Eigenstate Entanglement Entropy in Random Quadratic Hamiltonians
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The eigenstate entanglement entropy is a powerful tool to distinguish integrable from generic
quantum-chaotic models. In integrable models, the average eigenstate entanglement entropy (over
all Hamiltonian eigenstates) has a volume-law coefficient that generally depends on the subsystem
fraction. In contrast, it is maximal (subsystem fraction independent) in quantum-chaotic models.
Using random matrix theory for quadratic Hamiltonians, we obtain a closed-form expression for
the average eigenstate entanglement entropy as a function of the subsystem fraction. We test it
against numerical results for the quadratic Sachdev-Ye-Kitaev model and show that it describes the
results for the power-law random banded matrix model (in the delocalized regime). We show that
localization in quasimomentum space produces (small) deviations from our analytic predictions.

Introduction. Entanglement, a genuine property of
the quantum world, provides unique ways of charac-
terizing quantum many-body systems [1-4]. Studies of
entanglement indicators have contributed novel insights
into properties of ground states [5, 6], quantum phase
transitions [7, 8], information scrambling in nonequi-
librium quantum dynamics [9, 10], and highly excited
Hamiltonian eigenstates that exhibit eigenstate thermal-
ization [11-13] (see Refs. [14-17] for reviews). Models
that display eigenstate thermalization and random ma-
trix statistics in their spectrum are usually referred to
as quantum-chaotic [15]. Typical eigenstates of those
models have a maximal von-Neumann entanglement en-
tropy [18-20].

Let |m) be an eigenket of a lattice Hamiltonian with
two states per site (e.g., spinless-fermion or spin-1/2
Hamiltonians, our focus here) in one dimension. To com-
pute the von-Neumann entanglement entropy (in short,
the entanglement entropy) of |m), we bipartition the lat-
tice with L sites into a subsystem A with L contiguous
sites and the environment B with L — L sites, and trace
out the environment sites to obtain the reduced density
matrix of subsystem A, o\ = Trg{|m)(m|}. The en-
tanglement entropy is S, = —Tr{ﬁgm) In p&m)}.

For highly excited eigenstates of quantum-chaotic lat-
tice Hamiltonians, the leading term in S,,, has been found
to be proportional to L4 (for 1 < La < L/2) and consis-
tent with the thermodynamic entropy at the correspond-
ing energy [18-36]. Since the overwhelming majority of
energy eigenstates in such systems is at “infinite temper-
ature” [15], this means that typical eigenstates have

Sm(La)~InDpy =Laln2, (1)

where D = 24 is the subsystem’s Hilbert space dimen-
sion. Sy, (L4) in Eq. (1) matches the average [37], as well
as the typical [38], entanglement entropy of random pure
states. The presence of conserved quantities, such as the
particle number, only modifies subleading terms [19].

In sharp contrast, translationally invariant quadratic

fermionic models (or models mappable to them) were
proved to exhibit a qualitatively different behavior of
the average and typical entanglement entropy of their
many-body eigenstates [39—41]. While the leading term
in the average is still proportional to L4 (for 1 « Ly <
L/2), its magnitude depends on the subsystem fraction
f = La/L, and is smaller than the maximal value for
f > 0. Qualitatively similar results were obtained nu-
merically for free fermions in a superlattice in two di-
mensions [42], and for the translationally invariant inter-
acting integrable spin-1/2 XXZ chain [43]. The results in
the latter model were very close (potentially identical in
the thermodynamic limit) to the ones in Refs. [39-41].
Integrable models are characterized by extensive num-
bers of nontrivial conserved quantities [44-46], and dis-
play distinct properties such as absence of thermaliza-
tion when taken far from equilibrium [47-50]. This is at-
tributed to the fact that their eigenstates do not exhibit
eigenstate thermalization [13, 43, 50-54]. Lack of ther-
malization close to integrable points is robust enough as
to be accessible in experiments with ultracold atoms [55—
58], in which distributions of conserved quantities (ra-
pidities) were recently measured [59]. It is then impor-
tant to develop theoretical tools to distinguish integrable
from quantum-chaotic models. The results in Refs. [39-
43] show that the eigenstate entanglement entropy is one
of such tools. In contrast to traditionally used spectral
properties, it does not require finding and removing all
symmetries of the model [15]. Another recently used
eigenstate-based tool, the AGP norm, involves studying
the response of energy eigenstates to perturbations [60].
For the eigenstate entanglement entropy, a stepping
stone missing for integrable models that is available for
quantum-chaotic ones is a closed-form expression for the
average entanglement entropy, like the one in Ref. [37],
which could serve as a reference point to compare to re-
sults obtained for specific Hamiltonians. We provide such
a stepping stone in this work by computing the average
entanglement entropy of random quadratic Hamiltoni-
ans. We identify properties of the models to which we



