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1. Introduction

In quantum science and quantum technology, we often need to learn and engineer quantum systems. A prominent
example is quantum information science (Nielsen and Chuang, 2010; Wang, 2011, 2012; Wang and Song, 2020). A
quantum system is described by its state, therefore for its study, we need to reconstruct the quantum state. In the
literature, researchers often characterize the quantum state by a complex matrix that is the so-called density matrix and
refer to the reconstruction of the quantum state by quantum state tomography, Traditionally, quantum state tomography
employs classical statistical models and methods to deduce quantum states from quantum measurements that are
observations obtained from measuring identically prepared quantum systems. Because of the exponential complexity
of the quantum system and the exponential growth of its corresponding density matrix, quantum state tomography
often needs to reconstruct the density matrix of high-dimension. It is known that classical statistical methods are neither
efficient nor effective in recovering the large density matrix. In this paper, we employ modern high-dimensional statistics
to investigate the reconstruction of large density matrix.

Cai et al. (2016) studied the estimation of large sparse density matrix represented by Pauli matrices and established
the optimal convergence rate of its estimator. However, the sparsity condition assumed in Cai et al. (2016) may not be
very reasonable. For example, a low-rank density matrix does not satisfy the condition under the Pauli representation.
Koltchinskii and Xia (2015) studied the reconstruction of low-rank density matrix and investigated its optimal estimation.
We note that the estimation of eigenspace also plays an important role in the reconstruction of the low-rank density
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matrix, and modern high-dimensional statistics suggest that the optimal estimation of the eigenspace depends on the
sparse structure of the eigenvectors. See Birgé (2001), Cai et al. (2013, 2015), Johnstone and Lu (2009), Ma (2013) and
Vu and Lei (2013) for related research works. Koltchinskii and Xia (2015) considered a broad class of low-rank density
matrices that may not be suitable for density matrices with sparse eigenvectors, and as a result, their optimal rate is not
sharp for density matrices with sparse eigenvectors.

This paper considers the eigenspace estimation problem for a quantum spin system based on Pauli measurements. As
all Pauli matrices have 41 eigenvalues, Pauli measurements also take binary values 1 and —1 while their distributions
correspond to shifted and rescaled binomial distributions (Cai et al., 2016; Wang, 2013). Thus, the eigenspace estimation
problem studied in this paper is a high-dimensional statistics problem with binomial distributions, where both the matrix
size and sample size are allowed to go infinity. To be specific, we analyze the asymptotic behaviors of the principal
component analysis (PCA) estimators and establish their convergence rates under both dense and sparse eigenvector
settings. Under the sparse eigenvector condition, we derive the minimax lower bound for the eigenspace estimation
procedure and demonstrate that the iterative thresholding sparse PCA (ITSPCA) proposed by Ma (2013) can achieve the
minimax lower bound, and therefore the ITSPCA is rate-optimal. The convergence rates and minimax lower bound in this
paper are obtained by asymptotic analysis with binomial distributions instead of usual normal distributions. With the
ITSPCA eigenspace estimator, we can estimate the corresponding eigenvalues and reconstruct the large density matrix.
We show that the constructed low-rank density matrix is also rate-optimal.

The rest of this paper proceeds as follows: Section 2 briefly reviews the quantum state and the density matrix that is
represented through Pauli matrices with its estimation. Section 3 describes the iterative thresholding estimation algorithm
and defines a sparsity condition for eigenvectors. Given the sparsity condition, Section 4 establishes the asymptotic theory
for the iterative thresholding estimator and derives the minimax lower bound for eigenspace estimation under spectral
and Frobenius norms, where both the matrix size and sample size are allowed to go to infinity. Section 5 proposes the
eigenvalue and low-rank density matrix estimators and derives their convergence rates. Section 6 features numerical
studies to illustrate the finite sample performances of the proposed estimators. All proofs are collected in Section 7 and
further technical details are presented in the Appendix.

2. Review for quantum state tomography
2.1. Quantum state and density matrix

For a d-dimensional quantum system, we describe its quantum state by a density matrix p on the d-dimensional
complex space C%, where the density matrix p is a d-by-d complex matrix satisfying (1) Hermitian, that is, p is equal to its
conjugate transpose; (2) positive semi-definite; (3) unit trace. The density matrix p can be expressed by the d-dimensional
Pauli matrices. To be specific, let

1 0 0 1 0 —+/—1 1 0
0'0:<0 1)9 6]:(1 0)7 62:</_1 0 )7 and 0'3:<0 _1)7

where o1, 0, and o3 are called Pauli matrices. High-dimensional Pauli matrices are defined through Tensor products. Let
d = 2’ for some integer b. We form b-fold tensor products of o, 01, 02, and o3 to obtain the d-dimensional Pauli matrices

Gr={B=0,®0,® @0, ({16 ....0)e{0,1,23}},

and the cardinality of Gp is p = 4°. We set B; = I, where I is the d-dimensional identity matrix. Denote by C%*¢ the
space of all d-by-d complex matrices equipped with the Frobenius norm. Proposition 1 in Cai et al. (2016) showed that
all Pauli matrices By, ..., B, form an orthogonal basis for complex Hermitian matrices in €94 and any density matrix p
can be expanded under the Pauli basis as follows:

p
p:di1 ld—i-Zﬂij s
j=2
where coefficients g;'s satisfy g; = tr(pB;) and |8;] < 1.

2.2. Pauli measurements and density matrix estimation

The Pauli matrices are widely used in quantum physics and quantum information science to perform quantum
measurements, and quantum measurements are often based on observables, where an observable is defined as a Hermitian
matrix on C¢. To be specific, suppose that an experiment is conducted to perform measurements on each Pauli observable
B; independently for n quantum systems that are identically prepared under the same quantum state p. As each B; has
eigenvalues 41, the theory of quantum mechanics indicates that the Pauli measurements take values 1 and —1, and thus
are Bernoulli trials. Denote by N; the average of the n measurement outcomes obtained from measuring B;, j =2, ..., p.
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Then n(N; 4+ 1)/2 obeys a binomial distribution with n trials and cell probability (1 + §;)/2, where E(N;) = g; and
Var(N;) = (1 — ﬁjz)/n (Cai et al., 2016). The goal of this paper is to estimate eigenspace of p based on data N,, ..., N.

To estimate the eigenspace of the density matrix p, we first need an initial estimator of p based on the Pauli
measurements Ny, ..., N,. Given the binomial distribution, we easily derive that each N; is the MLE and UMVUE of g;.
Thus, a natural estimator of p is given by

o 1 P
P = (0j)ij=1,...a = p Iy + ;ﬂij , (2.1)

where ’ﬁ, =N;.
3. Eigenspace estimation
3.1. Eigen-decomposition of density matrix

Assume that a density matrix p has finite rank r. By the spectral decomposition, we have

.
p=> 1aql (3.1)

v=1
where A,’s are eigenvalues such that A; > A, > --- > A, > 0 and ZZI] Ay = 1, moreover, qy, ..., q. € C? are their

corresponding eigenvectors.

In this paper, we consider estimation of the eigenspace spanned by the first m eigenvectors of p, that is, our aim is
to estimate the eigenspace generated by Q = (q;, ..., q;) € C¥™, where m is a given integer. To make the eigenspace
estimation problem well defined, we need to assume that m < r and A,;; — A1 > C, for some generic positive constant
G, free of n and d, that is, there is a gap between eigenvalues A, and A, 1 so that the corresponding eigenspaces are well
separated for investigating asymptotic properties of the eigenspace estimation.

