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Abstract
The extreme-gravity collisions between black holes allow us to probe the under-
lying theory of gravity. We apply a predictive forecast of the theory-agnostic
inspiral–merger–ringdown consistency test to an example theory beyond gen-
eral relativity for the first time, for future gravitational wave observations. Here
we focus on the string-inspired Einstein-dilaton Gauss–Bonnet gravity and
modify the inspiral, ringdown, and remnant black hole properties of the gravita-
tional waveform. We found that future multiband observations allow us to con-
strain the theory stronger than current observations by an order of magnitude.
The formalism developed here can easily be applied to other theories.

Keywords: alternative theories of gravity, gravitational waves, testing general
relativity

(Some figures may appear in colour only in the online journal)

1. Introduction

The historic observation of gravitational waves (GWs) from the merger of two black holes
(BHs) by the LIGO and Virgo Collaborations (LVC) [1] has ushered in the birth of a new era
of astrophysics, for the first time probing the extreme gravity regime where spacetime is strong,
non-linear, and dynamical. GWs such as these carry with them multitudes of information; not
only regarding the sources’ astrophysical properties, but also about the underlying theory of
gravity driving the process. However, this first event, as well as the following 10 [2], have
failed to detect any significant deviations from the predictions of general relativity (GR) [3],
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the prevailing theory of gravity for the past century [4]. While the current LVC infrastructure
[5, 6] is a marvel of modern engineering, it may not yet be enough to uncover the elusive traces
of a modified theory of gravity. The next generation of GW detectors [7–13], on the other hand,
promise improvements on the order of 100 times the sensitivity, as well as new sensitivity in
the mHz regime. Will this be enough to pull back the curtain on the hidden theories of gravity
running the show?

Throughout the last century, countless tests and observations of GR have been performed
[3, 14–23], all finding agreement with Einstein’s theory in a variety of environments. How-
ever, even with such success, GR still needs to be tested. While it explains a majority of our
observations, there yet remain several unanswered questions which could be explained by new
theories of gravity. For example, ‘dark energy’ and the accelerated expansion of the Universe
[24–27], ‘dark matter’1, and more [24, 26–28, 30, 31] all remain open to this day. To date,
a plethora of modified theories of gravity have been proposed to explain some of the open
questions listed above.

A particularly interesting and well-studied class of theories involves the addition of a
massless scalar field, known as scalar–tensor theories (STTs). Specifically, we here focus on
Einstein-dilaton Gauss–Bonnet (EdGB) gravity motivated from string theory, where the dila-
ton scalar field couples linearly to a quadratic curvature term in the action [32–34]. Such a
coupling allows for the scalarization of BHs [35–39], giving rise to a ‘fifth’ force interaction
between two such objects, along with scalar dipole radiation which increases the rate of inspiral
in a binary [37].

In this article, we forecast current and future constraints on the EdGB theory of gravity
from proposed GW observations by testing the consistency between the expected inspiral and
merger–ringdown signals [3, 40–42]. We consider EdGB corrections to not only the inspiral
properties of a binary BH coalescence [37], but also to the characteristic quasinormal modes
(QNMs) [43] and final properties of the post-merger BH [44]. To the best of our knowledge,
the IMR consistency test has been put into context for an example modified theory of gravity
for the first time, and can indeed be applied to other alternative theories of gravity, given the
required ingredients. See upcoming work by the same authors [45] for a similar analysis in
the general, parameterized non-Kerr spacetimes. Additionally, see another similar work by the
same authors [46] for a more thorough description of the analysis outlined in this article.

While the present analysis is not entirely robust, it is presented as a new alternative route to
obtain order-of-magnitude estimates (or better in most scenarios) without the significant time
concerns required with full numerical relativity (NR) solutions, which do not yet exist for most
alternative theories of gravity2. In particular, in the following analysis we only consider the
leading-order post-Newtonian corrections to the waveform, we utilize a predictive Fisher anal-
ysis, we assume the QNMs are isospectral as they are in GR, and we neglect merger corrections
to the merger–ringdown and only include the QNM ringdown corrections. Such approxima-
tions lead the analysis to being less-robust, however it offers a new method to forecast estimated
constraints on any given modified theory of gravity by taking into account additional pieces of
information available to make the gravitational waveform closer to completion with a minimal
degree of effort and computational time.

