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Abstract

Existing studies indicate that momentum ideas
in conventional optimization can be used to im-
prove the performance of Q-learning algorithms.
However, the finite-time analysis for momentum-
based Q-learning algorithms is only available for
the tabular case without function approximation.
This paper analyzes a class of momentum-based Q-
learning algorithms with finite-time convergence
guarantee. Specifically, we propose the Momen-
tumQ algorithm, which integrates the Nesterov’s
and Polyak’s momentum schemes, and general-
izes the existing momentum-based Q-learning al-
gorithms. For the infinite state-action space case,
we establish the convergence guarantee for Mo-
mentumQ with linear function approximation un-
der Markovian sampling. In particular, we charac-
terize a finite-time convergence rate which is prov-
ably faster than the vanilla Q-learning. This is the
first finite-time analysis for momentum-based Q-
learning algorithms with function approximation.
For the tabular case under synchronous sampling,
we also obtain a finite-time convergence rate that is
slightly better than the SpeedyQ [Azar et al., 2011].
Finally, we demonstrate through various experi-
ments that the proposed MomentumQ outperforms
other momentum-based Q-learning algorithms.

1 INTRODUCTION

Reinforcement learning (RL) aims to design strategies for an
agent to find a desirable policy through interacting with an
environment in order to maximize an accumulative reward
for a task. RL has received drastically growing attention in
recent years and accomplished tremendous success in vari-
ous application domains such as playing video games [Mnih

*equal contribution

et al., 2013], bipedal walking robot [Castillo et al., 2019],
board game [Silver et al., 2017], to name a few. This paper
focuses on Q-learning, which is a widely used model-free
RL algorithm for finding the action-value function (known
as the Q-function) of the optimal policy.

Q-learning was first proposed in Watkins and Dayan [1992]
and has been studied extensively since then. For scenarios
with a finite state-action space, the Q-function can be conve-
niently represented as a tabular function. The convergence
of Q-learning in the tabular case was proved in Jaakkola et al.
[1994]. In the case with a continuous state-action space, one
typically approximates the Q-function with a parameterized
function class of a relatively small parameter dimension.
Among the rich approximation classes, linear function ap-
proximation [Bertsekas and Tsitsiklis, 1996, Sutton and
Barto, 2018] and neural network function approximation
[Mnih et al., 2013] are often adopted in the literature. We
will review these studies in more details in Section 1.2.

The central idea of Q-learning algorithms is to solve an opti-
mal Bellman equation [Bertsekas and Tsitsiklis, 1996] itera-
tively as a fixed point problem. Since the Bellman operator is
expressed as the expected value over the underlying Markov
decision processes (MDP) which is unknown, Q-learning
(as a model-free algorithm) approximates it via its sampled
version, and such an update can be viewed analogously to
the first-order (stochastic) gradient descent algorithm [Baird,
1995]. This connection thus motivated several studies on ac-
celerating Q-learning by incorporating various momentum
schemes, such as Heavy-ball (HB) [Polyak, 1964] and Nes-
terov’s accelerated gradient (NAG) [Nesterov, 2013] which
were shown to accelerate gradient descent in conventional
optimization algorithms. For example, speedy Q-learning
(SpeedyQ) proposed in Azar et al. [2011] can be viewed as
incorporating NAG to Q-learning and has been proved to ac-
celerate the convergence with particularly designed learning
rate in the tabular case. Devraj et al. [2019] applied HB and
NAG to Q-learning separately with a matrix learning rate
in the tabular case and analyzed their asymptotic properties.
Vieillard et al. [2019] proposed momentum-based value iter-
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ation by viewing the greedy policy as an analog of gradient
ascent. However, the convergence is not guaranteed. To the
best of our knowledge, the finite-time convergence rate has
not been established for momentum-based Q-learning algo-
rithms with function approximation. The focus of this paper
is to address the above important question.

1.1 MAIN CONTRIBUTIONS

This paper investigates a general momentum-based Q-
learning scheme (referred to as MomentumQ hereafter),
which involves both NAG-type and HB-type of history infor-
mation for accelerating Q-learning. The main contribution
of this paper is three-fold.

First, we establish the finite-time convergence rate for Mo-
mentumQ with linear function approximation, and we show
that this algorithm provably accelerates vanilla Q-learning.
To the best of our knowledge, this is the first finite-time con-
vergence guarantee for momentum-based Q-learning with
linear function approximation.

Second, the only existing finite-time baseline bounds for
momentum-based Q-learning is given by SpeedyQ [Azar
et al., 2011] and Generalized SpeedQ [John et al., 2020] for
the tabular case. Hence, to be able to compare with such a
baseline, we also provide a finite-time analysis of Momen-
tumQ in the tabular case. We show that it achieves a better
(but order-wisely the same) convergence rate than SpeedyQ.
Technically, due to the additional momentum terms in Mo-
memtumQ, its analysis is more challenging than SpeedyQ
and requires substantial new technical developments.

Finally, our numerical results show that the proposed Mo-
mentumQ outperforms the vanilla Q-learning as well as the
other existing momentum-based Q-learning algorithms for
both tabular and function approximation cases.

1.2 RELATED WORK

We review the most relevant studies on Q-learning here with
a focus on the theoretical convergence analysis.

Q-learning with function approximation: When the state-
action space is considerably large or even continuous, it is
practical to properly discretize the space [Shah and Xie,
2018], or parameterize the Q-function with a certain func-
tion class. For linear MDP, Melo and Ribeiro [2007], Yang
and Wang [2019] proposed provably sample-efficient Q-
learning algorithms with linear function approximation. For
more general MDPs with linear function approximation
of the Q-function, finite-time convergence analysis was es-
tablished in Zou et al. [2019], Chen et al. [2019] under
Markovian sampling, in Du et al. [2019] on exploration
samples and in Weng et al. [2020a] by incorporating Adam-
type updates. Recently, Cai et al. [2019], Fan et al. [2019]
and Xu and Gu [2019] established the convergence rate of

Q-learning with neural network approximation in the over-
parameterized regime under i.i.d. and non-i.i.d sampling,
respectively.

Tabular Q-learning: Q-learning was first proposed in
Watkins and Dayan [1992] under finite state-action space.
Regarding the theoretical studies, research of tabular Q-
learning has focused on the asymptotic convergence which
was usually studied via its connection to the corresponding
stochastic approximation algorithm (see, for example, Tsit-
siklis [1994], Jaakkola et al. [1994], Borkar and Meyn
[2000], Melo [2001]). More recently, Lee and He [2019]
provided asymptotic results for asynchronous Q-learning by
formulating it as a switching affine system. Another research
line has focused on the finite-time (i.e., non-asymptotic)
analysis. Finite-time performance for Q-learning was first
established in Szepesvdri [1998]. Considering both syn-
chronous and asynchronous Q-learning, Even-Dar and Man-
sour [2003] investigated the convergence rates under dif-
ferent choices of the learning rates. Sharper bounds on the
finite-time convergence rate have been established in more
recent work [Wainwright, 2019a, Qu and Wierman, 2020,
Li et al., 2020].

Momentum-based Q-learning: For tabular Q-learning,
several studies incorporated the momentum idea in con-
ventional optimization to accelerate the convergence. Azar
et al. [2011] proposed the SpeedyQ algorithm and char-
acterized the finite-time performance. John et al. [2020]
generalized SpeedyQ by introducing a relaxation parame-
ter which was used to modify sample distribution and to
redistribute the momentum. Devraj et al. [2019] extended
HB and NAG with a matrix learning rate on the momentum.
The asymptotic performance was analyzed under simplified
assumptions. Vieillard et al. [2019] proposed a momentum-
based value iteration and generalized the scheme to DQN.
While some theoretical properties of the algorithms were ex-
plored in the tabular case, the convergence of the algorithm
was not established. Among these studies, only Azar et al.
[2011], John et al. [2020] characterized the finite-time rate
for SpeedyQ in the tabular case, and such finite-time anal-
ysis for momentum-based Q-learning algorithms has not
been provided for the function approximation case, which
is the focus of this paper.

