
Neutron stars in scalar-tensor theories: Analytic scalar charges
and universal relations

Kent Yagi and Michael Stepniczka
Department of Physics, University of Virginia, P.O. Box 400714,

Charlottesville, Virginia 22904-4714, USA

(Received 4 May 2021; accepted 5 July 2021; published 6 August 2021)

Neutron stars are ideal astrophysical sources to probe general relativity due to their large compactnesses
and strong gravitational fields. For example, binary pulsar and gravitational wave observations have placed
stringent bounds on certain scalar-tensor theories in which a massless scalar field is coupled to the metric
through matter. A remarkable phenomenon of neutron stars in such scalar-tensor theories is spontaneous
scalarization, where a normalized scalar charge remains of order unity even if the matter-scalar coupling
vanishes asymptotically far from the neutron star. While most works on scalarization of neutron stars focus
on numerical analysis, this paper aims to derive accurate scalar charges analytically. To achieve this, we
consider a simple energy density profile of the Tolman VII form and work in a weak-field expansion.
We solve the modified Tolman-Oppenheimer-Volkoff equations order by order and apply a Padé
resummation to account for higher order effects. We find that our analytic scalar charges (in terms of
the stellar compactness) beautifully model those computed numerically. We also find a quasiuniversal
relation between the scalar charge and stellar binding energy that is insensitive to the underlying equations
of state. A comparison of analytic scalar charges for Tolman VII and constant density stars mathematically
supports this quasiuniversal relation. The analytic results found here provide physically motivated, ready to
use accurate expressions for scalar charges.

DOI: 10.1103/PhysRevD.104.044017

I. INTRODUCTION

Neutron stars (NSs) are ideal compact astrophysical
objects to probe fundamental physics. Due to their high
central density that exceeds the saturation density of nuclear
matter by several fold, NSs can efficiently test nuclear
physics. For example, recent observations of 2 M⊙ pulsars
[1], x-ray emissions from hot spots on a rotating NS surface
byNICER [2,3], and gravitationalwaves from collidingNSs
by LIGO and Virgo [4] have constrained properties of
nuclear/quark matter and certain nuclear parameters (see
e.g., [5–21]). Due to their large compactnesses, NSs are also
perfect sources to probe strong-field gravity. Indeed, obser-
vations of binary pulsars [22–30] and the binary neutron star
merger GW170817 [31–36] have constrained various mod-
ifications to general relativity (GR).
Some of the most well-studied modified theories of

gravity are scalar-tensor theories in which scalar fields are
introduced (either minimally or nonminimally coupled to
the metric) to the action. A simple scalar-tensor theory
proposed by Damour and Esposito-Farèse has two theo-
retical parameters ðα0; β0Þ and allows NSs to scalarize
spontaneously [37–39]. Namely, when β0 is sufficiently
negative, NSs can have scalar charges of order unity even
when α0 ≪ 1 (or equivalently, when the value of the scalar
field at infinity is small). Such a phenomenon can be

understood as NSs undergoing a tachyonic instability,
where the effective mass of the scalar field becomes
imaginary [40]. A catalog of NS scalar charges is provided
in [41] while a surrogate model has recently been con-
structed in [35] based on numerical calculations. The
parameters ðα0; β0Þ have been constrained with solar
system experiments, various binary pulsars [22,26,27,29]
and the binary NS merger event GW170817 [35] to be
jα0j ≲ 3 × 10−4 and β0 ≳ −4.4. Future forecasts on probing
this scalar-tensor theory with black-hole/NS binaries have
been made with pulsar [25] and gravitational-wave
[26,35,42] observations.
The goal of this paper is to provide accurate expressions

for scalar charges of NSs in the scalar-tensor theory in [38]
by solving the field equations analytically. Such expres-
sions are complementary to e.g., the surrogate model [35]
mentioned earlier. To achieve this, instead of using realistic
equations of state (EoS) given in tables, we adopt the
Tolman VII model [43] that approximates the energy
density profile inside a NS to a quadratic function in a
radial coordinate. Such a simple profile allows one to solve
the Tolman-Oppenheimer-Volkoff (TOV) equations ana-
lytically in GR. Unfortunately, due to the complication of
the modified TOV equations in scalar-tensor theories
including the coupling with the scalar field, it is challenging
to solve them analytically. To overcome this, we work in a
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weak-field approximation and solve the field equations
order by order in the expansion.1 To take in to account
higher order contributions in the expansion, we apply a
Padé resummation. We consider both spontaneous scala-
rization (mentioned earlier) and “perturbative” scalarization
where the scalar charge is proportional to α0.
Figure 1 summarizes our findings, which compares the

analytic scalar charges with the Tolman VII model in terms
of the stellar compactness (the ratio between the mass and
radius) against those with realistic EoSs (WFF1 [45], SLy
[46], MPA1 [47], MS1 [48]) computed numerically. Notice
that the former can accurately model the latter, especially
for the SLy EoS, for both the spontaneous and perturbative
scalarization cases. We also find that when we plot the
scalar charges as a function of the stellar binding energy
(the difference between the gravitational and baryonic
mass), the relation between these quantities becomes
quasiuniversal and is insensitive to EoSs with an error of
∼1% (see [49] for other universal relations involving scalar
charges in scalar-tensor theories). We estimate analytically
the amount of the quasiuniversality by comparing analytic
expressions for scalar charges with the Tolman VII model
and with constant density stars and find that it is quasiu-
niversal with an error of 0.3%. The technique developed
here should easily be applicable to other theories beyond
GR to compute the stellar charges (or sensitivities).

