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In finite systems driven unitarily across topological phase transitions, the Chern number and the
Bott index have been found to exhibit different behaviors depending on the boundary conditions and
on the commensurability of the lattice. For periodic boundary conditions, the Chern number does
not change for finite commensurate lattices (or in the thermodynamic limit). On the other hand, the
Chern number can change for incommensurate lattices with periodic boundary conditions and the
Bott index can change for lattices with open boundary conditions. Here we show that the scalings
of the fields at which those two indices change exhibit Landau-Zener and near-adiabatic regimes
depending on the speed at which the strength of the drive is ramped up and on the system size.
Those regimes are preceded by a regime in which the topological indices do not change. The latter is
the only regime that, for nonvanishing ramp speeds, survives in the thermodynamic limit. We then
show that the dc Hall response can be used to detect topological phase transitions independently of

the behavior of the topological indices.

I. INTRODUCTION

Dynamically generating topological phases of matter is
a powerful way to explore a variety of topological states
and theoretical models that cannot or are very challeng-
ing to explore in equilibrium [1-6]. Periodic driving, e.g.,
shining circularly polarized light on a material, is one of
the most promising protocols that has been proposed to
dynamically generate (Floquet) topological states [7-13].
A common feature of most of those protocols is that the
Floquet topological states of interest are not adiabati-
cally connected to the initial (trivial) equilibrium states
of the systems that are periodically driven. This has gen-
erated much interest in what happens in real time when
systems are driven across topological phase transitions
[14-25].

For translationally invariant systems in the thermo-
dynamic limit, it was proved that under driven uni-
tary dynamics the Chern number does not change when
crossing a topological phase transition [26, 27]. More
generally, the invariance of the Chern number (among
other topological indices) is ensured by the fixed-point
theorem in topology and the continuity of dynamics.
The fixed-point theorem in topology implies that phases
with distinct Chern numbers have orthogonal many-body
wavefunctions (e.g., in a two-band system there is al-
ways a momentum point at which states of different
Chern numbers point in antipodal directions on the Bloch
sphere), while in continuous dynamics it is impossible
for (¥(t + dt)|y(t)) = 0 when the energy of the state
is bounded. Hence, naive formulations of topological in-
dices are generally invariant under unitary time evolution
in the thermodynamic limit.

The experimental observations of a mnonzero Hall
drift [1, 28] thus inspired a plethora of studies [15,
26, 27, 29-43]. Nonunitary effects, including thermal
baths [29, 31] and dephasing noise [35], were shown to
stabilize a nearly quantized Hall conductance, in much
the same way that a diagonal ensemble of unitary time
evolution would predict [44, 45]. For quantum quenches,

another protocol used to generate topological states [16],
it was found that two different formulations of the bulk
topological winding number that are equivalent for topo-
logical superconductors in equilibrium are nonequivalent
out of equilibrium (one being generically conserved and
the other not) [15].

Another question, the focus of this work, is the role
of the boundary conditions in the dynamics of topo-
logical indices. For systems with open boundary con-
ditions, or in general for systems that are not transla-
tionally invariant, the Bott index is the topological in-
dex that is commonly used to characterize topological
phases in equilibrium [46-48]. When computed out of
equilibrium in systems with open boundary conditions
driven across a topological phase transition, the Bott in-
dex can change [26, 49]. (The local Chern marker [50]
was found to exhibit similar behavior in Ref. [36].) One
can also compute the Bott index in finite translationally
invariant systems [38], in which it is equivalent to the
discretized Chern number usually used in finite-system
calculations [51]. In Ref. [38], we showed that the dis-
cretized Chern number can change in finite translation-
ally invariant systems that are incommensurate, namely,
in translationally invariant systems in which the gap-
closing point(s) is(are) missing in their Brillouin zone.
On the other hand, the discretized Chern number does
not change in commensurate systems, namely, those that
contain the gap-closing point(s) in their Brillouin zone.

One of the goals of this work is to provide a unified
picture of the real-time dynamics of topological indices in
finite periodically driven systems with periodic and open
boundary conditions. We also discuss the scaling with
system size of the critical field of topological transitions
in the Floquet Hamiltonian in lattices with periodic and
open boundary conditions. Another goal is to show that
the dc Hall response can be used to detect topological
phase transitions independently of the behavior of the
discretized Chern number or the Bott index.

The presentation is organized as follows. In Sec. II, we
discuss the model, the drive protocol used to generate
Floquet topological phases, and the geometries consid-



ered. The finite-size scaling of the critical field of the
topological transition of interest in the Floquet Hamilto-
nian is discussed in Sec. III. In that section, we review
results obtained in Ref. [38] for periodic boundary con-
ditions and report results for patch and cylinder geome-
tries. In Sec. IV we study the scaling of the critical field
of the topological transition during the unitary dynamics
generated by ramping up the driving field. We consider
incommensurate translationally invariant systems as well
as patch and cylinder geometries. Section V is devoted
to the study of the dc Hall response in the topologically
trivial and nontrivial ground states of the Floquet Hamil-
tonian in translationally invariant systems, as well as in
the nonequilibrium state generated after ramping up the
driving field. A summary and discussion of our results
are presented in Sec. VI.