1 Galactic rotation curves as well as other observations can be well explained by dark matter particle models, as well
as certain modified theories of gravity [27–31], although the former typically gives stronger agreement with various
observations.
2 Additionally, such NR simulations face challenges such as a lack of numerically stable formulations which prevent
them from being simulated with currently-known methods.
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2. Parameter estimation

In this section, we discuss the Fisher analysis [47–50] techniques utilized in the main analysis
to compute statistical and systematic uncertainties on template parameters θa. For loud enough
events [51, 52], a Fisher analysis approximation may be reliably used3, yet is more computa-
tionally expensive. For loud enough events, the two have been shown to agree well. To estimate
the likelihood function to provide approximate errors on recovered best-fit parameters θa from
a given GW signal, with root-mean-square prior errors σ(0)

θa , and a waveform template h. We
follow [47, 48, 54] and assume knowledge of Gaussian prior probability distributions4.

The statistical root-mean-square errors on parameters θa can be found to be

Δθa =

√
Γ̃−1

ii , (1)

where Γ̃ is the effective Fisher matrix Γ̃i j = Γi j + (σ(0)
θa )−2δi j, and the Fisher information matrix

can be given by

Γi j ≡
(
∂h
∂θi

∣∣∣∣ ∂h
∂θ j

)
. (2)

In the above expression, the notation (a|b) represents the inner product weighted by the detector
noise spectral density Sn( f )

(a|b) ≡ 2
∫ fhigh

flow

ã∗b̃ + b̃∗ã
Sn( f )

df , (3)

where fhigh,low represent the detector-dependent high and low cutoff frequencies, as are tabu-
lated and described in table 1, taken and adapted from reference [55]. In particular, we consider
the ground-based detector aLIGO O2 (we used the fitted noise curve in appendix C of [56]),
third generation detector cosmic explorer (CE) [8], as well as future space-based detector LISA
[10], with detector sensitivities displayed in figure 1. Finally, if one wishes to combine the
detections from multiple detectors with Fisher matrices ΓA and ΓB, the resulting effective
Fisher matrix can be found to be

Γ̃tot
i j = ΓA

i j + ΓB
i j +

1

(σ(0)
θa )2

δi j. (4)

Additionally, following the analysis of reference [49], one can estimate the ‘theoretical’,
or systematic errors present in the extraction of template parameters θa due to mismodeling
present in the template waveform. In particular, one can estimate systematic errors on θa by
assuming use of the GR template, while EdGB gravity is in fact the correct theory in nature.
The theoretical errors can be computed as

Δthθ
a ≈ Σab

(
[ΔA + iAGRΔΨ]eiΨGR

∣∣ ∂bh̃GR

)
, (5)

where Σab = (Γ−1)ab is the covariance matrix, a summation over b is implied, and ΔA ≡
AGR − AEdGB and ΔΨ ≡ ΨGR −ΨEdGB are the differences between the amplitude and phase in

3 A more comprehensive Bayesian analysis like that used by the LVC in e.g. [1, 53] can be used to extract the true
posterior probability distributions on source parameter.
4 A Bayesian analysis can utilize more natural prior probability distributions, such as uniform.
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Table 1. Tabulated information for the ground-based detectors O2 and CE and space-
based detector LISA as considered in our analysis. The lower ground-based and upper
space-based frequency limits for GW150914-like events correspond to the detector lim-
its flow−cut and fhigh−cut, while the upper ground-based and lower space-based limits
correspond to an arbitrary value such that the gravitational wave spectrum is sufficiently
small compared to the detector sensitivity, and the GW frequency 4 years prior to merger
[55]. The GW150914 SNR is computed via

√
(h|h).

Detector Location GW150914 flow GW150914 fhigh GW150914 Arm length Interferometers
(Hz) (Hz) SNR

O2 [57] Ground 23 400 24 4 km 1
CE [8] Ground 1 400 3.36 × 103 40 km 1
LISA [10] Space 0.02 1 9.30 2.5 Gm 2

Figure 1. Sensitivities
√

Sn( f ) of the gravitational-wave interferometers aLIGO O2,
CE, and LISA considered in this analysis. We additionally display the characteristic
amplitudes 2

√
f |h̃( f )| for GW events GW150914, and GW170729 with 4 years prior to

merger displayed as orange stars.