The rest of the paper is organized as follows. In Sec. II,
we review the scalar-tensor theory proposed in [38],
explain the modified TOV equations, present the relation
between mass and radius, and review spontaneous scala-
rization following [50]. In Sec. III, we present the formal-
ism for computing scalar charges analytically in the Tolman
VII model by combining weak-field expansions and a Padé
resummation. We compare such analytic results against
numerical ones in Sec. IV and also present the quasiuni-
versal relation between the scalar charge and the binding
energy. We conclude in Sec. V and give several different
directions for future work. In Appendix, we repeat the
analytic calculation for constant density stars and derive
scalar charges similar to the Tolman VII case. We use
the geometric units of c ¼ G ¼ 1. The main expressions
for scalar charges are summarized in a Supplemental
Mathematica notebook [51].

II. SCALAR-TENSOR THEORIES
AND NEUTRON STARS

We begin by reviewing scalar-tensor theories and spon-
taneous scalarization of NSs.

A. Theory

Presented here are the action and field equations for
scalar-tensor theories in the Einstein frame. The former is
given by [37–39]

S ¼
Z

d4x
ffiffiffiffiffiffi−gp

16π
ðR − 2gμν∂μφ∂νφÞ þ Smat½ψ ; A2ðφÞgμν�;

ð2:1Þ

where R is the Ricci scalar for the metric gμν in this frame, g
is its determinant, φ is the scalar field and ψ is the matter
field. A is the conformal factor that relates gμν and the
metric g̃μν in the (physical) Jordan frame as g̃μν ¼ AðφÞgμν.
Notice that we have set G ¼ 1 for the bare gravitational
constant G. Varying the above action with respect to gμν
and φ, the field equations are given by [38,39]

Rμν ¼ 2∂μφ∂νφþ 8π

�
Tμν −

1

2
gμνT

�
; ð2:2Þ

□φ ¼ −4παðφÞT; ð2:3Þ

where Tμν is the matter stress-energy tensor and

αðφÞ≡ ∂ lnAðφÞ
∂φ : ð2:4Þ

In this paper, we consider an example scalar-tensor
theory first considered by Damour and Esposito-Farèse
[37–39] with
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FIG. 1. Comparison of analytic scalar charges with the Tolman
VII model against numerical scalar charges with realistic EoSs as
a function of the compactness. For the former, we show the
results for both perturbative (solid) and spontaneous (dashed)
scalarization. We present the results with four different choices of
β0. α0 is fixed to α0 ¼ 10−5 except for spontaneous scalarization
for the Tolman case which assumes α0 ¼ 0. Observe that the
analytic Tolman results accurately model numerical results,
especially with the SLy EoS.

1Similar calculations were carried out in quadratic gravity [44]
and Einstein-Æ ther theory [30] to respectively find analytic
scalar charges and sensitivities, which were then used in tandem
with binary pulsar observations to place bounds on these theories.
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AðφÞ ¼ exp

�
β0
2
φ2

�
: ð2:5Þ

Another parameter of the theory is α0 ≡ αðφ0Þ ¼ β0φ0 with
φ0 representing the scalar field at infinity.

B. Neutron stars

To construct a NS solution, we begin with the metric
ansatz given by

ds2 ¼ −eνðrÞdt2 þ eλðrÞdr2 þ r2ðdθ2 þ sin2 θdϕ2Þ: ð2:6Þ
For the matter sector, we consider a perfect fluid whose
stress-energy tensor in the Einstein frame is given by [52]

Tμν ¼ A4ðφÞ½ðρ̃þ P̃Þuμuν þ gμνP̃�; ð2:7Þ

where uμ is the four-velocity of the fluid. Notice that ρ̃ and
P̃ are the energy density and pressure in the Jordan frame
that directly enters in the EoS P̃ðρ̃Þ. Plugging these into the
field equations in Eqs. (2.2) and (2.3), one finds [38,39]2

m0 ¼ 4πr2A4ðφÞρ̃þ 1

2
rðr − 2mÞφ02; ð2:8Þ

P̃0 ¼ −ðρ̃þ P̃Þ
�
mþ 4πA4P̃r3

rðr − 2mÞ þ 1

2
rφ02 þ αðφÞφ0

�
; ð2:9Þ

φ00 ¼ 4π
r

r − 2m
A4ðφÞ½αðφÞðρ̃ − 3P̃Þ þ rφ0ðρ̃ − P̃Þ�

−
2ðr −mÞ
rðr − 2mÞφ

0; ð2:10Þ

where a prime represents an r derivative and

e−λðrÞ ¼ 1 −
2mðrÞ

r
: ð2:11Þ

The asymptotic behavior of the scalar field at infinity is
given by

φ ¼ φ0 − αA
MA

r
þO

�
M2

A

r2

�
; ð2:12Þ

where

αA ¼ ∂ lnMA

∂φ0

ð2:13Þ

is the scalar charge whileMA is the total gravitational mass
that can be read off from the asymptotic behavior ofmðrÞ at
infinity as