II. MODEL, DRIVE PROTOCOL, AND
GEOMETRIES

We study spinless fermions on a honeycomb lattice
with nearest-neighbor hopping and a staggered poten-
tial between the 4 and B sublattice sites, as displayed in
Fig. 1. An in-plane circularly polarized oscillating elec-
tric field is used as the Floquet drive. Setting i = 1, the
Hamiltonian reads
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where the vector potential A(t) = A(sin ¢, cosQt) de-
scribes the drive’s electric field with frequency Q (we la-
bel the period of the drive as T = 27/§). We set the
strength of the staggered potential A = 0.15J to match
the experiment in Ref. [1]. This value of the staggered
potential opens a gap in the static system generating a
trivial insulator at half filling.
Depending on the frequency and strength of the drive,
the resulting Floquet Hamiltonian Hp, defined from

U(T) = exp|—iHpT], (2)

where U (T') is the evolution operator over one period,
displays various topological phases at half filling [38, 52].
Here we focus on the first transition in the high-frequency
regime, for Q = 7J (this value of Q is greater than the
band width). In this regime, to the lowest order in the
drive period [38, 52], the Floquet Hamiltonian is the Hal-
dane model [53]. The topological transition in the ther-
modynamic limit occurs at edA* ~ 0.498. In what fol-
lows, we set e =d = 1.

To dynamically prepare a topological state starting
from the trivial band insulator at A = 0, we turn on
the electric field using a linear ramp with ramp time 7,
such that

At) = t/7. (3)
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Figure 1. Honeycomb lattice with nearest-neighbor lattice

spacing d, and highlighted sublattices A and B. The dot-
ted line indicates the boundaries of the patch geometry (open
boundaries in both directions), while the dashed line indicates
the boundary of the cylinder geometry (translationally invari-
ant in the horizontal direction and zigzag open boundaries in
the vertical one). In our calculations, all cylinders have the
same number of unit cells along both lattice directions, while
lattices in the patch geometry have a roughly equal number
of unit cells in the  and y directions.

Different ramping speeds, system sizes, and, in the trans-
lationally invariant case, the commensurability of the lat-
tice result in different behaviors of the topological indices
as A(t) crosses the critical field.

We study finite lattices with three different boundary
conditions (see Fig. 1): (i) periodic (tori) so that the
systems are translationally invariant, (ii) periodic in one
direction and open in the other one (cylinders), and (iii)
open in both directions (patches). To each of those lat-
tice geometries we associate a specific topological index
that allows one to locate the topological transition in the
Floquet Hamiltonian. For periodic boundary conditions
we use the discretized Chern number (in short, the Chern
number) [38, 51], while for the patch geometry we use the
Bott index [46, 54].

For the cylinder geometry, Fourier expanding in mo-
mentum space along the translational invariant direction
x, the Bott index can be rewritten using the projection
operator Py, onto the periodic part of Bloch states within
filled bands at each k, (see Appendix A):

~ 1 ~ ce o~A oA Lo~ A
Cy(P) = o Im Y~ Trln(Py, e Py, Py, _e 95 ),

(4)
where 6, = 2w /Ly, ky— = ky—2m/L,. The logarithm and
the trace should be evaluated in the subspace spanned by
filled bands at each k,. This formula is a discretized in-
tegral that calculates the Wannier center flow winding
along z [55]. A technical complication arises because
gapless edge states make Fermi seas ill defined in topo-
logically nontrivial phases. It is then necessary to include
in the calculation the relevant (nearly) degenerate states
at the k points at which the edge modes cross, and then
discard the kernel of the operator product due to the
extra state before taking the logarithm. Our dynamical
calculations are not affected by this complication because
the initial state is a topologically trivial insulating state.



The above formulations of the Chern number and the
Bott index are equivalent in the thermodynamic limit.

IIT. SCALING OF THE CRITICAL FIELD IN
THE FLOQUET HAMILTONIAN

In finite lattices, the critical fields A} at which topo-
logical transitions occur in the Floquet Hamiltonian (the
fields at which the topological indices change value) de-
pend on the linear system size L. For translationally in-
variant systems, the size dependence of the critical field
for the topological transition of interest here was studied
in detail in Ref. [38]. There we showed that the com-
mensurability of the lattice plays an essential role. In
commensurate lattices, with linear dimensions L = 3n
(n € Z) which contain the K and K’ points [(3F,4T)
and (%’r, %’T), respectively] at which gaps may close at
the topological transitions, the critical field is system-
size independent starting from L = 3. On the other
hand, in lattices with L = 3n 4+ 1 and L = 3n + 2 the
critical field approaches the thermodynamic limit result
as ~ 1/L?. This occurs because in finite incommensurate
lattices the Chern number cannot resolve the singular be-
havior of Berry curvature at the phase transition until it
spreads out in momentum space as the systems go deeper
into the topological regime.
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Figure 2.  Critical strength of the drive’s field A} plotted

as a function of L for cylinder and patch geometries. For the
cylinders L is the number of unit cells in each lattice direction,
while for the patch geometry L is the square root of the total
number of unit cells (we keep L, ~ L,). The inset shows the
offset AA] = A} — A* from the critical field strength A* in
the thermodynamic limit. We fit power laws AA} oc L2
to the largest system sizes depicted, obtaining « ~ 0.483 for
the patch geometry, 0.519 for cylinders with L = 3n, 0.515
for cylinders with L = 3n + 1, and 0.491 for cylinders with
L = 3n + 2. The dashed lines in the main panel and inset
depict the results of our fits. Note that, in cylinders, finite-
size effects are smallest for L = 3n+2. These are the cylinders
on which we focus in the remainder of this work.

