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We study the matrix elements of local operators in the eigenstates of the integrable XXZ chain
and of the quantum-chaotic model obtained by locally perturbing the XXZ chain with a magnetic
impurity. We show that, at frequencies that are polynomially small in the system size, the behavior of
the variances of the off-diagonal matrix elements can be starkly different depending on the operator.
In the integrable model we find that, as the frequency ω → 0, the variances are either nonvanishing
(generic behavior) or vanishing (for a special class of operators). In the quantum-chaotic model,
on the other hand, we find the variances to be nonvanishing as ω → 0 and to indicate diffusive
dynamics. We highlight which properties of the matrix elements of local operators are different
between the integrable and quantum-chaotic models independently of the specific operator selected.

I. INTRODUCTION

The eigenstate thermalization hypothesis (ETH) [1–
5] is the paradigm behind our current understanding for
why thermalization occurs in generic (quantum-chaotic,
nonintegrable) isolated quantum systems and, in particu-
lar, in pure states. While pure states remain pure under
unitary evolution, i.e., they cannot become any of the
mixed states defining traditional ensembles in statistical
mechanics (so that thermalization cannot occur at the
level of the density matrix of the entire system), observ-
ables (few-body operators) can exhibit nontrivial dynam-
ics and equilibration. The matrix elements of observables
in the eigenstates of the Hamiltonian, along with the ini-
tial state, are the ones that determine the dynamics and
expectation values after equilibration. For initial states
with subextensive energy fluctuations (which are the ones
involved in most experimental situations [4, 5]), it turns
out that observables that comply with the ETH are guar-
anteed to thermalize; that is, after equilibration their ex-
pectation values are described by traditional ensembles
of statistical mechanics.
Given an observable Ô, the ETH can be written as the

following ansatz for the matrix elements Onm = 〈n|Ô|m〉

in the energy eigenbasis (Ĥ|m〉 = Em|m〉):

Onm = O(Ē)δnm + e−S(Ē)/2fO(Ē, ω)Rnm, (1)

where Ē ..= (En+Em)/2 and ω ..= Em−En. S(Ē) is the
thermodynamic entropy at energy Ē, Rnm is a random
variable with zero mean and unit variance, and O(Ē)
and fO(Ē, ω) are smooth functions. The first term is
the one that ensures that, if the energy fluctuations are
subextensive in the initial state, the equilibrated result
is described by ensembles of statistical mechanics. The
second term ensures that time fluctuations are small at
long times so that equilibration occurs (due to the fact

that e−S(Ē)/2 is exponentially small in the system size).
Many studies have shown that the behavior of the matrix
elements of observables in quantum-chaotic systems is
described by the ETH ansatz and that, as a result, such
systems thermalize under unitary dynamics [5].

Integrable systems, on the other hand, are a class
known not to thermalize under unitary dynamics for
generic (experimentally relevant) initial states [6–10].
Due to the presence of an extensive number of nontriv-
ial conserved quantities, the structure of the matrix el-
ements of observables in integrable systems is different
from the one prescribed by the ETH. Two fundamen-
tal differences between the behavior of the diagonal ma-
trix elements of observables in integrable and noninte-
grable systems at any given energy are that in integrable
systems the eigenstate to eigenstate fluctuations do not
vanish in the thermodynamic limit [4, 7, 11–16], while
their variance vanishes as a power law in the system
size [15, 17–19], in contrast to the exponential vanishing
with system size of the eigenstate to eigenstate fluctu-
ations and their variance in nonintegrable systems [13–
15, 20–23]. For the off-diagonal matrix elements of ob-
servables, the main difference between interacting inte-
grable systems and quantum-chaotic ones is that in the
former the matrix elements are close to lognormally dis-
tributed [15], while in the latter they are Gaussian dis-
tributed [15, 16, 24, 25].

Breaking integrability weakly leads to anomalous uni-
tary dynamics and, specifically, to prethermalization [26–
37], namely, to dynamics that are dictated by the un-
perturbed integrable Hamiltonian at short times (fast
prethermal dynamics), followed by slow thermalizing dy-
namics dictated by the perturbation [37]. The strength
of a global perturbation needed for quantum chaos and
thermalization to occur is expected to vanish in the ther-
modynamic limit [12, 38–42]. Remarkably, even a local
perturbation such as a magnetic impurity added to an
integrable spin chain has been shown to lead to quantum
chaos and eigenstate thermalization [16, 43–49].