mðrÞ ¼ MA þO
�
MA

r

�
: ð2:14Þ

We can construct NS solutions as follows. First, we
impose the initial conditions of

mð0Þ¼0; P̃ð0Þ¼ P̃c; φð0Þ¼φc; φ0ð0Þ¼0; ð2:15Þ

where P̃c is the central pressure while φc is the central value
for the scalar field. Under these initial conditions together
with a choice of ðα0; β0Þ and an EoS, we solve Eqs. (2.8)–
(2.10) in the interior region numerically and the stellar
radius R is determined by P̃ðRÞ ¼ 0. We then solve the
equations in the exterior region with P̃ ¼ ρ̃ ¼ 0. Finally,
we read off MA, φ0 and αA by comparing the asymptotic
behavior of the numerically-computed φ and m with
Eqs. (2.12) and (2.14). Figure 2 presents the mass-radius
relation of NSs in GR and the scalar-tensor theory for four
representative EoSs (WFF1 [45], SLy [46], MPA1 [47],
MS1 [48]) with different stiffness.3 “Humps” in the relation
for the scalar-tensor theory correspond to NSs with
spontaneous scalarization.

C. Spontaneous scalarization

An analytic attempt of computing scalar charges with
spontaneous scalarization was taken in [50]. First, when α
at the center of a star, αc, is small, one can expand both α0
and αA in terms of αc as4
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FIG. 2. Mass-radius relation for NSs with four representative
EoSs in GR (α0 ¼ β0 ¼ 0) and the scalar-tensor theory
(α0 ¼ 10−5 and β0 ¼ −4.4, −4.5). The latter deviates from the
former due to spontaneous scalarization. Two cyan dots corre-
spond to the NSs of 1.8 M⊙ with SLy EoS whose energy density
profiles are shown in Fig. 4.

2There is also an equation for ν that we do not present here
since it is unnecessary for deriving scalar charges.

3These numerical results are computed with a Mathematica
notebook developed in [52].

4The scalar field (and its derivative) enter in even powers in
Eqs. (2.8) and (2.9), and in odd powers in Eq. (2.10). This means
that α0 enters in odd powers in αc and αA. Inverting the former
order by order (and substituting it to the latter), one finds that α0
and αA enter in odd powers in αc.
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α0 ¼ d1αc þ d2α3c þOðα5cÞ; ð2:16Þ

αA ¼ e1αc þ e2α3c þOðα5cÞ: ð2:17Þ

Next, one can solve Eq. (2.16) for αc as

αc ¼ ωCþ þ ω̄C−; ð2:18Þ

with

ω¼ 1; −e�iπ=3; ð2:19Þ

and

C�¼
�
α0
2d2

�
ffiffiffiffi
D

p �
1=3

; D¼
�
α0
2d2

�
2

þ
�
d1
3d2

�
3

: ð2:20Þ

From Eqs. (2.17) and (2.18), the scalar charge is given by

αA¼ðωCþþω̄C−Þe1þðωCþþω̄C−Þ3e2þOðα5cÞ: ð2:21Þ

For example, when α0 ¼ 0,5 αc can take nonvanishing
values as αc ¼ � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

−d1=d2
p

and

αA ¼ �
��

−
d1
d2

�
1=2

e1 þ
�
−
d1
d2

�
3=2

e2

�
: ð2:22Þ

Thus, although α0 ¼ 0, the scalar charge becomes non-
vanishing when d1=d2 < 0.
For constant density stars, d1 and e1 are given in a closed

analytic form as [50]

d1 ¼ HeunG

�
ã; q̃; α̃−; α̃þ;

3

2
;
3

2
;Z

�

− ðZ̃ log Z̃ÞHeunG0
�
ã; q̃; α̃−; α̃þ;

3

2
;
3

2
;Z

�
; ð2:23Þ

e1 ¼ β0Z̃HeunG0
�
ã; q̃; α̃−; α̃þ;

3

2
;
3

2
;Z

�
; ð2:24Þ

with

ã ¼ −
1

1þ 3p̃c
; ð2:25Þ

q̃ ¼ 3β0
2

�
3p̃c − 1

3p̃c þ 1

�
; ð2:26Þ

α̃� ¼ 3

2

�
1�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

8β0
3

r �
; ð2:27Þ

Z ¼ p̃c

1þ 3p̃c
; ð2:28Þ

Z̃ ¼ 1þ p̃c

1þ 3p̃c
; ð2:29Þ

and p̃c ¼ P̃c=ρ̃c with P̃c and ρ̃c being the central pressure
and energy density. HeunG is the general Heun function (a
generalization of the hypergeometric function) while its
prime refers to a derivative with respect to Z.
Figure 3 shows d1 for constant density stars as a function

of the stellar compactness CA defined by

CA ¼ MA

R
: ð2:30Þ

One can check numerically that spontaneous scalarization
occurs when d1 < 0 [50]. This means that d2 > 0 in the
relevant parameter region, which we checked with the
analytic expression for d2 in Appendix. Notice that
β0 ¼ −4.336 is the critical value below which the sponta-
neous scalarization is realized for a certain range of CA. In
[50], closed analytic expressions are not found for d2
and e2.