3.2. Ordinary PCA

We define the eigenspace estimator of Q by the eigenspace spanned by the first m eigenvectors of the density matrix
estimator p in (2.1). As the m eigenvectors are from ordinary PCA, the defined eigenspace estimator is called the ordinary
PCA estimator and is denoted by Q. Before investigating its asymptotic properties, we first fix some notations. For
X=(x1,...,%)" € C%and A = (A;) € C?*4, define the ¢,-norms,

d 1/a
Ixll, = (Z |xi|“) . lAll, = sup{lIAX], . X, = 1}, 1<a<oc.

i=1

Then the matrix spectral norm ||A|| is equal to square root of the largest eigenvalue of AAT. Moreover, note that

d d

A =max2 Ajj A =max2 Aiil.

Al P 1Al 1Al P A
i= Jj=

and we have the following inequality,
IAIS < 1Al 1Al -

The matrix Frobenius norm is denoted by ||A|r = /tr(AfA). For a symmetric or complex Hermitian matrix A, ||A||r is the
square root of the sum of squared eigenvalues, ||A||, is equal to its largest absolute eigenvalue, and ||A[l, < ||All; = [|A]l -
Denote by C a positive generic constant whose values are free of n and p and may change from appearance to appearance.
For positive sequences ¢, 4 and v, 4 depend on n and d, we use ¢,4 < ¥nq to denote that their ratio ¢, q/¥nq is
asymptotically bounded by positive generic constants from both below and above as n, d — oo.

To measure the performances of proposed eigenspace estimators, we define a notation for the distance between
eigenspaces. To be specific, the distance between two eigenspaces spanned by Q; and Q, is defined by

I sin(Q1, Q)1 = 1Q:QI(QQ))" |17 (3.2)
and

I sin(Qs, Q)12 = 1Q:Q1(QQ))* 112, (3.3)

52



T. Cai, D. Kim, X. Song et al. Journal of Statistical Planning and Inference 213 (2021) 50-71

where QlQJ{ and QZQE are projection matrices on eigenspaces Q; and Q,, respectively, and for a given projection matrix
P, we have P+ = I; — P. The distances refer to the canonical angles between Q; and Q, that generalize the notion of
angles between lines.

The following theorem establishes the convergence rate of the ordinary PCA estimator.

Theorem 1. Suppose that one of the following conditions is satisfied,

(i) n*1 <d < exp(n*2) for some ¢y > 1/2 and o, < 1;
(ii) d < n"/? and %" — 0 as n — oo.

Then we have
sup E[lsin(Q Q3] < sup E[|sin(Q Q2] < cn!, (34)

QeVym QeVym

where Vg, = {Q € C™™ : Q'Q = 1y} is the complex Stiefel manifold of d-by-m orthonormal matrices, and C is a generic
constant free of n and d.

Remark 1. Theorem 1 shows that the convergence rate for the ordinary PCA estimator is n~'/2
condition on eigenvectors. As the PCA approach does not utilize any sparse eigenvectors, it can achieve only n~
convergence rate even for a density matrix with sparse eigenvectors. We will show later that this convergence rate is
suboptimal for the sparse case. Also due to the proof techniques used we leave some gaps for d in the conditions (i) and
(ii), that is, d is between n'/? and n* or below log n. However, as o7 can be very close to 1/2, and the classical PCA theory
indicates that the theorem is true for the case of fixed d, the gaps are very small. Of course future work may resolve this
issue.

regardless of sparsity
172

3.3. Iterative thresholding sparse PCA

As the complexity of a quantum system increases exponentially with its components, the dimension d of the density
matrix grows exponentially and is often very large. In usual high-dimensional statistics, we may impose sparsity condition
on the eigenvectors of the density matrix and estimate the eigenspace spanned by the first m sparse eigenvectors
accordingly. For A € C9*™, Ay denotes the submatrix of A formed by rows and columns whose indices are in I and J,

respectively, where I and J are subsets of {1, ..., d}. When I or J includes all the indices, we replace them with dot. For
example, A, is the submatrix of A with all rows and columns indexed by J.
We now impose the sparsity condition on the first r eigenvectors of p defined in (3.1) as follows: Foreachv =1, ...,r,

assume that for some § € [0, 2),

d d
q, € Z5(n(d) & {a =(@.....a0): Y |, <7(d)and Y |a,)* = 1} , (3.5)
v=1 v=1

where 7(d) is a deterministic function of d that diverges slowly such as logd. Sparsity conditions are often employed in
high-dimensional statistics, including sparse covariance matrix estimation (Bickel et al., 2008; Cai and Liu, 2011; Cai and
Zhou, 2012), sparse integrated volatility matrix estimation (Kim et al., 2018, 2016; Tao et al., 2013a,b; Wang and Zou,
2010), and sparse PCA (Birnbaum et al., 2013; Kim and Wang, 2016; Johnstone and Lu, 2009; Ma, 2013; Vu and Lei, 2013;
Vu et al,, 2013).

The orthogonal iteration may be used to compute the leading eigenspace of a given Hermitian matrix (Golub and
Van Loan, 1996), which yields the ordinary PCA estimator. As we have shown in Section 3.2, the ordinary PCA estimator
has the convergence rate of n~'/2. However, the ordinary PCA approach may not be the best for the sparse eigenvector
estimation in terms of mean squared error (MSE). To obtain better eigenspace estimators under the sparsity condition
in (3.5), we employ iterative thresholding algorithm known as the iterative thresholding sparse PCA (ITSPCA) proposed
by Ma (2013) and described in Algorithm 1.

As presented in Algorithm 1, the ITSPCA method has three steps: multiplication, thresholding, and QR factorization.
Without the thresholding step, the ITSPCA method returns to the ordinary orthogonal iteration method. The thresholding
step removes weak signal elements of T) with a user-specified thresholding function 7~ which satisfies

|7(t,y)—tl <y and T(t,y)y<y) =0 forall tandall y >0, (3.6)

where 1; denotes the indicator function of an event E. We note that both hard thresholding rule 7x(t, y) = t 1(>,) and
soft thresholding rule 75(t, y) = ev-10 max(0, [t| — y) satisfy (3.6), where t = |t|eﬁ", and 6 is the phase of complex
number t.

To harness the ITSPCA algorithm in Algorithm 1, we need an appropriate initial orthonormal matrix ’@0)_ Johnstone and
Lu (2009) introduced a diagonal thresholding sparse PCA (DTSPCA) method to _estimate the eigenspace and showed its
consistency. We propose to use the DTSPCA described in Algorithm 2 to obtain Q. Given the output Qs = (q, . .. L dis)),
we may take its first m columns as the initial orthogonal matrix Q® = (qy, ..., q) for Algorithm 1. We choose ¢q = 0.001
in the numerical study.
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Algorithm 1 Iterative thresholding sparse PCA (ITSPCA)
Input:

(1) Estimated density matrix p;

(2) Target subspace dimension m;

(3) Initial orthonormal matrix Q©©

(4) Thresholding function 7(t, y), and threshold levels y,,j=1,..., m

1: repeat
2:  Multiplication: T = (t(k)) Q=1
3. Thresholding: T¥ = (\{k) w1th/~(k) T(t‘();‘), Vi

4 QR factorlzatlon Q_")R(" =TW;
5: until QY — Q%= < ¢, for some pre-chosen small c,.

Algorithm 2 Diagonal thresholding sparse PCA (DTSPCA)
Input:

(1) Estimated density matrix p;
(2) Diagonal thresholding parameter .

Output: Orthonormal matrix Q;
1: Selection: select the set S of coordinates:
S={v:Dw >k
2: Reduced PCA: compute tEe eigenvectors, ?ﬁ . ,ﬁfSP of the submatrix Pg;
3: Zero-padding: construct Qs = (qy, . .., Gj5)) such that

Gs=. qsc=0, j=1.....I].

