Entanglement in many-body eigenstates of quantum-chaotic quadratic Hamiltonians
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In a recent Letter [Phys. Rev. Lett. 125, 180604 (2020)], we introduced a closed-form analytic
expression for the average bipartite von Neumann entanglement entropy of many-body eigenstates
of random quadratic Hamiltonians. Namely, of Hamiltonians whose single-particle eigenstates have
random coefficients in the position basis. A paradigmatic Hamiltonian for which the expression is
valid is the quadratic Sachdev-Ye-Kitaev (SYK2) model in its Dirac fermion formulation. Here we
show that the applicability of our result is much broader. Most prominently, it is also relevant for lo-
cal Hamiltonians such as the three-dimensional (3D) Anderson model at weak disorder. Moreover, it
describes the average entanglement entropy in Hamiltonians without particle-number conservation,
such as the SYK2 model in the Majorana fermion formulation and the 3D Anderson model with
additional terms that break particle-number conservation. We extend our analysis to the average
bipartite second Rényi entanglement entropy of eigenstates of the same quadratic Hamiltonians,
which is derived analytically and tested numerically. We conjecture that our results for the entan-
glement entropies of many-body eigenstates apply to quadratic Hamiltonians whose single-particle
eigenstates exhibit quantum chaos, to which we refer as quantum-chaotic quadratic Hamiltonians.

I. INTRODUCTION

Many-body quantum chaos is a phenomenon that
underpins our understanding of quantum ergodicity in
many-body systems, and is studied in different fields
of physics ranging from condensed matter systems [1],
quantum gases and analog quantum simulators [1-3], to
high-energy physics [4]. It is also intimately related to
the eigenstate thermalization hypothesis (ETH) [1, 5-8],
which provides a sufficient criterion to explain thermal-
ization of local observables in isolated quantum systems.
Establishing more rigorous relations between the ETH
and many-body quantum chaos is an active research di-
rection [1, 9-14].

Early studies of quantum chaos focused on single-
particle quantum systems that exhibit chaotic dynamics
in the semiclassical limit [15]. In this context, it was
conjectured [16] that the statistics of the energy level
spacings of quantum systems whose classical counter-
part is chaotic agrees with the random matrix theory
(RMT) predictions [17]. As a result, RMT statistics of
level spacings has become a defining property of quan-
tum chaotic systems. These ideas have been extended
to lattice Hamiltonians in regimes that do not have a
semiclassical limit [18-28].

One can divide lattice Hamiltonians into quadratic
Hamiltonians and interacting ones. Quadratic Hamil-
tonians (our focus here) can be expressed in the diag-
onal form H = > £qCleq, where {g,} and {c]} are
the single-particle eigenenergies and the corresponding
creation operators of the single-particle energy eigen-
states, respectively. The many-body eigenstates of those
Hamiltonians are products of single-particle eigenstates,
lg) = éfl|®>. As a consequence of this simple structure,
quadratic models do not exhibit quantum chaos at the

many-body level. Instead, RMT-like properties can be
found in their single-particle sector. For example, the
three-dimensional Anderson model below the localization
transition [29-33] is known to exhibit single-particle level
statistics and wave-function delocalization measures that
agree with the RMT predictions. In what follows we re-
fer to Hamiltonians that exhibit single-particle quantum
chaos as quantum-chaotic quadratic Hamiltonians. They
are to be contrasted to other quadratic Hamiltonians,
e.g., translationally invariant ones, which do not exhibit
single-particle quantum chaos.

One of the motivations of our study is to show that it
is possible to identify the underlying presence of single-
particle quantum chaos in the many-body eigenstates of
quadratic Hamiltonians. Recent studies of a class of
quantum-chaotic quadratic models (SYK2 Hamiltonians)
used the spectral form factor to demonstrate that single-
particle quantum chaos manifests in the many-body spec-
trum as a residual repulsion between distant many-body
energy levels [34, 35].

Interacting (generic) Hamiltonians, on the other hand,
cannot be reduced to bilinear forms in creation and an-
nihilation operators. For those Hamiltonians, RMT-like
properties are explored in the many-body context, e.g.,
by studying the spectral statistics of the many-body
eigenenergies [18-28] or the structure of their many-body
eigenstates [9, 26-28, 36-44]. If properties of an interact-
ing Hamiltonian agree with the RMT predictions, one
says that the Hamiltonian is quantum chaotic. Such
Hamiltonians are to be contrasted to integrable ones, for
which exact solutions are available even in the many-
body context in the presence of interactions.