III. ANALYTIC SCALAR CHARGES

We now explain how we can use the weak-field
expansion and a Padé resummation to analytically calculate
NS scalar charges with the Tolman VII model.
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FIG. 3. The linear coefficient d1 in Eq. (2.16) as a function of
the stellar compactness CA for constant density stars with α0 ¼ 0
and various choices of β0. Spontaneous scalarization is realized
when d1 < 0.

5Given current stringent bounds on α0, α0 ≈ 0 is a valid
approximation when discussing spontaneous scalarization.

6See e.g., [53] for a related, analytic estimate of the critical β0
with constant density stars. The critical value may vary slightly
for neutron stars with other equations of state.
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A. Formalism

To construct approximate, analytic stellar solutions in
the scalar-tensor theory, we work under a weak-field
expansion. Namely, we decompose each unknown function
fðrÞ as

fðrÞ ¼
X
k¼0

fkðrÞϵk; ð3:1Þ

where ϵ is a book-keeping parameter that counts the order
of the GR compactness C0 ¼ M0=R where M0 is the GR
mass. We have

m0ðrÞ ¼ ρ̃0ðrÞ ¼ p̃0ðrÞ ¼ p̃1ðrÞ ¼ 0; ð3:2Þ

and thus to leading order, mðrÞ ¼ OðϵÞ, ρ̃ðrÞ ¼ OðϵÞ and
p̃ðrÞ ¼ Oðϵ2Þ. Notice that ρ̃ ≫ p̃ in the weak-field limit.
For the scalar field, we find it convenient to introduce

φ̄ðrÞ≡ φðrÞ
α0

; ð3:3Þ

so that φ̄ðrÞ ¼ Oðα00Þwhen α0 ≪ 1. We decompose φ̄ðrÞ as
in Eq. (3.1) and we have

φ̄0ðrÞ ¼
1

β0
: ð3:4Þ

To see the effect of spontaneous scalarization mentioned
in Sec. II C, we need to derive the scalar charge αA valid up
to Oðα30Þ [which, in turn, means that it is valid to Oðα3cÞ as
in Eq. (2.16)]. Namely, we need to find solutions up to to
Oðα20Þ higher than the leading. For this, we seek for a
solution φ̄ to Oðα20Þ. For mðrÞ, since mk ¼ Oðα20Þ when
k ≥ 2 [namely, mðrÞ ¼ m1ðrÞ in GR] we need to find a
solution formkðrÞ valid toOðα40Þ such that αA is valid up to
Oðα30Þ. Since p̃ does not enter in the m0ðrÞ equation in
Eq. (2.8), we only need a solution for p̃ toOðα20Þ. Next, we
substitute the weak-field expansion of each unknown
function in Eq. (3.1) to the differential equations in
Eqs. (2.8)–(2.10) and solve order by order in ϵ. Below,
we present the equations and solutions mainly to leading
order in ϵ for an illustration purpose. In the actual
calculation, we derived higher-order contributions and
applied a Padé resummation that we explain later.

B. Interior solutions

Since realistic EoSs are given in tables, one can only
construct stellar solutions numerically. To overcome this,
we use the Tolman VII model [43,54] that is known to
accurately model realistic NSs in GR.

The density profile is given by a simple quadratic form as

ρ̃1 ¼
15M0

8πR3

�
1 −

r2

R2

�
; ρ̃iðrÞ ¼ 0 ði ≥ 2Þ: ð3:5Þ

Thus, these stars are parametrized by M0 and R, where the
former is the stellar mass in GR. To check the validity of the
above profile, we present in Fig. 4 the normalized energy
density profile for NSs with 1.8 M⊙ and the SLy EoS found
numerically for both GR and scalar-tensor theory. For the
latter, the star is spontaneously scalarized (see Fig. 2).
Notice that the energy density profiles in both theories are
almost identical and can be approximated by Eq. (3.5)
shown by the black solid curve. This justifies the use of the
Tolman VII model even for NSs in scalar-tensor theory.
We next derive the field equations and solutions in the

interior region. The leading differential equations are
given by

m0
1ðrÞ ¼

15

2

�
1þ 4

α20
β0

þ 8
α40
β20

�
M0

R5
r2ðR2 − r2Þ

þOðα60Þ; ð3:6Þ

φ̄1
00ðrÞ ¼ −

2φ̄1
0

r
þ 15

2

�
1þ 4

α20
β0

�
M0

R5
ðR2 − r2Þ

þOðα40Þ; ð3:7Þ

P̃2
0ðrÞ ¼ −

15M0

8πR5
ðR2 − r2Þ

�
m1

r2
þ α20φ̄1

0
�
: ð3:8Þ

Imposing the boundary conditions

0 0.2 0.4 0.6 0.8 1
r/R

0

0.2

0.4
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0.8

1

c

GR
scalar-tensor
Tolman VII

FIG. 4. Energy density profiles (normalized by the central
value) for NSs with 1.8 M⊙ in GR and in the scalar-tensor theory
with α0 ¼ 10−5 and β0 ¼ −4.5 (corresponding to cyan dots in
Fig. 2). We use the SLy EoS. For comparison, we also show the
profile for the Tolman VII model given in Eq. (3.5). Observe that
such a model can accurately describe the profile for realistic NSs.
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mkð0Þ ¼ 0; φ̄kð0Þ ¼ φ̄1c; P̃kðRÞ ¼ 0; ð3:9Þ