In this section, we use the Bott index (see Sec. II) to
determine A7 for the Floquet Hamiltonian in cylinder
and patch geometries, and to study the system-size de-
pendence of A7 . Figure 2 shows the results obtained for
A3 vs L. For the cylinder geometry L is the (equal)
number of unit cells in each lattice direction, while for
the patch geometry L is defined as the square root of the
total number of unit cells and we keep roughly an equal
number of unit cells in the x and y directions. While A7}
depends smoothly on L for the patch geometry, we find
strong commensurability effects in the cylinder geometry.
In the latter, a smooth dependence on L is seen only if
one looks independently at the results for L = 3n, 3n+1,
and 3n + 2 (finite-size effects being strongest for L = 3n
and weakest for L = 3n + 2). Still, for both geometries
one can see that A} approaches the thermodynamic limit
result A* =~ 0.498 with increasing system size.

In the inset in Fig. 2 we plot AA} = A} — A" vs
L. These plots make apparent that A} approaches the
thermodynamic limit result as a power law in L. Power-
law fits of AAj} for the largest systems sizes (depicted
as dashed lines in the main panel and inset in Fig. 2)
reveal that AA% ~ 1/L. (The local Chern marker ex-
hibits similar scalings in systems with open boundary
conditions [39].) Our scalings in Fig. 2 are to be con-
trasted to AA} ~ 1/L? found for incommensurate lat-
tices with periodic boundary conditions. Since cylinders
with L = 3n + 2 exhibit the smallest finite-size effects,
those will be the ones on which we focus in the reminder
of this work.

IV. SCALING OF THE CRITICAL FIELD IN
THE DYNAMICS

In the thermodynamic limit, and in finite translation-
ally invariant lattices that are commensurate, both the
Chern number and the Bott index of fully filled bands are
invariant upon unitarily driving the system [26, 27, 38,
49]. This comes from the unavoidable diabatic bulk ex-
citation at the phase transition, which occurs because of
the closing of a gap. Such a gap closing is inevitable in the
transition studied here since all symmetries are already
broken. Hence, no detour via symmetry breaking exists
[56], unlike, for example, the case of the Su-Schrieffer-
Heeger model [57, 58].

In this section we study the dynamical regimes that
arise in translationally invariant lattices that are incom-
mensurate, as well as in patch and cylinder geometries,
depending on the system size and the speed at which one
ramps up the strength of the drive’s field.

A. Translationally invariant systems

In Ref. [38] we showed that, in translationally invari-
ant two-band systems [as described by Eq. (1)], unitarily
driving across a topological transition generates Landau-



Zener transitions [35, 36, 59]. In the topological transi-
tion explored there (the same of interest here), the gap
closes at the K’ Dirac point so the momentum states con-
sidered were near that point. In Ref. [38], we also showed
that the Chern number can change in incommensurate
systems for slow enough ramps. Now we connect those
results showing that in incommensurate translationally
invariant systems the finite-size scaling of the excitations
and of the critical field when crossing the topological
transition are described by the Landau-Zener formulas.

The Landau-Zener theory describes coupled two-state
systems in which the diagonal (uncoupled) energies
change linearly in time [60-62],

o= (7 %), %)

with the system initially in the ground state at ¢t = —oo.
A finite coupling V allows transitions to occur, and at
t = oo the probability of finding the system in the excited
state is

Pp = exp(—nV?/p). (6)

For our topological transition, the Landau-Zener formula
gives the final occupation in the higher Floquet band.
For incommensurate translationally invariant systems,
V ~1/L and 8 ~ 1/7, hence V?/3 ~ 7/L?. Henceforth,
we define 7/(L?T) to be the dimensionless Landau-Zener
parameter (in short, the Landau-Zener parameter). Fur-
thermore, we evaluate Eq. (6) via determining the exact
relationships between V and L, as well as # and 7, using:
(i) that V = nup/L at the gap-closing point at A* (vp
is the Fermi velocity), with = 2/9 for our transition
(the gap closes at the K’ point), and (ii) that 3 is the
rate of increase of the time-reversal-breaking mass term
generated by the Floquet drive near criticality [48, 53].

While translationally invariant commensurate systems
are fully excited at the gap-closing momentum after the
topological transition is crossed (V' = 0), this momen-
tum point is absent in incommensurate systems. Fig-
ure 3 shows the highest occupation of any k point in the
conduction Floquet band (dubbed the maximum excita-
tion) across the Brillouin zone, in incommensurate lat-
tices with L = 3n+1 and 3n+ 2, plotted as a function of
the Landau-Zener parameter. The dashed line shows the
Landau-Zener prediction [Eq. (6)]. Three regimes can be
identified:

(i) For fast ramps, the maximum excitation (very close
to 1) depends weakly on 7 [see Fig. 3(a)]. The maximum
excitation in this regime is essentially determined by the
overlap between the initial and final valence-band states,
which depends on the system size.

(ii) For intermediate ramp speeds, one can see a col-
lapse of the maximum excitation for different lattice sizes
when plotted against the Landau-Zener parameter. This
is a regime in which Landau-Zener dynamics dominates
and the maximal excitation occurs in a k point close to
the gap-closing momentum.
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Figure 3. Highest occupation of any k point in the con-

duction Floquet band across the Brillouin zone, in incom-
mensurate lattices with L = 3n + 1 and 3n + 2, plotted as
a function of the Landau-Zener parameter. We show results
for four lattice sizes. The dashed line is the Landau-Zener
prediction [Eq. (6)]. (a) The departure of the maximum oc-
cupation from 1 in the limit of fast ramps. The dashed line is
the Landau-Zener prediction, while the vertical dotted lines
mark the 7 = 507 boundary between the fast-ramp and the
Landau-Zener regimes identified in Fig. 4(b). (b) The max-
imum excitation plotted as a function of the ramp time T,
highlighting the near-adiabatic regime in which Pg ~ 72
(the dash-dotted line depicts 7~2 behavior).

