
Astronomy & Astrophysics manuscript no. manuscript ©ESO 2021
April 21, 2021

Letter to the Editor

TDCOSMO V: Strategies for precise and accurate measurements of

the Hubble constant with strong lensing

Simon Birrer1,? and Tommaso Treu2

1 Kavli Institute for Particle Astrophysics and Cosmology and Department of Physics, Stanford University, Stanford, CA 94305,
USA

2 Physics and Astronomy Department, University of California, Los Angeles CA 90095, USA

Accepted XXX. Received YYY; in original form ZZZ

ABSTRACT

Strong lensing time delays can measure the Hubble constant H0 independently of any other probe. Assuming commonly used forms for
the radial mass density profile of the lenses, a 2% precision has been achieved with seven Time-Delay Cosmography (TDCOSMO)
lenses, in tension with the H0 from the cosmic microwave background. However, without assumptions on the radial mass density
profile —and relying exclusively on stellar kinematics to break the mass-sheet degeneracy— the precision drops to 8% with the
current data obtained using the seven TDCOSMO lenses, which is insufficient to resolve the H0 tension. With the addition of external
information from 33 Sloan Lens ACS (SLACS) lenses, the precision improves to 5% if the deflectors of TDCOSMO and SLACS
lenses are drawn from the same population. We investigate the prospect of improving the precision of time-delay cosmography without
relying on mass profile assumptions to break the mass-sheet degeneracy. Our forecasts are based on a previously published hierarchical
framework. With existing samples and technology, 3.3% precision on H0 can be reached by adding spatially resolved kinematics of
the seven TDCOSMO lenses. The precision improves to 2.5% with the further addition of kinematics for 50 nontime-delay lenses
from SLACS and the Strong Lensing Legacy Survey (SL2S). Expanding the samples to 40 time-delay and 200 nontime-delay lenses
will improve the precision to 1.5% and 1.2%, respectively. Time-delay cosmography can reach sufficient precision to resolve the
Hubble tension at 3-5σ, without assumptions on the radial mass profile of lens galaxies. By obtaining this precision with and without
external datasets, we will test the consistency of the samples and enable further improvements based on even larger future samples of
time-delay and nontime-delay lenses (e.g., from the Rubin, Euclid, and Roman Observatories).
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1. Introduction

Almost a century after it was first measured, the Hubble constant
H0 still remains arguably the most debated number in cosmol-
ogy. In the past few years, a discrepancy has emerged between
a number of local measurements, and inferences from early-
Universe probes such as the cosmic microwave background
(CMB) and Big Bang nucleosynthesis, under the assumption of
flat Λ cold dark matter (ΛCDM) cosmology (see, e.g., Verde
et al. 2019, for a recent summary). If this discrepancy is real, and
not due to unknown systematic uncertainties in multiple mea-
surements, it implies that the standard ΛCDM model is not suf-
ficient, and new physical ingredients beyond this model are re-
quired. From a theoretical standpoint, a number of possible so-
lutions —for example, involving early dark energy— have been
proposed (e.g., Knox & Millea 2020, and references therein),
often requiring fine-tuning of free parameters in order to avoid
violating other observational constraints. From an observational
point of view, besides improving the precision of the measure-
ments, significant attention has turned to the systematic inves-
tigation of unknown systematic uncertainties (e.g., Riess et al.
2019; Freedman et al. 2020; Riess et al. 2020).

Strong lensing time delays (hereafter Time-Delay Cosmog-
raphy, Treu & Marshall 2016, and references therein) pro-
vide a one-step measurement of H0 that is independent of
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any other probe, and are thus a powerful contribution to
this debate. By assuming standard forms for the mass den-
sity profile of early-type galaxies —consistent with X-ray
(e.g., Humphrey & Buote 2010) and stellar kinematic obser-
vations (e.g., Cappellari 2016, and references therein)— the
H0LiCOW/COSMOGRAIL/STRIDES/SHARP (hereafter TD-
COSMO1) collaborations achieved 2% precision on H0 (Rusu
et al. 2020; Wong et al. 2020; Chen et al. 2019; Shajib et al.
2020; Millon et al. 2020), in excellent agreement with the local
distance ladder measurement by the SH0ES team (Riess et al.
2019) and more than 3σ statistical tension with early-Universe
probes (e.g., Aiola et al. 2020). In summary, if the mass density
profiles are well described by a power-law or a constant mass-to-
light ratio plus a Navarro et al. (1997) dark matter halo2, the ten-
sion is significant from the strong lensing measurements alone,
corroborating other measurements, and new physics may be re-
quired.

