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Abstract—Ions play a significant role in biological, 
industrial, and agricultural processes. Noninvasive, real-time 
detection of their presence and concentration has become of 
vital importance in a multitude of processes. In this paper, we 
present a lumped-element circuit model for an Archimedean 
spiral inductor based resonant sensor which accurately detects 
and quantifies ionic concentration of aqueous solutions. The 
development of the model is guided by observed physical 
phenomena caused by changing a solution’s ionic concentration. 
The system’s response to different concentrations of aqueous 
potassium chloride is measured, and the model parameters are 
extracted from measured data. The model parameters are 
extrapolated to obtain expressions that model the system’s 
response over a wide range of concentrations. There is good 
agreement between the model and measured data, making it 
valid for concentrations ranging from 1.66 mmol/L to 1 mol/L. 
The model helps generate insight into the behavior of the 
physical system, could be used to systematically optimize the 
sensor design, and could be extended to other analytes. 

Keywords—dielectric metrology, ion monitoring, lumped 
element modeling, noninvasive, resonant sensor 

I. INTRODUCTION  
The ubiquity of ions in a plethora of natural processes have 

interested researchers in their detection for several decades 
[1]–[3]. However, the need to monitor ions in real-time has 
burgeoned in modern times, owing to applications such as soil 
[4] and water treatment [5], tissue monitoring [6], and 
consumer wearables [7]. To cater to this growing need, 
resonant dielectric measurement techniques, which observe 
the change in resonant frequency of a sensor, have been at the 
forefront of the design of noninvasive, real-time ion sensing 
systems [8]–[14]. Such sensors are typically designed using 
empirical, Edisonian experiments, or finite element method 
(FEM) solvers [12], [15], [16]. While both approaches 
eventually converge to a practical design, they are time 
consuming and offer limited insights into the functionality of 
the sensor. This is particularly problematic when it comes to 
explaining some of the seemingly obscure behavior patterns 
of the senor. This problem is mitigated using an equivalent 
lumped-element circuit model, which often provides a simple, 
intuitive, resource-efficient approach to investigate the 

theoretical underpinnings of such a system. Lumped-element 
circuit modeling, which aims to express complex 
electromagnetic phenomena in terms of simple circuit theory, 
has been used extensively to study the electrical behavior of a 
multitude of physical structures [17]–[20]. 

In this paper, we investigate an open-circuit Archimedean 
spiral inductor based resonant sensor geometry which has 
been previously studied by researchers for measuring different 
kinds of analytes [13], [14], [21], [22]. A sketch of the system 
we examine is shown in Fig. 1. The system is comprised of an 
open-circuit, Archimedean spiral inductor of 20 turns, with a 
40 mm outer diameter and a pitch of 1 mm. The inductor is 
made of copper on a flexible, polyimide substrate which is 
interrogated by a coplanar, two-loop antenna (reader) which  
is connected to a vector network analyzer (VNA). The reader 
antennas are made of 18 AWG wire, each having a diameter 
of 56 mm, and are separated from the inductor by a 1.7 mm 
thick Acrylonitrile Butadiene Styrene (ABS) sheet. The 
inductor is adhered to the base of a petri dish which hosts the 
sample under test, and the petri dish is positioned on the ABS 
sheet. The mechanism of transduction is the change in 
resonant frequency of the inductor when the concentration of 
the analyte is varied. The noncontact geometry allows the 
sensor to avoid corrosion and electrode polarization [23], 

   

 
Fig. 1. Closeup sketch of the open-circuit Archimedean spiral inductor 
based resonant sensor showing the spiral inductor coil, polyimide 
substrate, and two-loop reader antennas. 

                                                                                                                                                                                                               



making it conducive to a host of agricultural and healthcare 
processes. 

In this paper, we specifically investigate the performance 
of the sensor under varying concentrations of aqueous 
potassium chloride (KCl). Measurement results show a shift 
in resonant frequency, identified by a peak in |S21|, with 
concentration, shown in Fig. 2. We observe that increasing the 
ionic concentration leads to a decrease in resonant frequency. 
This is seemingly peculiar as Table I, which is adapted from 
[24], shows that the relative permittivity, εsoln, of aqueous KCl 
decreases with increasing concentration, and one readily 
expects resonant frequency to increase with decreasing  εsoln. 
Furthermore, it is seen in Fig. 2 that the resonant behavior 
disappears for concentrations near 8 mmol/L, but is present 
for both higher and lower concentrations. This observation 
calls for a detailed understanding of the sensor behavior. 

Hence, to facilitate the analysis, we developed a lumped-
element circuit model of the sensing system that is valid from 
a concentration of 1.66 mmol/L to 1 mol/L, and captures the 
trends observed in empirical testing. Each parameter of the 
model is included to represent some physical aspect of the real 
system, and this allows us to build an intuition for the observed 
trend in shift of resonant frequency with change in sample 
concentration. It further provides insight into the transfer of 
power between the inductor and the solution, which helps us 
address the question of disappearance and reappearance of 
resonance with changing ionic concentration, as seen in Fig. 
2. Finally, the developed model opens doors to systematic 

optimization of the sensing system, which is not possible 
through empirical testing or FEM simulations. 