Other variants of Q-learning: Other than the above
momentum-based Q-learning algorithms, which mainly
exploit the acceleration ideas in conventional optimiza-
tion, Q-learning also inspires a number of other variants,
including residual Q-learning [Baird, 1995], phased Q-
learning [Kearns and Singh, 1999], Zap Q-learning [Devraj
and Meyn, 2017], periodic Q-learning [Lee and He, 2020],
variance reduced Q-learning [Wainwright, 2019b, Li et al.,
2020], and double Q-learning [Hasselt, 2010, Weng et al.,
2020b, Xiong et al., 2020b] to name a few. These algorithms
are proposed to speed up convergence rates or improve the
performance by mitigating various issues in the implemen-



tation of Q-learning. In this paper, we mainly focus on the
momentum-based Q-learning algorithm motivated by the
optimization idea.

2 PRELIMINARIES

In this section, we provide the necessary background.

2.1 MARKOYV DECISION PROCESS

We consider the standard reinforcement learning setting,
where a learning agent interacts with a (possibly stochastic)
environment modeled as a discrete-time discounted Markov
decision process (MDP). Such an MDP is characterized by
a quintuple (X, U, P, R, ), where X is the state space, U is
the action space, P : X x U x X + [0, 1] is the probability
transition kernel, namely, P(-|x, u) denotes the probability
that the system takes the next state given the current state x
and action . In addition, R : X X U +— [0, Rimax| denotes
the reward function (or negative of the cost function) map-
ping the state-action pairs to a bounded subset of R, and
~ € (0,1) is the discount factor. A policy 7 : X — U repre-
sents a strategy to take actions, i.e., it captures the probabil-
ity of taking each action at any given state. By following a
policy 7, we perform an action wuy, with probability 7 (u|xy)
at time k, observe a reward r, = R(xy, ug), and evolve to
the next state x1 with the probability P(xx11|zk, ug)-

We define the value function as the expected return of
following policy 7 and starting from state z, given by
VTi(z) = EpY 1oy v*r), where Ep denotes the expec-
tation with respect to the transition probability P. The
Q-function is defined as the state-action value function
Q™(x,u) = R(z,u) +7Y,cx Plylr,u)V™(y). which
is the return of performing action u at state s at the first step
and following policy 7 thereafter.

2.2 TABULAR Q-LEARNING

Q-learning seeks to maximize the expected discounted re-
turn over policy 7 as formulated below.

oo
maximize V7™ (z¢) =Ep lz ’}/kR(a?k,ﬂ'(Z‘k))] ;
k=0

subjectto  zp41 ~ P(-|zg, m(xk)), e))

We let 7* denote the optimal stationary policy 7* : X' +— U
which is the solution of the above optimization problem.

Define the Bellman operator 7 pointwisely as

TQ(z,u) = R(z,u) +vEp /Ienl?()(/)Q(CE/,U/)’ (2)

where 2’ ~ P(:|z,u) and U(x) denotes the admissible
set of actions at state x. It can be shown that the Bellman

operator 7 is y-contractive in the supremum norm ||Q|| :=
sup,, ,, |Q(w,u)|, i.e., it satisfies

ITQx,u)=TQ' (z, u)|| < 7[1Qx,u)=Q(z,u)]. (3)

Thus, 7 has a unique fixed point Q* given by

Q*(z,u) = R(z,u) +1Ep max )Q*(:E’,u’). 4)
uw eU(z’

The above property suggests that starting with an arbitrary
initial Q-function, we can apply the Bellman operator 7
iteratively to learn Q*. Hence, the optimal policy can be
obtained from the optimal Q-function as:

7 (x) = argmax Q™ (z,u),Vz € X. Q)
ueU (x)

Note that the knowledge of the transition probability P is
not needed in (5), which is one advantage of Q-learning.

In practice, exact evaluation of the Bellman operator (2)
is usually not feasible due to the lack of the knowledge
of the transition probability kernel. Instead, the sample-
based empirical Bellman operator is used as an estimator.
Specifically, for the kth round of iteration at the state-action
pair (x,u), we sample the next state y, ~ P(:|z,u), and
then evaluate the empirical Bellman operator Tr. as

TeQr(z,u) = R(z,u) +v max Qu(yr,u). (6)
w €U (yx)

Then the update of tabular Q-learning is implemented as

Qi1 = Qr — ar(Qr — TeQr), )

where oy, is the stepsize and we omit the dependence on
(z,u) for simplicity when there is no confusion.

2.3 Q-LEARNING WITH LINEAR FUNCTION
APPROXIMATION

For relatively large or even infinite state-action space X X U,
it is impractical to express the Q-function in an explicit
tabular form with respect to each state-action pair. In such a
case, the update rule of (7) is no longer directly applicable.

To handle such cases, a parametric function Q(a:, u; ) is
adopted as an approximation of the Q-function, where the
parameter vector # is of small dimension. Our focus here
is the linear function class, which is often considered in
the literature for establishing the finite-time analysis [Zou
et al., 2019, Chen et al., 2019, Du et al., 2019]. Then the
Q-function Q(x, u; 0) can be written as

Q(Jc, u; 0) = ®(x, u)TG, 8

where 8 € R?, and ® : S x A — R? is a vector function of
size d, and the elements of ® represent the nonlinear kernel



(feature) functions. Correspondingly, the updating rule of
Q-learning with linear function approximation is given by

Orr1 =0 — cu®(wp, up) [®(wp, wr)" O — Rk, ur)

O (g, ) 0k | ©)

—~ max
w' €U (xpy1)

where o is the stepsize.

3 MOMENTUMQ ALGORITHM

In this section, we introduce the MomentumQ algorithm.

3.1 TABULAR MOMENTUMQ

Overall, MomentumQ integrates the Nesterov’s momen-
tum [Nesterov, 2013] and Polyak’s Momentum [Polyak,
1964] together, with the learning rates flexibly interpolating
between the two to optimize the momentum performance.
Specifically, MomentumQ takes the form given by

Sk =(1—ar)Qr—1 + arTeQx—1,
Py =(1— ar)Qk + ar TeQx, (10)
Qi1 =PFPp + bp(Pp—Sk) + c(Qr—Qr-1),

Nesterov’s momentum

Polyak’s momentum

where ay, by, ¢ determine the learning rates. Algorithm 1
implements MomentumQ with a particular family of learn-
ing rates under synchronous sampling [Even-Dar and Man-
sour, 2003]. One special feature of the algorithm is the
additional freedom introduced by the hyperparameter m.
This hyperparameter actually stems from our finite analysis
of MomentumQ in the tabular case. It helps to better bound
the propagation of the learning error (i.e., @ * —Q, see also
the proof of Lemma 7) via the particularly designed learn-
ing rate. Unlike SpeedyQ, which only admits a fixed set of
learning rate (namely, 1/k), MomentumQ’s learning rate is
more flexible due to the introduction of this hyperparameter.
In practice, we found that in general setting m = 1/ + ¢
for some arbitrary small number ¢ > 0 (e.g., ¢ = 1), will
generally yields a very good performance in suppressing
the overshoot of the learning error which was otherwise
very significant in SpeedyQ learning. We will also see later
in the simulation that the proposed algorithm accelerates
the convergence for a number of arbitrarily chosen m that
satisfies m > 1/+.

Note that the proposed MomentumQ algorithm in (10) con-
tains not only the momentum term ’AF;CQ;C_1 in the update,
but also the historical information Q1 explicitly. We com-
pare MomentumQ with SpeedyQ [Azar et al., 2011] given
by

Qur1=Qr+ar(TeQr—Qr)+ (1 —ar) (TeQr — Tk Qr—1).
(11)

Algorithm 1 Synchronous Tabular MomentumQ

Input: Initial action-value function Q¢ and Q_1 = Qy,
discount factor =, parameter m > %, and iteration number T’
fork=0,1,2,--- , T —1do
2
ay = ﬁ, by =k —m—1, ¢ = —Hmtlkdl +(;;T{1)k+l;
for each (z,u) € X x U(z) do
Generate the next state sample y, ~ P(:|z, u);
TrQr-1(2,u) = R(z,u) +v max Qr—1(yk,u);
u€U (yx)

TeQr(z,u) = R(z,u) + v max Qx(yx,w);
ueU (yr)

Sk(@,u) = (1 — ar)Qr—1(x, u) + ar Tk Qr—1(, u);
Pi(z,u) = (1 — ar)Qr(z,u) + ap T Qr(z, u);
Qu+1(2,u) = Py(x,u) + by (Py(x,u) — Sk(z,u))
+en(Qr(z,u) — Qr—1(z, u));
end for
end for
Output: Qr

We see from (11) that SpeedyQ contains only the momen-
tum term 7A7CQ r—1 in the update. In contrast, MomentumQ
additionally incorporates the historical information Q_1
explicitly. Indeed, the simulation in Section 5 indicates that
MomentumQ effectively smooths out the large overshoots
that are present in SpeedyQ and converges faster by incor-
porating additional historical terms. The finite-time analysis
of MomentumQ is more challenging than SpeedyQ due to
this difference, since the additional (;_; term increases
the order of the recursion. We will discuss in more details
later. Furthermore, (11) simply involves ﬁQk - ﬁQk,l as
the only momentum term, while our algorithm designs this
part more systematically. We directly use two consecutive
outputs of the empirical Bellman operators to update the
Q-function and obtain Sy and Pj. Compared to (11), the
resulted Nesterov’s momentum is potentially a better esti-
mation of the “gradient” for updating the Q function. This
intuition is also verified in our numerical results.