expect it to apply.
The closed-form expression is, for f < 1/2 [61],

1+ /11— f)In(1 - f)

S(LAaf): 1- n2

LAIHQ,

(2)
and we obtain it using random matrix theory (RMT) for
quadratic Hamiltonians. We test Eq. (2) against numer-
ical results for the quadratic Sachdev-Ye-Kitaev (SYK2)
model, and provide evidence that it describes the av-
erage entanglement entropy in the delocalized regime
of the power-law random banded matrix (PLRBM)
model. We also show that localization in quasimomen-
tum space (e.g., because of translational invariance) re-
sults in (small) deviations from Eq. (2). This is in stark
contrast to quantum-chaotic systems, in which transla-
tional invariance is known not to affect the leading term
in the average entanglement entropy [19].

Derivation of Eq. (2). We consider quadratic fermionic
Hamiltonians which, after diagonalization can always be
written as H = Z

particle eigenenergies and {|q) = ¢}|0);¢ = 1,...,L}
are the single-particle energy eigenkets. Let the unitary
transformation between the energy eigenkets and the po-
sition eigenkets {|i) = f7|0); i = 1,..., L} be carried out
by a matrix with elements v;q, so that f; = Zqul VigCq-

5qc ¢q, where g, are the single-

The many-body eigenkets of H can be written as
{1} =TT p, E10) 1 = ,.ox25), here {a b, repre
sents the mth set of occupled smglo particle energy eigen-
kets. Introducing N, = Qchq — 1, for which N,|m) =
N'm) with N;* =1 (—1) for occupled (empty) single-
particle eigenkets, we can write the generalized one-body
correlation matrix (in short, the correlation matrix) as

(jm) <m|fo |m ZNm zq ]q’ (3)

where 4,7 < L4, and we denote the eigenvalues as

{A§m); j=1,..,La}. In Eq. (3), we used the orthonor-
mality condition: §;; = ZqL 1 VigViqr
shorten the notation 7,,, — J and )\gm) — Aj.

The entanglement entropy of many-body eigenket |m)

can then be computed as [6, 62],

T4+X [14+XN] 1=X [1=X
Sm=— L1n J 1] J
S ))
(4)
and the average (over all eigenstates) entanglement en-
— L
tropy is defined as S = 27532 | S,
_ In order to make analytic progress in the evaluation of
S, one can write

Further on, we

SzLAln2—Zlm. (5)

This series was proved to converge in Ref. [39]. The fact
that only even powers of the correlation matrix J appear
in the series enabled the computation of upper and lower
bounds for translationally invariant systems in Refs. [39—-
41]. In this work we use Eq. (5) to obtain a closed-form
expression for S in random quadratic Hamiltonians.

Our central assumption is a random matrix theory
(RMT) assumption for the single-particle energy eigen-
kets. We assume that v;q = uiq/ﬁ, where u;q is a nor-
mally distributed complex variable with zero mean and
unit variance. This is equivalent to assuming that the
quadratic Hamiltonians are represented by random ma-
trices drawn from the Gaussian unitary ensemble (GUE).
We note that our (leading-term) results do not change if
we assume u;, to be a normally distributed real variable
with the same mean and variance or, equivalently, the
Hamiltonians to be represented by matrices drawn from
the Gaussian orthogonal ensemble (GOE) [63].