Given the important implications of the above discrepancy,
the TDCOSMO collaboration is performing a systematic in-
vestigation of possible systematic effects. Millon et al. (2020);
Gilman et al. (2020) did not find any systematic uncertainty suf-
ficient to resolve the discrepancy, if the two assumed forms of the
mass density profile are valid. Attention therefore turned to re-
laxing the radial profile assumption. Birrer et al. (2020, hereafter

1 www.tdcosmo.org
2 Imposing standard priors on the mass and concentration of the halo.
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TD4) addressed the issue in the most direct way, by choosing a
parametrization of the radial mass density profile that is maxi-
mally degenerate with H0, via the mass-sheet transform (MST,
Falco et al. 1985). With this more flexible parametrization, H0 is
only constrained by the measured time delays and stellar kine-
matics, increasing the uncertainty on H0 from 2% to 8% for the
TDCOSMO sample of seven lenses, without changing the mean
inferred value significantly.

TD4 introduce a hierarchical framework in which external
datasets can be combined with the time-delay lenses to im-
prove the precision. These latter authors achieved a 5% preci-
sion measurement on H0 by combining the TDCOSMO lenses
with stellar kinematic measurements of a sample of lenses from
the Sloan Lens ACS (SLACS) survey with no time-delay infor-
mation (Bolton et al. 2008; Auger et al. 2009). The mean of the
TDCOSMO+SLACS measurement is offset with respect to the
TDCOSMO-only value, in the direction of the CMB value, al-
though still statistically consistent given the uncertainties3. The
shift in the mean could be real or it could be due to an intrinsic
difference between the deflectors in the TDCOSMO and SLACS
samples, arising from selection effects. For example, the two
samples are well matched in stellar velocity dispersion, but they
differ in redshift; the TDCOSMO sample is source selected and
composed mostly of quadruply imaged quasars, while SLACS is
deflector selected and dominated by doubly imaged galaxies.

In this paper we outline a two-pronged strategy to improve
the precision of time-delay cosmography with flexible radial
mass profile assumptions, as described in TD4. We use the for-
malism introduced by TD4 to forecast the precision of H0 attain-
able by improving the kinematic data of the TDCOSMO sample
and by expanding and improving the kinematic data of external
datasets when drawn from the same underlying deflector galaxy
population. We show that, by pursuing both avenues on exist-
ing samples and with current technology, one can recover most
of the precision achieved through previous stronger assumptions
on the mass profile and at the same time test for internal consis-
tency of the TDCOSMO and external datasets, thus verifying a
key assumption of TD4. This dual strategy will also be benefi-
cial in the longer term, when the sample size of both time-delay
and nontime-delay lenses will expand by order of magnitudes,
but the latter will always be a subset of the former due to the
observational cost of measuring time delays. We stress that the
point of this paper is not to discuss whether specific assumptions
about the mass density profile of massive elliptical galaxies are
valid or not, but rather to show that with sufficient data one can
achieve 2-3% precision on H0 without making those assump-
tions. Of course, as a byproduct, following our proposed strat-
egy, it is also possible to tell whether previous assumptions are
sufficient to provide an accurate H0 measurement.

This paper is organized as follows. In § 2 we summarize the
hierarchical framework and its assumptions, referring the reader
to TD4 for details. In § 3 we describe the datasets used for the
forecast. In § 4 we present the forecasts. In § 5 we draw our con-
clusions. Our conclusions are independent of the specific value

3 The TD4 measurements are in statistical agreement with each other
and with the earlier H0LiCOW/SHARP/STRIDES measurements based
on radial mass profile assumptions. TD4 is also consistent, by con-
struction, with the study by Shajib et al. (2021), because they share
the same measurements for SLACS. Shajib et al. (2021) concluded that
NFW+stars (using wider priors on mass and concentration than earlier
H0LiCOW/SHARP/STRIDES measurements) is a sufficiently accurate
description of the mass density profile of the SLACS lenses. However,
small departures from those forms are allowed by the data, resulting in
the uncertainties quoted by TD4.

of H0 chosen for the forecast. However, when necessary for vi-
sual clarity, we adopt a value of H0 = 70 km s−1Mpc−1and
Ωm = 0.3. A standard flat ΛCDM cosmology is assumed, with a
uniform prior of H0 in [0, 150] km s−1Mpc−1and a tight prior on
Ωm based on relative distance measurements from type Ia super-
novae with N(µ = 0.3, σ = 0.022) (i.e., comparable to Scolnic
et al. 2018). The code used for the analysis presented in this work
is available on GitHub 4.