3.2 MOMENTUMQ WITH LINEAR FUNCTION
APPROXIMATION

For the case where the state-action space is considerably
large, we use the linear function approximation to estimate
the Q-function to overcome the curse of dimensionality.

Consider the case where the Q-function is approximated by
a linear parameterized function. We propose MomentumQ
for this case as

Ort1="0k+ (br+cr) (O —Or1) —ar(1+bg) gr+arbrgr,
(12)

where

G =09(0k; T, Uk, Tt 1)



Algorithm 2 MomentumQ with linear approximation

Input: Initial parameters 6_; = 6; discount factor ~;
iteration number 7.
fork=0,1,2,--- , T —1do
Assign ag, by, ci;
Sample ug, ~ m,xp11 ~ P(-|Tg, ug);
Compute g, as (13);
Update 051 = 0 + (b + c)(0k — Ok—1)
—ak (1 + br)gr + arbrgr—1;
end for
Output: 0,y;.

:(é(xk,uk)Tkafy max  P(zpi,u’) O

w' €U(Tpy1)

- R(Ikauk))(p(xkauk)- (13)

We focus on the more practical Markovian sampling model,
in which the data tuples are sequentially drawn from a single
trajectory under an unknown stationary distribution. More
implementation details are referred to Algorithm 2.

4 FINITE-TIME CONVERGENCE
RESULTS

In this section, we present our main results on the finite-time
convergence rate guarantee for MomentumQ. We focus on
linear function class and provide the first finite-time analysis
for momentum-based Q-learning with function approxima-
tion. We also present our study of tabular MomentumQ
in order to make a comparison with the only existing the-
ory baseline for momentum-based Q-learning, which was
established for tabular SpeedyQ.

4.1 MOMENTUMQ WITH LINEAR FUNCTION
APPROXIMATION UNDER MARKOVIAN
SAMPLING

In this section, we characterize the finite-time convergence
guarantee for the proposed MomentumQ algorithm with
linear function approximation under Markovian sampling.
To proceed the convergence analysis, we first define

3(6) = Blg(0s2,0,2')
=E|®(z,u)T0—R(z,u)—y max &(z',u)T0|®(x,u),
Iz uw eU(x’)
(14)

where the expectation is taken over the stationary distribu-
tion of the sampling tuple (x, u, z’).

We take the following standard assumptions in our analysis.

Assumption 1. The columns of ® are linearly independent
and ||®|]2 < 1.

Assumption 2. The term g(-) has a unique root denoted as
0*, i.e., g(0*) = 0. There exists a constant § > 0, such that
for any 6 € R? we have

(0 —0%)7g(0) =50 -6"|;. (15)

Assumption 3. The domain of the approximation param-
eters 0 is contained in a ball B centered at 0 = 0 with
a bounded diameter Dy..x and the optimal parameter
0* € B. That is, there exists Dyax, such that ||0 — 6], <
Dinax,V0,0" € B, and 0* € B.

Assumption 4. There exist constants o > 0 and p € (0,1)
such that

sup dry (P(zy € “lxg = ), p) < op®  Vk,

reX
where dry (i, v) denotes the total-variation distance be-
tween the probability measures p and v.

Assumptions 1 and 2 are standard in the literature on theoret-
ical analysis of Q-learning algorithms with linear function
approximation [Bhandari et al., 2018, Chen et al., 2019,
Zou et al., 2019]. The boundedness condition in Assump-
tion 1 can be justified by normalization and hence does not
lose generalization. Assumption 4 can easily hold for irre-
ducible and aperiodic Markov chains, and is widely adopted
in the literature on theoretical analysis of RL algorithms
under Markovian sampling [Bhandari et al., 2018, Chen
et al., 2019, Zou et al., 2019, Xu and Gu, 2019, Xiong et al.,
2020a]. For Assumption 4, we further define the quantity
of the mixing time 7™ () as follows, which denotes the
duration of the time for the Markov chain to approach suffi-
ciently close to its steady-state

=7 (k) = min{k = 1,2,...op" <k}. (16)

To understand the challenges of analyzing Markovian sam-
pling in MomemtumQ, we first illustrate how a non-zero
bias is introduced if the Markovian sampling is consid-
ered. For simplicity, we denote Oy, := (x, uk, Trpt+1) as
the data at time step k£ sampled from a Markov chain. Recall
gx(0;0) in (13), and g(0) = E[g(6; O)] in (14) where
the expectation is taken over the marginal distribution of
Oy since 0 is fixed. However, if 6 is random and dependent
on Oy, the equality no longer holds. In particular, since 6y,
is dependent on the historical tuples {O1, O3, ..., O}, we
have

9(0x) # Elg(0k; Or.)|0x].

Thus, we have a non-zero bias due to Markovian sampling
to approximate the expectation of g (6 — 0*). Namely,

Elgf (05 —0%)] =E[g(0x)"(0x—0")]
+E[(gx—5(0k)) (01 —0%)],



where the second term on the right hand side captures the
bias, which is the key challenge of the analysis under this
setting. The following lemma develops an important upper
bound on the bias term, which is a key step in the conver-
gence analysis.

Lemma 1. Suppose that Assumptions 1-4 hold and fix k >
0 in (16). Let MomentumQ update as (12) by choosing non-
increasing ay, by, cy, and denote B, = by, + ci, with By €
(0,1). Then we have

El(gr — 9(0x))" (01, — 6*)]
< {m st Bt i ai,

4DmaxGmaxH+an*Bk77* +7727_*ak:7‘r* )

k<7%
k>T*,

where 11 = 2Dyax((1 + ¥)Dmax + Gmax): M2 =
6Gmax((1 + V)Dmax + Gmax) with Gmax = 2Dmax +
Rmax-

With the bias term bounded, we are ready to provide the
convergence result for MomentumQ with linear function
approximation under Markovian sampling.

Theorem 1. (MomentumQ with constant learning rate) Sup-
pose that Assumptions 1-4 hold and fix k > 0 in (16).
Let aj, = a,b, + cp = BN where B,\ € (0,1) and
a € (0, %) After running T steps of Algorithm 2 un-
der Markovian sampling, we take the output 0,,,, = 01 and
have

E [|0ou — 0% (17)
T—1

<[] - 20601+ b)) 1|66 — 6*|I3
1=0

2 C
+/3( mr

_ T—1-77
5 12a5)\> (1 =2a9)

15G2 ax 27]27'*04 SDmaxGmaXH
max 18
20 ) 0 ’ (18)
where C' = 5D12nax+2aDmaxGmax+4am T*AWith G pax =

2D max + Rmax, and 0y, m2 are defined in Lemma 1.

Theorem 1 indicates that the convergence behavior is deter-
mined by five terms. The first two terms capture the con-
vergence rate as I’ changes, indicating that with a constant
learning rate, MomentumQ enjoys an exponential conver-
gence rate to a neighborhood of the global optimum. Since
HiTZ_Ol (1—-2a8(1+b;)) < (1—2ad)7, the dominant term of
the convergence rate is the second term. The last three terms
capture the convergence error. Since one usually chooses
K = ay = «, the convergence error can be made as small
as possible by choosing a sufficiently small learning rate.

As a comparison, the convergence of the vanilla Q-learning
under similar assumptions and Markovian samgling is ob-
tained in Chen et al. [2019] as E ||y — 6% < (1 —

260)T (|69 — 0*||§ + aC + kCy for some constants Cy, Co.
Clearly, the dominant order in (18) can have a smaller coef-
ficient than that of the vanilla Q-learning by setting a small
B, so that MomentumQ can enjoy a better convergence rate.

