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Abstract

Many state estimation and control algorithms require knowledge of how probability distributions propagate through dynamical
systems. However, despite hybrid dynamical systems becoming increasingly important in many fields, there has been little
work on utilizing the knowledge of how probability distributions map through hybrid transitions. Here, we make use of a
propagation law that employs the saltation matrix (a first-order update to the sensitivity equation) to create the Salted Kalman
Filter (SKF), a natural extension of the Kalman Filter and Extended Kalman Filter to hybrid dynamical systems. Away from
hybrid events, the SKF is a standard Kalman filter. When a hybrid event occurs, the saltation matrix plays an analogous role
as that of the system dynamics, subsequently inducing a discrete modification to both the prediction and update steps. The
SKF outperforms a naive variational update – the Jacobian of the reset map – by having a reduced mean squared error in
state estimation, especially immediately after a hybrid transition event. Compared a hybrid particle filter, the particle filter
outperforms the SKF in mean squared error only when a large number of particles are used, likely due to a more accurate
accounting of the split distribution near a hybrid transition.
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1 Introduction

From legged robots to manipulator systems, many im-
portant contemporary control problems revolve around
systems that make and break contact with their envi-
ronments. These contact events are often represented
as a discrete change to the system dynamics which in-
troduces complexity for state estimation and control, as
classic methods assume smoothness [8, 9, 18, 37]. These
“hybrid systems” [2, 17, 30] are systems with both con-
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tinuous states (such as the position and velocity of a
robot’s center of mass and joints) and discrete states
(such as whether or not a limb is in contact with the
ground). Lacking out-of-the-box solutions, state estima-
tion for these systems is a frontier with novel difficul-
ties [10, 35], including how to deal with nonlinear dy-
namics on the continuous phases [5], discrete jumps in
the continuous state [3], and real time computation [39].

In this work we propose a Kalman-like filter compati-
ble with hybrid dynamical systems while also avoiding
the combinatorial effects of considering multiple modes
simultaneously [39]. To do this, we apply the saltation
matrix (a standard tool from non-smooth analysis [29])
to propagate state uncertainty covariance through hy-
brid transitions [7]. The saltation matrix provides a first
order approximation of the effects of a hybrid domain
change based on the dynamics in the individual modes,
the reset functions, and the location of the reset. It might
be assumed that the propagation of uncertainty through
hybrid transitions could be approximated by simply ex-
amining the first order approximation of the reset map
itself, i.e. the Jacobian of the resetmap. For example, [18]
and [9] assume that the hybrid transition does not affect
the second moment of the distribution; i.e the reset map
is identity and therefore the Jacobian would be an iden-
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modes, such as the case for legged robots making and
breaking contact with the ground [9, 18]. In these set-
tings, an extended Kalman filter is used to estimate
the continuous states and the discrete mode is directly
measured through contact sensors. The primary focus
of these works is on the continuous phases rather than
the discrete mode transitions due to the presence of di-
rect mode sensing. Therefore, these estimators do not
directly work for general hybrid systems, because there
might not be a sensor to determine the hybrid event and
there might be discontinuous jumps in the state.

2.2 Non-smooth systems and the saltation matrix

This work makes extensive use of the saltation matrix [1,
12, 20, 29], which is a discontinuous update to the vari-
ational equation solution [25] and is a key part of lin-
earizing hybrid dynamics around a chosen trajectory.
They have previously been used to analyze stability of
periodic solutions [1], trajectory sensitivity [20], and in-
finitesimal contraction [12]. Most importantly for this
work, the saltation matrix has also been used to derive
a covariance propagation update law for mapping distri-
butions through hybrid transitions [7].

3 Problem Formulation

The specific problem we seek to address in this work is
the estimation of continuous states of a hybrid dynamical
system given:

(1) A model of the dynamics in each mode.
(2) A model of how the state resets between modes.
(3) The location of the hybrid guards.
(4) Measurements of the system’s continuous state.

We are specifically not considering:

(1) The probability of the discrete state.
(2) Hybrid systems with intersecting guards [32, § 3-4]

(e.g. in a walking system when multiple feet impact
simultaneously).

As many of these terms have multiple possible mathe-
matical meanings, in this section we provide the essen-
tial definitions used in this work.