we find

mðintÞ
1 ðrÞ ¼ 5

2

�
1þ 4

α20
β0

þ 8
α40
β20

�
M0

R3
r3
�
1 −

3

5

r2

R2

�

þOðα60Þ; ð3:10Þ

φ̄ðintÞ
1 ðrÞ ¼ φ̄1c þ

5

4

�
1þ 4

α20
β0

�
M0

R3
r2
�
1 −

3

10

r2

R2

�

þOðα40Þ; ð3:11Þ

P̃ðintÞ
2 ðrÞ ¼ 15

16π

�
1þ 4þ β0

β0
α20

�
M2

0

R4

×

�
1 −

r2

R2

�
2
�
1 −

1

2

r2

R2

�
þOðα40Þ: ð3:12Þ

C. Exterior solutions and perturbative
scalar charges

Next, we study the exterior region. By setting P̃ ¼ ρ̃ ¼ 0
in Eqs. (2.8)–(2.10), we find

m0
1ðrÞ ¼ 0; φ̄00

1ðrÞ ¼ −
2φ̄0

1

r
: ð3:13Þ

Imposing regularity at infinity, we can solve the above
equations to find the exterior solution as7

mðextÞ
1 ðrÞ ¼ M1; φ̄ðextÞ

1 ðrÞ ¼ ω̄1

r
; ð3:14Þ

where M1 and ω̄1 are integration constants. We can
determine the integration constants both in the interior
and exterior solutions by imposing the boundary conditions
at the surface:

mðintÞ
k ðRÞ ¼ mðextÞ

k ðRÞ; ð3:15Þ

φ̄ðintÞ
k ðRÞ ¼ φ̄ðextÞ

k ðRÞ; ð3:16Þ

φ̄0ðintÞ
k ðRÞ ¼ φ̄0ðextÞ

k ðRÞ: ð3:17Þ

Similar to Eq. (3.14), we can introduce integration con-
stants Mk and ω̄k at order ϵk as

mðextÞ
k ðrÞ ¼ Mk

�
1þO

�
M0

r

��
; ð3:18Þ

φ̄ðextÞ
k ðrÞ ¼ ω̄k

r
þO

�
M2

0

r2

�
: ð3:19Þ

Once the integration constants are determined, we can
compute the perturbative scalar charge from Eq. (2.12) as

αA ¼ −α0

P
N
k¼1 ω̄kϵ

kP
N
k¼1 Mkϵ

k : ð3:20Þ

In this paper, we computed up to N ¼ 10. Equation (3.20)
allows us to express αA in a series of the GR compactness
C0. It would be more useful to express the scalar charges in
terms of the physical compactness in the scalar-tensor
theory defined by

CA ¼ MA

R
; MA ¼

X
k¼1

Mkϵ
k: ð3:21Þ

We can solve order by order to find C0 in terms of CA and
plug this into Eq. (3.20). To have the results consistent up to
the order analyzed, we expand Eq. (3.20) about α0 ¼ 0 and
CA ¼ 0 and keep only to Oðα30; CN

A Þ. To have the series
converge, we then construct the Padé approximant of order
N=2 (when N is an even number) in CA.
At leading order, the integration constants are derived as

φ̄1c ¼ −
15

8

�
1þ 4

α20
β0

�
M0

R
þOðα40Þ; ð3:22Þ

M1 ¼
�
1þ 4

α20
β0

þ 8
α40
β20

�
M0 þOðα60Þ; ð3:23Þ

ω̄1 ¼ −
�
1þ 4

α20
β0

�
M0 þOðα40Þ: ð3:24Þ

Using Eq. (3.20), the scalar charge to this order is
given by

αA ¼ α0
ð1þ 4

α2
0

β0
Þ

ð1þ 4
α2
0

β0
þ 8

α4
0

β2
0

Þ
¼ α0 þOðα50; CAÞ: ð3:25Þ

We have derived αA valid toOðC10
A Þ. The first few terms are

given by

αA ¼ α0−
10

7
α0ðβ0þ1ÞCAþ

5α0
3003

× ð1253β20þ1514β0−1126ÞC2
AþOðα30;C3

AÞ: ð3:26Þ

7An analytic solution for a NS exterior in scalar-tensor theories
without the weak-field expansion has been found in a different
coordinate system [37,39]. We found that working in the same
coordinate system as the interior case is easier due to some
nonlinearity in the coordinate transformation.
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We then construct the Padé approximant to fifth order in
CA, which we provide in a Supplemental Mathematica
notebook [51].

D. Spontaneous scalarization

So far, we have constructed αA in a series of α0 and CA in
a form

αA ¼ ē1ðCAÞα0 þ ē3ðCAÞα30 þOðα50Þ; ð3:27Þ

where ē1 and ē3 are functions of CA valid to OðCN
A Þ.