GR and EdGB gravity. We note that the above expression for the systematic errors is most accu-
rate when the difference between the GR and non-GR signals are small. Thus for large enough
values of EdGB coupling parameter the above approximation will become less accurate. How-
ever, in the main analysis presented here, we impose the small coupling approximation which
ensures small magnitudes of

√
αEdGB. The probability distributions in (ΔMf/M̄f,Δχf/χ̄f) have

included both statistical errors (
√
ΣI,MR) which determine their size, and systematic errors

(ΔthXI,MR) which determine their offset from the GR predictions.
For the GR waveform, we utilize the non-processing, sky-averaged IMRPhenomD GR

waveform presented through the NR fits of references [58, 59]. The IMRPhenomD wave-
form is typically parameterized in terms of the (M, η,χs,χa) mass and spin parameters,
where χs,a ≡ (χ1 ± χs)/2 are the symmetric and anti-symmetric aligned-spin combinations.
However, in this investigation we re-parameterize it to instead include (Mf , η,χs,χf). This is
accomplished by computing the expressions M(Mf, η,χs,χf, ζ) and χa(Mf , η,χs,χf , ζ) from
equations (12) and (13) from the main text. By re-parameterizing the template waveform like
so, we can directly generate multi-dimensional posterior probability distributions with the final
mass and spin Mf and χf , relevant in the analysis. The resulting template waveform consists of

θa = (ln A,φc, tc, Mf, η,χs,χf, ζ) , (6)

4



Class. Quantum Grav. 37 (2020) 215007 Z Carson and K Yagi

where A ≡ M5/6
z√

30π2/3DL
is a generalized amplitude with redshifted chirp mass Mz ≡ M(1 + z)

and redshift z, DL is the luminosity distance, and φc and tc are the coalescence phase and time.
Additionally, we impose Gaussian prior distributions corresponding to |φc| � π, |χs| � 1, and
|χf | � 1 with 2-σ errors. Namely, the priors are imposed by taking the above upper bounds to
be twice the standard deviation of a standard Gaussian distribution.

We then model an EdGB waveform by modifying the IMRPhenomD GR waveform in
three ways. The first modification is in the inspiral portion, where we add the EdGB lead-
ing post-Newtonian correction as in equation (2) of the main text. The second modification is
in the ringdown portion, where we modify the QNM ringdown and damping frequencies as in
equations (3) and (4) of the main text. The third modification is in the estimate of the final mass
and spin, which is given in equations (12) and (13) of the main text. Finally, we compute the
Fisher information matrix using the PhenomD GR waveform to approximate statistical errors
on source parameters, and then using equation (5) to estimate the systematic error ‘shift’ one
could expect to observe when detecting an EdGB signal described by our simple model.

We utilize fiducial values such that η and χs correspond to the initial parameters of the
GW event in question, Mf and χf correspond to those predicted by equations (12) and (13) in
the main text, and φc = tc = 0. Finally, we allow the fiducial value of ζ to vary slowly as we
proceed with the IMR consistency test with different magnitudes of EdGB coupling.

3. Gravitational waveforms in Einstein-dilaton Gauss–Bonnet gravity

EdGB gravity is an effective field theory in which a string-inspired ‘dilaton’ scalar field ϕ
is coupled to a quadratic curvature term [32–34] with coupling parameter α. In particular,
we consider the case where the scalar field is coupled linearly with curvature [32]. Scalar
charges in EdGB gravity only anchor to BHs [35–37, 37, 38, 60–62], and depend on their
mass, spin, and α. For valid constraints on α to be placed, the small coupling approximation
ζ ≡ 16πα2

M4 � 1 must be satisfied for binaries with total mass M ≡ m1 + m2. Current constraints
on the theory have been found to be

√
α < 2 km with GW observations using ppE corrections

to the waveform [63] and a low-mass x-ray binary [64] (see also [32, 65–67]). Let us describe
below the various corrections to the gravitational waveform in EdGB gravity.

3.1. Inspiral

We begin with the inspiral portion of the waveform, which can be described in a parameterized
post-Einsteinian (ppE) form [68]

h̃ppE = AGR( f )(1 + ᾱu−2)ei(ΨGR( f )+β̄u−7). (7)

Here AGR and ΨGR are the GR amplitude and phase described by the IMRPhenomD waveform
[58, 59], u = (πM f )1/3 is the effective relative velocity of the inspiraling bodies with GW
frequency f and chirp mass M ≡ Mη3/5 with symmetric mass ratio η ≡ m1m2/M2. Further,
ᾱ (β̄) characterize the magnitude of the amplitude (phase) corrections given in [37, 69, 70] as