While there are many similar definitions for a hybrid
dynamical system, e.g. [2, 17, 30], in this work we de-
fine a Cr hybrid dynamical system, closely following [23,
Def. 2]:
Definition 1. A Cr hybrid dynamical system, for
continuity class r ∈ N>0 ∪ {∞, ω}, is a tuple H :=
(J , Γ,D,F ,G,R) where the constituent parts are defined
as:

(1) J := {I, J, ...,K} ⊂ N is the finite set of discrete
modes.

(2) Γ ⊂ J ×J is the set of discrete transitions form-
ing a directed graph structure over J .

(3) D := ∐I∈J DI is the collection of domains where
DI is a Cr manifold with corners [24, 28].

(4) F := ∐I∈JFI is a collection of Cr time-varying
vector fields, FI : R×DI → T DI .

(5) G := ∐(I,J)∈Γ G(I,J)(t) is the collection of guards,
where G(I,J)(t) ⊂ DI for each (I, J) ∈ Γ is defined
as a sublevel set of a Cr function, i.e. G(I,J)(t) =
{x ∈ DI |g(I,J)(t, x) ≤ 0}.

(6) R : R × G → D is a Cr map called the reset that
restricts as R(I,J) := R|G(I,J)(t)

: G(I,J)(t) → DJ

for each (I, J) ∈ Γ .

An execution of a hybrid system [23, Def. 4] starts with
initializing a state in some hybrid domain DI , where I
is a discrete mode in J . The dynamics on I, FI , are fol-
lowed until the trajectory reaches a guard G(I,J), where
(I, J) is a discrete transition in Γ . This triggers the hy-
brid transition frommode I to mode J and the reset map
R(I,J) is applied to the state to initialize the new state in
hybrid domain DJ . The execution is defined over a hy-
brid time domain [23, Def. 3], which is a disjoint union
of closed time intervals where the start and end of an
interval is labeled with an under or over bar [ti, t̄i].

A classic result [19, Thm. 1,§ 15.2] for a smooth system
ẋ = f(x) is that we can linearize around a trajectory
φt(x) using the so-called variational equation

d

dt
Dxφ

t(x0) = Dxf(φ
t(x0))Dxφ

t(x0) (1)

where Dx is the Jacobian with respect to x.

For the type of hybrid systems we consider, an analo-
gous equation exists, but additional care must be taken
to treat hybrid events consistently. As shown in [1, 6, 20,
29], if for some time τ the execution φτ (x0) intersects a
single surface of discontinuity G(I,j) at time t̄i, the vari-
ational equation must be updated discontinuously with
the so-called saltation matrix Ξ(I,J)(t̄i, x(t̄i)), which is
defined at time t̄i such that state x(t̄i) ∈ G(I,J).
Definition 2 ( [12, Prop. 2]). The saltation matrix,

Ξ := DxR+
(FJ −DxR · FI −DtR)Dxg

Dtg +Dxg · FI

(2)

where

Ξ := Ξ(I,J)(t̄i, x(t̄i)), FI := FI(t̄i, x(t̄i))

DxR := DxR(I,J)(t̄i, x(t̄i)), DtR := DtR(I,J)(t̄i, x(t̄i))

Dxg := Dxg(I,J)(t̄i, x(t̄i)), Dtg := Dtg(I,J)(t̄i, x(t̄i))

FJ := FJ(ti+1, R(I,J)(t̄i, x(t̄i))

is the first order approximation of variations at hybrid
transitions from mode I to J and maps perturbations to
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first order from pre-transition δx(t̄i) to post-transition
δx(ti+1) during the ith transition in the following way 1 ,

δx(ti+1) = Ξ(I,J)

(

t̄i, x(t̄i)
)

δx(t̄i) + h.o.t. (3)

where h.o.t. represents higher order terms, i.e, o(||δx||).