We also have

αc ¼ α0β0
XN
k¼1

φ̄kcϵ
k

¼ d̄1ðCAÞα0 þ d̄3ðCAÞα30 þOðα50Þ: ð3:28Þ

We can invert Eq. (3.28) order by order in αc to find α0ðαcÞ
in a form given by Eq. (2.16). Then, we substitute this into
Eq. (3.27) and expand about αc ¼ 0 to find αAðαcÞ in the
form in Eq. (2.17). Following Sec. II C, we can then find αA
for NSs under spontaneous scalarization.
In fact, it turns out that the contribution for the second

term in Eq. (2.22) is negligible and we focus on deriving d1,
d2, and e1. We first find these coefficients in terms of a
series expansion of CA valid to OðC10

A Þ. The first few terms
of these functions are given by

d1¼1þ15β0
8

CAþ
5β0
128

ð17β0−14ÞC2
A

þ β0
7168

ð695β20−2294β0−27720ÞC3
AþOðC4

AÞ; ð3:29Þ

d2 ¼ −
1955β0
448

C2
A þ ð1630328 − 3417469β0Þβ0

512512
C3
A

þOðC4
AÞ; ð3:30Þ

e1 ¼ 1þ 5

56
ð5β0 − 16ÞCA

þ 5

384384
ð5515β20 − 54170β0 − 144128ÞC2

A

þ 1

156828672
ð941985β30 − 19472682β20

− 258360664β0 − 441114624ÞC3
A þOðC4

AÞ: ð3:31Þ

Next, we construct the Padé approximants on these. We
first tried fifth order Padé approximants but found that there
are some unphysical divergences (Fig. 5). Instead, we use
fourth order Padé approximants. We substituted these into
the following expression to find scalar charges for NSs
under spontaneous scalarization:

αA ¼ �
�
−
d1
d2

�
1=2

e1: ð3:32Þ

The final expression is available in the Supplemental
Mathematica notebook [51].

IV. COMPARISON WITH
NUMERICAL RESULTS

Let us now compare the analytic scalar charge expres-
sion for the Tolman VII model with scalar charges for
realistic NSs found numerically. Scalar charges can be both
positive and negative but we focus on the former.

A. Scalar charges vs compactness

First, let us check the convergence of the analytic result
for scalar charges in terms of the order of the Padé
resummation. Figure 5 compares the analytic scalar charges
at various orders of the Padé approximants. We show the
results for the perturbative scalarization case ðα0; β0Þ ¼
ð10−5;−4.2Þ and the spontaneous scalarization case
ðα0; β0Þ ¼ ð0;−4.5Þ. We also present Taylor series (with-
out the Padé resummation) up to OðC10

A Þ for perturbative
scalarization and to OðC8

AÞ for spontaneous scalarization,
as well as numerical results computed with the SLy EoS.
Observe that for the perturbative scalarization case (top
panel), the Padé resummation at third order is already a
good approximation and is converging fast to the numerical

10
-5

10
-4

A

SLy
Tolman (10th Taylor)
Tolman (5th Pade)
Tolman (3rd Pade)
Tolman (2nd Pade)

0.15 0.2 0.25
C

A

10
-1

A

SLy
Tolman (8th Taylor)
Tolman (5th Pade)
Tolman (4th Pade)
Tolman (3rd Pade)
Tolman (2nd Pade)

0
 = -4.2

0
 = -4.5

FIG. 5. Convergence of scalar charge calculations with the
Tolman model for ðα0; β0Þ ¼ ð10−5;−4.2Þ (top) and ðα0; β0Þ ¼
ð0;−4.5Þ (bottom) under various approximations. We compare
the Taylor series results and various Padé resummation results
against numerical results for the SLy EoS. Observe that a Padé
resummation is crucial to accurately model the numerical result.
The expressions for the black solid curves are the ones that we
will use in the remaining part of this paper.
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result.8 On the other hand, the Taylor series result becomes
less accurate when the compactness is relatively high. For
the spontaneous scalarization case (bottom panel), there is
little difference between the fourth and fifth order Padé
results, though the latter has some unphysical divergence.
We therefore use the former to avoid this divergence.
Additionally, the former has the advantages of a simpler
functional expression and better agreement with the
numerical SLy data. All in all, these findings suggest that
it is crucial to perform the resummation to find an accurate
modeling.
Having understood the convergence, let us now carry out

the comparison in more detail for various values of β0 and
EoSs. Figure 1 shows such a comparison. Observe that the
analytic scalar charges for the Tolman VII case beautifully
captures the numerical results for realistic NSs, especially
for the SLy EoS. Notice that the agreement between the
analytic and numerical results is good even for stars with
spontaneous scalarization. This shows that the analytic
result serves as an accurate, ready to use expression for the
NS scalar charge in this scalar-tensor theory.

B. Scalar charges vs binding energy

We next look at the relation between the scalar charge
and the stellar binding energy, where the latter is defined by

ΩA ¼ −
1

2

Z
d3xρ̃ðrÞ

Z
d3x0

ρ̃ðr0Þ
jx − x0j ; ð4:1Þ

¼ −16π2
Z

R

0

drr2ρ̃ðrÞ
�Z

R

r
dr0r0ρ̃ðr0Þ

�
; ð4:2Þ

where the second equality is valid only for spherically
symmetric systems. Physically, this quantity measures the
difference between the gravitational and baryonic mass
of a star and can be used to e.g., probe certain formation
scenario of NSs [55]. For the Tolman VII model, the
relation between the binding energy and compactness is
given by

ΩA

MA
¼ −

5

7
CA þOðα20Þ: ð4:3Þ

Such a GR relation is sufficient to find the scalar charge
expression in terms of the binding energy for perturbative
scalar charges since the latter is already proportional to α0.
We can invert this relation and substitute it to the αAðCAÞ
expressions.