ᾱ = − 5
192

ζ
(m2

1s̃2 − m2
2s̃1)2

M4η18/5
β̄ = − 5

7168
ζ

(m2
1s̃2 − m2

2s̃1)2

M4η18/5
, (8)

where s̃A = 1 − χ2
A/4 +O(χ4

A) corresponds to the normalized scalar charge of the Ath body,
and χA ≡ J/M2 are the dimensionless BH spin parameters with the angular momentum mag-
nitude J. We note that the following results and waveform corrections are carried out and valid
in the small-spin approximation to quadratic order in BH spin for simplicity.
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3.2. Ringdown

We next explain corrections to the ringdown portion of the waveform, which is characterized
by the QNM ringdown and damping frequencies [71, 72]. We refer the readers to reference [73]
where similar corrections were made, and constraints with multiple GW events were quantified.
See also references [74, 75] where a general formalism to map ringdown corrections directly to
specific theories of gravity was developed. In this article, we consider corrections to the QNM
frequencies to first order in the dimensionless coupling constant ζ as

fRD = fRD,GR + ζ fRD,ζ +O(ζ2), (9)

fdamp = fdamp,GR + ζ fdamp,ζ +O(ζ2), (10)

where fRD,GR and fdamp,GR are the GR QNM frequency predictions [58, 59], while fRD,ζ and
fdamp,ζ are the EdGB corrections. To derive such corrections fRD,ζ and fdamp,ζ to first order in ζ

and quadratic order in the final spin χf , we use the results in reference [43]5 to compute the
complex QNM frequency up to quadratic order in spin χf of the remnant BH. We take note of
reference [46] by the same authors, where this assumption was tested for accuracy. In particular,
it was found that by taking EdGB corrections to the waveform up to O(χ4) from reference
[73], the resulting Fisher-estimated constraints only varied by ∼ 1.5% from the O(χ2) case,
well within the accuracies of this analysis. We consider only the leading, � = m = 2 axial
QNMs. This is because the spinning components have only been computed for axial modes via
null geodesics correspondence6 [79]. One cannot use this correspondence to the polar modes
since such modes are coupled to the scalar field perturbation. However, one expects the spin
dependence on the polar mode to be comparable to that on the axial mode as an order of
magnitude estimate [43]. Finally, we find the EdGB corrections to the ringdown and damping
frequencies as

fRD,ζ =
a0(1 + a1χf + a2χ

2
f )

2πMf
+O(χ3

f ), (11)

fdamp,ζ =
b0(1 + b1χf + b2χ

2
f )

2πMf
+O(χ3

f ), (12)

where ai and bi are presented in table 2.

3.3. Final mass and spin

In addition to the inspiral and ringdown corrections discussed above, we also need to mod-
ify the predictions for the remnant BH’s mass and spin under EdGB gravity. Similar to the
merger–ringdown corrections presented previously, we expand the final mass and spin of the
remnant BH to first-order in ζ and second-order in χf . We take Mf,GR and χf,GR to be the GR
final mass and spin as presented by the NR fits of reference [59], while Mf,ζ and χf,ζ are the
first order EdGB corrections

Mf = Mf,GR + ζMf,ζ +O(ζ2), (13)

χf = χf,GR + ζχf,ζ +O(ζ2). (14)

5 Reference [43] follows a slightly different EdGB notation than considered here, beginning with the coupling param-
eter α in the action as well as their definition of ζ ′. The quantities can be mapped to our definitions by letting
ζ ′ → 4

√
ζ.

6 See references [76–78] where the null geodesic correspondence was used to estimate corrections for rotating BHs.
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Table 2. Coefficients aibi, ci, and di required for the reconstruction of the EdGB cor-
rections to the remnant BH QNM ringdown and damping frequencies fRD, fdamp, as
well as the mass and spin Mf,ζ and χf,ζ as found in equations (11), (12), (19) and (20)
respectively.

a0 a1 a2

−0.1874 −0.6552 −0.6385
b0 b1 b2

−0.0622 −0.1350 −0.2251
c0 c1 c2
43 740−2233

√
2η2

262 440η
50 659

√
3η2−116 640

√
6

12(2233
√

2η2−43 740)
1361 569 247

√
2η2−1285 956 000

264 600(2233
√

2η2−43 740)

d0 d1 d2

13 571
29 160

√
3

75 371
40 713

√
2
3

58 180 627
149 620 275

In GR, the final mass and spin of the remnant BH can be estimated roughly from the initial
masses mA and spins χA as the total orbital energy and angular momentum of a test particle
with mass μ orbiting around a BH with mass Mf(∼ M) and χf at the innermost stable circular
orbit (ISCO) [80], or