Hybrid systems of the type given in Def. 1 can exhibit
complex behavior including sliding [22], branching [34],
Zeno, and more. To ensure that the saltation matrix is
well defined for all transitions, we accept the assump-
tions (which are conventional, e.g., [1, 6, 13, 29]) enu-
merated in [12, Assumptions. 1] to limit the class of
hybrid dynamic systems under consideration to possess
piecewise-smooth trajectories. In particular, a key as-
sumption is that transitions are transverse, i.e.,

d

dt
g(I,J)(t, x(t)) =

Dtg(I,J)(t, x) +Dxg(I,J)(t, x) · FI(t, x) < 0, (4)

Note that (4) restricts the definition of the guard from
Def. 1 to be both a sublevel set and only exist when
the vector field is transverse to it at the boundary. That
is, we can write each guard set G(I,J) as the following,
where g := g(I,J), and x(t) is a trajectory in DI

G(I,J) :=

{

x ∈ DI

∣

∣

∣

∣

g(t, x) ≤ 0,
d

dt
g(t, x(t)) < 0

}

(5)

Intuitively, transversality implies that trajectories ini-
tialized nearby a given G(I,J) undergo exactly one tran-
sition for small times. This assumption also ensures the
denominator in (2) does not approach zero.

With these definitions and assumptions, we can now ap-
ply the saltation matrix to propagate covariance [7, Eq.
17] as part of a dynamic update of a probability distri-
bution at a hybrid transition,
Proposition 1. When the higher order terms are zero,
the mean µ and covariance Σ of a hybrid system at the
time of a reset are updated as,

µ(ti+1) = R(I,J)(t̄i, µ
∗) (6)

Σ(ti+1) = Ξ(I,J)(t̄i, µ
∗)Σ(t̄i, µ

∗)Ξ(I,J)(t̄i, µ
∗)T (7)

where µ∗ := µ(t̄i).

4 Kalman filtering for hybrid systems

In this section, we present the Salted Kalman Filter
(SKF) by applying Prop. 1 on themapping of secondmo-
ments to Kalman filters, which enables their use on hy-
brid dynamical systems. First, we assume ∀I, FI(t, x) =

1 For a detailed description of the saltation matrix and its
role in linearization, see [29].

AI(t)x + BI(t)u(t), i.e. each mode’s vector field is lin-
ear. Note that for a non-linear or linear time varying FI ,
AI and BI are obtained through sampling. Discretized
linear matrices with timestep ∆ are denoted with AI,∆

and BI,∆. To simplify expressions for discrete timesteps,
we abuse notation and use a(k) := a(tk) for any rele-
vant function a. Without loss of generality, we assume
the case u(k) = 0 ∀ k. To start, the stochastic differ-
ence equations considered for the standard Kalman fil-
ter [38, Eqn. 1.1] on domain I for a hybrid dynamical
system with linear dynamics are given by

x(k + 1) := AI,∆x(k) + ωI,∆(k) (8)

where the process noise, ωI,∆, is sampled from a zero
mean Gaussian distribution with covariance WI,∆ at
each timestep where the effect of the noise is constant
throughout the timestep and is handled by integration.

fI,∆(x, u, ω(k)) =

∫ tk+∆

tk

(FI(t, x, u) + ω(k)) dt (9)

The stochastic measurement equation [38, Eqn. 1.2] is
defined to be

y(k) := CIx(k) + vI(k) (10)

where CI is the measurement matrix, and vI is the mea-
surement noise that is sampled from a zero mean Gaus-
sian distribution with covariance VI .

The standard Kalman filter consists of two parts: the a
priori update,

x̂(k + 1|k) = AI,∆x̂(k) (11)

Σ̂(k + 1|k) = AI,∆Σ̂(k)A
T
I,∆ +WI,∆ (12)

and the a posteriori update,

Kk+1 = Σ̂(k + 1|k)CT
I

[

CIΣ̂(k + 1|k)CT
I + VI

]−1

(13)

x̂(k + 1|k + 1) = x̂(k + 1|k) (14)

+Kk+1 [y(k + 1)− CI x̂(k + 1|k)]

Σ̂(k + 1|k + 1) = Σ̂(k + 1|k)−Kk+1CIΣ̂(k + 1|k)
(15)

where Kk+1 is the Kalman gain [38, Eqns. 1.9–1.13].