4. Asymptotic theory for the eigenspace estimation
4.1. Convergence rates of PCA estimators

Assume that density matrix p belongs to the following class,
r
Fs(m(d) = :p = %aal: qu € Ss((d) forallv e {1,....r} ¢, (4.1)
v=1

where Fs((d)) is defined in (3.5). For the eigenspace Q of the density matrix p, we consider the ITSPCA estimator @Rﬂ)
where Ry is the number of iterations after which Algorithm 1 stops for a theoretical study where

1.165
Rs = Si(logn + 0.5log(d v n))
Zm - Zerl

[ 1 denotes ceiling, Z = £j(pss) v 0, and ¢;(pss) is the jth largest eigenvalue of pg;.
The following theorem establishes the convergence rate of the eigenspace estimator Q ) obtained from Algorithm 1.

Theorem 2. Assume the density matrix p given by model (3.1) belongs to Fs(x(d)) defined in (4.1) so that for some
8 €(0,2/3),

w(d) < C‘L’35/4 1z (4.2)
where t, =,/ %, and C is a constant free of d and n. Take o, = C, 7, in Algorithm 2 and y,j = C, /Ejsrn in Algorithm 1
for some constant C, and C, free of n and d, and let

A
R— ’Vl(logn +0.5log(d v n))—‘ .
)\m - Am+1
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Then there exist constants Cy and C, such that for (n, d, 7(d)) satisfying (4.2), uniformly over Fs(7(d)), with probability at
least 1 — Co(d v n)~2, and R € [R, 2R], we have

Isin(Q, @%))12 < || sin(Q Q*))|12 < Cur(d)e2~°.

Remark 2. Due to the proof techniques used we impose the restriction § € (0,2/3) in Theorem 2. The restriction is
largely due to the facts that we need to represent large density matrices by Pauli matrices and handle Pauli representation
structures and approximation errors of the truncated representation. We expect the restriction can be relaxed or even
removed in future.

Remark 3. The sparsity condition (4.2) is required to obtain the consistency of the proposed estimator. Similar conditions
are often imposed by asymptotic analysis in high dimensional statistics such as large covariance matrix estimation where
m(d) usually grows very slowly in d with an example of logd. Condition (4.2) is not very restrictive in the sense that
m(d) = logd satisfies the condition, and in fact, when § < 2/3, the condition (4.2) indicates that r(d) is at most of order
d with some positive power.

The result of Theorem 2 can be extended to an upper bound for the MSE. Note that (d v n)™ = o (7 (d)r?~*) and the
loss functions, (3.2) and (3.3), are bounded by r and 1, respectively. The following corollary is a direct consequence of
Theorem 2.

Corollary 1. Under the conditions of Theorem 2, we have

sup E[[sin(Q @*)3] < sup E[lIsin(Q Q®)2] < Curr(d)e2 .
peFs(m(d) peFs(n(d))

Remark 4. Since in high-dimensional statistics, there is a constant C free of n and d such that log(d v n) < Clogd,
Theorem 2 and Corollary 1 show that the ITSPCA estimator has the convergence rate of 7(d)"/?[n~'d~" log d]wﬂ;/4
under the Frobenius and spectral norms. As d is often much larger than n, this convergence rate is faster than n='/2,
the convergence rate in the ordinary PCA case.

Although our main objective is to estimate the eigenspace, when individual eigenvector qi is identifiable, it is
interesting to examine whether the ITSPCA method can estimate q; well. The corollary below shows that the kth column
of QRS provides a good estimator for the well-separated qy.

Corollary 2. Suppose that for some k < m, Ay — A1 > Cy1 and A1 — Ay > Gy for some positive constants C;; and C,;
free of n and d. Under the conditions of Theorem 2, we have that the kth column q A(RS) of Q(Rs) satisfies

sup E[[Isin(q 4)IZ] = sup E[||sm(qk,“"s))||F]<cu (dyr2™.
peFs(n(d)) peFs(n(d))

4.2. Optimality of ITSPCA estimator

This section establishes the minimax lower bound for the problem of estimating the eigenspace spanned by Q under
model (3.1), uniformly over Fs(r(d)), and shows that the ITSPCA estimator achieves the minimax lower bound, and thus
its convergence rate is optimal.

The theorem below provides a minimax lower bound for eigenspace estimation under the Frobenius and spectral
norms.

Theorem 3. For model (3.1), suppose that for some § € [0, 2), as d,n — oo,
7(d) x d1 /2D Np=9/2 1ogd/2 g, (4.3)

where N € (0, 1) is a constant free of n and d. Then there exists a positive constant C; free of n and d such that for (n, d, = (d))
satisfying (4.3),

log d 1-8/2
inf sup E[|Isin@ Q| = Cir(d) [—] :
Q peFs(n(d) nd
and
log d 114/
inf sup E [|| sin(Q, Q)llF] > Cm(d)[ o8 } ,
Q peFs(n(d) nd
where Qdenotes any estimator of Q based on Ny, ..., Np.
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Remark 5. The lower bound in Theorem 3 matches the convergence rate of the ITSPCA estimator in Theorem 2, and so
we conclude that the ITSPCA estimator achieves the optimal convergence rate under the Frobenius and spectral norms
(especially when d > n). That is, under the sparsity condition, the convergence rate, (d)"/? [n~'d~" log d]]/2_5/4, of the
ITSPCA estimator is optimal, while the convergence rate, n~'/2, of the ordinary PCA estimator is sub-optimal. On the other
hand, without the sparsity assumption on the eigenspace, that is, 7(d) = d and § = 0, we can show that the minimax
lower bound for estimating the eigenspace of p is n~1/2. Thus, the upper bound of the ordinary PCA estimator in Theorem 1
is the optimal rate for the dense eigenspace case.

Remark 6. Cai et al. (2016) investigated the optimality of the density matrix estimation in the usual matrix sparsity
framework. This paper considers the estimation of large low-rank density matrices and studies the associated optimality
of eigenspace estimation. Thus, to derive the lower bound in Theorem 3, we consider a special subclass of Q, and take
p = m~'QQ!, then as usual we apply Fano’s lemma to obtain the minimax lower bound (Birnbaum et al.,, 2013; Vu and
Lei, 2013). The key difference between our approach and those in the literature is that our observations are characterized
by binomial distributions instead of the usual normal distributions, as a result, different proof arguments are needed to
obtain the minimax lower bounds (see Section 7 for more details).

Remark 7. When § = 0, condition (4.3) becomes 7(d) =< d'~ with N > 0, and the minimax lower bounds hold for 7(d)
very close to d. Consider § > 0, and that d typically grows polynomially or exponentially in n. If d grows exponentially
in n, that is, d = ", then 7(d) =< d"=%2~(log d)*/21-1/%) and N could be chosen very small value such that 7 (d) is of
order d with some positive power. In the case of d = n¥, as quantum systems often have large d, we may consider the
case of d > n and take x > 1, and thus 7(d) = d'=%/2-N=/2)(Jog d)%/2, which is of order d with some positive power.
Therefore, condition (4.3) is feasible. Also the conditions (4.2) and (4.3) are compatible under reasonable setting such as
that [logd/(nd)]*/8+1/4d~ is bounded by a generic constant. Of course the condition (4.3) can be relaxed, and future
work may make it less restrictive.