In addition, one can also observe that «, 5 control a set of
tradeoffs. First, while smaller « yields a smaller conver-
gence error, it also slows down the convergence rate. As
for (3, although smaller /3 yields a smaller coefficient in the
dominant term, it can also slow down the convergence rate
because b; in the first term needs to be small.

Next, we seek to remove the convergence error and balance
the tradeoff caused by the choice of aj. To this end, we can
choose a diminishing learning rate and obtain the following
theorem.

Theorem 2. (MomentumQ with diminishing learning rate)
Suppose that Assumptions 1-4 hold and fix k > 0. Let
ay = %,bk +cr = BN\ witha > 0,8, ) € (0,1). After
running T steps of Algorithm 2 under Markovian sampling,
we take the output 0,,; = % Zgzl 01 and have

E ||00ut - 9*||§
< Dr2nax/a + 30aG12nax + 167—*0“72 8Dmax(;max"€

= 20\/T 0
1[ 58D, DinaxGmaxBA + 47711 BA
T |2a6(1 — \)2 5(1—N) ’

where 11,2 are defined in Lemma 1.

In Theorem 2, if we choose k = ax = o/ VT, then the
mixing time 7* = O(log T'). Thus, MomentumQ converges
to the global optimum at a rate of O(log T'/+/T') under a
diminishing learning rate.

4.2 TABULAR MOMENTUMQ

In this subsection, we provide the finite-time analysis for
tabular MomentumQ as listed in Algorithm 1. As we men-
tion before, MomentumQ combines different types of mo-
mentum terms dynamically. This requires substantial new
technical developments here in the convergence analysis.

We assume that the state space X’ and the action space U are
finite with cardinalities |X'| and ||, respectively. We denote
n = |X| - |U|. We also need the following assumption in
our analysis.

Assumption 5. The Q-function is uniformly bounded
throughout the learning process. That is, 3Viax, such that
||Qk|| S Vmax7Vk Z 0.

Note that it is nontrivial to show the boundedness of the
proposed iteration scheme. In fact, it is usually assumed for
proving convergence of many such complicated stochastic



approximation algorithms [Kushner and Yin, 2003]. Alterna-
tively, one can extend the ODE method [Borkar and Meyn,
2000] considerably to show the boundedness, which we
leave for our future work.

To facilitate the analysis, we rewrite (10) in a more compact
form as

Qr+1 =(1—ag)Qr+[br(1 — ax)+cx] (Qr — Qr—1)
ax [(1+00)ThQe — 0 TiQut| . (19)

Our analysis first bounds the errors of approximating the
exact Bellman operator 7 with empirical Bellman operators
Tx. For convenience, we denote the last term in (19) by

Dy [Qr, Qr—1] = (1 + b)) T Qr — i TrQi_1, (20)

for all £ > 0. Note that Dy, is a function of all samples
{y1,y2," -, yx } for all state-action pairs (x, u) up to round
k. Let Fj, denote the filtration generated by the sequence of
these random variables {y1,y2,- - , yx }. We see that Dy, €
Fi and Qg1 € Fy. Then if we define D [Qy, Qr—1] as the
conditional expectation of Dy, [Qr, Qx—1] given Fy_1, we
obtain by the definition of 7 that

D(Qk; Qr—1] : = Ep (Dr [Qk, Qr—1] | Fr—1)
=1+b)TQr — bk TQr—1. (1)

Now define the error between D;, and D as follows:

€ =D [Qk, Qx—1] — Dk [Qr, Qr—1] - (22)

Clearly Ep (€x|Fr—1) = 0. This shows that V(x,u) € X x
U (z), the sequence of the estimation errors {¢x(z, “)}Zzo
is a martingale difference sequence with respect to the filtra-
tion F. In other words, if we denote

k

Bi(x,u) = €z, u), (23)
§=0

then Ej is a martingale sequence with respect to Fy,
V(z,u) € X x U(x) and Vk > 0.

The following proposition provides the uniform bounds of
Dy, and ¢,.

Proposition 1. Suppose Assumption 5 holds. Consider Mo-
mentumQ as in Algorithm 1. Then the terms Dy, [Q, Qk—1]
defined in (20) and €y, in (22) are uniformly bounded for
all k > 0. Specifically, 3D > 0, s.t. 1Dk [Qk, Qr-1]ll <
D,|ex|| < 2D,Vk > 0.

The uniform bounds proved in Proposition 1 are critical in
the derivation of the main theorem below.

Theorem 3. Suppose Assumption 5 holds. Consider Algo-
rithm 1 where m > 1/~. Then, with probability at least

1 — 6, the output of MomentumQ satisfies for T' > m.:

ﬁVmax+D\/8(T — |m] —1)log 2
T(1-7) ’
(24)
where h = 2y(m + |m| + 2) + 2, D is specified in Propo-
sition 1, and |m| denotes the largest integer that does not
exceed m.

Q" —Qrll <

Using the Borel-Cantelli lemma, we immediately have the
following corollary.

Corollary 1. Q. converges to Q* almost surely at a rate of

at least O(N——"1 2 8% T=lml-1) logn).

(1-y)2T

This rate is slightly better than (’N)(%) of SpeedyQ
due to the presence of m > 1. We note that the Generalized
SpeedyQ [John et al., 2020] only slightly improves the con-
stant multipliers over SpeedyQ. In addition, implementation
of Generalized SpeedyQ requires a complicated sampling

procedure, which added extra computational complexity.

S EXPERIMENTS

We evaluate the performance of the proposed MomentumQ
scheme and compare it with other related Q-learning algo-
rithms over a series of FrozenLake games (see the appendix
for further specifications of the FrozonLake problem). We
present the empirical results for both the tabular Momen-
tumQ and MomentumQ with linear function approximation
which are discussed above.

5.1 EXPERIMENTS ON TABULAR
MOMENTUMQ

We compare MomentumQ with two other existing
momentum-based Q-learning algorithms: SpeedyQ and the
Nesterov stochastic approximation (NeSA) algorithm [De-
vraj et al., 2019]. In addition, we include comparisons with
vanilla Q-learning to demonstrate the advantages of the pro-
posed momentum techniques.

The experimental settings in this section are consistent with
those of MomentumQ in Algorithm 1 and SpeedyQ in Azar
etal. [2011, Algorithm 1]. Thus the numerical results should
be able to give a convincing comparison between two algo-
rithms. It is worth mentioning that the tabular MomentumQ
has an additional hyperparameter m that can take a wide
range of values (recall m > 1/v). We experiment with
several different m’s. For relatively large m values (e.g.,
when m > 10), the learning rates are shifted to step from
1/(m+1), thatis,ap =1/(m+k+1),fork=0,1,2,....
This is to avoid the large errors accumulated from initial
iterations when b, < 0, which are reflected in the constants
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Figure 1: Comparing MomentumQ with NeSA, SpeedQ, and VanillaQ with tabular Q-function.
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Figure 2: Comparison of MomentumQ with VanillaQ in the FrozenLake-128 x 128 task with various learning rate schemes

and sampling strategies.

in (24). Note that this shift does not change the obtained
theoretical order of the convergence rate. We observe stable
and consistent improvement in convergence and optimality
across various tests when choosing large m values, which
also aligns with our theoretical analysis.

Considering the randomness embedded in MDP of both
FrozenLake games, we evaluate the performance of each
algorithm with 20 different random seeds and then illustrate
the average loss and standard deviation in Fig. 1a and Fig. 1b.
For evaluation purpose, we have access to the true transition
probability, and can find the ground truth optimal Q-function
@* using dynamic programming. In both games, the loss at
step k is then defined as ||Q; — Q*||. It can be seen from the
plots that MomentumQ with a rather wide choices of m can
all converge faster than vanilla Q-learning and SpeedyQ. It
shows competitive performance against NeSA with smaller
variance presented. Note that the high variance observed in
the NeSA training aligns with the previous reported results
from Devraj et al. [2019] under different tasks.