Many studies have shown that entanglement measures
are effective in identifying quantum chaos at the many-
body level. They include, for example, bipartite [9—



11, 43-75] and multipartite [36, 76, 77] entanglement
measures on Hamiltonian eigenstates, and measures in
the time domain that include the operator space entan-
glement entropy [78-82] and entanglement entropy gen-
eration [83]. Here, we focus on the average bipartite
(von Neumann and second Rényi) entanglement entropy
of Hamiltonian eigenstates. Recent studies, focusing
on the von Neumann eigenstate entanglement entropy,
showed that the average provides a useful tool to distin-
guish quantum-chaotic Hamiltonians [9, 10, 48, 51] from
quadratic [68-70] and interacting integrable [52] ones.

Consider a bipartition of a lattice into two connected
subsystems A (our subsystem of interest) and B. We de-
fine the subsystem fraction as f = V,4/V, the ratio be-
tween the volume Vy4 (i.e., the number of lattice sites) of
subsystem A and the total volume V = V4 + V. The
reduced density matrix p4 of a many-body Hamiltonian
eigenstate |m) in subsystem A is obtained by tracing out
subsystem B, p4 = Trp{pmn}, where p,, = |m){m|. The
von Neumann entanglement entropy of |m) is then de-
fined as

Sy = _T\r{ﬁA lnpAA}v (1)
and the corresponding second Rényi entropy as
S@ = —m[Tr{#A}]. (2)

Throughout this work, we focus on systems with two
states per lattice site (e.g., spinless fermions or spin-1/2
systems), and we are interested in the average (over all
eigenstates) entanglement entropies
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For the Hamiltonians studied here (see Sec. II), the
results for the averages coincide with the typical entan-
glement entropies of many-body energy eigenstates, so
we use both terms interchangeably. We also note that
for all model parameters under investigation, the aver-
age entanglement entropies exhibit a volume law scaling,
i.e, the leading terms in S and S are proportional to
the subsystem volume Vy.

One of the main results from previous studies of the
average von Neumann entanglement entropy is that S
exhibits a leading (volume-law) term of the form: (i)

g = VA In2 (5)
for quantum-chaotic Hamiltonians [9-11, 44, 51], and (ii)

S =co(f)Valn2 (6)
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FIG. 1. The average von Neumann S and second Rényi §(?
entanglement entropies as functions of a subsystem fraction
f- The solid and dashed lines show the analytical predictions
from Egs. (7) and (28), respectively. Circles and squares show
the numerical results for S and S (2), respectively, in many-
body eigenstates of the 3D Anderson model (11) with disorder
W =1 and V = 20% = 8000 sites. The numerical results were
obtained after averaging over 100 randomly selected many-
body eigenstates in each of 10 disorder realizations.

for quadratic Hamiltonians (in the absence of real-space
localization) [61, 68—70, 84] and for the translationally in-
variant (integrable) spin-1/2 XXZ chain [52]. In Eq. (6),
the volume-law coefficient ¢o(f = 0) = 1 and co(f >
0) < 1. In other words, the average in Eq. (6) is not
maximal if the subsystem fraction f does not vanish in
the thermodynamic limit.

Equation (5) tells us that the leading (in V4) term
in the entanglement entropy of typical eigenstates of
quantum-chaotic Hamiltonians is the same as that for the
thermodynamic entropy at the corresponding (“infinite-
temperature”) energy [9-11, 42, 47]. Equation (5) also
coincides with the leading term for the entanglement en-
tropy averaged over random pure states in the Hilbert
space obtained by Page [85].

In relation to Eq. (6), in Ref. [75] we provided a closed-
form expression for ¢o(f) obtained in the context of ran-
dom quadratic Hamiltonians. For such Hamiltonians, the
average von Neumann entanglement entropy of the eigen-
states (for f < 1/2) reads

5- (1o LEL om0
In2

)VAm, (7)

see the solid line in Fig. 1. (The results for f > 1/2 are
obtained replacing V4 — V — V4 and f — 1 — f.) To
derive Eq. (7), we assumed that the coefficients of the
single-particle eigenstates are random and normally dis-
tributed in the position basis. Hence, one expects Eq. (7)
to be the analog of Page’s result [85] for quadratic sys-
tems. The correctness of Eq. (7) was checked numerically
for many-body eigenstates of the SYK2 Hamiltonian in
the Dirac fermion formulation and of power-law random
banded matrices in the delocalized regime [75].

Here we conjecture that Eq. (7) applies to quantum-
chaotic quadratic Hamiltonians, which means that it al-



lows one to identify the presence of single-particle quan-
tum chaos in the many-body eigenstates of quadratic
Hamiltonians. = We test this conjecture for several
quadratic Hamiltonians, ranging from those with non-
local operators to those with only local operators. The
latter include the well-known 3D Anderson model in the
presence of weak disorder, see the circles in Fig. 1. Go-
ing beyond the von Neumann entanglement entropy, we
derive an analytic expression for the second Rényi entan-
glement entropy (see the dashed line in Fig. 1), and show
numerical results (see the squares in Fig. 1 for 3D Ander-
son model results) that support the expectation that it
is also universal for quantum-chaotic quadratic Hamilto-
nians. Note that the second Rényi entanglement entropy
can be viewed as a purity of a subsystem density matrix
of a quantum state, and has been measured in experi-
ments with ultracold atoms on optical lattices [86, 87].