Remark 8. Koltchinskii and Xia (2015) investigated the optimal convergence rate for estimating a low-rank density matrix
belonging to a general low-rank density matrix class. For example, under the Pauli basis, Theorem 10 in Koltchinskii and
Xia (2015) shows that the optimal rate of estimating low-rank density matrices is n~'/2 which we can obtain by the
ordinary PCA estimator (see Theorem 5 in Section 5). Their low-rank class includes both the dense and sparse cases, and
thus the minimax rate is determined by the sub-class with dense eigenvectors. However, as we have shown in Theorems 3
and 4, the rate n~'/? is not optimal under the sparse condition (3.5). Also their analysis focused on estimating a low-rank
density matrix itself. On the other hand, this paper is devoted to investigating the eigenspace estimation particularly under
the sparse condition (3.5). Our analysis implies that the optimal rate of estimating low-rank density matrices under the

sparse condition is 7 (d)"/? [n~'d~" log d]mﬂs/4 (see Theorem 4 in Section 5).
5. Large low-rank density matrix estimation

This section proposes low-rank density matrix estimators using the ordinary PCA and the ITSPCA methods. We first
develop estimators for eigenvalues of the low-rank density matrix p as follows:

TR
)\-E)S)

—~ A
))T(Rs)_ and )L:: v~ fOl‘U:],...,r,

' Z}:] 'X'J(RS) Z}:l Aj
where
XEJRS) — max [(ﬁ(vRs))T’ﬁa(vRs)’ 0] , 3\:\} = max [azﬁam 0] s

and G and §, are the vth column of Q®) and Q, respectively. Note that 2% and %, are non-negative, and the sum of
each set of estimated eigenvalues is 1. Using the eigenvalue and eigenspace estimators, we can reconstruct the low-rank
density matrix as follows:

r r
SR — Z'X(vRs)aE}Rs)(a(vRs))T and 7" = Z 2 q.q0.
v=1 v=1
These two estimators are well-defined density matrices given in Section 2.1.

The following theorems provide the convergence rates of eigenvalue estimators WURS) and X’;, and low-rank density
matrix estimators %) and p*.

Theorem 4. Under the assumptions of Theorem 2 for the ITSPCA, we have forv=1,...,r,
E 70 — 3,1] < Cr(d)/?7) -2 (5.1)
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and
E[II3% — plle] < Cr(d) /7)1, (5.2)

where C is a generic constant free of n and d.

Theorem 5. Under the assumptions of Theorem 1 for the ordinary PCA, we have forv =1, ...,r,
E[I —nl] =cn' v nd)™?) and  E[I5" - plle] < ™',

where C is a generic constant free of n and d.

Remark 9. When 6§ = 0, the convergence rate for E [|[5®) — pl|¢] is 7 (d)!/2d~1/ (W)l/z, which is the same as the
convergence rate of the optimal density matrix estimator under the sparse representation in Theorem 1 of Cai et al. (2016).
Also under the sparse condition (3.5), the minimax lower bound of estimating low-rank density matrices is 7 (d)"/? rnl_m,
which can be established using the same sub-class employed in the proof of Theorem 3.

Remark 10. The threshold density matrix estimator has the convergence rate (d/n)'/? under the Frobenius norm (see
Lemma 3 of Cai et al. (2016)). On the other hand, the low-rank density matrix estimator has convergence rate n~'/2 which
is the optimal rate given the general low-rank density matrix class (Koltchinskii and Xia, 2015).

Remark 11. The proposed low-rank density matrix estimation procedure needs to know the true rank r. In practice r
is unknown, and we may estimate r from the data to implement the procedure. For example, Kim and Wang (2017)
established asymptotic distributions for the eigenvectors of density matrices, and developed some preliminary methods
to choose the rank r. This paper focuses on the sparse eigenvector estimation with known r. We may investigate the
selection of rank r in the future study.

6. A numerical study

We conducted simulations to check the finite sample performance of the proposed estimators in Sections 6.1 and 6.2,
and studied their empirical performance in Section 6.3.

6.1. Simulation for a rank one case

We first considered the case where the density matrix p in (3.1) has r = 1, and

p
p=0Q =d' [+ BB |

j=2

where Q € C? and Bj =tr(pBj)forj=1,..., d?. The eigenvectors Q were generated as follows: First, its 7(d) components
were generated by 7(d) i.i.d. random variables from U; + U,+/—1, where Uj's are i.i.d. uniform distributions on [—1, 1],
and the rest d — 7 (d) components were set to be zero. The generated vector was then normalized by dividing its £,-norm
so that the generated Q satisfies ||Q||, = 1. We varied 7(d) from 5 log(d) to d — 1 with d = 64,128. The whole procedure
was repeated for 200 times.

For each simulated dataset, we estimated Q using the ITSPCA with hard threshold (ITS-H), ITSPCA with soft threshold
(ITS-S), DTSPCA, and ordinary PCA algorithms. The MSEs of the eigenspace estimator Q and low-rank density matrix
estimator p, E|| sin(Q, Q)ll% and E||75—p||§, were calculated by averaging the corresponding squared norms of Q and p over
200 simulations. For the ITSPCA and DTSPCA algorithms in Algorithms 1 and 2, respectively, we set tuning parameters
(Cy, C,) to be (0.1, 2), (0.5, 1), and (0, 1) for the ITS-H, the ITS-S, and the DTSPCA, respectively, by searching in the range
of {3,2.5,...,0.5,0.1)? for minimizing MSE. We used hard thresholding rule 7x(t, y) = t1(¢|>y) and soft thresholding
rule 75(t, y) = ev-1 max(0, |[t| — y) for the thresholding step in Algorithm 1 for the ITS-H and ITS-S, respectively, where
t = |tle¥=1°. We stopped iterating once || sin(QX), Qk—D)|l, < n~1d~1.

Table 1 summarizes the MSEs for the eigenspace and density matrix estimators. Regarding the eigenspace estimators,
Fig. 1 plots the MSEs against w(d) for different n and d values while Fig. 2 plots the relative efficiencies of the ITS-
H, ITS-S, DTSPCA, and PCA estimators with respect to the PCA estimator against the sample size n for different d and
mr(d) values. The numerical results show that the MSEs usually decrease in sample size n. The MSEs of the ITSPCA and
DTSPCA estimators become worse as 7 (d) increases while the performance of the PCA estimator is robust against 7 (d).
For the sparse eigenvectors with (d) = 5logd or 5d'/2, the ITSPCA estimators often have superior performance over the
DTSPCA and PCA estimators while for the non-sparse case with 7 (d) = d — 1, the PCA estimator overall presents the best
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Table 1
The MSEs of ITS-H, ITS-S, DTSPCA, and PCA estimators and their corresponding low-rank density matrix estimators when d = 64, 128 and
n = 100, 200, 500, 1000, 2000 (we make the smallest MSE bold).