Figure 6 presents the scalar charge as a function of the
binding energy (normalized by the stellar mass) for the
same choices of α0 and β0 and EoSs as in Fig. 1. Observe
that numerical results are quasiuniversal among different
EoSs for a fixed β0. Observe also that the analytic result
accurately describes the numerical ones for perturbative
scalarization. By taking the fractional difference between
the numerical and analytic results for β0 ¼ −4.2 or
β0 ¼ −4.3, we found that the quasiuniversality holds to
∼1% for ΩA=MA > −0.2.
Analytic expressions help us to study the quasiuniversal

relation in more detail. When we expand the perturbative
scalar charge expression for the Tolman VII model for
small binding energy, we find

αðTolÞA ¼ α0 þ 2α0ðβ0 þ 1Þ ΩA

MA

þ 7α0
2145

ð1253β20 þ 1514β0 − 1126Þ Ω
2
A

M2
A

þO
�
α30;

Ω3
A

M3
A

�
: ð4:4Þ

In Appendix, we derive analytic scalar charges for con-
stant density stars. We show that although αAðCAÞ is quite
different from those for Tolman VII and realistic EoS cases,
αAðΩA=MAÞ is similar to the latter two cases, supporting
the quasiuniversal relation. For the perturbative scalar
charge, the Taylor-series expansion in small binding energy
is given by

αðCDÞA ¼ α0þ2α0ðβ0þ1ÞΩA

MA

þ5α0
21

ð17β20þ20β0−16ÞΩ
2
A

M2
A
þO

�
α30;

Ω3
A

M3
A

�
: ð4:5Þ
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0
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0
=-4.4
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FIG. 6. Similar to Fig. 1 but as a function of the binding energy.
Notice that the results are quasiuniversal and insensitive to the
EoSs for fixed β0.

8The third and fifth order Padé results for the perturbative
scalar charge expressions have a noticeable difference for lower
β0 where the expressions diverge due to the onset of spontaneous
scalarization (not shown in Fig. 5) and thus we use the fifth order
result in the remainder of this section.
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Comparing this with Eq. (4.4) we see that the two
expressions are identical up to OðΩA=MAÞ and the differ-
ence only appears at OðΩ2

A=M
2
AÞ. When taking the frac-

tional difference between αðTolÞA and αðCDÞA , we find

αðTolÞA − αðCDÞA

α0
¼ 2ð311β20 þ 1343β0 þ 1013Þ

15015

Ω2
A

M2
A

þO
�
α30;

Ω3
A

M3
A

�
: ð4:6Þ

Figure 7 presents this fractional difference for β0 ¼ −4.2
and −4.3. Observe that the Tolman and constant density
cases agree within an error of Oð10−3Þ. This provides
strong analytic support for the quasiuniversality of the
relation between αA and ΩA=MA.
For spontaneous scalarization, although the analytic

expressions are valid as an order-of-magnitude estimate,
the agreement with numerical results are not as good as the
perturbative scalarization case. This is partially because we
have used the relation between the binding energy and
compactness in GR in Eq. (4.3). Though, due to multi-
valued scalar charges for some fixed binding energy with
small β0 (e.g., β0 ¼ −4.5), it would be difficult to find a
closed, analytic expression for αAðΩA=MAÞ.

V. CONCLUSION

We derived analytically scalar charges for NSs in a
scalar-tensor theory proposed in [38]. This was achieved by
considering the Tolman VII energy density profile. We first
worked within the weak-field approximation and then
resummed the series through the Padé approximants,
deriving scalar charge expressions for both perturbative
and spontaneous scalarization. We found that the analytic
scalar charges are in excellent agreement with those

computed numerically from realistic EoSs, especially for
the SLy EoS. We also found a quasiuniversal relation
between the scalar charge and binding energy. The analytic
expressions derived here allow one to mathematically
support the quasiuniversality by comparing the Tolman
VII result with the constant density one. The analytic result
provides an accurate, ready to use, and physically-moti-
vated expression for scalar charges.
A similar quasiuniversality between the stellar sensitiv-

ities and the binding energy were found recently in
Einstein-Æ ther theory [30]. The relation in the weak-field
limit was first derived in [56]. This was based on the result
for weakly-gravitating stars in [57], where the dipole
moment for the vector field (which depends on the
sensitivities) was derived within the parametrized post-
Newtonian framework and all the internal structure depend-
ence was found to be encoded in the binding energy. It
would be interesting to study if a similar analysis can be
carried out in scalar-tensor theories to explain the quasiu-
niversal relation found here.
Various avenues exist for other possible future work. For

example, one obvious extension is to apply the analysis
presented here to other scalar-tensor theories with sponta-
neous scalarization, such as the ones with the mass
potential [58–61] or quartic interaction [62], scalar-
Gauss-Bonnet gravity [63–72], or Horndeski theories
[73]. One may also apply the calculation to spontaneous
vectorization [40,74,75], tensorization [76], or spinoriza-
tion [77]. Another possibility might be to consider an
analytic representation of the dynamical/induced scalariza-
tion [78–83] in compact binary mergers. Finally, the
parameter region of the coupling parameter β0 that gives
rise to spontaneous scalarization in the scalar-tensor the-
ories studied here has been shown to be inconsistent with
solar system experiments if one includes cosmological
evolution of the scalar field [81,84–87]. It would be
interesting to consider analytic scalar charges in scalar-
tensor theories that has a consistent cosmological evolution
of the scalar field [88–90].
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APPENDIX: SCALAR CHARGES FOR
CONSTANT DENSITY STARS