(iii) For slow ramps, the system follows near adiabat-
ically the drive. The maximum excitation no longer ex-
hibits collapse when plotted against the Landau-Zener
parameter. In this regime, diabatic processes other than
those about the gap-closing momentum, or those about
the critical field strength, may dominate the Fermi sea
excitation. Also, the maximum excitation is solely deter-
mined by the ramping speed Pg ~ 772 as expected [63]
[see Fig. 3(b)].

Figure 3 makes apparent that, with increasing system
size, the maximal excitation is described by the Landau-
Zener prediction for a wider range of Landau-Zener pa-
rameters. The collapse extends to smaller [Fig. 3(a)] and
larger (main panel in Fig. 3) values of 7/(L*T). We have
found that the three regimes discussed for Pg in Fig. 3
are also apparent in other quantities. For example, the
Landau-Zener and near-adiabatic regimes can be seen in
Fig. 4(a) for the overlap between the entire time-evolved
state | ) and the lower Floquet band of the final Hamil-
tonian, |¥p).

Another interesting aspect of crossing a topological
phase transition in the thermodynamic limit is the fact
that the excitation density pp = >, PE,k/L2 across
the Brillouin zone should be governed by a KibbleZurek
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Figure 4. (a) 1 — (¥, |U )|, where |¥,) is the time-evolved

state and |¥ r) is the ground state of the Floquet Hamiltonian,
both at the end of the ramp (A = 1), plotted as a function of
the Landau-Zener parameter (main panel) and of the ramp
time (inset). The dash-dotted line in the inset depicts 72
behavior. We show results for the same four lattice sizes as
in Fig. 3. (b) Excitation density pg in the time-evolved state
plotted as a function of the ramp time. As in (a), we show
results for the same four lattice sizes as in Fig. 3. In addition,
for the longest ramp times, we show results for L = 1024.
A fit of the L = 1024 results to 1/7 is shown as a dashed
line. Inset: Discrete derivative « = Alnpg/Aln(r/T) for
the data shown in the main panel (for clarity, we do not show
the results for L = 64). Note the plateau at « = —1, whose
onset (the onset of the KibbleZurek regime) is marked by
a vertical dotted line (at 7 = 507, also shown in the main
panel). Another plateau (o« = —2, indicated by the arrow)
shows the near-adiabatic regime. The latter moves to longer
ramp times as the system size increases (the near-adiabatic
regime is not visible for the two largest system sizes).

scaling pp ~ 7% [64-68]. Integrating Eq. (6) over the
Dirac cone, one finds that in the Landau-Zener regime

a = —1 [36, 40, 69]. In Fig. 4(b) we plot pg vs 7/T for
the same lattice sizes as in Fig. 4(a). Those results show
the existence of an expanding-with-system-size Landau-
Zener regime with KibbleZurek scaling of pg (note that
an increasing number of points collapse onto the 1/7 line)
that is preceded by a nearly size-independent fast-ramp
regime and succeeded by a near-adiabatic one. The anal-
ysis in the inset in Fig. 4(b), whose goal is to determine
the power of a potential power-law decay for each pair
of contiguous data points shown in the main panel, al-
lows us to identify the onset of the KibbleZurek 1/7
regime (7 = 50T, see vertical dotted lines). Note that
7 = 507 also marks the onset of the Landau-Zener regime
in Fig. 3(a). In Fig. 4(b) and its inset one can see that in
the near-adiabatic regime, which for the largest values of
7 considered here is visible only in the three smallest sys-
tem sizes shown, the excitation density is much smaller
than in the Landau-Zener regime and scales as pp ~ 7 2.

The existence of a Landau-Zener regime that, with in-
creasing system size, extends to arbitrarily long ramp
times allows us to describe analytically the scaling of the
dynamical critical field strength A} _ at which the Chern
number changes during the dynamlcs in finite systems.
For that, we use that the time dependence of the proba-
bility to remain in the ground state (the “adiabatic prob-
ability”) for the Landau-Zener problem can be expressed
in terms of parabolic cylindrical functions D,(z) [60],

Pa (VL) =i ¥ [Doge, (o vER)]
(7)

The dynamics in the Landau-Zener regime is then deter-
mined by both the Landau-Zener parameter and the di-
mensionless time /Bt, as one could have concluded from
a dimensional analysis.

For our ramps, the time at which A(¢) = A} is the one
that corresponds to ¢ = 0 in the Landau-Zener problem.
We can then rewrite the dimensionless time at which
the Chern number changes (1/5t*) in terms of the devi-
ation between the dynamical (A7 ;) and Floquet (A7)
critical field strengths (AAE’T = A}, — A}), namely,
VBt* ~ TAA; . In Fig. 5, we plot AA% _(7/T)'/?
as a function of the Landau-Zener parameter The
results exhibit a clear data collapse for over a decade
in the range of Landau-Zener parameters and, for the
largest values of the Landau-Zener parameter shown,
the collapse improves with increasing system size. We
note that, on the other hand, for the smallest values
of the Landau-Zener parameter shown the data are
cut at much larger values of 7/(L?T) than in Figs. 3
and 4(a). This is because the Chern number either
does not change or exhibits oscillatory behavior. In
the presence of oscillations, we report AA% (7/T)/?
at the time the Chern number changes for the first
time only if the state at the end of the ramp has a
nonvanishing Chern number and remains so at long
times under the evolution driven by the final Hamilto-
nian. Figure 5 shows that, with increasing system size,
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Figure 5. Reduced deviation of the dynamical critical field

AA*LYT(T/T)I/2 plotted as a function of the Landau-Zener pa-
rameter for the same lattice sizes as in the previous figures.
The dashed line shows the analytical Landau-Zener prediction
using Eq. (7). For too-small values of the Landau-Zener pa-
rameter no dynamical transition occurs (this is why the data
are cut at much larger values of the Landau-Zener parameter
than in the previous figures). Inset: The same data plotted
using a linear scale for the reduced deviation, whose absolute
value converges to zero for all system sizes as 7 — oo.

longer ramps are needed for the Chern number to change.