d (d) n MSE (eigenspace) x10? MSE (density matrix) x 102
ITS-H ITS-S DTSPCA PCA ITS-H ITS-S DTSPCA PCA o
64 5log(d) 100 0.3008 0.4383 1.1629 0.9627 0.6016 0.8767 2.3258 1.9254 63.0741
200 0.1453 0.2155 0.5489 0.4909 0.2906 0.4310 1.0977 0.9819 31.5377
500 0.0577 0.0878 0.2251 0.1929 0.1153 0.1757 0.4501 0.3858 12.6377
1000 0.0284 0.0443 0.1163 0.0948 0.0568 0.0885 0.2327 0.1895 6.3216
2000 0.0142 0.0224 0.0438 0.0485 0.0284 0.0447 0.0877 0.0970 3.1531
5d'/? 100 0.8961 1.0046 4.8367 0.9680 1.7921 2.0093 9.6733 1.9359 63.0148
200 0.4082 0.5295 2.4086 0.4855 0.8165 1.0590 48173 0.9709 31.5230
500 0.1347 0.2129 1.0878 0.1941 0.2693 0.4259 2.1756 0.3882 12.6007
1000 0.0593 0.1085 0.4885 0.0961 0.1186 0.2170 0.9771 0.1922 6.2871
2000 0.0304 0.0576 0.2433 0.0484 0.0607 0.1151 0.4866 0.0969 3.1456
d—1 100 1.3800 1.5670 12.3886 0.9876 2.7600 3.1340 24.7772 1.9751 63.0856
200 0.6485 0.7903 6.3141 0.4871 1.2970 1.5806 12.6282 0.9742 31.5273
500 0.1952 0.3325 24912 0.1930 0.3905 0.6649 49825 0.3860 12.5754
1000 0.0957 0.1713 1.3645 0.0971 0.1914 0.3427 2.7290 0.1943 6.3095
2000 0.0485 0.0881 0.5835 0.0493 0.0970 0.1762 1.1671 0.0985 3.1518
128 5log(d) 100 0.2084 0.3270 1.4792 0.9979 0.4169 0.6539 2.9584 1.9958 127.2219
200 0.0883 0.1600 0.6500 0.4916 0.1765 0.3200 1.3001 0.9832 63.4730
500 0.0360 0.0691 0.2996 0.1954 0.0721 0.1382 0.5991 0.3909 25.3742
1000 0.0182 0.0359 0.1593 0.0990 0.0364 0.0718 0.3186 0.1979 12.6988
2000 0.0090 0.0188 0.0775 0.0498 0.0180 0.0377 0.1550 0.0995 6.3408
5d'/? 100 0.5461 0.7029 48951 0.9819 1.0921 1.4058 9.7902 1.9638 126.9431
200 0.2097 0.3514 2.2088 0.4856 0.4195 0.7029 44177 0.9711 63.5284
500 0.0841 0.1468 0.9327 0.1968 0.1682 0.2937 1.8654 0.3936 25.4182
1000 0.0430 0.0760 0.5597 0.0988 0.0860 0.1519 1.1195 0.1977 12.7027
2000 0.0216 0.0388 0.2378 0.0496 0.0433 0.0776 0.4756 0.0993 6.3566
d—1 100 1.6628 1.4878 19.1328 0.9926 3.3256 2.9755 38.2656 1.9851 127.0068
200 0.7028 0.7814 11.4092 0.4903 1.4056 1.5629 22.8184 0.9807 63.5389
500 0.2354 0.3478 5.1377 0.1964 0.4708 0.6957 10.2754 0.3929 25.4193
1000 0.1144 0.1838 2.5418 0.0979 0.2287 0.3676 5.0837 0.1957 12.7010
2000 0.0553 0.0962 1.2805 0.0488 0.1106 0.1924 2.5610 0.0976 6.3562

performance. The numerical results of the density matrix estimators summarized in Table 1 show similar behaviors to the
results of the eigenspace estimators, while p in (2.1) presents much worse performance than the PCA type estimators.

6.2. Simulation for a rank four case

We now simulated density matrix p using (3.1) with r = 4 and chose arbitrary eigenspace Qg € Vy(q) 4, Where Vy, i is
the Stiefel manifold of h-by-k orthonormal matrices. First, we generated a 7(d)-by-7(d) positive definite Hermitian matrix
from uniform random variables, to be specific, the diagonal elements of the matrix took value 1 and for the off-diagonal
elements, the (h, k)th and (k, h)th elements were U; ++/—1Us, where U;’s follow uniform distributions on (—+/0.5, +/0.5).
We then formed d-by-4 matrix Q = (Q(T), 0)". Eigenvalues A were chosen from (0.25, 0.25, 0.25, 0.25), (0.4, 0.3, 0.2, 0.1),
(0.5,0.3,0.19,0.01). The density matrix p was obtained in the following:

4 d2
p= Z)“qu I =d! Iy + ZlBij ,
v=1 j=2

where Q = (qy, ..., q4) and d = 27. With the p above, we computed ; = tr(oB;) for j = 1, ..., 2", where B;’s are Pauli
matrices. For each simulated dataset, we estimated Q for m = 4 and used the same scheme as the rank one case.

Table 2 summarizes the MSEs for the eigenspace and density matrix estimators and Fig. 3 plots the MSEs of the
eigenspace estimators against w(d) for different sample size n and eigenvalues A. Fig. 4 further plots the relative
efficiencies of the ITS-H, ITS-S, DTSPCA, and PCA estimators with respect to the PCA estimator against the sample size
n for different 7 (d) and eigenvalues A. We note that the effects of n and w(d) levels are similar to the rank one case
so that we focus on the effects of the magnitude of the fourth eigenvalue A4 in A. The numerical results show that the
magnitude of the A4 plays an important role. When A4 is large such as 0.25, the MSEs are relatively small, and our methods
show better performance than the benchmarks. When A4 is small such as 0.01, all estimators present poor performance
with large MSEs, and their relative efficiencies are close.
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Fig. 1. Plots of MSEs against n(d) for the ITS-H, ITS-S, DTSPCA, and PCA estimators with n = 100, 500, 2000 and d = 64,128. (a)-(c) are plots of
MSEs based on the Frobenius norm for n = 100, 500, 2000, respectively, with d = 64. (d)-(f) are plots of MSEs based on the Frobenius norm for
n = 100, 500, 2000, respectively, with d = 128.

6.3. A real data example

In this section, we conducted a Monte Carlo simulation to analyze the density matrices that were estimated by Haffner
et al. (2005). We considered two density matrices with d = 27 and 2%, and denoted them by p, and pg, respectively.
Based on each density matrix p, we first calculated g; = tr(pB;), where B;’s are the Pauli matrices and then, generated n
Pauli measurements for each Pauli matrix. Given the generated Pauli measurements, we estimated p by the ITS-H, ITS-S,
DTSPCA, and PCA. We selected tuning parameters (0.1, 2), (0.5, 1), and (0, 1) for the ITS-H, ITS-S, and DTSPCA estimators,
respectively, and used the results of the rank test proposed in Kim and Wang (2017) to determine the rank r. We varied
n from 100 to 2000 and repeated the whole procedure by 200 times.

Fig. 5 plots the absolute values for the elements of eigenvectors corresponding to the first six eigenvectors of p; and pg,
while the first six eigenvalues of p, is (0.7825, 0.0605, 0.0445, 0.0324, 0.023, 0.0167) and of pg is (0.7514, 0.0609, 0.0456,
0.04, 0.0233, 0.0189). Thus, the density matrices, p, and pg, have the low-rank structure with sparse eigenvectors, which
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Fig. 2. Plots of relative efficiencies against the sample size n for the ITS-H, ITS-S, DTSPCA, and PCA estimators with respect to the PCA estimator for

7(d) = 5log(d), 5d'/?, d—1 with d = 64 and 128. (a)-(c) are plots of relative efficiencies based on the Frobenius norm for 7 (d) = 5 log(d), 5d'/?,d—1,

respectively, with d = 64. (d)-(f) are plots of relative efficiencies based on the Frobenius norm for 7(d) = 5log(d), 5d'/?, d — 1, respectively, with
= 128.

satisfy the assumptions imposed in this paper. It follows that the iterative thresholding estimators such as the ITSPCA
and the DTSPCA may present good performance.

Table 3 presents MSEs of the ITS-H, ITS-S, DTSPCA, and PCA density matrix estimators. Fig. 6 plots the relative
efficiencies with respect to the PCA estimator against the sample size n and for d = 128, 256. From Table 3 and Fig. 6, we
can see that the MSEs decrease in the sample size n while the iterative thresholding methods usually have smaller MSEs
than the PCA density matrix estimator or the estimator p in (2.1).