In this Appendix we repeat the calculations in the main
text to find analytic expressions for scalar charges for
constant density stars. For such stars, we give the density
profile as

-0.15 -0.14 -0.13 -0.12 -0.11 -0.1 -0.09

A
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A
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-3

3 10
-3

(
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0
 = -4.2
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 = -4.3

FIG. 7. Fractional difference in the scalar charge between
Tolman VII and constant density cases in terms of the binding
energy [Eq. (4.6)] for two choices of β0. Notice that the two agree
within an error ofOð10−3Þ, indicating the quasiuniversality of the
relation between the scalar charge and binding energy.
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ρ̃1 ¼
3M0

4πR3
; ρ̃iðrÞ ¼ 0 ði ≥ 2Þ: ðA1Þ

Thus, these stars are parametrized by M0 and R. The
leading differential equations are given by

m0
1ðrÞ ¼ 3

�
1þ 4

α20
β0

þ 8
α40
β20

�
M0

R3
r2 þOðα60Þ; ðA2Þ

φ̄00
1ðrÞ ¼ −

2φ̄0
1

r
þ 3

�
1þ 4

α20
β0

�
M0

R3
þOðα40Þ; ðA3Þ

P̃0
2ðrÞ ¼ −

3M0

4πR3

�
m1

r2
þ α20φ̄

0
1

�
: ðA4Þ

The last equation is valid to full order in α0. Imposing the
boundary condition as in Eq. (3.9), one can solve the above
differential equations in the interior region to find

mðintÞ
1 ðrÞ ¼

�
1þ 4

α20
β0

þ 8
α40
β20

�
M0

R3
r3 þOðα60Þ; ðA5Þ

φ̄ðintÞ
1 ðrÞ ¼ φ̄1c þ

1

2

�
1þ 4

α20
β0

�
M0

R3
r2 þOðα40Þ; ðA6Þ

P̃ðintÞ
2 ðrÞ ¼ 3

8π

�
1þ 4þ β0

β0
α20

�
M2

0

R4

�
1 −

r2

R2

�

þOðα40Þ: ðA7Þ

Next, we study the exterior solution and the scalar
charge. At leading order in the weak-field expansion, the
integration constants are determined as

φ̄1c ¼ −
3

2

�
1þ 4

α20
β0

�
M0

R
þOðα40Þ; ðA8Þ

M1 ¼
�
1þ 4

α20
β0

þ 8
α40
β20

�
M0 þOðα60Þ; ðA9Þ

ω̄1 ¼ −
�
1þ 4

α20
β0

�
M0 þOðα40Þ: ðA10Þ

Notice that M1 and ω̄1 are the same as the Tolman VII
case as in Eqs. (3.23) and (3.24). Thus, the scalar charge is
also same as in Eq. (3.25). Similar to the Tolman case,
we then construct a Padé approximant to fifth order
in CA that we provide in the Supplemental Mathematica
notebook [51].
Let us now find the expression for spontaneous scala-

rization. Although d1 and e1 are fully given in Eqs. (2.23)
and (2.24), we derived d1 and e1 in a fourth order Padé
approximant form to make the scalar charge expression
similar to that for the Tolman case discussed in the main
text. We carried out a similar analysis for d2 whose full

expression has not been found yet. The first few terms are
given by

d2 ¼ −
21β0
8

C2
A −

3

560
β0ð547β0 − 278ÞC3

A

þOðC4
AÞ: ðA11Þ

We have derived d2 toOðC8
AÞ and constructed a fourth order

Padé approximant. We can substitute these Padé resummed
forms for d1, d2, and e1 into Eq. (3.32) to find the scalar
charge for constant density stars under spontaneous scala-
rization when α0 ≪ 1. We provide the final expression in the
Supplemental Mathematica notebook [51].
Figure 8 compares the analytic scalar charges for

constant density stars (as a function of the compactness)
with those for the Tolman VII model and numerical charges
with two representative EoSs. Notice that the spontaneous
scalarization happens for larger compactnesses compared
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FIG. 8. Similar to Fig. 1 but including analytic results for
constant density stars. Notice that scalar charges for such stars are
quite different from those for realistic NSs.
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FIG. 9. Similar to Fig. 6 but including analytic results for
constant density stars. Unlike in Fig. 8, scalar charges for
constant density stars are now similar to realistic NSs.
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to the Tolman VII model and realistic NSs. This shows that
the former is not an accurate model of the latter.
One can further convert the scalar charge expression in

terms of the binding energy. For constant density stars, the
leading relation is ΩA=MA ¼ −ð3=5ÞCA þOðα20Þ.
Inverting this and substituting it into the analytic

expression for the scalar charge in terms of the

compactness, one finds the scalar charge as a function
of the binding energy, which is shown in Fig. 9. We
compare the constant density result with the Tolman VII
result and numerical results with realistic EoSs. Observe
that the scalar charges for constant density stars are very
similar to other results, supporting the quasiuniversality of
the relation between the scalar charge and binding energy.
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