The presentation is organized as follows. In Sec. II,
we introduce the quantum-chaotic quadratic Hamiltoni-
ans under investigation, and discuss the contrast between
the single-particle and many-body results for the level
spacing statistics when there is single-particle quantum
chaos. We then study numerically, in Sec. I1I, the valid-
ity of Eq. (7) in the many-body eigenstates of the models
under investigation. In Sec. IV, we derive an analytical
expression for the second Rényi entanglement entropy,
which we then test numerically. We conclude with a sum-
mary and discussion in Sec. V.

II. QUANTUM-CHAOTIC QUADRATIC
HAMILTONIANS

Quantum-chaotic quadratic Hamiltonians can be di-
vided into two classes: local Hamiltonians, i.e., Hamilto-
nians H that are extensive sums of local operators [oper-
ators that have support on O(1) consecutive lattice sites],
and nonlocal ones. Below we introduce those two classes
separately.

A. Nonlocal Hamiltonians

We consider the quadratic Sachdev-Ye-Kitaev model in
the Dirac fermion formulation (in short, the Dirac SYK2
model),

14
Hpsvie = Y Ayflf, 8)

i,j=1

as well as in the Majorana fermion formulation (the Ma-
jorana SYK2 model),

2V
Hyusvyke = Y iAiXiX;, 9)

i,j=1
where f; ( f: ) is the Dirac fermion annihilation (creation)
operator at site ¢, V is the number of lattice sites for

Dirac fermions, and x; is the Majorana fermion operator.
We assume that the neighboring Majorana fermions are
paired, f; = Xai—1 + iXei and f] = Xai_1 — iXai [88,
89]. The matrix A in Eq. (8) is a complex Hermitian
matrix drawn from the Gaussian unitary ensemble, i.e.,
its diagonal elements are real numbers with zero mean
and 2/V variance, while the off-diagonal elements are
complex numbers with real and imaginary parts having
zero mean and 1/V variance. The matrix A in Eq. (9) is
real and antisymmetric with normally distributed entries
having zero mean and (1 + ¢;;) /V variance [61, 90].
We also consider the general quadratic (GQ) model

v v
Heq= Y Auflfi+ ) (B”ﬁfﬂT +B;jfjfi) 10

ij=1 ij=1

for which the matrices A and B are complex Hermitian
and complex antisymmetric, respectively. Their diagonal
elements are normally distributed real numbers with zero
mean and 2/V variance, while their off-diagonal elements
are complex numbers with normally distributed real and
imaginary parts with zero mean and 1/V variance. The
Hamiltonian in Eq. (10) breaks the particle-number con-
servation present in Eq. (8). Note that the Majorana
SYK2 model also breaks the particle-number conserva-
tion, i.e., the Hamiltonian in Eq. (9) can be presented in
the same form as the Hamiltonian in Eq. (10) when writ-
ten in terms of Dirac fermions. However, the matrices
A and B are related and fully determined by A in that
case.

B. Local Hamiltonians

We also study the Anderson model on a cubic lattice
with V sites [91],

X e WA
HA:—Zfinj‘f‘?ZEifinia (11)
(i.4)

i=1

which is a local Hamiltonian with nearest-neighbor hop-
ping and onsite disorder. The latter is described by in-
dependent uniformly distributed random numbers €; €
[—1,1], so that W is the width of the disorder distribu-
tion. The indices in the sums in Eq. (11) are defined
asi=x+ (y—1)L+ (2 — 1) L? where (z,y, z) are the
Cartesian coordinates of a lattice site, each belonging to
the set [1,..., L] with the linear size L = V'/3. In the
first sum in Eq. (11), (i, 7) denotes nearest neighbor sites
1 and j. We use periodic boundary conditions so the
Hamiltonian is translationally invariant at W = 0.

The 3D Anderson model in Eq. (11) exhibits a
delocalization-localization transition upon increasing W.
For single-particle eigenstates at the center of the energy
spectrum, the critical value of W is W* ~ 16.5 [92-94].
In this work we focus on the delocalized regime W < W*,
and, in the context of the average eigenstate entangle-
ment entropy, in the regime in which the overwhelming



majority of the single-particle eigenstates are delocalized
for the system sizes studied.