While the standard Kalman filter is adequate when a
trajectory is confined to a single domain, we must also
account for hybrid events. In this setting, we assume that
the true time of impact to the guard t̄i is unknown to
the filter and is estimated by determining when a hybrid
transition occurs for the mean. In this filter, we allow
both the a priori and a posteriori update to trigger a
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hybrid transition. Therefore, both updates are modified
such that the mean and covariance are properly trans-
formed during the hybrid transition.

In this section we first show these changes for a Kalman
filter on a hybrid dynamical system with linear dynam-
ics (Sec. 4.1–4.2), then the same changes are similarly
applied for the Extended Kalman filter on general hy-
brid dynamical systems (Sec. 4.3).

4.1 Hybrid transition during a priori update

For the a priori update, the state is propagated from
the previous estimate for a single timestep ∆. If the
guard and transversality conditions (5) are not met dur-
ing the propagation, no hybrid transition is considered
and the standard update is used (11)–(12). If the con-
ditions are met for the estimated mean trajectory, then
the forward simulation is stopped and the time of im-
pact t̄i = tk + ∆1 is estimated to be the stopping time
– where ∆1 = t̄i − tk and ∆2 = tk+1 − t̄i denote the
sub-timesteps such that ∆1 + ∆2 = ∆. Because we as-
sume that a finite number of isolated transitions occur,
this process can be repeated until the entire timestep is
simulated. Without loss of generality, in this section we
only consider the case where a single transition occurs,
but appending additional transitions can be computed
in a similar fashion.

If a transition occurs from mode I to mode J , the
stochastic dynamics (8) are defined to be,

x(k + 1) :=AJ,∆2

(

R(I,J) [AI,∆1x(k) + ωI,∆1(k)]

+ωR(I,J)
(k)

)

+ ωJ,∆2
(k) (16)

where ωR(I,J)
is the reset process noise, sampled from

a zero mean Gaussian distribution with covariance
WR(I,J)

, ωI,∆1 is the process noise in domain I with
timestep ∆1, and ωJ,∆2

is the process noise in domain
J with timestep ∆2. The dynamic update at transition
(6)–(7) augmented with the reset process noise is,

x(ti+1) =R(I,J)x(t̄i) (17)

Σ(ti+1) =Ξ(I,J)Σ(t̄i)Ξ
T
(I,J) +WR(I,J)

(18)

where the saltation matrix is evaluated at Ξ(I,J) =
Ξ(I,J)(t̄i, x(t̄i)). Combined with the continuous a priori
updates before and after transition, (11)–(12), the a
priori update over a full timestep is,

x̂(k + 1|k) =AJ,∆2
R(I,J)AI,∆1

x̂(k) (19)

Σ̂(k + 1|k) =AJ,∆2
[Ξ(I,J)(AI,∆1

Σ(k)AT
I,∆1

(20)

+WI,∆1
)ΞT

(I,J) +WR(I,J)
]AT

J,∆2
+WJ,∆2

where the saltation matrix is evaluated at Ξ(I,J) =
Ξ(I,J)(t̄i, AI,∆1

x̂(k)).

A naive approach to updating the covariance through a
hybrid transition is to simply use the Jacobian of the re-
set function instead of the saltation matrix in Eq. (20).
To illustrate the difference between this naive approach
and the proposed, we compare using the Jacobian of the
reset map instead of the saltation matrix in all experi-
ments.

4.2 Hybrid transition during a posteriori update

Next, we consider the case where the measurement up-
date pulls the mean estimate into a guard set (5), i.e.
x̂(k + 1|k + 1) ∈ G(I,J) for some J . In that case, the a
posteriori update is modified by applying the reset to
the mean and the saltation update to the covariance af-
ter applying the standard update (13)–(15),

x̃(k + 1|k) = R(I,J)x̂(k + 1|k) (21)

Σ̃(k + 1|k) = Ξ(I,J)Σ̂(k + 1|k)ΞT
(I,J) +WR(I,J)

(22)

where the saltation matrix is evaluated at Ξ(I,J) =

Ξ(I,J)(t̄i, x̂(k + 1|k)). These x̃(k + 1|k) and Σ̃(k + 1|k)
are the updated a posteriori mean and covariance in
the new hybrid domain, J . Note that this update is
identical to (17)–(18).