2. Summary of the hierarchical framework

2.1. Background

The MST leaves the relative imaging observables unchanged but
scales the predicted time delays, posing a fundamental limita-
tion on the power of imaging data to constrain the radial mass
profile of strong gravitational lenses, and in turn, H0. In terms of
the convergence field, the MST describes a re-scaling of a given
lens mass profile at angular coordinate θ, κ(θ), with a factor λ,
while simultaneously adding a sheet of mass with constant con-
vergence (1 − λ) as

κλ(θ) = λ × κ(θ) + (1 − λ) . (1)

The inferred H0 value from the measured time delays scales as

H0λ = λH0. (2)

The stellar kinematics of the deflector galaxy —a lensing-
independent mass tracer— can constrain the MST for a given
family of mass profiles. The constraints on λ depend on the pre-
cision of the stellar velocity dispersion (σP) measurement as

δλ

λ
= 2
δσP

σP
. (3)

Current uncertainties on the stellar velocity dispersion measure-
ments of order 5%-10% imply that the joint analysis of time-
delay and nontime-delay lens samples is required to constrain λ.
Equation 3 does not include additional model uncertainties be-
yond λ in the prediction of the velocity dispersion. The kinematic
modeling generally requires a 3D de-projected mass and stellar
distribution model. The measured velocity dispersion is lumi-
nosity weighted, seeing integrated, and measured in projection
along the line of sight. A key component in the interpretation of
the velocity dispersion measurement, and thus the inference of
λ, is the anisotropy distribution of the stellar orbits

βani ≡ 1 −
σ2

t

σ2
r

, (4)

where σ2
r and σ2

t are the radial and tangential velocity disper-
sions, respectively.

2.2. Implementation of the hierarchical framework

We adopt the framework introduced by TD4. Here we provide
a brief summary for convenience referring to TD4 for details,
including parametrization and adopted priors.

The TD4 framework drastically reduces the mass profile as-
sumptions on individual lenses with respect to previous work,
and quantifies any potential effect of the MST with the MST pa-
rameter λ applied to a power-law radial mass density profile that
is maximally degenerate with H0. This approach is similar to that

4 https://github.com/sibirrer/TDCOSMO_forecast
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of Birrer et al. (2016) who encoded the MST with a source size
regularization in the inference.

Stellar velocity dispersion is assumed to be isotropic in the
center and radial in the outer part, following the Osipkov (1979);
Merritt (1985) form

βani(r) =
r

2

(aanireff)2 + r2
, (5)

where reff is the half-light radius of the deflector and aani is the
anisotropy scaling factor.

To account for covariances in the parameters and priors on
the MST and the stellar anisotropy, TD4 introduced a hierar-
chical framework to describe the MST parameter λ and the
anisotropy parameter aani at the lens population level, assuming
that the lenses are drawn from the same parent population.

The framework is validated on the Time-Delay Lens Model-
ing Challenge Rung3 mock lenses generated from hydrodynam-
ical simulations (Ding et al. 2021). An external data set of grav-
itational lenses with kinematics and imaging constraints can be
incorporated under the assumption that the deflectors are drawn
from the same population as those of the time-delay lenses. Both
unresolved and spatially resolved velocity dispersion measure-
ments can be used in this framework. The spatially resolved mea-
surements are particularly useful to constrain the anisotropy of
the stellar orbits.

3. Future data sets

We envision parallel improvements in the quality of the data for
the time-delay lenses in the TDCOSMO samples (§ 3.1) and ex-
ternal datasets composed of nontime-delay lenses (§ 3.2). We
consider two cases: (i) improvements that can be made with ex-
isting5 facilities and samples (current scenario); and (ii) gains
that can be made with future samples and/or facilities (future
scenario). The scenarios are summarized in Table 1.