μ [1 − Eorb(Mf,χf, rISCO)] = M − Mf, (15)

μLorb(M,χf, rISCO) = M(Mχf − as − δmaa) (16)

Here as,a ≡ (m1χ1 ± m2χ2)/2,μ is the reduced mass, δm ≡ (m1 − m2)/M is the weighted mass
difference, while Eorb and Lorb are the specific orbital energy and orbital angular momentum
respectively (can be found in equations (63)–(68) of [44]), and rISCO is the location of the
ISCO. We assume that the same picture still holds in theories beyond GR [23]. Additionally,
in EdGB gravity there is a scalar interaction energy realized between the orbiting scalarized
bodies [81] which contributes to the radiated mass, so equation (15) is then modified to

μ [1 − Eorb(Mf,χf, rISCO) − Escalar(μ, M,χf, rISCO, ζ)] = M − Mf, (17)

with [81]

Escalar(μ, M,χf, rISCO, ζ) =
ζ

η2

(
1 − χ2

f

4

)
M
r

, (18)

corresponding to the specific scalar interaction energy between the particle (with mass μ and
zero spin) and the central BH (with mass Mf and spin χf). Having these expressions at hand,
one can estimate the EdGB corrections to these quantities as

Mf,ζ = Mc0

(
1 + c1χf + c2χ

2
f

)
+O

(
χ3

f

)
, (19)

χf,ζ = −d0η
(
1 + d1χf,GR + d2χ

2
f,GR

)
+O

(
χ3

f,GR

)
, (20)

where ci and di are presented in table 2. Observe that the above expressions themselves depend
on the remnant BH spin in GR (χf,GR), found in reference [59]. We also note that the above
expression for Mf depends on the solution for χf . Mf is then expanded once again after χf has
been substituted in to quadratic order in spin.

7
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4. Theory agnostic tests of GR

In this section, we present the theory-agnostic IMR consistency test of GR [3, 40–42, 82]. In
accordance with the no-hair theorem, the post-coalescence BH can be described by only two
parameters: the mass Mf(m1, m2,χ1,χ2) and spin χf(m1, m2,χ1,χ2), which can be estimated
with the NR fits of reference [58]. Assuming GR were to be the true theory of gravity found
in nature, such final parameters may be uniquely predicted by each of the inspiral GW signal
(I, f < fISCO = (63/2πM)−1) and the merger–ringdown GW signal7 (MR, f > fISCO). On the
other hand, if such signals were to disagree on their final parameter predictions, an emergent
modified theory of gravity (such as EdGB) may be present.

The IMR consistency test can be performed as follows. First, we generate the two-
dimensional posterior probability distributions PI,MR(Mf ,χf) in the Mf − χf plane from each
portion of the waveform described above. Such posterior distributions are described as a
two-dimensional Gaussian probability distribution function with root-mean-square errors esti-
mated via a Fisher-based analysis, as described below. Next, we measure the agreement
between these two signals by transforming the I and MR probability distributions intoΔMf/M̄f

and Δχf/χ̄f [83], where ΔMf ≡ MI
f − MMR

f and Δχf ≡ χI
f − χMR

f describe the differences
between the inspiral and merger–ringdown GR predictions of the final mass and spin, and
M̄f ≡ 1

2 (MI
f + MMR

f ) and χ̄f ≡ 1
2 (χI

f + χMR
f ) describe the averages between the two. Finally,

the consistency of the probability distribution in the (ΔMf/M̄f,Δχf/χ̄f) plane with the GR
value of (0, 0) determines the agreement with GR, while any statistically significant deviations
may be interpreted as evidence towards emergent non-GR effects present within the observed
signal. See similar analyses by the same authors [46, 55, 82] for a more detailed description of
the IMR consistency test.

All detected GW signals to date have been found to be consistent with GR [3, 40–42, 83].
Reference [41] phenomenologically introduced a non-GR correction at second post-Newtonian
order in the gravitational wave energy flux and studied the IMR consistency test, though the
reference did not include corrections to the QNM ringdown spectrum for simplicity.