4.3 Extended Kalman Filter

Similar to the Kalman filter, the standard Extended
Kalman Filter (EKF) [38, Eqn. 2.1–2.2] can be directly
applied for nonlinear hybrid systems when no transition
occurs. The nonlinear stochastic dynamics are given by

x(k + 1) = fI,∆(x(k), u(k), ω(k)) (23)

ÂI,∆ = DxfI,∆(x(k), u(k), ω(k)) (24)

ŴI,∆ = DωfI,∆(x(k), u(k), ω(k)) (25)

y(k) = hI(x(k), vI(k)) (26)

ĈI = DxhI(x(k)) (27)

where fI,∆ is the discrete nonlinear update for the con-

tinuous dynamics FI , ÂI,∆ is the linear approximation

of the dynamics, ŴI,∆ is the linear approximation of the

process noise, hI is the measurement function and ĈI is
the linear approximation of the measurement function.

When there is a hybrid transition during the a priori up-
date, the dynamic updates for the nonlinear transition
case are substituted in the same manner as the linear
case into (19)–(20). When there is a hybrid transition
during the a posteriori update, the mean update equa-
tion (21) is applied with the full nonlinear reset map,
while the covariance update (22) is the same for both the
linear and nonlinear hybrid systems because the salta-
tion matrix is already a linearization. With these up-
dates, the nonlinear extension to the Salted Kalman Fil-
ter follows naturally.
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4.4 Summary and psuedocode

The Salted Kalman Filter (SKF) as presented above
is summarized in Algorithm 1. Note that the only dif-
ference from the standard Kalman Filter algorithm is
applying the proposed moment updates when the esti-
mated state satisfies the guard condition (lines 7–11 and
16–20). The SKF is in many ways similar to the EKF
because the saltation matrix is a linearization about the
hybrid transition – if the transition is linear or the pre-
diction is close to the actual then the filter performs well.
This property holds for the nonlinear Extended SKF as
well, and in general this filter suffers from the same pit-
falls as the EKF. Furthermore, like the EKF this lin-
earization means that the optimal belief may not remain
Gaussian, and thus that the filter may fail to have the
optimally properties we obtain in the linear case.

For the measurement update, if a hybrid transition is
triggered, the approach presented here simply trans-
forms the already updated estimates. However, a more
accurate approach might include breaking up the mea-
surement update into sub-updates over each domain. In
this work, we assume the updates are small enough such
that this isn’t an issue, but as the measurement update
magnitude increases, this may be worth investigating.
While the extended version of this filter is not optimal,
like the EKF, we expect that it will perform well when
the covariances and timesteps are relatively small so that
the local linearizations hold. Therefore, we expect the
performance of the filter to falter when the estimation
heavily deviates from the actual trajectory in cases such
as initializing the filter far away from the actual start-
ing state, initializing in the wrong mode, or trajectories
with grazing impact (when the dynamics are not trans-
verse to the guard).

5 Experiments

This section lays out the experimental design (Sec. 5.1)
and example systems (Sec. 5.2) that are used to test the
utility of the Salted Kalman Filter.

5.1 Experimental Design

In the experiments, three different estimation techniques
are used: 1) the proposed Salted Kalman Filtering (SKF)
algorithm using the saltation matrix to map covariance,
2) the naive mapping using the Jacobian of the reset
map (which we call the Jacobian of the Reset Kalman
Filter, JKRF, and which follows Algorithm 1 but with
the saltation matrix Ξ replaced by the Jacobian of the
reset map DxR), and 3) a hybrid system Particle Filter
(PF), following [26]. Experiments are performed in sim-
ulation to ensure consistency and accurate model knowl-
edge. These experiments evaluate the SKF by compar-
ing the mean squared error of the 3 filters in a series of
Monte Carlo tests.