The data collapse in Fig. 5 indicates that
Py (\/Bt*,V2/B) is constant at the time at which
the dynamical critical field is crossed. Theoretically,
we expect Py (\/Bt*,VQ/B) = 1/2 at the dynamical
critical field. This can be visualized in the Bloch sphere
picture for two-band systems [38, 70]. In a trivial
initial state near the gap-crossing momentum K’, the
states are within one hemisphere, leaving the other
unoccupied. A threshold Pa (v/Bt*,V?/8) = 1/2 marks
the entrance of the time-evolved state to the other
hemisphere. Hence, we can compute AE’T analytically
by setting Pa (v/Bt*,V?/B) = 1/2 in Eq. (7). We find
that the range of Landau-Zener parameters for which
Pgr in Eq. (6) is smaller than 1/2 (so that P4 > 1/2)
is essentially the same for which we report values of
AA; _(1/T)Y? in Fig. 5. We focus on that range of
Landau-Zener parameters when solving for A7 . Also,
the fact that Pa (v/Bt,V?/B) vs /Bt is oscillatory for
the smallest values of 7/(L?T) shown in Fig. 5 allows
us to understand the oscillatory behavior observed in
the Chern number in that regime. In the presence of
oscillations that cross 1/2, 7* is taken to be the first
time at which Py (\/Bt, %) crosses 1/2.

Figure 5 shows that the theoretical curve extracted this

way agrees well with the numerical results when the latter
exhibit data collapse. When the data departs from the
analytic prediction for large values of the Landau-Zener
parameter, the dynamical critical field can be lower than
its equilibrium counterpart. This is shown in the inset of
Fig. 5 and is the result of micromotion, namely, of the fact
that the system can closely follow the oscillatory electric
field within each driving period [71-73]. To verify that
micromotion is indeed the cause, we carried out the evo-
lution of a system with L = 128 using the Floquet Hamil-
tonian corresponding to the instantaneous field strength
Hp[A(t)]. The results are also reported in Fig. 5 with
solid symbols (denoted as L = 128, Hp[A(t)]). In that
case, AAj _ remains positive as it approaches zero with
increasing Landau-Zener parameter.

B. Cylinder geometry

Here we carry out the same analysis for cylinders. As
mentioned in Sec. I, in order to minimize finite-size ef-
fects, we focus on cylinders with L = 3n + 2.

Quantifying how much, e.g., in terms of overlaps and
the amount of excitations, cylinders are affected by
crossing a topological transition is complicated by the
presence of edge states. Out of equilibrium, the far-
separated topological edges are effectively two discon-
nected one-dimensional systems with possibly different
chemical potentials. Hence, simply taking the ground
state of the final Floquet Hamiltonian to be the refer-
ence state for adiabatic dynamics may not yield mean-
ingful results [36, 40, 74]. As discussed by Privitera and
Santoro [36], in the thermodynamic limit edge states of
the instantaneous Floquet Hamiltonian (with vanishing
coupling to any other state, including those at the oppo-
site edge) can move around in the bulk gap during the
dynamics. As a result, when the crossing point of the
dispersion of opposite edge states shifts, occupied states
end up having a higher energy than unoccupied ones even
though no true excitation has occurred. Those occupied
states need to be identified and included in the reference
state used to quantify excitations. Failing to do this can
result, e.g., in a vanishing overlap between the reference
state and a near-adiabatic time-evolved one.

For the Floquet Hamiltonian in cylinders, our refer-
ence state for adiabatic dynamics |V ) contains the lower
bulk band and all edge states on both sides of the cylin-
der. Consequently, we do not resolve the contributions
of the bulk and the edges independently. For the zigzag
edges considered here, the edge modes extend between
the two Dirac points, 27/3 < ka < 47/3, where a = V3d
is the unit cell spacing [70]. Hence, we take the lowest
L + 1 states for each k£ within this range and L states
elsewhere to form the reference basis. We then compute
the occupation matrices (% (k)|y%(k)), withi =1,..., L
and j =1,..., L(4+1) outside (inside) the edge-state mo-
mentum range. The L singular values of this matrix are
the square roots of occupation numbers. They are used
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Figure 6. (a) 1 —|(U,|¥Ur)|?, where |¥,) is the time-evolved

state and |¥r) is the appropriate reference state of the Flo-
quet Hamiltonian (see explanation in the text), both at the
end of the ramp (A = 1), plotted as a function of the Landau-
Zener parameter in the cylinder geometry. For comparison,
the dash-dotted line (L = 512, TI) shows the results obtained
for the translationally invariant system with L = 512 reported
in Fig. 4(a). Inset: Overlap |(¥,|¥r)|? vs the Landau-Zener
parameter in the fast-ramp regime. (b) Excitation density pg
in the time-evolved state plotted as a function of the ramp
time. For comparison, the dash-dotted line (L = 512, TT)
shows the results obtained for the translationally invariant
system with L = 512 reported in Fig. 4(b). The vertical dot-
ted lines in the inset in (a) and in (b) mark 7 = 507", the ramp
time at which the onset of the Landau-Zener regime was iden-
tified in Fig. 4 for incommensurate translationally invariant
systems.

to compute the overlap (the product of the square of the
singular values) and the excitation density (the mean of
the square of the singular values). One can verify the cor-
rectness of the reference state looking at the spectrum of
these singular values. It should be continuous in k£ and
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Figure 7. Reduced deviation of the dynamical critical field
AZT(T/T)l/z plotted as a function of the Landau-Zener pa-
rameter in the cylinder geometry. For too-small values of the
Landau-Zener parameter no dynamical transition occurs (this
is why the data are cut at larger values of the Landau-Zener
parameter than in Fig. 6). For the slowest ramps, AAjJ .
sometimes becomes negative (~—107°). Inset: The unscaled
AAj , vs /T, which decreases (mostly) monotonically. Us-
ing the approach discussed in Appendix B, we are able to
compute A7 . for larger lattices and longer ramp times than
for the overlaps and excitation densities reported in Fig. 6.

change sharply when the reference state filling number is
one too many.