7. Proofs

Denote by C and C; the generic constants whose values are free of n and p and may change from appearance to
appearance.
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Table 2
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The MSEs of the ITS-H, ITS-S, DTSPCA, and PCA estimators and their corresponding low-rank density matrix estimators for n =
100, 200, 500, 1000, 2000 and A = (0.25,0.25, 0.25, 0.25), (0.4, 0.3,0.2,0.1), (0.5, 0.3,0.19,0.01), and 7(d) = 5logd, 5d'/?,d — 1 with d = 128

(we make the smallest MSE bold).

7(d) A

MSE (eigenspace)

MSE (density matrix)

ITS-H ITS-S DTSPCA  PCA ITS-H ITS-S DTSPCA  PCA P

5logd  (0.25,0.25,0.25,0.25) 100 0.1861 0.1941 0.3532 0.6215 0.0240  0.0248 0.0448 0.0781 1.2792
200 0.0722  0.0925 0.1724 0.3099 0.0095 0.0119 0.0220 0.0391 0.6386

500 0.0231 0.0353 0.0648 0.1240 0.0031 0.0046 0.0083 0.0157 0.2555

1000 0.0109 0.0175 0.0310 0.0622 0.0015  0.0023 0.0040 0.0079 0.1277

2000  0.0052  0.0085 0.0151 0.0309 0.0007  0.0011 0.0019 0.0039 0.0638

(0.4,0.3,0.2,0.1) 100 0.5935 0.5626  0.7734 1.2608 0.0309  0.0345 0.0519 0.0902 1.2787
200 0.2444  0.2491 0.3923 0.6903 0.0128  0.0150 0.0249 0.0436 0.6384

500 0.0846  0.0903 0.1488 0.2758 0.0044  0.0055 0.0092 0.0165 0.2553

1000  0.0415  0.0440 0.0721 0.1379 0.0019  0.0027 0.0044 0.0080 0.1276

2000 0.0195 0.0211 0.0344 0.0687 0.0009 0.0013 0.0020 0.0040 0.0638

(0.5,0.3,0.19,0.01) 100 1.1132 1.1137 1.2272 1.4019 0.0257  0.0321 0.0527 0.0851 1.2782
200 1.0371 1.0486 1.0997 1.1951 0.0143  0.0170 0.0275 0.0455 0.6378

500 1.0031 1.0125 1.0219 1.0736 0.0070  0.0078 0.0117 0.0194 0.2552

1000  0.9887  0.9975 0.9873 1.0310 0.0040  0.0044 0.0057 0.0100 0.1275

2000  0.9741 0.9817 0.9514 1.0041 0.0022  0.0024 0.0029 0.0051 0.0637

5d1/2 (0.25,0.25,0.25,0.25) 100 0.6163 04233  0.5953 0.6201 0.0775 0.0533  0.0747 0.0779 1.2799
200 0.2571 0.2169  0.3132 0.3085 0.0325 0.0274  0.0394 0.0389 0.6385

500 0.0813  0.0882 0.1343 0.1239 0.0104 0.0112 0.0170 0.0157 0.2553

1000  0.0347  0.0442 0.0683 0.0620 0.0044  0.0056 0.0086 0.0079 0.1276

2000  0.0152  0.0220 0.0336 0.0308 0.0020  0.0028 0.0042 0.0039 0.0638

(0.4,0.3,0.2,0.1) 100 1.1828 0.9932 1.0824 1.2713 0.0779 0.0631 0.0839 0.0899 1.2790
200 0.5289 04585  0.5603 0.6914 0.0329 0.0306  0.0420 0.0435 0.6382

500 0.1773 0.1701 0.2300 0.2732 0.0113  0.0117 0.0182 0.0164 0.2553

1000  0.0815  0.0840 0.1172 0.1369 0.0050  0.0058 0.0098 0.0080 0.1276

2000  0.0385  0.0421 0.0622 0.0688 0.0021 0.0029 0.0054 0.0040 0.0638

(0.5,0.3,0.19,0.01) 100 1.3123 1.2543 1.3840 1.4003 0.1199 0.1089  0.1554 0.1630 1.3185
200 1.0565 1.1265 1.1983 1.1961 0.0685  0.0723 0.1259 0.1260 0.6779

500 0.9264 1.0494 1.0758 1.0763 0.0493  0.0508 0.1095 0.1074 0.2952

1000  0.8809 1.0208 1.0348 1.0346 0.0440  0.0452 0.1082 0.1037 0.1676

2000  0.8658 1.0051 1.0188 1.0145 0.0412  0.0422 0.1088 0.1035 0.1037

d—1 (0.25,0.25, 0.25,0.25) 100 1.5437 0.8133 1.1214 0.6187 0.1930 0.1020 0.1401 0.0778 1.2761
200 0.6946 04366  0.6917 0.3079 0.0870 0.0549 0.0865 0.0389  0.6394

500 0.2316 0.1886 0.3512 0.1239 0.0291 0.0237 0.0439 0.0157 0.2553

1000  0.0996 0.0986 0.1968 0.0618 0.0125 0.0124 0.0246 0.0078  0.1278

2000  0.0432 0.0503 0.1020 0.0309 0.0055 0.0063 0.0128 0.0039  0.0638

(0.4,0.3,0.2,0.1) 100 2.0636 1.4548 1.6928 1.2713 0.2020 0.1127 0.1640 0.0901 1.2750
200 1.1570 0.8458 1.0975 0.6977 0.0902 0.0605 0.1019 0.0437 0.6392

500 0.4181 0.3307 0.5206 0.2738 0.0287 0.0244 0.0507 0.0165 0.2552

1000  0.1899 0.1702 0.2761 0.1372 0.0120 0.0124 0.0275 0.0080  0.1278

2000  0.0875 0.0887 0.1406 0.0698 0.0050 0.0063 0.0139 0.0040  0.0637

(0.5,0.3,0.19,0.01) 100 1.9442 15199 1.7585 1.3988 0.1611 0.0965 0.1579 0.0847 1.2743
200 1.4469 1.2706 1.4723 1.1967 0.0792 0.0535 0.1027 0.0456  0.6389

500 1.1390 1.1081 1.2426 1.0724 0.0271 0.0241 0.0553 0.0195 0.2552

1000 1.0472 1.0482 1.1359 1.0301 0.0123 0.0128 0.0330 0.0099  0.1277

2000 1.0068 1.0109 1.0639 1.0034 0.0055 0.0068 0.0185 0.0051 0.0637

7.1. Proofs of Theorems 1-2

7.1.1. Proof of Theorem 1

Proof of Theorem 1. By Davis-Kahn’s sinf theorem (Theorem 3.1 in Li (1998b)), we obtain the following inequality to

establish (3.4),

I'sin(Q, Q)12 <

(o — E)QII?