5.2 EXPERIMENTS WITH FUNCTION
APPROXIMATION

We adopt the FrozenLake-128 x 128 as the benchmark task
to evaluate the performance of MomentumQ with linear
function approximation and compare it with the vanilla
Q-learning (referred to as VanillaQ). Both algorithms are
evaluated with different learning rate schemes (constant &

diminishing stepsize), as well as different sampling strate-
gies (i.i.d. and Markovian). We note that SpeedyQ and NeSA
have been proposed in the literature only for the tabular set-
ting and are thus not included here for comparison.

Note that the i.i.d. sampling is an ideal assumption and can-
not be satisfied perfectly in practice. For our implementation,
we perform i.i.d. sampling strategy in a similar fashion to
the experience replay [Mnih et al., 2013] typically used for
DOQON training. A data buffer, referred to as the experience, is
accumulated with data points collected across multiple train-
ing steps in the past. At each training step, the training data
is then randomly uniformly sampled from the data buffer. In
contrast, the Markovian sampling takes the training samples
in an “on-policy" manner where the collected data points
are fed in to the Q-learning process right after. At step k,
the performance of the algorithm is evaluated through the
total return of 150 rounds of trials. Similarly to the tabular
setup, we execute each algorithm 20 times with different
random seeds and illustrate the average return and standard
deviation in Fig. 2a with i.i.d. sampling and Fig. 2b with
Markovian sampling.

Overall, the MomentumQ algorithm has exhibited supe-
rior performance than the vanilla Q-learning. In particu-
lar, training with i.i.d. sampling is significantly faster than
the Markovian sampling, which can be also expected from
our theoretical results. Within the same sampling strategy,
MomentumQ is also faster in convergence than the vanilla
Q-learning with the same learning rate scheme.



6 CONCLUSION

We proposed new momentum-based Q-learning algorithms
for both the tabular and linear function approximation cases,
which are respectively applicable to finite and continuous
state-action spaces. We further characterized the conver-
gence rate with empirical evaluation. The proposed algo-
rithms accelerate the convergence in comparison to vanilla
Q-learning on various challenging tasks under both tabular
and parametric Q-learning settings.
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Supplementary Materials

A SPECIFICATIONS OF FROZENLAKE PROBLEM

FrozenLake is a classic benchmark problem for Q-learning, in which an agent controls the movement of a character in an
n x n grid world. Some tiles of the grid are walkable, and others lead to the agent falling into the water. Additionally, the
movement direction of the agent is uncertain and only partially depends on the chosen direction. The agent is rewarded for
finding a feasible path to a goal tile. As shown in Figure 3 with a Frozenlake-8 x 8 task, “S" is the safe starting point, “F"
is the safe frozen surface, “H" stands for the hole that terminates the game, and “G" is the target state that comes with an
immediate reward of 1. This forms a problem with the state-space size n?, the action-space size 4 and the reward space
R = {0, 1}. For tabular Q-learning algorithms with finite state-action problems of relatively small dimensions, FrozenLake-
4 x 4 and FrozenLake-8 x 8 are two typical benchmark tasks. As the grid world becomes large, e.g., FrozenLake-128 x 128,
Q-learning with linear function approximation is then adopted to solve the problem.
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Figure 3: The FrozenLake-8 x § task environment.

B PROOF OF LEMMA 1

We bound the expectation of bias via constructing a new Markov chain and applying some techniques from information
theory. Before deriving the bound, we first introduce some technical lemmas.

Lemma 2. Suppose Assumptions 1 and 3 hold. Then for g, defined in (12), we have ||gi|ly < Gmax for all k, where
Gmax = 2Dmax + Rmax~

Proof. Following from the definition of g, and the assumptions that ||®(z,u)||, < 1, 0]y < Dmax, and ||R(z,u)||, <
Rinax, We have

I%M=H@@mwfﬁ—3@mwﬂ—v max  B(eps ) 00)(n up)
uw' €U (xpy1)

2
< ||<I>(zk,uk)T9kH2 + |R(xk, uk)||, + max ||‘I>(xk+1,u’)T0k||2
wEU(Tr41)
SQDH]&X + Rmaxv
where we use Cauchy-Schwartz inequality and the triangle inequality. O

For notational simplicity, throughout this section we use O = (x, u, z’) to denote the sample tuple and Oy, = (xg, Uk, Tr+1)
to denote the sample tuple at time k.

Lemma 3. Let £(0;0) := (g(0;0) — g(0))T (6 — 0*). Then £(0; O) is uniformly bounded by
|§(97 O)| S 2DmaxGmaX7 vl e 87
and it is Lipschitz continuous with

|§(9? 0) - 5(9/; O)l < 2((1 + ) Dmax + GmaX) ||0 - 6“”2 , V0,0 € B.



Proof. The first statement is straightforward based on Assumption 3 and Lemma 2. That is,

€6 0)] < [l9(8;0) = g(O)]2 10 = 07|, < 2DmaxGmax-
Next to prove the Lipschitz condition, we first prove the Lipschitz condition of g(6; Oy) with respect to 6.
®
l9(6; 0) — g(8"; O)ll, <|@(z,u)" (0 — 0') +~ max P(a',u)"0' —v max (', u’)"d|
w' €U (z’) uw' €U (x’)
(ii)

<|®(z,u)T (0 — ') + |y max ®(2',u)T0 —v max ®(z )70,
w €U (x’) uw' €U (x’)

where (i) follows from Cauchy-Schwartz inequality and the assumption ||®||, < 1, and (ii) follows from the triangle
inequality.

Now we consider two cases. If the item in the second norm of (ii) is non-negative, we let u* = arg max®(z’,u')T¢’. Then

u' €U (x’)
m(?(x )<I>(x’ ,u')T0 > ®(2',u*)TH. Thus, we continue to bound the above inequality as
u' €U (x’
l9(6; 0) = g(60"; O)lly <|® (2, u)" (0 — 0")] + (2, u*)" (6" - 0)
| (z,u) (0 — 0)] +~|@(a’,u")T (6 — ¢')] (25)

Similarly, if this item is negative, we let u* = arg max®(2’,u’)T6. Then ma(x )CID(:E’, u)T0" > ®(2',u*)T0'. Thus, we
uw' €U (z") u' €U (x’
have

l9(8;0) = g(8';0)|ly <[®(x,u)" (6 — )] + @ (a’,u*)" (0 — ¢")
|® (2, u)T (0 — 0)] + (2", u*)T (0 — )] (26)
Then it follows from (25) and (26) that
19(6:0) — g(0";0)[l, < (1+7) |0 — 0]

Similarly, we obtain the same result for g(6) as follows.

15(8) — g(6)l> < Ellgr(8) — gx(#)llz < (1 +7) 16 — &'l

Then we focus on obtaining the second statement,

£(0;0) = £(0";0)]
= |(9(6;0) — 3(6))" (60 — 6") — (9(6';0) — g(¢")" (6 — 6")]
< [lg(8;0) = g@)l, 10 — &'ll, + 116" = 0%l |(9(6; O) — g(8)) — (9(6";0) — g(6"))|l.
2 2G max ”9 - 0/||2 + Dax ||(g(9, O) - g(al; O)) - (g(e) - ?(9/))”2

(ii)
< 2Gmax ”9 - 9/H2 + 2DmaX(1 + 'Y) HH - 0I||2
= 2((1 +v)Dmax + Gmax) |0 — G/HQ )

where (i) follows from Assumption 3 and Lemma 2, and (ii) follows from triangle inequality and (25). O

We use X — Z — Y to indicate that the random variable X and Y are independent conditioned on Z.

Lemma 4. [Bhandari et al., 2018, Lemma 9] Consider two random variables X and 'Y such that
X = 2 = Tpar — Y, 27

Jor fixed k and T > 0. Suppose Assumption 4 holds. Let X', Y are independent copies drawn from the marginal distributions
of XandY, thatisP(X' = - Y' =) =P(X = -)P(Y = ). Then, for any bounded v, we have

[E[v(X, V)] - E[p(X",Y')]| < 2[v[l (op7).