The overlap obtained this way is shown in Fig. 6(a). It
exhibits collapse when plotted against the Landau-Zener
parameter, for 7 = 507 (see inset), even though the falloff
is not as fast as in the incommensurate translationally in-
variant geometry (see the dash-dotted line for the results
for L = 512). The corresponding excitation density in
Fig. 6(b) obeys the Kibble-Zurek prediction. Notice the
collapse with increasing system size to the results ob-
tained for the incommensurate translationally invariant
geometry with L = 512 (dash-dotted line).

Given the results reported in Fig. 6, it is natural to
expect that the critical field for the dynamical topologi-
cal phase transition in the cylinder geometry exhibits a
Landau-Zener regime that extends to larger values of 7
as the system size increases. Indeed, the behavior of the
reduced dynamical critical field /7 AA - in Fig. 7 dis-
plays the advanced scaling collapse and convergence with
increasing cylinder size. Interestingly, and in contrast to
the results for incommensurate translationally invariant
systems, for the first decade of Landau-Zener parameters
shown /7TAA7 _ is not monotonic. However, we should
stress that, as shown in the inset in Fig. 6, the dynamical
critical ﬁeld itself is mostly monotonic, up to small oscil-
lations similar to the ones observed in the translationally
invariant case. For very slow ramps micromotion again
sometimes results in negative values of AA7 _



C. Patch geometry

The patch geometry has the largest finite-size effects,
as seen in the finite-size scaling analysis of the critical
field for the topological transition in the Floquet Hamil-
tonian (see Fig. 2). Also, in the topological phase, the
distinction between edge and bulk states is ambiguous.
In fact, there are (sometimes discontinuous) ranges of
fillings within the bulk gap for which the Bott index is
nonzero [26]. These issues make it difficult to define a ref-
erence state |¥r), and to carry out analyses such as the
ones reported in Fig. 6 for cylinders. Hence, for patches
we focus on the scaling of the dynamical critical field.

In Fig. 8 we show the reduced deviation of the dynami-
cal critical field plotted as a function of the Landau-Zener
parameter. The results are qualitatively similar to the
ones in Fig. 7 for cylinders. As in the cylinder geometry,
we find that \/7TAAj _ exhibits nonmonotonic behavior,
while the dynamical critical field itself is mostly mono-
tonic (see inset in Fig. 8). Also, the data are consistent
with a collapse that improves and extends to larger val-
ues of the Landau-Zener parameter with increasing patch
size. We note that, in Fig. 8, only patches with L ~ 30,
40, 48, and 60 were systematically studied for many ramp
times 7. Due to their high computational cost, we report
results for L =~ 68 and 76 only for three ramp times. They
are consistent with the trend seen for smaller patches.
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Figure 8. Reduced deviation of the dynamical critical field

AA; L (1/T)*? plotted as a function of the Landau-Zener pa-
rameter in the patch geometry. For too-small values of the
Landau-Zener parameter no dynamical transition occurs. In-
set: The unscaled AAj} . vs 7/T, which decreases (mostly)
monotonically. For L ~ 68 and 76 we only show results for
three ramp speeds. They help gauging convergence with in-
creasing the size of the patch. Qualitatively, the behavior
of the dynamical critical field is similar to that in the cylin-
der geometry reported in Fig. 7. For the longest ramps and
the largest system sizes, the Bott index is computed with the
method in Appendix B.

V. HALL RESPONSES

Our results in Sec. IV show that, when ramping up
the strength of the field of the drive in increasingly large
systems (no matter the boundary conditions), topological
indices such as the Chern number and the Bott index fail
to indicate the crossing of a topological transition. Here
we explore what happens with the more experimentally
relevant Hall responses. We focus on translationally in-
variant systems as, based on our results in Sec. IV, we
expect cylinder and patch geometries to behave similarly
for large systems sizes.

For a static insulating state, the Hall conductivity
given by linear response depends exclusively on the Berry
curvature of the occupied band [75, 76]. Out of equilib-
rium, the Hall conductivity depends both on the time-
evolving state and the Hamiltonian [27, 40, 77]. In this
section we report results for the Hall response of the
ground state of the Floquet Hamiltonian, as well as of
the out-of-equilibrium state generated by ramping up the
strength of the driving field, in translationally invariant
systems.

We probe those states via turning on a weak constant
electric field F, and measuring the transverse displace-
ment. The displacement per unit cell along the primitive
lattice vectors a; and ap is computed evaluating [78]

a

Vi) = 5.1

ZImln(uk(t)|uk+dki(t)>, i=1,2, (8)
k

where uy is the periodic part of the Bloch state at mo-
mentum k, and dk; » is the displacement between neigh-
boring k points along the two reciprocal vectors. From
the stroboscopic transverse displacement Y = (Y7 —Y3)/2
over time, we obtain the time-averaged Hall conductivity
computing

() = 5 )

in units of e%/h, where S is the area of a unit cell. Each
term in the sum in Eq. (8) needs to be monitored over
time to keep them on a continuous Riemann sheet. We
favor the numerical evaluation of the displacement over
the current because within each cycle the current pro-
duced by the Floquet drive and nonequilibrium state
overwhelms the response to the applied field.