Two recent preprints have explored novel effects of
breaking integrability with a local perturbation [16, 42].
In Ref. [16], it was shown that the diagonal matrix ele-
ments of local operators (with support away from the im-
purity) satisfy the ETH, with the smooth O(Ē) function
in Eq. (1) being the microcanonical ensemble predictions
for the integrable model, while the off-diagonal matrix



2

elements are Gaussian distributed and comply with the
ETH scaling prescribed by Eq. (1). Remarkably, it was
also shown that the variance of the off-diagonal matrix el-
ements of the total spin current operator at low frequen-
cies in the perturbed model exhibits the same ballistic
scaling as in the unperturbed integrable model. This is
consistent with one of the findings in Ref. [49], in which
it was shown that transport is ballistic in the quantum-
chaotic model. Pandey et al. [42], on the other hand,
explored how the norm of the so-called adiabatic gauge
potential (the AGP norm) can be used to probe the emer-
gence of quantum chaos. The AGP norm depends on the
variance of the off-diagonal matrix elements of the oper-
ator used as the perturbation, as well as the energy level
spacing, both in the unperturbed Hamiltonian. A re-
markable finding in Ref. [42] is that, depending on the op-
erator chosen to perturb the integrable model, the AGP
norm exhibits different scaling with system size. For op-
erators that do not break integrability, the AGP norm
scales polynomially, while for operators that break inte-
grability it scales exponentially (as in quantum-chaotic
models). Hence, the latter class of operators does not al-
low one to use the AGP norm to probe the integrability
of the unperturbed model.
One of the goals of this work is to explore how the

low-frequency behavior of the variance of the off-diagonal
matrix elements depends on the operator chosen, at fre-
quencies that are polynomially small in the system size.
This allows us to establish a connection between the find-
ings in Refs. [16] and [42]. Another goal is to identify
which properties of the matrix elements of local opera-
tors are different between the integrable and quantum-
chaotic model independently of the specific operator se-
lected. Those properties allow one to identify a model as
integrable independently of the scaling of the AGP norm.

II. HAMILTONIAN AND OBSERVABLES

As in Refs. [16, 42], our unperturbed integrable model
is the XXZ chain with Hamiltonian (we set ~ = 1):

ĤXXZ =

N−1
∑

i=1

(

σ̂x
i σ̂

x
i+1 + σ̂y

i σ̂
y
i+1 +∆ σ̂z

i σ̂
z
i+1

)

, (2)

where σ̂ν
i , ν = x, y, z, are the ν-Pauli matrices at site i

in a chain with N (even) sites and open boundary condi-
tions. We consider two values of the anisotropy parame-
ter ∆, ∆ = 0.55 in the easy-plane regime (as in Ref. [16])
and ∆ = 1.1 in the easy-axis regime (as in Ref. [42]). We
explore the similarities and differences in the behavior of
the matrix elements of local operators in those regimes.
We perturb the XXZ chain, placing a magnetic impu-

rity at site N/2, which is known to result in a Wigner-
Dyson distribution of nearest-neighbor level spacings [43–
49]. The single-impurity Hamiltonian reads

ĤSI = ĤXXZ + h σ̂z
N/2, (3)

where h (set to h = 1) is the impurity field strength.

The ĤXXZ and ĤSI Hamiltonians commute with
the total magnetization Ŝz =

∑

i σ̂
z
i , [ĤXXZ, Ŝ

z] =

[ĤSI, Ŝ
z] = 0. Our calculations are carried out within

the zero-magnetization sector, 〈Ŝz〉 = 0, which is the

largest one. In ĤSI, reflection symmetry is broken by the
impurity. In the calculations involving ĤXXZ, we break
reflection symmetry by adding a very weak magnetic field
at site i = 1 (h1 = 10−1). The latter perturbation,
like open boundary conditions, does not break integrabil-
ity [43]. We use full exact diagonalization calculations to
compute the matrix elements of observables in the energy
eigenbasis. We consider chains with up to N = 20 sites,
for which the dimension of the Hilbert space of the zero-
magnetization sector is D = N !/[(N/2)!]2 = 184 756.
We focus on three local operators, the magnetization at

site N/2, σ̂z
N/2, which is the operator used to locally per-

turb the XXZ chain to break its integrability; the next-
nearest-neighbor “kinetic” energy per site