Algorithm 1 Salted Kalman Filter (SKF)

1: input (tk, xk, Σk, mk, yk+1)

2: t̂← tk, x̂← xk, Σ̂← Σk, I ← mk

3: while (t̂ < tk +∆) do
4: (t̂+, x̂)← integrate FI(t̂, x̂)

until (t̂+ = tk +∆) or (∃J s.t. x̂ ∈ G(I,J))

5: ∆1 ← t̂+ − t̂, t̂← t̂+

6: Σk ← AI,∆1Σ̂A
T
I,∆1

+WI,∆1 ⊲ (12)
7: if ∃J s.t. x̂ ∈ G(I,J) then

8: x̂← R(I,J)(t̂, x̂) ⊲ (17)

9: Σ̂← Ξ(I,J)Σ̂ ΞT
(I,J) +WR(I,J)

⊲ (18)

10: I ← J
11: end if
12: end while

13: K ← Σ̂CT
I

[

CIΣ̂C
T
I + VI

]−1

⊲ (13)

14: x̂← x̂+K [yk+1 − CI x̂] ⊲ (14)

15: Σ̂← Σ̂−KCIΣ̂ ⊲ (15)
16: if ∃J s.t. x̂ ∈ G(I,J) then

17: x̂← R(I,J)(t̂, x̂) ⊲ (21)

18: Σ̂← Ξ(I,J)Σ̂ ΞT
(I,J) +WR(I,J)

⊲ (22)

19: I ← J
20: end if
21: tk+1 ← t̂, xk+1 ← x̂, Σk+1 ← Σ̂, mk+1 ← I
22: return (tk+1, xk+1, Σk+1, mk+1)

For the simulation, the stochastic difference equation,
(23), is calculated for each timestep using MATLAB’s
ode45 [33] where the integration follows (9). Ode45 is
used to account for the guard zero crossing detection
using the MATLAB event location feature.

Tests comparing the Kalman Filters were run with a
range of measurement noise, process noise, and time
steps. Tests comparing to the particle filter were run
with a range of time steps with a single representative
process and measurement noise. For simplicity the start-
ing covariance, starting mean, reset covariance, chosen
measurements, and simulation time were held constant
between trials.

The effectiveness of the filter for each trial is evaluated
by calculating the mean squared error (MSE) along a
simulated trajectory,

MSE =
1

K

K
∑

k=1

(

(x(tk)− x̂(tk))
T (x(tk)− x̂(tk)

)

(28)

where K is the number of time steps, x̂(tk) is the state
estimate at time tk, and x(tk) is the true state at time
tk. For each measurement noise, process noise, and time
step combination, the filter is run on 1000 randomly sam-
pled starting conditions with randomly sampled process
noise and randomly sampled measurements. The same
random trials are then passed to each filter for com-
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parison. Each set of trials are compared using the sign
test [14]. The null hypothesis is that the median differ-
ence between the pairs is zero,

H0 : MSE1 −MSE2 = 0 (29)

The sign test is chosen because the data are not normally
distributed, which rules out the paired t-test, and are
not necessarily symmetric, which rules out the Wilcoxon
Signed Rank test.

5.2 Hybrid System Definitions

Wepresent experiments for two different hybrid systems:
1) a simpler system which retains a Guassian distribu-
tion, Sec. 5.2.1, and 2) a more complex system with non-
linear non-identity reset maps, nonlinlear dynamics, and
a higher dimensional state space, Sec. 5.2.2.

5.2.1 Constant Flow

The simplest hybrid systemwe examine is the case where
there are two hybrid modes that are linearly separated
and which have constant, but distinct, dynamics in each
mode. The dynamics in the hybrid modes are defined:

F1 = [1,−1]T , F2 = [1, 1]T (30)

The guard sets are defined at x1 = 0, such that the
domain of F1 is the left half plane and the domain of F2

is the right half plane (Fig. 1). The reset is an identity
map. The measurements for this system were chosen to
be both states, i.e.,

hI(x) =

[

1 0

0 1

]

x = Cx (31)

5.2.2 Asymmetric Spring Loaded Inverted Pendulum
(ASLIP)

The asymmetric spring loaded inverted pendulum
(ASLIP) system consists of a spring leg, torsional spring
hip, and a body with inertia in the sagittal plane as
shown in Fig. 2. This system is similar to the one in [31]
and a full derivation for the system dynamics can be
found in Appendix A. This hybrid system is especially
useful to analyze because it includes both nonlinear
dynamics and non-identity resets.