A. Floquet ground state

In Fig. 9, we plot the time-averaged Hall conductiv-
ity during the first 50 periods of the drive after turning
on a weak constant electric field E, = 107°. The ini-
tial state is taken to be the ground state of the Floquet
Hamiltonian for driving field strengths between zero and
1 (see legend at the top of Fig. 9). We report results for
commensurate lattices L = 63 [Fig. 9(a)] and L = 126
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Figure 9. Time-averaged Hall response 6.y [see Eq. (9)] of

the ground state of the Floquet Hamiltonian in translation-
ally invariant systems, in units of e*>/h. We show results for
commensurate lattices, (a) L = 63 and (b) L = 126, as well as
for incommensurate ones, (¢) L = 64 and (d) L = 127. The
strength of the Floquet driving field is taken between 0 and
1 and is color coded in the lines according to the legend at
the top. The ticks in the color bar mark the field strengths A
for which results are reported (notice the finer 0.001 resolu-
tion grid about the critical field for the topological transition).
The dashed lines in (b) show the response for A = 0.497 and
0.498 in a lattice with L = 300. Those are the fields closest
to the critical one for which results are reported in all panels.

[Fig. 9(b)], as well as for incommensurate ones L = 64
[Fig. 9(c)] and L = 127 [Fig. 9(d)].

The results in Fig. 9 show that, deep in the trivial
(A — 0) and topological (A — 1) phases, the time-
averaged Hall conductivity rapidly approaches its quan-
tized zero and 1 values, respectively. As the ground
state of the system is taken closer to the transition point
(A* =~ 0.498 in the thermodynamic limit) it takes much
longer for the time-averaged Hall conductivity to be-
come zero (if A < A*) or 1if (if A > A*). The pres-
ence of the gap-closing momentum in finite commensu-
rate systems [Figs. 9(a) and 9(b)] produces a “jump” be-
tween the dynamical responses for A smaller and greater
than A*, which is absent in the incommensurate systems
[Figs. 9(c) and 9(d)]. The jump in the former is the
result of the large Berry curvature concentrated at the
gap-closing momentum about the topological phase tran-
sition.

We expect that, with increasing system size, the Hall
responses of commensurate and incommensurate systems
become similar to each other, with no jump (as a result
of the smooth interpolation of the Berry curvature) and a
wide range of values of 7, about the topological transi-
tion at the longest times shown (because of the increasing
resolution of momenta about the gap-closing point). Our

results in Fig. 9 are consistent with those expectations.
Notice that in commensurate systems the magnitude of
the jump decreases with increasing system size. This is
apparent when comparing the results for A = 0.497 and
0.498 in the lattice with L = 63 [Fig. 9(a)] and in the
lattices with L = 126 and 300 [Fig. 9(b)]. In incommen-
surate systems, on the other hand, the response near the
phase boundary fans out with increasing system size. In
Fig. 9, the average response has mostly acquired a quan-
tized value after 50 driving periods, except for fields close
to the critical one (0.45 < A < 0.55).

B. Time-evolved state

Before turning on E, to study the response of the time-
evolved states obtained at the end of the ramp, we let
those states equilibrate by time-evolving them for long
times with the final Hamiltonian (with A = 1). The
equilibration simulations are run for between 10% and
10* periods under the final Hamiltonian. They allow the
currents that accumulate during the ramp to relax. Such
currents can be generated, e.g., by the higher strength
of the driving field during the second half of the driving
cycles. After equilibration, we measure the displacement
after turning on a weak constant electric field E, = 1075
and also without the field. We define the net displace-
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Figure 10. Time-averaged Hall response 4 [see Eq. (9)] of
the time-evolved state prepared under different ramp times
7 (the strength of the field is always increased from A = 0
to 1) in translationally invariant systems, in units of e?/h.
After the ramp, we evolve the systems for long times (at fixed
A = 1) to probe the state after equilibration (see text). We
show results for commensurate lattices, (a) L = 63 and (b)
L = 126, as well as for incommensurate ones, (c) L = 64
and (d) L = 127, as in Fig. 9. Independently of whether the
Chern number changes or not, the Hall conductivity converges
to the equilibrium quantized value with increasing ramp time
and system size.



ment as the difference between the two.

The Hall response extracted using the net displace-
ment is shown in Fig. 10. Regardless of whether the lat-
tices considered are commensurate or not, and of whether
the Chern number changes or not during the ramp (it
can only change in incommensurate lattices), the time-
evolved states exhibit nontrivial Hall responses that con-
verge to the equilibrium value with increasing ramp time
7 and system size L. This demonstrates that when cross-
ing a Floquet topological transition under driven unitary
dynamics it is possible to create states with nearly quan-
tized Hall response, despite the fact that those states may
have a trivial Chern number. The oscillatory behavior
observed in Fig. 10 is a consequence of the coherent su-
perposition of states in the lower and upper Floquet band
[40, 77]. The magnitude of the oscillations can be seen
to decrease with increasing ramp time and system size.
Beyond ramp times 7 ~ 500, the change in Hall response
is not discernible in Fig. 10.

VI. SUMMARY AND DISCUSSION

We have identified and explored the three dynamical
regimes (fast-ramp, Landau-Zener, and near-adiabatic
regimes) that occur in various observables when ramp-
ing up the strength of a driving field across a topological
phase transition in finite incommensurate periodic lat-
tices as well as in cylinder and patch geometries.