T̂NN ..=
1

N

N−2
∑

i=1

(

σ̂x
i σ̂

x
i+2 + σ̂y

i σ̂
y
i+2

)

, (4)

which, if added to the XXZ Hamiltonian as a pertur-
bation, breaks its integrability (as σ̂z

N/2 does); and the

nearest-neighbor “kinetic” energy per site

T̂ ..=
1

N

N−1
∑

i=1

(

σ̂x
i σ̂

x
i+1 + σ̂y

i σ̂
y
i+1

)

, (5)

which, if added to the XXZ Hamiltonian as a perturba-
tion, does not break its integrability (it results in a new

XXZ chain). We note that while σ̂z
N/2 and T̂NN are both

local intensive operators that, if added as perturbations,
break the integrability of ĤXXZ, the former has support
on a single site (at the center of the chain), while the

latter has support on the entire chain, like T̂ .
In Ref. [42], it was found that the AGP norm of σ̂z

N/2

at the integrable point scales exponentially with N , like
the AGP norm of local operators in quantum-chaotic sys-
tems. This opens the question of whether σ̂z

N/2 exhibits

any ETH-like behavior at integrability. T̂ , on the other
hand, does not break integrability if added to the XXZ
chain, and its AGP norm at the integrable point scales
differently from the AGP norm of σ̂z

N/2 [42]. Here we also

study T̂NN which, like σ̂z
N/2, breaks the integrability of

ĤXXZ but its support spans over the entire chain.

III. DIAGONAL ETH

In Fig. 1, we plot the diagonal matrix elements of σ̂z
N/2

[Figs. 1(a) and 1(b)] and T̂NN [Figs. 1(c) and 1(d)] in

the eigenstates of ĤXXZ [Figs. 1(a) and 1(c)] and ĤSI

[Figs. 1(b) and 1(d)] for ∆ = 0.55 (main panels) and
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FIG. 2. Average (a) and (b) |[σ̂z
N/2]nm|2 and (c) and (d)

|[T̂NN]nm|2 vs ω in the (a) and (c) XXZ and (b) and (d) single-
impurity models for ∆ = 0.55 (main panels) and ∆ = 1.1
(insets) for different chain sizes N . The matrix elements were
computed within a small window of energy around Ē ≈ 0 of
width 0.05ε, where ε ..= Emax −Emin denotes the bandwidth.
The averages in ω were calculated in windows with δω = 0.1.

ally invariant integrable XXZ chain [15].
In Fig. 3, we show the distributions of off-diagonal

matrix elements for σ̂z
N/2 [Figs. 3(a) and 3(b)] and T̂NN

[Figs. 3(c) and 3(d)] in the eigenstates of ĤXXZ [Figs. 3(a)

and 3(c)] and ĤSI [Figs. 3(b) and 3(d)] for ∆ = 0.55
(main panels) and ∆ = 1.1 (insets). As in Fig. 2, we com-
puted these distributions using pairs of eigenstates whose
Ē lie in the center of the spectrum, i.e., Ē ≈ 0, within a
small energy window 0.05ε, where ε ..= Emax − Emin de-
notes the bandwidth. Unlike the results shown in Fig. 2,
however, we instead focused on the matrix elements with
ω ≤ 0.05 so that ω ≈ 0. The results in Figs. 3(a)
and 3(c) are qualitatively similar to the ones reported in
Ref. [15] for translationally invariant observables in the
translationally invariant XXZ chain. They show that the
off-diagonal matrix elements are nearly lognormally dis-
tributed in the eigenstates of ĤXXZ (the skewness of the
distributions are similar to the ones in Ref. [15]). The re-
sults in Figs. 3(b) and 3(d) show that, on the other hand,
the off-diagonal matrix elements are normally distributed
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FIG. 3. Probability distribution of the off-diagonal matrix
elements of (a) and (b) σ̂z