A clarification is needed for the spatially resolved kinemat-
ics. There is an uncertainty floor on the calibration of stellar ve-
locity dispersion due to systematic effects such as the match be-
tween stellar templates and target composite stellar populations
and knowledge of the instrumental properties. To account for
this floor, our stated precision is the overall uncertainty on the
mean of the stellar velocity dispersion across the target, while
the shape of the velocity dispersion profile is constrained taking
into account the covariance between spatial bins.

3.1. Time-delay lenses

One limiting factor of the current TDCOSMO dataset is the
precision of the unresolved stellar velocity dispersion measure-
ments, which range between 5 and 10%. A first improvement is
to bring all the uncertainties to 5%, which has been demonstrated
to be feasible with ground-based spectrographs given sufficient
data quality. This is the TDCOSMO-5% scenario.

An additional improvement consists in spatially resolved
stellar velocity dispersion of the TDCOSMO sample. Such
data can be obtained from the ground in the optical in seeing-
limited mode (e.g., with MUSE/VLT or KCWI/Keck; hereafter
TDCOSMO+O-IFU), or in the infrared with adaptive optics
correction (e.g., with OSIRIS/Keck; hereafter TDCOSMO+AO-
IFU). JWST will enable a further improvement over ground-

5 We consider the James Webb Space Telescope (JWST) an existing
facility, because the call for proposals for cycle-1 is open.

based spatially resolved kinematics owing to its superior stabil-
ity and absence of emission and absorption from the Earth’s at-
mosphere (hereafter TDCOSMO+JWST-IFU). In the future sce-
nario we expand the sample to 40 time-delay lenses and assume
we can use 30-m class Extremely Large Telescopes (ELTs) with
adaptive optics (hereafter TDCOSMO+ELT-IFU). JWST data
for this future sample would give a similar precision on H0.

3.2. External datasets

There are currently three limiting factors to the external dataset
used in TD4, namely (i) the precision of aperture velocity dis-
persion measurements; (ii) the absolute calibration and sample
size of integral field data; and (iii) the overall sample size. In the
current scenario, we consider two ways to overcome these lim-
itations. The first is to take 50 lenses from the current SLACS
and SL2S (Sonnenfeld et al. 2013, 2015) samples, selected for
data quality and to match the TDCOSMO sample in velocity
dispersion, with unresolved velocity dispersion measured with
5% precision (hereafter "+50"). The second involves taking 50
lenses with spatially resolved velocity dispersion measured from
seeing-limited integral field data (within reach of current gen-
eration integral field spectrographs; hereafter "+50IFU"). In the
future scenario, we add 200 nontime-delay lenses to the 40 time-
delay lenses described above. We stress that only time delays
constrain H0 and therefore the external datasets have to be used
in combination with the time-delay lenses. Considering all the
combinations, we are forecasting a total of 24 scenarios (see Ta-
ble 1).

3.3. Limitations

We make a few simplifications relative to TD4 to facilitate the
exploration of the information content of the data sets; such sim-
plifications are used solely to compare their statistical proper-
ties, and are not used in estimating the final uncertainties. We
assume that (i) λ and aani are single-valued intrinsic distributions
without scatter; (ii) line-of-sight convergence (as a contribution
to λ) has zero average with a known spread of 2%; and (iii) all
lenses have the same Einstein radius and half-light radius and
thus do not incorporate an additional parametrization to encom-
pass a potential trend in λ as a function of projected distance
from the center of the deflector. The first two assumptions do not
affect our forecast precision significantly, considering that line-
of-sight effects are only a minor contribution to the statistical
error budget. A more sophisticated representation of the third ef-
fect could in principle improve the precision of the measurement
based on unresolved velocity dispersion, by providing a form of
spatially resolved kinematics for the ensemble, given the range
in Einstein and half-light radii for the real samples6.

Our forecasts are robust to the details of the mock samples.
For completeness and repeatability we specify that we adopted
uniform priors on deflector and source redshift and typical val-
ues and measurement uncertainties for the Einstein radii, effec-
tive radii, and slope of the mass density profile prior to MST, as
detailed in the Jupyter Notebook7.

It is important to state some of the key simplifying assump-
tions of TD4, namely that (i) spherical case of the Jeans equa-
tion for kinematic modeling; and (ii) no rotational support, i.e.,

6 See, e.g., Padmanabhan et al. (2004) for an example of derivation of
ensemble radial profiles from integrated velocity dispersion measure-
ments
7 https://github.com/sibirrer/TDCOSMO_forecast
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