II. LUMPED-ELEMENT CIRCUIT MODEL EXTRACTION 

A. Lumped-Element Components 
The proposed lumped-element circuit model of the 

resonant sensor-reader system is illustrated in Fig. 3. Each 
component in the model represents a physical aspect of the 
real system.  

The spiral inductor is modeled as an inductor in series with 
a resistor to account for its resistive losses. Additionally, a 
capacitor is added in parallel to realize the interwinding 
capacitance of the inductor. The self-inductance was 
approximated using [25]: 
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where μ0 is the permeability of free space, N is the number of 
turns in the spiral, davg is the average diameter of the inductor, 
and ρ is its fill factor. The self-resonant frequency is 
approximated using [26]: 
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Where l is the total length of the spiral inductor, and εr is the 
relative permittivity of the deionized (DI) water. The 
resistance is calculated to account for the skin effect using: 
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where r is the cross-sectional radius of the conductor, σ is the 
conductivity of copper. The capacitance is calculated from the 
self-resonant frequency using: 
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To model the aqueous KCl solution, we look into its 
dielectric properties, which are stated in terms of its relative 
permittivity, εsoln, and conductivity, σsoln. The relative 

 

 
Fig. 3. Proposed physically inspired lumped-element circuit model of the 
resonant sensing system showing separate parts for the reader, resonator, 
polyimide layer, and ionic solution.  
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Fig. 2. Measured transmission spectra of the Archimedean spiral inductor 
based resonant sensor at different concentrations of KCl. The transmission 
peaks at 17 MHz, 16.67 MHz, and 7.1 MHz, which correspond to the 
resonant frequencies at 0 mmol/L (deionized water), 1 mmol/L,  and 500 
mmol/L of aqueous KCl, respectively. The resonant behavior disappears 
for a KCl concentration on 8 mmol/L 

TABLE I.  CONCENTRATION,  RELATIVE PERMITTIVITY , AND 
AVERAGE EFFECTIVE CONDUCTIVITY FOR AQUEOUS SOLUTIONS OF KCL 

AT 25 ˚C [24] 

c (mmol/L) εsoln σsoln (S/m) c (mmol/L) εsoln σsoln (S/m) 

3 78.43 0.048 60 77.88 0.783 

8 78.38 0.119 500 73.78 5.681 

15 78.31 0.214 1000 69.38 10.857 
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permittivity represents the sample polarization, whereas 
conductivity denotes the loss in the system due to the presence 
of ions. Increasing the concentration of ions in the solution 
changes both its relative permittivity and conductivity : a 
phenomenon which has been thoroughly studied in literature 
[24]. Specifically, the relative permittivity decreases and the 
conductivity increases, as shown in Table I. To model this 
behavior, we use a series RC-circuit, where we expect Csoln 
and Rsoln to decrease with increasing concentration. Moreover, 
the presence of the polyimide substrate affects the polarization 
between the inductor and the solution, which in turn, increases 
the parasitic capacitance between the spiral inductor and the 
solution. The capacitance of the polyimide substrate is 
modeled as Cp and its value is approximately proportional to 
the area occupied by the inductor, and can be estimated by: 
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where r is the cross-sectional radius of the conductor, εp and tp 
are the relative permittivity and thickness of the polyimide 
substrate, respectively, and 0ε is the permittivity of free space.  
However, by definition, a capacitor is comprised of two 
conductors carrying equal but opposite charges. In this case, 
one ‘conductor’ of the capacitor is formed by the aqueous 
solution and its conductivity depends on the ionic 
concentration of the solution. Therefore, it is expected that Cp 
will be dependent on the ionic concentration, and that (5) is 
only valid when the concentration of the solution is high. 

Finally, the two-loop reader is represented by a pair of 
coupled RLC-resonators. Two mutual inductance parameters, 
M1S and M2S are used to denote the magnetic coupling between 
the two loops of the reader and the spiral inductor. 

B. Extraction of Component Values 
The spiral inductor was exposed to 40 different 

concentrations of KCl, ranging from 0 mol/L (DI water) to 1 
mol/L. The sensor’s two-port S-parameter response was 
recorded from 300 kHz to 100 MHz using an Agilent E5071C 
4-port VNA, calibrated such that the reference plane was at 
the terminals of the reader. Component values for the coupled 
RLC-resonators, modeling the reader, were extracted using 
Keysight Advanced Design System (ADS) from measured S-
parameters when the analyte is DI water. Additionally, initial 
parameters for Lspiral, Rspiral, and Cspiral are calculated using (1)-
(4), then the final parameters are fine-tuned in ADS based on 
measured S-parameters. The component values for the reader 
and spiral inductor are invariant with analyte concentration, 
and their final values are presented in Fig. 3. 