We continue the proof of Lemma 1. We first develop the connection between & (6y; Oy) and £(0x—-; Oy) via Lemma 3. To
do so, we first observe that

10iv1 — Oilly = 118:(0; — 0i—1) + a;(1 4+ b;)gs + aibigi—1])5

©)

<[1Bi(0; — 0i1)|ly + llai(L + bi)gilly + llaibigi—l,
(i)

SDmaxﬂi + 3Gmaxai7

where (i) follows from the triangle inequality and (ii) from the Assumptions 3 and 2 and the fact b; < 1. Then we have

k—1 k—1 k—1
16k = Ok—rlly < D 1041 = 0ill, < Dmax D Bi +3Gmax Y as

i=k—T1 i=k—T1 i=k—T1
Thus, we can relate £(0y; Oy) and £(0x—-; Oy) by using the Lipschitz property established in Lemma 3 as follows:

E(Ok; Ok) — E(Ok—r; Ox) <[€(0k; Ok) — (015 Ok
<2((1 + ) Drmax + Gmax) 10k — Ok—r|l5

k—1 k—1
<2((1 4 7) Dinax + Gmax) (Dmax > Bi+3CGmax Y a) (28)

i=k—T1 i=k—T1

Next, we bound E[£(0),_; Oy)] using Lemma 4. Observe that given any deterministic § € B, we have
E[¢(6; Ox)] = (E[g(6; Or)] — g(6))" (0 — %) =0

Since 6y is a fixed constant, we have E[¢{(0y, Oy)] = 0. Now we are ready to bound E[£(0_., Oy)] via Lemma 4 by
constructing a random process satisfying (27). To do so, consider random variables ¢, and O}, drawn independently
from the marginal distribution of 6;_ and Oy, so that P(0),__ = -, 0} =) = P(0_, = -)P(Oy, = -). We further obtain
E[&(0),_,, 05)] = E[E[&(0)._,,05)]0,,_.]] = 0since #),__ and O, are independent. Combining Lemmas 3 and 4, we have

E[£(0k—r,Ok)] < 2(2DmaxGmax)(0p7). (29)

Finally, we are ready to bound the bias. We first take expectation for both sides of (28) and obtain

k—1 k—1
E[f(@k, Ok)] S E[f(akfr; Ok)] + 2((1 + ’Y)Dmax + Gmax) (Dmax Z 61 + 3Gmax Z ai) .

i=k—T1 i=k—T

When k < 7% (), we choose 7 = k and have

k—1 k—1
]E[g(aka Ok)] SE[&(GO, Ok)] + 2((1 + FY)Dmax + Gmax) <Dmax Z 51' + 3Gmax Z ai)
=0 =0

k—1 k—1
:2((1 + 'Y)Dmax + Gmax) (Dmax Z /62 + 3Gmax Z ai) .
i=0 =0

When k > 7™ (), we choose 7 = 7* := 7% (k) and have

E[(0r; Or)]

k—1 k—1
S E[g(ekfﬁ* 5 Ok)] + 2((1 + ’y)Dmax + Gmax) (Dmax Z ﬁz + 3Gmax Z ai)

i=k—T1* i=k—T*

. k—1 k—1
() .
S 4DrnaxGmax(0pT ) + 2((1 + 'Y)Dmax + Gmax) (Dmax Z /Bl + 3Gmax Z ai)

i=k—T1* 1=k—T1%*

.. k—1 k—1

(ii)

S 4DmaxGmaxKJ + 2((1 + V)Dmax + Gmax) (Dmax Z ﬂz + 3Gmax Z ai)
i=k—T1* i1=k—T1*

(iii)

S 4DmaxGmax"€ + 2((1 + V)Dmax + Gmax) (Dmax’r*ﬁkf‘r* + 3Gmax7_*ak7”r*) )



where (i) follows from (29), (ii) follows due to the definition of the mixing time, and (iii) follows because ay, 5} are
non-increasing.

C PROOF OF THEOREM 1

Recall that Momentum(Q with linear function approximation updates as (12). Given the unique fixed point 6* and denoting
br + ¢ = B, we have
16k+1 — 9*”3 =10k — 0" + Br(Or — Op—1) — ar(1 + br)gr + akbkgkflng
=10 — 0*[|3 + 1Bk (O — Ox—1) — ar(1 + br)gr + arbrgr—1l5
+ 201 — 0", Br(0k — Ok—1) — ar(1 + bi)gk + arbegr—1)
= 1161 — 6115 + 118k:(0r — Os—1) — ar (L + bi)gr + arbig— |3
+2(0k — 0%, B0k — Ok—1) + arbrgr—1) — 2ax(1 + by ) (O — 0%, gk).

Next, taking the expectation over all the randomness up to time step k on both sides, we have

E [|0ks1 — 0713
=E |0, — 0*]13 + E |80k — Or—1) — ar (1 + bx)gr + arbrgr—1]3
+ 2E(0r — 0%, B (0x — Ox—1) + arbrgr—1) — 2ar(1 + bi)E(0r — 0%, gi)

@
<E||0x — "3 + E || B1(0r — Ox—1) — ar(1 + bi)gr + axbrge—1ll5
+ 2BkE |0k — 0" ||y 10k — Ok—1l5 + 2akbkE [0k — 07 (|5 [|gx—1l5 — 2ax(1 + bx)E(O — 0%, gr)

(ii)
<E |0 — 0*|| + 3BE [0k — Or—1 15 + 3a3 (1 + bx)*E ||gell + 3a7b3E [ g1 I3
+ 28kE |0k — 0%, |0k — Ok—1]|5 + 200k E ||0x — 075 [|gk—1ll5 — 20k (1 + bi)E(Or — 0%, gi)

(iii)
<E || — 0*||3 + 382 D2, + 3a3 (1 + by)?G>

max max

+ 28, D2, + 2a1br Dinax Grax — 2ax (1 + by )E(0), — 0%, gx)

+ 3a;b7G?

(iv)
<E ||9k — 9*”3 + 5BkD12nax + 15aiG?nax + 2a,b DmaxGmax — 2ak(1 + bk)E<6‘k — 0*7gk>, 30)

where (i) follows from Cauchy-Schwartz inequality, (ii) holds due to the fact (x + y + 2)? < 322 + 3y? + 322, (iii) holds
because of the boundedness of the parameter domain in Assumption 3 and because of Lemma 2, and (iv) follows since
b < Br < 1.

Since the samples are generated in a non-i.i.d. manner, we have

E[(0x — 0*) gc] =E[(6x — 0°)"g(0k)] +E [(6x — 0°)" (96 — 5(0k))]

=E[(6x — 0*)"9(6k)] +E[£(6; Or)). (31
Then, we continue to bound (30) and obtain
E |61 — 0%3
< E |0 — 6*]3 + 58k D2 + 15a2G2, + 2a1bk Dinax Gmax — 25 (1 4 bp)E(0y — 6%, g1.)

= |0k — 0*[5 + 58k D + 1505 G + 2010k Dinax Gina
— 20, (1 + b )E(Or — 0%, 9(0r)) — 2ax(1 + by )E[§(0r; Or)]

< E |0k — 0*]|3 + 58k D20 + 1503 G2, + 2a1bg Dinax Grnax — 2ax (1 + bi,)OE ||0), — 612
—2ay(1 4 bg)E[§(Or; O)]

= (1 —2a,6(1 + b))E || — 6*||5 + 56k D20 + 15a2G2,,. + 2a3bk Dinax Grmax

max max

— 2ay,(1 4 bg)E[§(O; Or)), (32)

where the last inequality follows from Assumption 2.



We consider a constant stepsize oy, = «. For notational simplicity, we denote f, = 58yD2. + 15aiG2 .. +
2a1b1 DinaxGrnax, and Cx = —2a (1 + by )E[£(0k; Oy)]. Then for k > 7* we have

E (|61 — 0%
< (1 —2a8(1 + bp))E |0 — 6|12 + fr + Cr
<.
k k k
<[ —2a8(1+0:) 160 =65+ > fi [[ (1—206(1+1)))
i=0 i=0 j—i+1
k k
+ > G [ 2001 +0)) +Zg H (1—2ad(1 +b;))
i=7*+1 j=i+1 =0 j=i+1
k k
<] —2a8(1 +0:) 160 — 0*]5+ Y fi(1 — 206)*~
=0 =0
k T
+ Y Gl =208)F 7+ " G(1 - 2a0)F
i=T7*41 1=0

where the last inequality follows because by, > 0, VEk. Further, we bound the term Zf:()(l —2ad)Fif; as

k
> (1 -26a) 0 f;
i=0
k k . k ‘
=5D2., Y _(1—=260)F7'B; + 150°G2,. > (1 = 260)F ™" + 20 DiyaxGrmax (1 — 260)F "D,
=0 =0 =0
k k
<1502G2,, Y (1 —20a) " + (5D2,, + 20DmaxGrmax) Y (1 — 200)"7"B;
=0 =0
150G2 i A
< o Tmax 4 (572 20t Dinax Ginax ) (1 — 26a)*
() 15aG?2 1
< S max 4 (52 20 Dyyax Grmax ) B(1 — 200)F ——————— 33
— 25 +( ma,x+ « a 3)6( Oé) 1-2(5@-)\ ( )
where (i) follows from o < 1=2. It remains to bound the last two tail terms. From Lemma 1, we obtain
k—1 k—1
¢ 2a(1 + b;) (771 S Bitm) ai> <da(mr*B+mria), <71
i= i=1 i=1