In this analysis, we follow closely along with the investigation found in references [55, 82].
Namely, we utilize a Fisher-analysis-based technique, rather than the typical Bayesian analysis
found in [3, 40–42]. While the latter analysis is more accurate and allows one to calculate the
location of the posterior probability distributions, the former analysis allows one to approx-
imate the size of such distributions, under the assumption of loud GW events, and Gaussian
noise, prior distributions, and posterior distributions. See section 2 for a brief description of
our Fisher analysis method. While this is not particularly useful for current GW events, it is of
high value when predicting the non-GR resolving power of future detectors. Combined with
the theoretical (systematic) uncertainty ‘shifts’ ΔthXI,MR ≡ (ΔthMf,Δthχf) described in refer-
ence [49] and section 2, the final probability distributions in the Mf − χf plane are taken to be
Gaussian

PI,MR ≡ 1

2π
√
|ΣI,MR|

exp

[
−1

2

(
X − XGR

I,MR −ΔthXI,MR
)T

×Σ−1
I,MR

(
X − XGR

I,MR −ΔthXI,MR
)]

, (21)

7 Due to the absence of NR modeling of non-GR waveforms, merger corrections are absent from this analysis.
Simplified ringdown corrections are included in the consistency test, as well as corrections to the final mass and
spin.

8
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Figure 2. Comparison between the transformed posterior probability distributions in
the IMR consistency test for both the Fisher analysis method (solid) used here, and the
Bayesian one (dashed) done by the LVC in [3]. We display the results for both GW
events GW150914 (green) and GW170729 (magenta) considered in this analysis. We
observe that in both cases, the total enclosed areas of the probability distributions agree
between the Fisher and Bayesian analyses to within 10% accuracy, confirming that the
former can capture some qualitative features of the latter and thus is reliable as an order-
of-magnitude estimate, at least for the magnitude of statistical uncertainties. We do note
that in the case of GW170729 the Fisher analysis distribution does not quite represent
the correlations observed in the more comprehensive Bayesian analysis: something we
expect to improve with future high-SNR observations.

where ΣI,MR represents the covariance matrix, X ≡ (Mf ,χf) contains the final state variables,
and XGR

I,MR contains their GR predictions from the inspiral and merger–ringdown portions
respectively. See figure 2 for a comparison between the Fisher analysis method considered here,
and the Bayesian done by the LVC in [3]. We note that for both GW150914 and GW170729,
the total enclosed areas of the Fisher and Bayesian probability distributions agree with each
other to within 10% accuracy. This confirms the validity of the Fisher analysis method consid-
ered in this paper as a qualitative estimate, something which we expect to improve considerably
for future observations with increased SNRs. We do note, however, that while the total areas
agree well (indicative of the total statistical uncertainties), the direction of correlations for the
case of GW170729 do not agree particularly well. We expect this to improve as well for future
high-SNR events.

We apply this method to test EdGB gravity as follows. We choose the template wave-
form to be the IMRPhenomD waveform in GR, while we inject a signal in EdGB gravity by
implementing the EdGB corrections to the inspiral, ringdown and final mass/spin of the IMR-
PhenomD waveform given by equations (7)–(20). We increase the fiducial value of ζ from
0 (ΔthXI,MR = 0), until finally the GR prediction of (ΔMf/M̄f,Δχf/χ̄f)|GR = (0, 0) falls out-
side of the 90% confidence region (i.e. the systematic uncertainties are larger than the statistical
errors). This indicates the magnitude of ζ required to observe non-GR effects in the waveform.
We note that in the following presented analysis, the explicit role of the theoretical error found
in [49] is different than that used in reference [49] and a similar multi-band analysis paper
[78]. In both of the above references, the authors describe such theoretical error as a source of
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Figure 3. (Left) IMR consistency test performed under EdGB gravity for GW150914
with a corresponding waveform generated via IMRPhenomD with the O2 detector. Dis-
played is the 90% confidence region of the transformed probability distribution in the
ΔMf/M̄f −Δχf/χ̄f plane, with the GR value of (0, 0). The analysis is repeated for var-
ious fiducial values of

√
α. (Right) Same as the left panel but for the more massive GW

event GW170729 with (Mf,χf)GR = (80.3M
, 0.81).

theoretical uncertainty due to mismodeling of the waveform. On the other hand, in this analysis
the theoretical errors are used to simulate the shift that best-fit parameters Mf and χf would
experience given EdGB corrections were present in the true signal while the GR waveform has
been used for the data analysis. Such shifts in best-fit parameters are then directly compared
to the parameter covariances found with the Fisher information matrix. We believe this is the
first analysis where the IMR consistency tests have been applied to a concrete non-GR theory,
where both inspiral and ringdown corrections are consistently included.