For observables such as the maximal excitation, the
overlap between the time-evolved state and the appro-
priate lowest-energy Floquet reference state, and the av-
erage excitation energy, whenever they can be meaning-
fully defined, we find that the fast-ramp regime is nearly
system-size independent. This regime is followed (for
longer ramp times) by a Landau-Zener one whose extent
in ramp times increases with increasing system size. In
the Landau-Zener regime we showed that the excitation
density is governed by a KibbleZurek scaling pg ~ 77 1.
On the other hand, for very slow ramps, we showed that
there is a near-adiabatic regime in which the magnitude
of the observables is governed by the square of the ramp
speed.

In the fast-ramp regime, and in the initial faster ramp
part of the Landau-Zener regime identified via the previ-
ously mentioned observables, we find that with increas-
ing system size the topological indices do not change (or
oscillate) when crossing the topological transition. Con-
sistent with the fact that the topological indices are in-
variant in the thermodynamic limit, we have shown that
as the size of the lattices increases longer ramp times
are needed for the topological indices to change. When
they do change, we observe a robust regime in which
the dynamical critical field scales with the Landau-Zener
parameter. That regime extends to larger values of the
Landau-Zener parameter with increasing system size.

Finally, we showed that the dc Hall response allows
one to identify the dynamical crossing of a Floquet topo-
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logical phase transition independently of the behavior of
the topological indices. Specifically, we showed that the
states created under driven unitary dynamics after cross-
ing a Floquet topological transition have nearly quan-
tized Hall response when the strength of the driving field
is increased using slow enough ramps. In contrast to
the Chern number and the Bott index, the ramp times
needed to observe a nearly quantized Hall response are
O(1), namely, they do not diverge with increasing system
size.
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Appendix A: Bott index in the cylinder geometry
and its relation to the local Chern marker

Here we provide a derivation of the Bott index expres-
sion in Eq. (4). We note that the original Bott index
formula, albeit computationally more costly, can be used
in cylinders. The Bott index is

N 1 e~
Cy(P) = 5 mTr In(VOVToh), (A1)
s
where U and V are the operators U :=e¥e/Le gnd V .=
e?™9/Ly respectively, projected onto the occupied states.

In cylinder geometries there is translational invariance in
one direction (z in our case), so the U operator can be

written as
N 2
ke,
2
=3 k:c+L><kT ® I, (A2)
ka x

where « are the other degrees of freedom, such as the cell
index in the y direction and sublattice sites, and I, is the
identity operator in these degrees of freedom. Eigenstates
of the Hamiltonian are Bloch states along x. As a result,
the projection operator has the form

kzm

— Z eikzi‘ukwnﬂukwn'e—ikzé

ken

_ § elkwwpkm eflkrwx7
ko

where {|¢k,n)} are the Bloch eigenstates of band n,
|ug,n) is the lattice periodic part of the corresponding

(A3)



Bloch state, and Py, := 3 [, n)(ts,n| is the projec-
tion onto occupied bands at k.. Hence

U=PUP=) P, 22 P (A4)
ka

Plugging U from Eq. (A4) in Eq. (Al) one obtains

Eq. (4).

We note that another topological index of choice for
systems with open boundary conditions is the local Chern
marker. It can be used to probe the Chern number locally
in the real space. It is defined as

47

e(r) = 5 Im > (ra|PEPjPr.), (A5)

where S the unit cell area, and the sum takes place over
the orbitals « in the unit cell at r. When averaged over
an entire patch, the local Chern marker yields zero, re-
flecting the fact that an open boundary system is topo-
logically trivial as a whole [50]. This comes from the large
negative values that the local Chern marker takes at the
edges. The physical picture is that the cyclotronic bulk
and the skipping orbits at the edge have opposite chiral-
ities. The Bott index, on the other hand, eliminates the
edge contribution by gluing opposite edges together and
allowing their chiralities to cancel. Therefore, the Bott
index can be seen as the bulk average of the local Chern
marker.

Appendix B: Efficient calculation of the dynamics of
topological indices

To detect a topological phase change for long enough
ramps in translationally invariant systems, it is sufficient
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to track the time evolution of states near the gap-closing
momenta. It is not necessary to carry out the time evo-
lution of the entire Brillouin zone. The same turns out
to be true for the other two geometries considered in this
work.

In the cylinder geometry, we also find that only states
near the gap-closing momenta need to be time evolved
for long enough ramps. One can further notice that, in
the initial Hamiltonian, there are already edge states at
the top of the valence band. They also end up with the
highest overlap with the topological edge states. For very
long ramps only the top two states of the initial valence
band at each momentum are needed to capture the jump
in Berry curvature. Compared to the full band calcula-
tions, the error introduced in A% _ and AA% _(7/T)/?
in slow ramps is smaller than the size of the éymbols in
Fig. 7.

In the patch geometry, the calculations for very long
ramps also benefit from the presence of initial edge states.
Here the Bott index of a valence band can be sim-
ilarly computed starting from the top of the valence
band as follows. Denote a generic projection matrix by
P(l,h) = Z?:l |i)(i|, where |7) is the ith eigenstate. In
a typical Bott index calculation the indices [I, h] enclose
the valence band and possibly topological edge states.
Instead, one can let [ start somewhere in the bulk and
still obtain a well-behaved Bott index across in the phase
diagram. Thanks to the initial edge states, we can also
track the dynamics of the Bott index in this way. The
resulting error in A7  and AA*LVT(T/T)l/2 is again in-
discernible in our results in Fig. 8.
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