Let us use our assumption to evaluate the first trace
(n =1) in the series in Eq. (5). Using Eq. (3), we get

1 A
R m
12 E E N "N uqu Ujgy mum2

4,7=1q1,q2=1

| Lla L
72 Z Z |uiq|2|ujq|2v (6)

i,j=1qg=1

Tr{7?}

where the average over all m is NJ* N

the RMT assumption implies that 2521
a =1, j, which yields

= 0gy,4,- Then,
[Uaq|? = La for

L2
Te{J2} = 2 = Laf. (7)
Remarkably, this is the universal result one gets for trans-
lationally invariant systems [39].
We have also computed the averages of traces for pow-
ers n =2, 3, and 4 (see Ref. [63] for details),

T{J7} = La (22— f%) , (8)
Tr{J%} = La (5f° — 6/* +2f°) , (9)
Tr{T8} = La [14f* + O(f%)] . (10)
Plugging these results in Eq. (5), we get
- f f2 4
S=Laln2-L 2+€+7+%+O(f) . (11)

Equation (11) is an exact expansion in f up to O(f?),
since Tr{ 72"} /L4 is in general a polynomial that, in the
thermodynamic limit, contains only powers from f™ up
to f27=1 [39]. The computation of the traces in Eq. (5)
becomes increasingly tedious as n increases [63]. From
the terms in Eq. (11), we conjecture the series to be

S=Lxln2—Lx» / (12)

:111(n+l)7
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FIG. 1. (a) Average entanglement entropy S/(L/2In2) as a
function of the subsystem fraction f. Solid lines show the
maximal value for random pure states (1) and the RMT pre-
diction S for quadratic models (2), while the dashed line and
symbols correspond to numerical results for the SYK2 and the
PLRBM model, respectively, for L = 100 lattice sites. The
numerical results were obtained by averaging over 5 x 10°
many-body eigenstates for each of 500 Hamiltonian realiza-
tions. (b) and (c) Finite-size scaling of (S — Smode1)/(La In2),
where Siodel are the numerical results obtained for the SYK2
and the PLRBM model, respectively. Lines are fits of the
results (for L > 50) to the function ag + a1/L, with free pa-
rameters ag and a1. We get |ao| < 1072 in all cases.

which yields Eq. (2), our main result. A first test of the
correctness of our conjecture is provided by S(L4,1/2) =
(2In2 — 1)L 4, as found in Ref. [64]. We also note that
Eq. (2), and its f > 1/2 counterpart [61], share properties
of Page’s result [37): Sp = LaIn2 — (1/2)D3% /2%, where
Da = 24 if Ly < L/2 and Do = 2F~L4 otherwise.
When comparing the derivatives of S and Sp at f = 1/2,
for f approaching 1/2 from below and above, the first
derivative and all even derivatives of both expressions
agree, while odd derivatives higher than the first do not.
It is conceivable that the same way that Page’s result
describes the average over all pure states, our result (2)
describes the average over all fermionic Gaussian states
(see, e.g., Ref. [65] for recent results on bosons).

SYK2 and PLRBM models. In position space, our
quadratic Hamiltonians (in chains with L sites) read

L
H=2 Ayflf;, (13)

ij

where A;; = A%, In order to test the correctness of our
closed-form expression for the eigenstate entanglement
entropy average (2), we construct matrices A drawn from
the GUE. Namely, matrices whose elements A;x; are
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FIG. 2. Variances o versus 1/L for (a) the SYK2 model,
and (b) the PLRBM model, at different subsystem fractions
f with La being the closest integer to fL. For a given Hamil-
tonian realization, we define o7, = (52 — 52)/(LA In2), where
the average is carried out over all many-body eigenstates. We
then obtain o by averaging o, over M Hamiltonian realiza-
tions (M = 50 for L > 16, M = 100 for L < 16). Lines are
fits to a single-parameter function ai/L for L > 20.