*

da (4DmaxGmaxK + an*/Bi—T* + 7727'*04) , 1>T,

where 71 = 2Dmax((1 + ) Dimax + Gmax)s 12 = 6Gmax((1 + 7) Dmax + Gmax)- Then we obtain

Gl =2a0)" 1+ " ¢(1 - 2a0)F
Z Z

1=7*+1

*

k
< dmpprra? Z(l — 2a5)k_i + dam T Z(l _ 2a6)k—i

i=0 =0
k k
+ 16 Dax Gmax ko Z (1 —2ad)* " + dam * Z Bi—re (1 — 2a0)*~
i=7*+1 i=7*+1
k
2 * 2 * * 8DmaxGmax * i—T* _
< 77267 4 m; 5(1 —2a0)F " % +4dafBmT Z NTT(1 - 2a0)

i=7*+1



2not*ar 2mT*
_ 2 L om /3(

™4 8Dmax C;max"'i
0 )

)
k A i—7"
+ dafm (1 — 2a8)FT Z ()
MR 20

T* + 8DmaxGmax’f 40‘67717_*)\
é 1—2ad— X\

1 —2ad)*~

< 2neT* (v n 2m 73

gk
<=5 5 (1 —2a9)

(1 —2ad)k

where the last inequality follows due to the fact that o < %. Thus, we can conclude that

E (|61 — 6%
k k
< [0 — 20801 +0:)) 160 — %15 + > fi(1 — 2a0)"~
i=0 i=0
k ) T
+ Y G =220+ ) Gi(1 - 2a0)
i=7*+1 =0
k
15aG? B(5D2,. + 20 DaxGmax) (1 — 200)*
< o ) _ px2 max max
_g(l 208(1+ b)) 6o — 0[|5 + ——5* + T
2o 2m T ber  8DmaxGmaxk dafmm* A b
1-2 T 1-2
i S — =200 -2~ 209)
k
15aG? 2o 8DmaxGmaxk
< —_ . _O* 2 max max ™ max
2’/]17 5Dmax + 2aDmaxGmax + 4047717-*)‘ k—
+B< + T 2%a— (1 —20a)

D PROOF OF THEOREM 2

Before proving this theorem, we introduce two lemmas of series sum that will help to streamline the presentation.

Lemma 5. Let a, = -% and 1, = BN witha > 0,3,\ € (0,1) fork = 1,2,.... Then

vk
T
Br B
D SalwE (34)
k=1
Proof. The proof is based on taking the standard sum of geometric sequences as follows:
T
Br 5>\ f BNk _ B k T B
AT | < ————.
Zak Z Z a(l=X) Z T a(l—=N)?
k=1 k=1
O
Lemma 6. Let ay, = % Then
T
Z ar < 2aVT. (35
k=1

Proof. We use the comparison principle to bound the series sum as follows:

T T o T+1 o - \f
— ———dt = 2ot — 1T = 2aV/T.
D=y gV

k=1



The proof of Theorem 2 is partially similar to that of Theorem 1. The steps are the same until (32), where we have
* 2
E|0k+1 — 073
< E |0k — 0%]|2 + 58k D2, + 1503 G2, + 2a1b1 Dinax Gunaxe — 2ax(1 + by )OE |0, — 0%||7
— 2a,(1 + br)E[§(0r; Or)]-

Then we continue the proof with rearranging the previous inequality:

20E 165, — 6*3

< 2(1+ bi)OE |16 — 073

< Elbk — 6*l5 —E |r41 — 9*H2 56k
< o

+15akG

+2kamaxGmax +4‘E[€(9k7 Ok)] |

max max

Then we sum over time step & from 1 to T'(T > 7*) and obtain

T
26> E |6 — 0%
k=1

T 2 2 T T
E _ * _ E _ *
<y BTl m B 20y S g onl+4 Y (8GO0
k=1 k=1 k=1*+1

T B T T
+5D2, Zl ;: +15G2,,. kz_:l ak + 2D maxGimax Z b

0, — 0*> <& 1 1 E (07, — 0%
:” 1 ”2 +ZE”9/€_9*H§ (ak_ 1) . ” T+1 ||2

a aj— a
1 P k T+1

L & B , & T
—+ 5Dmax Z an + 15Gmax Z ap + 2DmaxGmax Z bk

T* T
+4> [EEO O +4 > [E[E(6k; O8]
k=1 k=7*4+1
Wl6: — 673 ~(1 1
2=l g (Lo L)
aj 2 ag Af—1
T ﬁ T T
2 1 2
+ 5Dmax Zl ap + 5Gmax Z ag + 2DmaxGmax Z bk
T* T
+4) [BEOG ORI +4 > B[S0k O]
k=1 k=1*41
(i )D T T
—max 4 5p2 Z -+ 15G2 .. Z ar, + 2DmaxGmax Y Br
T* T
+4§jmkwmomﬂ+4 > IE[(0x; On)|
k=1 k=7*+1
<m> D2, . VT  58D2,. ) 2D max Gmax S
=« a(l = N)2 + 800G VT + S
T* T
+4) [BEOG ORI +4 > B0 O],
k=1 k=71*+1

where (i) follows from Assumption 3 and the fact that o, < ay_1, and E ||0741 — 0*||2 /ar+1 > 0, (ii) holds due to
Assumption 3, and (iii) follows from Lemmas 2, 5, and 6.



It remains to bound 4 37, [E[€(0x; Ox)]| + 4 Zfszrl |E[¢(0; Ok)]|- We bound the tail term by using Lemma 1.
For simplicity, in the following we denote
m = 2Dmax((l + ’y)Dmax + Gmax)v e = 6Gmax((]— + V)Dmax + Gmax)~

Following from Lemma 1, we have

7" T k—1 T k—1
D IEE@H O <Y m D Bt m Yy a
k=1 k=1 i=1 k=1 =1

T T
ST Be Ty ak
k=1 k=1

<7
<S9—

A
3 + 272V T.

Similarly, we obtain
T T

Z |E[£(9k70k)” < Z (4DmaxGmaxH+an*Bk—T* +7727-*ak—‘r*)
k=7*+1 k=7*+1
T—1% T—7*
§4DmaxGmax"$T+T*n1 Z 6/@ +T*772 Z ag
k=1 k=1
*mpBA
<4DaxGmaxcT + Tlrfi + 27’*77204\/T.
Thus, we have
T
26 E[16x — 0°]3
k=1
D2 T  58D2 2D max Grmax S\
< max max 30 G2 T max - max
ST T e T 300GV T+
T* T
+4) B0 O] +4 Y B0 On)]]
k=1 k=1*+1

D2 T  53D? 2D max Gmax B\

< max max 30 G2 T max Y max

- « +oz(l—)\)2 +ola m‘“f_'— 11—

87 BA
1— A\

+ 16 Do Grnax KT + + 167 noaV/T.

Finally, we apply Jensen’s inequality and complete the proof as

1 & a1
E 6o — 0*13 =E || 75 Y 0 = 0%|| < 7 D E 6 — 63

k=1 2 k=1
 Dia/@ 4 300Gy + 167" | 8Dinax Grnaxr
- 207/ T §
1 [ 58D} DimaxGmaxBA + 47711 BA
T {2045(1 — )2 S(1—N)

E PROOF OF PROPOSITION 1

Proof. For convenience, we denote MQg(yx) := max,cy(y,) Qr(Yr, u), then TrQr = R+ MQ(yx) and TrQp_1 =
R+ MQp—1(yx). If K = 0, we have from (20) that

1P0 (@0, @11l = |7a@o | < IRl + [MQo 30)
SRmax + ’VVma)v



Now, considering k£ > 1 we have

1Dk [Qr, Qr—1]l|

@

< [IR[| +I[(1 + b )MQg — bpMQp—1 |

< Ruax + Y/|(1 4+ bp)M(Qr—1 — ar—1Qr—2 + ak—1Dr—1 [Qr—1, Qr—2]) — bsMQp_1]|

(i)

< Ruax + 7 [|Qr—1ll + (1 + bxfar—1 [|Qr—2ll + [T + br|ag—1 [ Dr—1 [Qr—1, Qr—2]ll , (36)
where (i) follows from the triangle inequality and (ii) follows from the definition of the infinity norm.