( m _)tm—H)27
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Fig. 3. Plots of MSEs against 7 (d) for the ITS-H, ITS-S, DTSPCA, and PCA estimators for n = 100, 500, 2000 and d = 128. (al1)-(a3) are plots of
MSEs based on the Frobenius norm for n = 100, 500, 2000, respectively, with A = (0.25, 0.25, 0.25, 0.25). (b1)-(b3) are plots of MSEs based on
the Frobenius norm for n = 100, 500, 2000, respectively, with A = (0.4, 0.3, 0.2,0.1). (c1)-(c3) are plots of MSEs based on the Frobenius norm for
n = 100, 500, 2000, respectively, with A = (0.5, 0.3, 0.19, 0.01).

where /):m is the mth eigenvalue of . For the denomh}gtor on the right hand side of (7.1), as A, — Ap41 is bounded below
from a generic constant C,, we need to study only Ay;+1 — Amy1. By Weyl's theorem (Theorem 4.3 in Li (1998a)), we

have

|)“m+1 )"m+1| S maXx |)"v )“U| S ”P p” .
2
1<v<d
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Fig. 4. Plots of relative efficiencies against sample size n for the ITS-H, ITS-S, DTSPCA, and PCA estimators with respect to the PCA estimator for
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Simple algebraic manipulations show

rmﬂu%ﬁ—ﬂm”<z
i ) le—d
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Table 3
MSEs in Frobenius norm for the ITS-H, ITS-S, DTSPCA, and PCA density matrix estimators with d =
128, 256 and n = 100, 200, 500, 1000, 2000 (We make the smallest MSE bold).

d n ITS-H ITS-S DTSPCA PCA o
128 100 0.04672 0.04975 0.05157 0.06837 1.27381
200 0.03360 0.03632 0.03347 0.04897 0.63686
500 0.02060 0.02060 0.01781 0.02704 0.25442
1000 0.01233 0.01222 0.01056 0.01557 0.12727
2000 0.00750 0.00706 0.00630 0.00781 0.06376
256 100 0.04529 0.05616 0.05988 0.09043 2.55323
200 0.03612 0.03778 0.03966 0.05278 1.27709
500 0.01995 0.01970 0.01868 0.02876 0.51098
1000 0.01246 0.01187 0.01041 0.01663 0.25544
2000 0.00796 0.00758 0.00649 0.00978 0.12770
(a) (b)
«© o [
- -6 ITS-H -
A ITS-S E
> > |
§ o | x- DTSPCA § o Ja: y
S —eo— PCA S x
= X = X1\ X
© x o N
o o 5\ Q0 ©---.5-
£ e, § T~ :
& X Tl Y & x © N
s M o
SV N
A
"o
S —eoe . . . S —eo e . . .
T T T T T T T T
500 1000 1500 2000 500 1000 1500 2000
n n

Fig. 6. Plots of relative efficiencies against the sample size n for the ITS-H, ITS-S, DTSPCA, and PCA estimators with respect to the PCA estimator.
(a)-(b) are plots of relative efficiencies based on the Frobenius norm with d = 128 and 256, respectively.

Then, by the Matrix Bernstein inequality (Theorem 6.1 in Tropp (2012)), we get

p
Plld"> (B 88| >t
j=2

2

t2/2
2dexp <__n*14—2t/(3d))'

First consider the condition (i). We take t = \/61log(d Vv n)/n and then obtain
P (I3 pll2 = V/Glogld v m/n) = 2(d v )2, (7.2)

__ Consider the numerator on the right hand side of (7.1). For any a = (a1, ...,dq) € ¢4 such that ||a||§ = 1, since
(Bj — B;)'s are independent with mean zero, we have

i ZE B’ IBjall3

Plo—pl2=1)

IA

E[lI(P — p)al3]

p 1_
=d22
R

n dn
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which along with ||q, 3 = 1 imply

> E[llte — D). l3]
v=1

_ m(} D3 Aﬁ). (7.3)
n dn

Finally since | sin(Q, Q)||2 < m, we conclude

E[Isin(Q Q2] = E[II sin(@ QII21¢] + E [Il sin(Q Q)[121xc]

- 2m Y /6log(d v n) -
= (dT || ,0 14 Q“ m m+1 I
2m 6 log (d Vv n)
'y + Am — Ami1 —
n-1
o\ >
<()Lm - )Lm+1)2>

6 log(dvn)
n

E[lite — P)QIF]

where E = {maxj<y<q |’k\v — Ayl > }, and the second and third inequalities are due to (7.2) and (7.3), respectively.

We prove the theorem in the condition (i).
For the case of the condition (ii), we take t = 2logn/d and replace (7.2) by

P (6 — pll» = 2logn/d) < 2n~2. (74)
The same argument can be used to prove the theorem as follows:

E[Isin(Q Q2] = E Il sin(@. Q)II21¢] + E [l sin(Q, Q)[121&c]
4 R 21 -2
— +E[IG - P (xm — i — Og”>

d
4m 2logn -2
— + Am — Amy1 —

IA

<
~n d
n”
= O —_— N
(()*m - Am+1)2>
where E = {maXj<y<q|ry —A,] > 2logn/d}, and the second and third inequalities are due to (7.4) and (7.3),

respectively. H

7.1.2. Proof of Theorem 2

Proof of Theorem 2. Define the set of high signal coordinates,
H =H(r)={v:|qy| > C; 1y, for some 1 <j <r},
where C; is a constant. Then, similar to the proof of Lemma 3.1 in Ma (2013), we can show
r < |H| < Cx(p)r, . (7.5)

u ”

In addition, let L = {1, ..., d}\ H. Here and after, we use an extra superscript “o

Puy  PHL 0 pun O
= and = .
p |:pLH PrL ] P [ 0 0:|

0 and p° are estimators for p and p°, respectively. Specifically,

to indicate oracle quantities. That is, let

~ ~ 0 0
0= (Piij=1..p and p° = [ng 0] .

Using Algorlthm 1 we construct an oracle sequence of d-by-m orthonormal matrices {Q" 0,k > 1} with. the initial Q(O) 0
To construct Q , we use an oracle version of Algorithm 2. Specifically, S° = S N H. This ensures that QL =0.
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With probability at least 1 — Co(d vV n)~2, we have

| sin(Q. Q™) ~ A o

< C{lIsin(Q. Q)17 + Il sin(Q°, Q°)II7 + II sin(Q°, Q®**)[17 + || sin(@*)°, Q*))|I7}
m(d)rr?

=< S R

- ()Lm - )Lm+1)2

where the fist inequality is due to the triangular inequality and Jensen’s inequality, and the last inequality is from
Propositions 1-4. ®

Proposition 1. Under assumptions of Theorem 2, we have
m(d)rr?

”ngQM@SCa;fE;?'

Proposition 2. Under assumptions of Theorem 2, we have with probability at least 1 — Co(d v n)~2

. 0 02 n(d)THZJ
c W
I sin(Q’, @)l < (om — Amp1 )2

Proposition 3. Under assumptions of Theorem 2, we have with probability at least 1 — Co(d v n)~2,

m(d)r2s

Isin(Q°, QR < c——"
F ()Lm - )Lm+1 )2

Proposition 4. Under assumptions of Theorem 2, we have with probability at least 1 — Co(d v n)72,

Q¥ =Q® fork > 0.
The proofs of Propositions 1-4 are given in the Appendix.
7.2. Proof of Theorem 3
To obtain the lower bound, we consider the real valued density matrix, p. That is, §;’s corresponding to complex valued

Pauli matrices are zero.
We use the following Fano’s lemma (Lemma A.5 in Birnbaum et al. (2013)).

Lemma 1 (Fano’s Lemma). Denote by {Py : 0 € ®} a family of probability distribution on a common measurable space, where
® is an arbitrary parameter set. Then, for any finite subset G = {61, ..., 6y} of ®, we have

M~ D(P; || F)+ log2
leSUpPg(T #£0)>1-— mf > iy D(P || F) + log
veo log M

3

where F is an arbitrary probability distribution, P, = Py, T denotes an arbitrary estimator of 8 with values in ®, and D(Py || F)
is the Kullback-Leibler (KL) divergence of F from Py.