i.i.d. complex numbers whose real and imaginary part are
normally distributed with zero mean and variance 1/L,
while the elements A;; are i.i.d. normally distributed real
numbers with zero mean and variance 2/L. For such ma-
trices A, Eq. (13) is known as the Dirac fermion version
of the SYK2 model (in short, the SYK2 model). Due to
particle-hole symmetry, the entanglement entropy of the
SYK2 model does not change if one replaces the Dirac
fermions with Majorana fermions [64]. In spite of large
interest in entanglement properties of typical eigenstates
of the SYK2 model [64, 66], a closed-form expression for
the subsystem fraction dependence has remained elusive.

In Fig. 1(a), we show that the numerical evaluation of
the average eigenstate entanglement entropy of the SYK2
model, for a chain with L = 100 sites, follows very closely
the analytical prediction (2). The small differences be-
tween the two are due to finite-size effects. In Fig. 1(b),
finite-size scaling analyses for different values of f reveal
that the numerical results converge to the analytic pre-
dictions with increasing system size.

We also studied the average eigenstate entanglement
entropy in the PLRBM model, which is a model that
exhibits a delocalization-localization transition in one
dimension [67]. In that model, the matrix elements
A;; are taken to be real numbers normally distributed
with zero mean and an algebraically decaying variance
Var(Aq;) = 1/[14(|i — j]/8)**]. We use open boundaries
and focus on the delocalized regime by setting o = 0.2
and f = 0.1 [67]. The results for L = 100, also shown
in Fig. 1(a), closely follow our analytic prediction. Once
again the deviations are due to finite-size effects, which
are stronger than for the SYK2 model. In Fig. 1(c), finite-
size scaling analyses for different values of f reveal that
the numerical results for the PLRBM model converge to
the predictions of Eq. (2) with increasing system size.

For both the SYK2 and PLRBM models, we find that
the variances o of the distributions of eigenstate entan-
glement entropies for f > 0 vanish in the thermodynamic
limit, see Fig. 2. This means that the typical eigenstate
entanglement entropy is the same as the average. Hence



both terms can be used interchangeably. For both mod-
els, we find the scaling ¢ o 1/L for large L. It is in-
teresting to note that an identical scaling was found in
Ref. [39] for translationally invariant free fermions in the
limit f — 0, for which it was shown that the distribution
of eigenvalues of the correlation matrices J is described
by a Toeplitz Gaussian ensemble.

Localization in quasimomentum space. Many-body
eigenstates of models that are localized in position space
have an area law entanglement entropy. Hence, the aver-
age and typical eigenstate entanglement entropy in those
models is not described by Eq. (2). In what follows we
discuss what happens for quadratic models that exhibit
localization in quasimomentum space.

First, we consider spinless fermions with nearest neigh-
bor hoppings in a homogeneous lattice with either peri-
odic (PBCs) or open (OBCs) boundary conditions,

L—1
Hpgcjose=— ) (fjfi+1+fj+1fi> -n (fo1+fIfL)7
i=1

(14)
where n = 1 for Hppe and n = 0 for Hope. Previous
studies focused on the entanglement entropy of excited

eigenstates in these and related models [39-42, 68-73].
The volume-law coefficient of the average entangle-
ment entropy Sppc/(La In2) of Hppc can be calculated
numerically very accurately in the thermodynamic limit
(the finite-size effects are exponentially small in L) [41].
Figure 3(a) depicts a finite-size scaling analysis of the
difference between the latter and the volume-law coeffi-
cient in Eq. (2), S/(Laln?2). This analysis shows that
they are (slightly) different. Such a difference highlights
that, contrary to quantum-chaotic systems in which lo-
calization in quasimomentum space does not affect the
volume-law coefficient, in quadratic systems it does [74].
This is consistent with the analytic observation that
the Maclaurin series of S and Sppc (cf. Eq. (57) in
Ref. [41]) differ starting with the term proportional to
f?. Using OBCs one can relax the condition of the
single-particle energy eigenstates being quasimomentum
eigenstates, while still keeping them localized in quasi-
momentum space. The results in Fig. 3(b) suggest that
Sosc/(Laln?2) — Sppc/(La In2) in the thermodynamic
limit, namely, that OBCs do not affect the volume law.