In this system, the body configuration space is defined
to be the position and orientation of the body qb :=
[xb, yb, θb]

T ∈ R×R×S
1. The leg configuration space is

defined to be the angle between the toe and the ground,
the angle of the hip, and the length of the leg ql :=
[θt, θh, ll]

T ∈ S
1 × S

1 × R, where impact location of the

Fig. 2. Asymmetric Spring Loaded Inverted Pendulum
(ASLIP) diagram showing the aerial phase hybrid mode on
the left and the stance phase hybrid mode on the right and
their corresponding configuration variables.

toe defines a pin joint for the body to pivot around. Once
the location of the toe, qt = [xt, yt]

T ∈ R × R, is fixed
to a ground location, either configuration can be used to
define the full configuration space of the system. When
the toe position is known, the transformation from the
leg configuration to the body configuration is defined as
Tlb : (ql, qt) 7→ qb, while the inverse mapping is defined
as Tbl : (qb, qt) 7→ ql.

Hybrid mode 1 is defined to be when the toe is not in
contact with the ground. The resulting domain D1 is
chosen to be parameterized by the body’s configuration,
toe position, and body’s velocity.

[xb, yb, θb, xt, yt, ẋb, ẏb, θ̇b]
T ∈ D1 (32)

When the toe is in contact with the ground, the hybrid
mode is 2. The domain D2 is chosen to be parameterized
by the toe angle with the ground, hip angle, the leg
extension, toe position, the time derivative of the toe
angle, hip angle, and leg extension.

[θt, θh, ll, xt, yt, θ̇t, θ̇h, l̇l]
T ∈ D2 (33)

Note that the toe position is augmenting the state rather
than being treated as an external parameter because
variations in the toe placement affect the other config-
uration states. Because of this, the toe dynamics are
constrained relative to the body in domain 1 and rela-
tive to the ground contact in domain 2. These dynam-
ics F1, F2 are derived using a Lagrangian approach (see
Appendix A). The system parameters and their exper-
imental values are body mass mb = 1, body inertia
Ib = 1, leg spring constant kl = 1000, hip spring con-
stant kθ = 400, body length lb = 0.5, acceleration due to
gravity ag = 9.8, resting leg length ll0 = 1, and resting
angle of the hip spring θh0 = −π

8 .
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7 Conclusion

In this paper, we created a new Kalman filtering al-
gorithm which allows estimation on hybrid dynamical
systems with state-defined transitions, including an ex-
tended Kalman filter variant which can handle nonlin-
ear dynamics with non-identity reset maps. This “Salted
Kalman Filter” was validated on both a linear and non-
linear system and compared against both a particle filter
and the “Jacobian of the reset map” counterpart.

The results show that using our proposed method is sta-
tistically better than or equivalent to the naive method
in all tested cases. However, both Kalman filters per-
form well and have relatively low mean squared error.
We believe this is because the naive solution and our
proposed method have the same mean update and al-
gorithm structure, the fact that they both perform well
highlights the importance of having an accurate update
for the mean as well as handling each transition case in
the algorithm. When comparing against a hybrid parti-
cle filter for the constant flow case, the SKF is statisti-
cally indistinguishable when we are able to closely ap-
proximate that the probability distribution stays Gaus-
sian and that the majority of the probability mass tran-
sitions in a single or several time steps. When the as-
sumption that the probability mass transitions over a
small number of time steps is broken, the particle filter
outperformed the SKF, but the largest increase in per-
formance was small (5.2%) especially compared to the
1736 times increase in computation time.

For the more complex ASLIP system, the SKF per-
formed statistically better than the 30, 000 particle fil-
ter when comparing MSE. However, we believe that
with enough particles the particle filter should be better
than the SKF, though increasing the number of particles
would increase the computation time.

The proposed method, similar to the extended Kalman
Filter, suffers when model uncertainty is added to the
hybrid dynamical system, when the local approximation
is violated, or when the noise is non-Gaussian. Overall,
like an extended Kalman filter, if the estimate diverges
from the actual trajectory (i.e. the estimate is initialized
far away from the actual, the starting mode is incorrect,
or if an incorrect transition is made) the performance of
the filter will suffer. Incorrect mode transitions are miti-
gated by the class of hybrid dynamical systems that are
considered which require transverse guards (Assump-
tion 4). In cases where the non-linearity, non-localness,
or non-Gaussianness are significant, a hybrid particle fil-
ter or other particle filtering approaches may be more
appropriate, but will be accompanied with a respective
increase in computation complexity. For a smooth sys-
tem, an unscented Kalman filter may be used in place of
an extended Kalman filter if the local assumption is not
valid. However, using an unscented Kalman filter for a

hybrid dynamical system may not transfer well because
the sampled sigma points may end up past the guard.