N/2 and (c) and (d) T̂NN in the

eigenstates of (a) and (c) ĤXXZ and (b) and (d) ĤSI. The
matrix elements used to compute the distributions were se-
lected within a small window of energy around Ē ≈ 0 of width
0.05ε, where ε ..= Emax − Emin denotes the bandwidth, and
ω ≤ 0.05.

in the eigenstates of ĤSI.
To test whether the off-diagonal matrix elements of

σ̂z
N/2 and T̂NN behave for ω > 0 as in Fig. 3 for ω ≈ 0,

we compute [15]

Γσ̂z
N/2

(ω) ..= |[σ̂z
N/2]nm|2/|[σ̂z

N/2]nm|
2
. (6)

Γσ̂z
N/2

= π/2 for normally distributed matrix elements.

In Fig. 4, we plot Γσ̂z
N/2

[Figs. 4(a) and 4(b)] and ΓT̂NN

[Figs. 4(c) and 4(d)] vs ω in the eigenstates of ĤXXZ

[Figs. 4(a) and 4(c)] and ĤSI [Figs. 4(b) and 4(d)] for
∆ = 0.55 (main panels) and ∆ = 1.1 (insets). For
the quantum-chaotic model [Figs. 4(b) and 4(d)], we find
that the window in ω within which Γσ̂z

N/2
and ΓT̂NN , re-

spectively, are essentially π/2 increases with increasing
system size. We conclude from these results that, for
sufficiently large system sizes, the off-diagonal matrix el-
ements of σ̂z

N/2 and T̂NN in the single-impurity model

are normally distributed independently of the value of
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FIG. 4. (a) and (b) Γσ̂z
N/2

and (c) and (d) ΓT̂NN vs ω [see

Eq. (6)] in the (a) and (c) XXZ and (b) and (d) single-
impurity models for ∆ = 0.55 (main panels) and ∆ = 1.1
(insets) for different chain sizes N . The horizontal line in
(b) and (d) marks π/2. The matrix elements were computed
using the same energy window as in Fig. 2, while the coarse-
graining parameter was chosen to be δω = 0.05.

ω (as expected for an ETH-satisfying system). On the
other hand, for the integrable XXZ chain in Figs. 4(a)
and 4(c), the results for Γσ̂z

N/2
and ΓT̂NN , respectively,

fail to collapse for different systems sizes, showing that
the off-diagonal matrix elements of σ̂z

N/2 and T̂NN are

not normally distributed.
Since the AGP norm for σ̂z

N/2 in the XXZ chain scales

as in quantum-chaotic models [42], the distribution of off-
diagonal matrix elements of σ̂z

N/2 can be used to identify

this model as integrable. We should add that the results
in Fig. 4 for Γσ̂z

N/2
and ΓT̂NN are qualitatively similar to

the ones reported in Ref. [16] for ΓT̂ .

A. Variances at low frequency

Next, we study the low-frequency behavior, at fre-
quencies that are polynomially small frequencies in the
system size, of the variances of σ̂z

N/2 (which are be-
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FIG. 5. Scaled variances of the off-diagonal matrix elements
of (a) and (b) σ̂z

N/2, (c) and (d) T̂NN, and (e) and (f) T̂
in the (a), (c), and (e) XXZ and (b), (d), and (f) single-
impurity models for different chain sizes N . The main panels
show results for ∆ = 0.55, while the insets show results for
∆ = 1.1. The matrix elements were computed within a small
window of energy around Ē ≈ 0 of width 0.075ε. For the
binned averages, we used δω = 0.06 for the integrable (left)
and δω = 5 × 10−4 for the quantum-chaotic (right) models,
such that smooth curves are obtained that are robust against
changes in δω.

hind the “ETH-like” scaling of the AGP norm in the
XXZ chain [42]), of T̂ (which are behind the “integrable-
like” scaling of the AGP norm in the XXZ chain [42]),

and of T̂NN. One of our goals is to identify the distin-
guishing signatures of integrability and quantum chaos
and, within the XXZ chain, of integrability-breaking vs
integrability-preserving operators.