To proceed to bound (36), we consider two cases. If k& < Z, there are at most a finite number of Dy, ’s, which are obviously
bounded. If k > ™, we have |1 + bylay_ = £ <1, It follows from (36) that

| Dk [Qk, Qr—1]|l
< Rmax + 7 |Qr—1|l + 7 |Qr—2|| + 7 |1 Pr—1 [Qr—1, Qr—2]||

()
< Ruax + 27Vimax + 7 [ Dr—1 [Qr—1, Qr—2]|l

i k—|m/2] k—|m/2]
< Ruax Z 7" + 2Vimax Z VA AT D e [@img2)s Quimyz)—1] | (37)
1=0 1=1

where |z | denotes the largest integer that is no larger than x. Note that (i) follows from the boundedness of Qj, (Assump-
tion 5), and (ii) follows from applying (i) to D; fort = k — 1,k — 2,...,|m/2] + 1 iteratively. Since v < 1, the first two
items in (ii) are bounded. Obviously, the third item is also bounded. Therefore, there exists some constant D, such that
Dkl < D, Yk > 0.

The bound on €, follows directly from its definition as

lexll = [[Ep (Dx [Qk, Qr—1] (7, w)| Fr—1) — D [Qr, Qr—1]ll
< 2D [Qk, Qr-1]|| < 2D.

Thus we conclude our proof. O

F PROOF OF THEOREM 3

We first prove two lemmas that will be useful for establishing the main results. The first lemma derives the dynamics of Q)
in terms of E,.

Lemma 7. Consider MomentumQ as in Algorithm 1. For any k > 1, we have
1 1
Qr= E(qu = Qo+ (k—m—1)TQk-1)+ %((m +1)TQo — Ex—1). (38)

Proof. We prove the lemma by substituting the learning rates ay, by, ci in Algorithm 1 and using induction. From (19), we
see that Q1 = T1Qo = T Qo — Ey, Thus (38) holds when k& = 1. Now assume (38) holds for a certain integer k& > 1 we
prove it also holds for k& + 1. To see this, we rewrite (19) as

1 k 1 N N
Qui = — Q- 1+k+1Qk+k+1 [k = m)TiQe = (k= m = 1T Qi1
1 1
:k+1Qk_k+1Qk 1+k+1(Qk 1= Qo+ (k—m—1)TQr1
+(m+1)TQo — Ex—1) + W [(k ~m)TeQx — (k—m — 1)71@1@71]
1 1
:k‘—l-leikJ-i-le 1+k+1(Qk 1= Qo+ (k—m—1)TQr_1
+(m+1)TQo— Ex_1)+ k—i—l[(k m)TQr — (k—m —1)TQr_1 — €]
1

:m(Qk — Qo+ (k—m)TQr+ (m+1)TQo — Ey),



which shows that (38) holds for k£ + 1. Therefore, by induction (38) holds for all £ > 1. O

The second lemma derives the propagation of the approximation errors € in the process of Q-function iteration, which can
be proved conveniently using Lemma 7.

Lemma 8. Suppose Assumption 5 holds and m > % as in Algorithm 1. Then for all k > m + 1, we have

@ =l < Vo 1SN (39)
kll > k(].—")/) L rar Y k—i||s

where h = 2v(m + |m| + 2) + 2.

Proof. For k > m + 1, expand @ using (38) in Lemma 7 iteratively, yielding

1Q" — Qxll Z%HQO = Qra+ (k=m = 1)(TQ" = TQx-1) + (m+ 1)(TQ" = TQo) + Ej||

Oyk—m-1)+1, ym+1)+1 Ek

tmm =D+, —Qk,m%m* Qo + 12

(11)7 FE

D0 Qo+ 2 Vo + 12

_ _ k—|m]—2 k—|m]-2

(i) ’Yk [m]—1 * 2h‘/mf1x

S (Um] + DIQ" = @yl + Z 7+ Z *||Ek ill

k—|m]|—2
y(lm]+1) +h i
<2 Viax + — Ey—il],
> k(l—’}/) a +k Zz:(:) 7” k ||
where (i) follows from the triangle inequality and the contraction property (3), (ii) follows from Assumption 5 and because
m > %, h =~(m+ 1)+ 1, and (iii) follows from applying (ii) to ||Q* — Q:|| fort = k — 1,k — 2,...,|m] + 2 iteratively.
Then (39) follows from the definition of h. ]

Lemma 9. (Maximal Hoeffding-Azuma Inequality) [Alon and Spencer, 2008, Chapter 7]

Let {My,M>,...,Mr} be a martingale difference sequence with respect to a sequence of random variables
(X1, Xo,..., X7} (ie. E(My11| X1, Xo, ..., Xi) = 0,V1 < k < T) and uniformly bounded by M > 0 almost surely. If
we define Sy, = Zle M, then for any € > 0, we have

< — .
’ (@k?TSk g 5) =P (2TM2>
Now we are ready to prove the main results of Theorem 3.

Proof of Theorem 3. The proof applies Lemma 8 and the Maximal Hoeffding-Azuma Inequality (Lemma 9).
Applying Lemma 8 with k£ = T', we obtain

~ T—|m]—2
hV; 1 ,
* < max - B .
@ @l s gy e n X VIE

It suffices to bound the second term. For convenience, we denote ' =T — |m| — 2. Observe that

(40)

1< 1< maxo<i<x | Er_i|
1 WEp_| < = Bl < 0<i<K || ET—i
T;V” T ||_T;70g13§(\\ il 07



In remains to bound max || E7_;||. Notice that max ||Er_;|| = max max |Ep_;(x,u)|. For a given (z,u) and € > 0,
0<i<K 0<i<K (2,u)0<i<K

we have

P ( max |Er_;(z,u)| > €>

0<i<K
=P ({OQ%(ET_i(x,u)) > 5} U {OQ%(EH(Q:,U)) > 5}>
=P (Ogliy%(ET_i(a:,u)) > s) +P (Ogg(—ET_i(x,u)) > e) : 1)

where D is specified in Proposition 1. Since {ex(, ) }1>0 is a martingale difference sequence with respect to the filtration
Fi. as defined previously, we apply the Maximal Hoeffding-Azuma inequality (see Lemma 9) and obtain

P (02%((%2(% u)) > 5) = exXp (8([( + 1)D2> ’

and

P (s - Brota > ) <o ().

Then we further bound (41) as

_ < - .
P <Ol'<niag§(|ET—z(x7u)| > E) < Zexp (8( + 1)D2>

Since we consider a finite state-action space where the number of state-action pairs is defined by n, we use the union bound

to obtain §
—
_ < - ).
P <Or<nizi>§(||ET1|| > 5) < 2nexp <8(K i 1)D2)

, and we have

_ 2n
< _ > —
P (02,?%%1” < Dy/8(K +1)log — ) >1-4,

where K = T — |m| — 2. By substituting the above bound into (40) yields the desired result. O

. _ .2
Lettlng 0=2n exp (W)

G PROOF OF COROLLARY 1

In Theorem 3, take § = %, and denote by A the event “inequality (24) holds". Then the conclusion of Theorem 3
becomes P[A7] > 1 — =, or equivalently, P[AS] < -, for all T > m, where the superscript ¢ meaning taking the
set complement. It follows that Y77 P[AS] < > 7 | 7=z < co. By the Borel-Cantelli lemma (see, for example,
Chapter 2.3, Theorem 2.3.1 of [Durrett, 2019]), this implies P[A$. i.0.] = 0, where i.0. stands for infinitely often. This is

\ (T—|m]—1)lognT

equivalent to the statement that Q7 converges to Q* almost surely at a rate of at least O( =72 ), where note

that in (24) the constant D is proportional to ﬁ Using the O notation which ignores the log T factor, the order of the

V(T—|m]—1)logn

convergence rate can be written as @(W) Thus it completes the proof. O
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