The second example is the quasiperiodic Aubry-André
model [75]

L
Han = Hopc + W Y cos (2noi+¢) fi f;,  (15)
i=1

whose eigenstate entanglement properties have also been
studied in the past [76-78]. We set 0 = (v5—1) /2
to ensure incommensurability of the potential with the
lattice periodicity, and ¢ is a constant. In the regime
we are interested in, namely W < 2, the single-particle
energy eigenstates are delocalized in position space and
localized in quasimomentum space [75, 79].
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FIG. 3. Finite-size scalings at different subsystem fractions
f- (a) (8§ = Sppc)/(Laln2) vs 1/L. Lines are fits to a con-
stant. (b) (Spec — Sosc)/(LaIn2) vs 1/L. Lines are fits to
a two-parameter function ag + a1/L. We get |ao| < 4 x 107°
in all cases. The numerical results in (a) and (b) were ob-
tained averaging over at least 106 many-body eigenstates. (c)
(Sosc — Saa)/(Laln2) vs 1/v/L. The results for Saa are
averaged over A104 — 10% many-body eigenstates for a single
realization of Haa, followed by 100-500 realizations with ran-
dom parameters W € [0.55,0.65] and ¢ € [0,27). Lines are
fits to a two-parameter function g(L) = ao + al/\/f. In pan-
els (a)—(c), we use results for L > 70 in the fits. (d) Quality of
the fits in panel (c), defined as 6% = >, 10s(Ly) — g(L)]?/N,
where ds = (S'OBC — S’AA)/(LA In2) and N is the number of
fitted points. We fix the intercept ag in the function g(L), and
plot § vs ag. Vertical dashed lines depict (Sppc—S8)/(La In2).

We find that the subleading corrections to the volume-
law coefficient of the average entanglement entropy
Saa/(LaIn2) are much larger than in the homogeneous
models. To subtract the effect of OBCs, we compute
(Sosc —Saa)/(LaIn2) and plot it vs 1/v/L in Fig. 3(c).
The results there suggest that the first subleading term in
Saa (for f > 0)is oc /La. We estimate the volume-law
coefficient by finding the minimum of the quality § of the
linear fits in Fig. 3(c). The results in Fig. 3(d) strongly
suggest that Saa is not described by S in Eq. (2) (see
the differences between the positions of minima of § and
the vertical dashed lines). The leading volume-law term
in Saa is very close (possibly the same) as for S'pBC/OBc.

Summary. We report a closed-form expression for the
average eigenstate entanglement entropy S of random
quadratic Hamiltonians [Eq. (2)], which can be seen as
the RMT free-fermion counterpart to Page’s result [37].
We tested it against numerical results for the SYK2
model (and an analytical result for f = 1/2 [64]). We
showed that S describes the average and typical entan-
glement entropy in the PLRBM model (in the delocalized
phase), and that localization in quasimomentum space
leads to (small) deviations from S. As a result, we ex-
pect S to describe the average eigenstate entanglement
entropy of quadratic models whose single-particle eigen-



states are not only delocalized but also sufficiently ran-
dom in the position basis. We expect that correlations in
the coefficients of delocalized single-particle wave func-
tions in the position basis, such as those generated by lo-
calization in quasimomentum space, will lead to (small)
deviations from S. Our results provide a stepping stone
for studies of the average and typical entanglement en-
tropy of eigenstates of integrable models, whose structure
has been recently unveiled as being much richer than the
one of quantum-chaotic models [43, 60, 80].
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