In Figs. 5(a), 5(c), and 5(e), we show the scaled vari-
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ances of the off-diagonal matrix elements of σ̂z
N/2, T̂

NN,

and T̂ , respectively, in the XXZ chain for ∆ = 0.55 (main
panels) and ∆ = 1.1 (insets). The extra N factor in the
y axis in Figs. 5(c)–5(f) accounts for the Hilbert-Schmidt

norm of T̂NN and T̂ [15, 16]. For the three observables
and both values of ∆, we find a regime in ω in which
the variances indicate ballistic dynamics (they are func-
tions of Nω; see the curves collapse for different system
sizes at intermediate values of Nω) [5]. The collapse de-
grades as Nω decreases. This can either be a signature
of diffusive dynamics at longer times or just a result of
finite-size effects [50]. Remarkably, a robust feature in
Figs. 5(a), 5(c), and 5(e) is that, for both values of ∆

as ω → 0, the scaled variances of σ̂z
N/2 and T̂NN do not

vanish (they exhibit a peak for ∆ = 0.55 and a dip for

∆ = 1.1), while the ones of T̂ vanish.

Figures 5(b), 5(d), and 5(f), on the other hand, show
the striking effect that the single-impurity integrability-
breaking perturbation has on the low-frequency behavior
of the variances. For the three observables and both val-
ues of ∆, the variances become clearly nonvanishing as
ω → 0, and they exhibit a plateau for small values of
N2ω, indicating diffusive dynamics (finite-size effects ap-
pear to affect less the magnitude of the variance of σ̂z

N/2

than that of T̂NN and T̂ ), as expected of quantum-chaotic
systems [5].

V. SUMMARY AND DISCUSSION

We showed that the diagonal, and the distribution
of the off-diagonal, matrix elements of local operators
exhibit distinctive behavior in integrable and quantum-
chaotic models independently of the operator chosen.
The variances of the off-diagonal matrix elements at in-
termediate and high frequencies, on the other hand, do
not allow one to distinguish integrable from quantum-
chaotic models. Instead, one needs to study the low-
frequency behavior of the variances to observe differ-
ences. For ω → 0, at frequencies that are polynomi-
ally small in the system size, we found the variances to
be nonvanishing in the quantum-chaotic model, and in
the XXZ chain for two operators that break integrabil-
ity if added as perturbations to the Hamiltonian (σ̂z

N/2

and T̂NN). On the other hand, in the XXZ chain, we
found the variance to vanish for the operator that does
not break integrability if added as a perturbation to the

Hamiltonian (T̂ ).

The ω → 0 behavior observed for σ̂z
N/2, T̂

NN, and T̂ in

the XXZ chain is consistent with the one inferred from
the scaling of the AGP norm in Ref. [42] at exponen-
tially small frequencies in the system size. Since generic
observables are expected to break integrability if added
as perturbations to an interacting integrable model, we
expect the low-frequency behavior identified here for the
variance of the off-diagonal matrix elements of σ̂z

N/2 and
T̂NN to be generic in integrable models (we have already
checked that for other observables). This means that
using generic observables to compute the AGP norm at
integrability does not allow one to identify the model as
integrable because the AGP norm would scale as it does
for local operators in quantum-chaotic systems. Our re-
sults in Fig. 5 show that, in such situations, studying the
distribution of the off-diagonal matrix elements of the
operator allows one to distinguish between the two.
In the quantum-chaotic model generated by the single-

impurity perturbation of the XXZ chain, we found that at
low frequencies the variances of local operators indicate
diffusive dynamics (as expected for generic quantum-
chaotic systems [5]). That said, in Ref. [16] we showed
that the variance of the off-diagonal matrix elements of
the total spin current operator for ∆ = 0.55 in the per-
turbed model exhibits the same ballistic scaling as in
the unperturbed integrable model (consistent with the
ballistic nature of spin transport in both models [49]).
All other properties of the matrix elements of the cur-
rent operator complied with the ETH in the perturbed
model but not in the unperturbed integrable one. An
interesting open question is whether there are similar ex-
ceptions of the lack of low-frequency diffusive scaling in
other quantum-chaotic models.
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[47] O. S. Barǐsić, P. Prelovšek, A. Metavitsiadis, and X. Zo-

tos, Phys. Rev. B 80, 125118 (2009).
[48] A. Metavitsiadis, X. Zotos, O. S. Barǐsić, and
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