Note that while using the saltation matrix captures the
update for the covariance to first order, the saltation
matrix is model-dependent, and may require significant
effort to obtain in practice in order to use (2) directly.
However, as the saltation matrix is a linear map relat-
ing pre- and post-transition states, regression techniques
may be able to approximate it with measured data with-
out the need for complete (and differentiable) models of
the hybrid system.

While this is a good start to developing an online hy-
brid state estimation system, there is still further work
needed to improve the estimation. Our method does not
explicitly reason about the probability of a state or mea-
surement being in a particular hybrid mode or guard,
and an extension that reasons about this probability will
be covered in future work. Additionally, future work is
required to cover distributions which pass through in-
tersections of hybrid guards, in which case an extension
based on the Bouligand derivative [13, 32] could be used
to capture the propagation of uncertainty.

A Derivation of the ASLIP system

The change of coordinate functions are,

Tlb(qb, qt) =









ll cos(θt) + lb cos(θt + θh) + xt

ll sin(θt) + lb sin(θt + θh) + yt

θt + θh









(A.1)

Tbl(qb, qt) = (A.2)








atan
(

yb−(lb sin(θb)+yt)
xb−(lb cos(θb)+xt)

)

θb − atan
(

yb−(lb sin(θb)+yt)
xb−(lb cos(θb)+xt)

)

√

(yb − lb sin(θb)− yt)2 + (xb − lb cos(θb)− xt)2









The differential mappings are defined via chain rule

[

q̇b

q̇t

]

= Dqb,qtTlb(qb, qt)

[

q̇l

q̇t

]

(A.3)

[

q̇l

q̇t

]

= Dql,qtTbl(ql, qt)

[

q̇b

q̇t

]

(A.4)

Since the toe is massless, the velocity of the toe is as-
sumed to be zero when mapping velocities and is there-
fore removed from the differential mapping.

q̇l = DqbTlb(qb, qt)q̇b, q̇b = DqlTbl(ql, qt)q̇l (A.5)

The dynamics for mode 1 are ballistic dynamics for the
center of mass and because the toe is massless, both the
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hip and leg springs are kept at their resting locations θh0
and ll0 respectively. Therefore, while in mode 1, the toe
is kinematically constrained by the body configuration.
Define Tbt : qb 7→ qt to be the transformation from the
body configuration to the toe configuration

Tbt(qb) =

[

xb − lb cos(θ)− ll0 cos(θh0 − θb)

yb − lb sin(θ) + ll0 sin(θh0 − θb)

]

(A.6)

The velocity constraint is enforced through the differen-
tial mapping of Tbt

q̇t = DTbt(qb)q̇b =

[

ẋb + θ̇b(lb sin θ − ll0 sin(θh0 − θb))

ẏb − θ̇b(lb cos θ + ll0 cos(θh0 − θb))

]

(A.7)
Therefore, the dynamics for mode 1 are

F1 =





































ẋb

ẏb

θ̇b

ẋb + θ̇b(lb sin(θ)− ll0 sin(θh0 − θb))

ẏb − θ̇b(lb cos(θ) + ll0 cos(θh0 − θb))

0

−ag

0





































(A.8)

The dynamics for mode 2 are derived using Lagrangian
dynamics where the Lagrangian is defined to be the dif-
ference between the kinetic and potential energy.

L =
1

2
(mbẋ

2
b +mbẏ

2
b + Ibθ̇

2
b )

−mbag(ll sin(θt)− lb sin(θt + θh))

−
1

2
(k(ll0 − ll)

2 + kh(θh0 − θh)
2) (A.9)

The body states are transformed to the leg states us-
ing Tbl and DTbl. Also, in this example, the toe cannot
penetrate the ground and a no slip condition is added.
Therefore, the dynamics for the toe are calculated sep-
arately.
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