Lemma 2. Fork=1,2, let

1 1<

(k)

pk=aB1+a E ,3]- Bj
=2

+/32k) 1+ﬁp"’

and Py be the product of the binomial probability measures, B(n,

p IB(Z))
D(Py || Py) < )
;gl—w”

),...,B(n,

). Then we have

Lemma 3. For € € [0, 1], the function A¢ : Vg_mm > Va.m is defined in block form as

_ (1=,
Aé(.l)_< 6_' >a

where Vg, = {Q € R : QfQ = 1} is the Stiefel manifold of d-by-h orthonormal matrices. For Ji,J, € V4_m.m, we have
Il sin(Ac(U1). A3 = €(1 =€)l — L2113,
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and

(1 =€) =Ll < Isin(AU1), AU))IIF < €1 = Lali7-
Proof. Similar to the proof of Lemma 3 (Kim and Wang, 2016), we can show this statement. H

Lemma 4. Let h be an integer satisfying e < h, and let s € [1, h]. There exists a subset {Ji, ...,Ju} C Vy 1 satisfying the
following properties:

(1) ) =) 13 = 1/4 forall j #';
(2) lJillo < s for all j;
(3) logM > max{cs[1 + log(h/s)], log h}, where ¢ > 1/30 is an absolute constant.

Proof. See the proof of Lemma A.5 in Vu and Lei (2013). =

Proof of Theorem 3. Since Pauli matrices form an orthogonal basis for all complex Hermitian matrices, for any given
A € V4, where Vg, is the Stiefel manifold of d-by-m orthonormal matrices, there are ﬂj’s such that

p
p(A)=d" (14 +> BB | =m'AA".
j=2

We consider the subclass of A as follows: Let

NV
AE(J)=((1 ij) I'"), (7.6)

where I, is a m-by-m identity matrix, and € € [0, 1], and J € V4_;; . Using Lemma 4, we construct the packing set of
J as follows: Define G, = {J1,...,Jw} with h = [(d — m)/m] and s = ph, where ¢ € (1/h, 1). Then, from Lemma 4,
(i) logM’ > cmax{do[1 — logp], logd} for some constant ¢ free n and p; (ii) Jillo < s forallj = 1,...,M’; (iii)
I1J; —Jj/||§ > 1/4 for all j # j'. Choose J in (7.6) as follows:

a; 0 P 0
0 a - 0
Jai,...,an)=| . ) e
0 .
0 0 ce- o ap
where a; € g, for all j. Let g(J) = {J(a1,...,an).a; € G, forj = 1,...,m}. Then, from the construction of G,

G(J) C Vg_m.m, and the cardinality of G(J) is M = (M’)™. Note that logM > mc max{do[1 — logg], logd}, and for any
Jr € 6(J), there exist ,BJ.(k)'s such that

p
pU) =d" | L+ BB | =m A UIAU).
j=2

Without loss of generality, we assume that the first d Pauli matrices, B;'s, correspond to the diagonal Pauli matrices.

(0) (0)
Define Py the product of the binomial probability measures, B(n, 1+2;82 ), ...,B(n, %) with ;‘3].(0)’5 determined as follows:
(0)

Bis1 = "‘=/3,(;0)=0

and ;330), ey ,8510) are a solution of the following equation,
d 2
1 (1—€e2) 0
_ Op _ -1 m
p=y = (1] dld)
j=1 m

Let B = (B, ..., ) and g% = (BY, ..., )T, and H = (by, ..., by), where b; = diag(B;) for j = 1,..., d. Then,
by the construction of the Pauli matrices, H is d-by-d Hadamard matrix. We have

B = H'diag(p,) and B = Hdiag(p(Ji)).
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Then
d
319 — 8O = K [diag(p(l)) — diag(po)lI3
j=2
= dldiag(p(Ji)) — diag(p,)]" [diag(p(J)) — diag(p,)]
< 2m~'de?,
where the second equality is established by the fact that H'H = d1,. Note that | ;3(0 |<1-—
off-diagonal terms, we have forany k =1,..., M,
lpUi) = pollF = dZw" - AP
- 0 (1- 62)1/56_IT
(1=l N — P lam
=m12(1 — €2)e? + €* + me/(d — m)] < 2m~ €2,
So, we have
p
>89 - ,3].(°)|2 <2m™'de’.
j=d+1

Then, by Lemma 2, we can obtain the upper bound for the KL divergence as follows:

ﬂ(k) ﬂ“’ ) LY -2 & (B - O
D(Py || Po) < n O I N M MU B
o JZZ J=Z2 1- (/31'(0))2 j:dzﬂ 1- (ﬂ]‘(m)2

d w-(“ - ﬂ“”) (5 4O
< 1 k) _ gl0)y2
- Z]_(1_€2/2)2+4Z(ﬁ1 ﬁj )

j=2 Jj=d+1
4dm~e4
<n |:m€ +2m~'de? } = 6m~ 'nde?,

where the third inequality is due to (7.7) and (7.8).
By Lemmas 3 and 4, we have for any k # K/,

1
lIsin(Ac(Je), AU I3 = €(1 =€) = Jell3 = 262(1 —€).

By Chebyshev’s inequality and Lemma 1, we have for all € € [0, 1/2],

o~ €2(1—¢€?) 6m~'dne? + log 2
max Ep, [|sin(A, Ac(Ju))lI5 = -
k 16 mc max{do[1 — log o], log d}
- €X(1—€?) 6dne? log 2
- 16 cm?dg[1—1logo] mclogd

v

e 1 6dne
32 |:2  cm2do[1 — logg]j| ’
where the first inequality is due to (7.9) and (7.10). Take
, cm?od[1—1logo]l cm?o[1—logo]
© T dn T 24 n '

Then

~ 1
: 2 2
m}ngp,(llsm(A, Al = PP

e2forallj=2,...,

To ensure that p(Ac(Jx))'s are in the sparse subspace, Fs((d)), we need the following condition

1+ %5292 < 7(q).

Take

logd —8/2
= dyd ' —== ,
0 = Com(d) ( d )
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N —8/2
where ¢, = - (ﬂ) . Then (4.3) implies

V2 24
1 d —8/2
0 = m(d)d! <£> ~d™, Ne(1),
nd
while 1/h = m/(d — m) =< d~'. Thus, asymptotically we have ¢ € (1/h, 1]. Also

2 < cocm? logd
- 24 nd

cm? logd\ '™*/?
< Cgﬂﬂ(d) (Td) <1/2,

52
7(d)d 'n~! ( ) [1 + 5(1 —68/2)logd + 5/21oglog d]

IOgd)Fa/z is of order n~1d~" logd

where the last inequality is due to the fact that for (n, d, 7w(d)) satisfying (4.3), (d) (W
which is asymptotically negligible.
Simple algebras show

N 1-5/2\ ° —5/2\ 278
25 (2-8) , [ cm logd logd
s <c (—24 ) (n(d) (Td (d) d

1 , (logd - logd s
=37 < nd ) nd
1

= zn(d)z.

Thus, (7.12) holds. Now, from (7.11), we have

logd —4/2
nd

~_1 (logd e
x | 1+ Nlogd — log | c,m(d)d d
logd\ /2
Cr(dyn'd™! (£> logd
nd

logp\ "2
nd ’

where the second inequality is due to (4.3).
For the Frobenius norm, by Lemmas 3 and 4, we have for any k # k/,

Isin(Ac(Je), AcUe DIiE = €2(1 = )l — Je 7 = %62(1 —€).

Then, similar to the proof of (7.13), we can show

max Ep sin(&, A.J)I3 = Cr(n~'d”" (

%

(7.13)

Cﬂ(d)(

o logd\ 17/
m,gxspknsm(A,Aeuk))u%zcﬂ(d)<n—gd) . om
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