5. Results

Now let us discuss the resulting detectability of EdGB effects using the IMR consistency
tests of GR, using the process outlined in the prior section. This is done by injecting varying
magnitudes of EdGB effects into the waveform until the IMR consistency test is failed.

Let us first discuss the current prospects of observing EdGB effects upon the detec-
tion of binary BH merger events by the LIGO O2 [56] (see appendix C) detector.
The left panel of figure 3 present the results of the test for GW150914 with

√
α =

(0 km, 15 km, 16 km, 20km). Such a waveform was generated with the PhenomD model
assuming BH masses and spins of (m1, m2,χ1,χ2) = (38.9M
, 31.6M
, 0.32,−0.44), with a
luminosity distance scaled to a signal-to-noise (SNR) ratio of 25.1. The above masses and
spins were obtained from the median values of each distribution as reported in [1], and the
alignment of the spins were chosen to be in agreement with the median value of effective spin
χeff as reported by the same reference. We observe that, at the 90% confidence interval, EdGB
effects can be observed for

√
α > 15 km, much larger than the current constraint of 2 km [32,

63–67]. Therefore, we confirm that the current LVC infrastructure is unable to detect EdGB
effects based on the existing observational constraints of

√
α < 2 km. Similarly, we repeat

the process for the more massive event GW170729 in the right panel of figure 3, observing
how contributions from the merger–ringdown signal are much more significant in this sce-
nario, with large uncertainties now present in the inspiral signal instead, resulting in EdGB
detectability of

√
α > 42 km. This waveform was generated with BH masses and spins of

(m1, m2,χ1,χ2) = (50.6M
, 34.3M
, 0.60,−0.57) with an SNR of 10.8. Similar to before, the
masses and spins were chosen from the median values reported in [53], with the spin alignments
chosen to be in agreement with χeff .
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Figure 4. Similar to figure 3 but with the CE detector (left), and the multi-band
observation between LISA and CE (right).

Next we consider the future prospects of observing such effects in the waveform with third-
generation ground-based detectors. The left panel of figure 4 shows the resulting probability
distributions in (ΔMf/M̄f,Δχf/χ̄f) found with the cosmic explorer [8] (CE) observations of
GW150914-like events, with

√
α = (0 km, 8 km, 9 km, 10 km). We see that with CE, EdGB

effects can be determined to a 90% confidence interval for
√
α > 8 km, still above the current

constraint of
√
α < 2 km.

By noting that a majority of both the statistical (size of the contours) and systematic uncer-
tainties (shift of the contour centers) come from the inspiral signal, we consider a multiband
observation by combining CE with the space-based detector LISA [10] to further probe the
inspiral event. The right panel of figure 4 shows the resulting probability distributions in
(ΔMf/M̄f,Δχf/χ̄f) observed by multiband observations with

√
α = (0 km, 0.2 km, 0.3 km).

Here we see that multiband detections can probe EdGB effects with magnitudes of
√
α > 0.2

km, an order-of-magnitude smaller than the current constraint of 2 km. Thus, if non-GR effects
such as EdGB are indeed present in nature with 0.2 km <

√
α < 2 km, multiband detections

between CE and LISA can uncover them to the 90% confidence interval. On the other hand,
if one does not find deviations from GR, one would be able to place bounds on EdGB gravity
that are stronger than current bounds by an order of magnitude. The projected bounds with
future detectors presented here using IMR consistency tests are comparable to those found
with parameterized tests of GR [55, 82, 84].

In the above analysis we have shown the considerable increase one might gain by intro-
ducing milli-Hz era GW detectors such as LISA (or e.g. TianQin [13]) to the ground-based
observations with third-generation detector CE. We note that such constraints can also be
expected to improve considerably upon the additional observation from deci-Hz detectors such
as (B-)DECIGO [11, 12]. As found in reference [55] by the same authors, multi-band obser-
vations with CE + DECIGO considerably outperformed those with any other space-based
detector such as LISA or TianQin. In particular, table 1 of [55] shows such bounds to improve
anywhere from a factor of two to two orders-of-magnitudewhen introducing multi-band obser-
vations with DECIGO. For the specific theory of EdGB, constraints on

√
αEdGB were shown

to improve by nearly a factor of three.

