significant improvement over the orthogo-
nal model (Deep NRSf M++ ortho.) and applying scale cor-
rection further improves accuracy. Deep NRSf M++ shows
robustness under different level of noise and occlusion (see
Table 5) and achieves the best result compared to other un-
supervised learning method. We outperform the leading
GAN-based method [10] by a significant margin when us-
ing the same training set (50.9 v.s. 58); in addition, Chen et
al. [10] reaches our level of performance (50.9 vs 51) only
when external training sources and temporal constraints are
used. We provide qualitative results in Fig. 2, which shows
the benefit of Deep NRSf M++’s ability to model perspec-
tive camera models while also outperforming C3DPO.

Deforming object in short sequences. Our method
is applicable to NRSf M problems with limited num-
ber of frames. We experiment on NRSfM Challenge
Dataset [29], which consists of 5 deforming objects cap-
tured with six different camera paths. While the leading
methods all utilize trajectory information, our atemporal
approach still gives reasonable reconstruction as shown in
Fig. 6. The detailed comparison is in the supp. material.

6. Conclusion

We propose an atemporal approach applicable to SfC and
unsupervised pose estimation. It provides an unified frame-
work to model both orthogonal and perspective camera as
well as missing data. The limitations of this work is: (i) the
hierarchical sparsity prior is less robust to articulated ob-
jects when only limited number of frames is available (see
Supp.). (ii) the connection between the proposed learning
framework and the true objective of the NRSf M problem is
still an approximation. Further theoritical investigation is in
need to understand the benifit of this approximation or any
possible alternatives, but is out of the scope of this paper.
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Method MPJPE STRESS
EM-SfM [55] 0.107 0.061

GbNRSfM [17] 0.093 0.062
Deep NRSfM [32] 0.076 0.063
C3DPO-base [44] 0.160 0.105

C3DPO [44] 0.067 0.040
Deep NRSf M++ 0.062 0.037

(a) Test error on Synthetic UP-3D.

Method MPJPE STRESS
EM-SfM [55] 131.0 116.8

GbNRSfM [17] 184.6 111.3
Deep NRSf M [32] 51.3 44.5
C3DPO-base [44] 53.5 46.8

C3DPO [44] 36.6 31.1
Deep NRSf M++ 34.8 27.9

(b) Test error on PASCAL3D+, where the
input keypoints are from the ground truth.

Method MPJPE STRESS
Deep NRSf M [32] 65.3 47.7

CMR [30] 74.4 53.7
C3DPO [44] 57.5 41.4

Deep NRSf M++ 53.0 36.1

(c) Test error on PASCAL3D+, where the
input keypoints are off-the-shelf keypoint
detection results from HRNet [53].

Table 3: Quantitative results on data generated by orthogonal projection with realistic occlusions.

Method
KSTA CNS Pose-GAN C3DPO Chen et al. Deep NRSf M++
[20] [41] [34] [44] [10]

ortho. persp.
persp. +

scale corr.

MPJPE - 120.1 130.9 95.6 - 104.2 60.5 56.6
PA-MPJPE 123.6 79.6 - - 58 72.9 51.8 50.9

(a) Test error on Human 3.6M compared against unsupervised methods. We
report our results under both weak perspective and perspective camera models
and demonstrate the effectiveness of applying scale corrections (2 iterations).

w/o missing pts. w/ missing pts.
method train test train test

CNS [41] 1.30 - - -
KSTA [20] 1.58 - 1.62 -

D
ee

p
N

R
Sf

M
++ ortho. 0.596 0.591 0.679 0.681

persp. 0.152 0.145 0.182 0.185
+ scale correction 0.131 0.124 0.165 0.168

(b) Test error on ApolloCar3D, where we report the
MPJPE in meters as the evaluation metric.

Table 4: Quantitative results on real-world data with perspective projection.

image C3DPO
(weak persp.) (persp.)

Deep NRSfM++ image C3DPO
(weak persp.) (persp.)

Deep NRSfM++ image C3DPO
(weak persp.) (persp.)

Deep NRSfM++
(weak pe(w (persp )ersp ) ( )k )(

image imageDeep NRSfM++ Deep NRSfM++
(weak persp.) (persp.) (weak persp.) (persp.)

Figure 2: Qualitatative comparison. Blue points: GT, yellow points: prediction (stars indicate visible annotations), red lines:
prediction error. The two rows are visual results from Human 3.6M and ApolloCar3D datasets respectively.

Noise Missing pts. (%)
(σ) 0 30 60
0 0.124 0.142 0.192
3 0.129 0.144 0.205
5 0.136 0.150 0.202
10 0.125 0.166 0.181
15 0.191 0.188 0.304

Table 5: Robustness with input
under different occlusion rates
and noises on ApolloCar3D.
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Table 6: Qualitative results across different datasets. Blue points: ground truth; yellow
points and orange lines: reconstruction; red lines: difference between ground truth and
reconstruction. Best viewed in color and zoomed in.
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