The dependence of the resistance and capacitance of the 
ionic solution on ionic concentration, has been rigorously 
studied in [27]; however, the study was based on 
electrochemical impedance spectroscopy which necessitates 
the use of electrodes to make galvanic contact to the liquid that 
is to be measured. Conversely, Csoln and Rsoln in Fig. 3 arise 
due to an electromagnetically induced emf in the ionic 
solution: a phenomenon which, to date, has not been well 
modeled using closed-form expressions. In this regard, 
closed-form expressions, to calculate the concentration-

dependent component values, were generated by curve fitting 
the simulated S-parameters at six different concentrations of 
KCl. This curve fitting was guided by the physical phenomena 
of decreasing relative permittivity and increasing 
conductivity, with increasing concentration, presented in 
Table I. The expressions are given in (6)-(8) as: 
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where c is the concentration of KCl in mol/L, and Cp and Csoln 
are in pF. 

Figs. 4-6 illustrate the dependency of Csoln, Rsoln  and Cp on 
the solution’s concentration. Fig. 4 and Fig. 5 show the 
measured relative permittivity and conductivity from [24]. It 
can be seen that the modeled values for 1/Rsoln and Csoln show 

 

 
Fig. 4. Plot of relative permittivity, εsoln, and modeled solution capacitance, 
Csoln, versus concentration of aqueous KCl solution showing that decrease 
in solution capacitance follows a decrease in sample permittivity. The fitted 
linear relationship between solution capacitance and sample concentration 
is also provided.  

 
Fig. 5. Plot of solution conductivity, σsoln, and modeled solution 
conductance, 1/Rsoln, versus concentration of aqueous KCl solution showing 
that increase in solution conductance follows an increase in sample 
conductivity. The fitted rectangular hyperbolic relationship between 
solution resistance and sample concentration is also provided. 
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the same dependence on concentration as the conductivity, 
σsoln, and relative permittivity, εsoln. Furthermore, at a high 
concentration of KCl, Cp approaches the value predicted by 
(4). At a concentration of 1450 mmol/L, the extrapolated 
capacitance is 1.354 nF, and the value predicted by (4) is 1.338 
nF, a difference of 1.2%. 

III. MODEL VALIDATION AND DISCUSSION 
Given (6)-(8), we can use the lumped element model in 

Fig. 3 to predict the behavior of the physical system. To 
demonstrate the validity of our model, the magnitude and 
phase of the simulated transmission spectra for concentrations 
of 4.99 mmol/L, 21.77 mmol/L, and 100 mmol/L are plotted 
in Fig. 7. These concentrations values are different that what 
was used to generate the model and it is seen that there is good 
agreement between the model and the measured data. 

The model provides insight into the disappearance of the 
resonance around a concentration of 8 mmol/L and its 
subsequent reemergence. The model’s open-circuited 
resonant system, discounting the reader, can be analyzed as a 
matching network between the spiral inductor coil impedance 
and the solution impedance. At concentrations when there is a 
large mismatch between the two impedances, reflections 
allow very little power to be transferred from the coil to the 
sample medium, thus inhibiting the transfer of energy via the 
solution. This manifests in the suppression of the peaking of 
the overall |S21|. This observation opens doors to further 
optimization of the inductor coil to get a better match between 
the coil impedance and solution impedance at concentrations 
of interest, and thus get sharper resonant peaks.  

IV. CONCLUSION 
This paper presented a lumped-element circuit model of an 

Archimedean spiral inductor based resonant sensor for 
measuring ionic concentration in aqueous KCl solutions. The 
model has been motivated by physical aspects of the sensing 
system as well as the analyte environment, and is extracted 
using measured response of the sensor for six different ionic 
concentrations. The model can successfully predict the sensor 

response over a wide range of KCl concentrations (1.66 
mmol/L to 1 mol/L). Moreover, the model parameters are 
shown to follow simple, physically intuitive relationships with 
concentration, making the model more insightful than 
experiments and FEM simulations. The insights generated 
from the model help provide explanations for the trend in 
resonant frequency with changing ionic concentration, and the 
disappearance of resonance at a critical concentration and its 
subsequent reemergence. In the future, the model could be 
used to study the sensor response to other types of analytes, as 
well as to develop an approach to systematically optimize the 
sensing system. 

  

 

 
Fig. 7. (a)  Magnitude and (b) phase of transmission spectra obtained 
using the lumped element circuit model, showing good agreement with 
measured data, thus confirming the validity of the developed model. 
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Fig. 6. Plot of polyimide layer capacitance Cp versus concentration of 
aqueous KCl solution. The fitted logarithmic relationship between 
polyimide layer capacitance and sample concentration is also provided.  
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