6. Discussion

In this article, we chose EdGB gravity as an example non-GR theory to study the power of IMR
consistency tests, though the formalism that we developed here can easily be applied to other
theories if all of the ingredients are available. For example, dynamical Chern–Simons gravity is
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another theory beyond GR that breaks parity and is motivated from string theory, loop quantum
gravity and effective field theory for inflation [85–87]. Leading post-Newtonian corrections to
the inspiral waveform have been derived in [66, 67, 88], while the scalar interaction energy and
corrections to the specific orbital energy, angular momentum and the location of the ISCO have
been computed in [81, 88, 89]. The QNM ringdown spectrum for non-spinning BHs in such a
theory has been studied in [90–92]. Therefore, once the spin corrections to the BH ringdown
in this theory is available, one can repeat the analysis here to investigate how accurately one
can probe dynamical Chern–Simons gravity with the IMR consistency test.

Although we have taken into account the known EdGB corrections to the waveform to date
as much as possible, there are some other modifications that we have left out. Below, we list
some of the caveats in our analysis presented in this article:

• We only include leading-order post-Newtonian terms in the waveform, while a more
advanced analysis could include higher order corrections. Though such corrections do
not seem to be important in certain scalar–tensor theories [23] (see appendix B).

• In GR, axial and polar QNMs are identical (isospectral), while such isospectrality is broken
in EdGB [43]. Thus, the ringdown portion of the waveform may be more complicated than
that for GR.

• Our estimate for the mass and spin of the BH remnant in EdGB gravity is based on the
picture verified in GR, though this needs to be justified once NR simulations of binary
black hole mergers are available in such a theory [93].

• We did not include corrections during the merger phase of the waveform. Again, it is likely
that one needs to wait for NR simulations to realize how the corrections enter in this phase.

Having said this, we believe our calculations should be valid as an order of magnitude
estimate. One reason to support this point is because corrections to the waveform enter linearly
in ζ ∝ α2. Thus, even if our estimates are off by an order of magnitude in ζ, bounds on

√
α

are affected only by a factor of ∼101/4–2.
For the purposes and scope of this investigation, the Fisher analysis has been used to predict

valid order-of-magnitude constraints on the EdGB theory of gravity. As thoroughly discussed
in reference [23] as well as [55, 82], for large enough SNR the results approximate well a
Bayesian analysis. In the former reference, the Fisher-estimated non-GR parameter β̄ in the
inspiral agreed with its Bayesian counterpart to within ∼40% at −1PN for GW150914-like
events with an SNR of 25. This corresponds to only a ∼10% difference on the coupling
parameter

√
α in EdGB gravity. Regarding the latter, the 90% credible contours in the final

mass–spin plane obtained with Fisher and Bayesian analyses agreed with an error of 20% for
GW150914. Such agreements only strengthen considerably for the future detectors considered
in this analysis.

In the above investigation, we utilized an approximate Fisher analysis based approach to
predict posterior probability distributions on BH source parameters by assuming fiducial values
given by the median values reported by the LVC. A more comprehensiveanalysis would instead
make use of the maximal likelihood values of such source parameters obtained directly from
posterior probability distributions. For highly skewed posterior probability distributions, the
difference between the two values could potentially be significant. Albeit, we find this point
to be beyond the scope of this analysis, which is provided as a first step approximation to test
GR with order-of-magnitude estimates on source parameters. We leave this point, as well as a
full Bayesian analysis to future work.

If a non-GR effect is observed, how can one potentially infer whether it originated from one
non-GR theory or another? Given that the inspiral–merger–ringdown tests discussed here were
originally designed to test the consistency of GR, a different test would be more appropriate
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to address the above question. For example, one could directly try to measure the leading
corrections to the inspiral and ringdown frequency independently and check for the consistency
between the two quantities within a given non-GR theory. In the case of EdGB gravity, one can
eliminate ζ from the two to find such a relation, which is unique to the theory.

Additional note—While this work was nearing completion, the first numerical relativity
simulations for binary black hole mergers in EdGB gravity including corrections to the metric
perturbations were carried out in references [94, 95] (see also reference [96] for a related work
in dynamical Chern–Simons gravity). We plan to compare those waveforms against the ones
presented here to check the validity of the latter and aim to more correctly account for the
merger–ringdown corrections, which we leave for future work.
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