We note that the 3D Anderson model conserves the
number of particles. We also study an extended 3D An-
derson model (Hga ) that contains local terms that break
particle-number conservation

Hga ZﬁA-FZAij (szf}L+fjfi) , (12)
(4.4

where A;; = sign(i—j)A. When W = 0, the Hamiltonian
in Eq. (12) is somewhat related to the Hamiltonian of p-
wave superconductors with a pairing field A [95]. We
therefore refer to A as the strength of the pairing field.
Quadratic Hamiltonians that break particle-number
conservation can be diagonalized using a Bogoliubov

transformation, ¢, = Zj aquj + ﬂqu;. The inverse
transformation is fj = Zq VjqCq + qué:fl, where ag; =
vj, and Bg; = 6j,. Hence, the “rotated” Hamiltoni-

ans commute with the quasiparticleenumber operators
é:;éq [96, 97]. For particle-number conserving quadratic

Hamiltonians, ¢, = >_; ag; fj.

C. Level spacing statistics

The statistics of the spacings §; = E; — F;_1 between
nearest neighbor energy levels F;_; and E; is commonly
used to identify quantum chaos. It is convenient to in-
troduce the ratio 7; = min{d;, d;41}/max{d;, d;11}, such
that 7; € [0, 1], which allows one to study statistical prop-
erties without the need of carrying out a spectral un-
folding [98]. Within the Gaussian orthogonal ensemble
(GOE) of RMT, the distribution of ratios 7; was obtained
analytically for 3 x 3 matrices [99]

P () = 27 (r + 7“2)

4 (1 +7+72) 19)

5
2

Numerical studies of the energy level statistics in
quantum-chaotic Hamiltonians have shown that Eq. (13)
closely follows the exact distribution of ratios 7; in large
systems [38, 100].

P (7), when used for the single-particle energy spec-
trum, can also be used to detect single-particle quan-
tum chaos. The nonlocal SYK2-like models introduced
in Sec. ITA comply with the RMT predictions by con-
struction. It is also well known that the level-spacing
statistics of the 3D Anderson model (11) complies with
the RMT predictions in the delocalized regime [101-103].
In the inset in Fig. 2 we show the agreement between
P(7) in the 3D Anderson model and the predictions of
Eq. (13). Moreover, in the inset of Fig. 5(b), we show
that the distribution remains unchanged in the extended
3D Anderson model in Eq. (12).

The main panel in Fig. 2 shows that, in contrast to the
single-particle results in the inset, P () for the many-
body eigenstates of the 3D Anderson model exhibits no
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FIG. 2. The distribution P(7) of level spacing ratios in the
3D Anderson model (11) for W = 1. Main panel: P(7) for the
many-body level spacings on V' = 27 sites. The solid line is
the distribution for uncorrelated random energy levels (14).
The numerical results were obtained using 500 (out of the
227) many-body eigenstates about the mean energy of the
spectrum and averaging over 100 disorder realizations. Inset:
P(7) for the single-particle level spacings on V = 20% = 8000
sites. The solid line is the GOE result for 3 x 3 matrices (13).
The numerical results were obtained using 500 (out of 20%)
single-particle eigenstates about the mean energy of the spec-
trum, and averaging over 100 disorder realizations.

level repulsion (as expected). The numerical results for
P (7) in the main panel agree with the analytic predic-
tions for uncorrelated random energy levels [99]

2

(14)

Therefore, at the energy scale that corresponds to the
mean level spacing of the many-body spectrum, as shown
in Fig. 2, the many-body energy levels of quantum-
chaotic quadratic Hamiltonians behave as uncorrelated
random numbers. This is exactly the way in which the
energy levels of integrable interacting Hamiltonians be-
have [19, 20, 26]. Interestingly, two recent works [34,
35] showed that the many-body spectral statistics of
quantum-chaotic quadratic Hamiltonians exhibit devia-
tions from the predictions for uncorrelated random en-
ergy levels at energy scales comparable or larger than
the single-particle level spacing.

III. VON NEUMANN ENTANGLEMENT
ENTROPY

A. Theoretical considerations

We first describe the main steps needed to calculate
the von Neumann entanglement entropy of the many-
body eigenkets {|m)} of the Hamiltonians introduced in
Sec. II. We denote the single-particle energy eigenkets as



{lg) = é:f]|®>; q=1,...,V}. The many-body eigenkets are
then constructed as {|m) =[], . ehl0);m=1,..,2V},
where {q;}., represent the mth set of occupied single-
particle energy eigenkets.

If the number of particles is conserved, all many-body
correlations for the eigenket |m) can be computed (via
Wick’s theorem) using the V' x V generalized one-body
correlation matrix [68, 104-107]

(Tm)ij = (m| {115 = Fi T m) = 2(pm)iy — 655, (15)

where p,, is the one-body correlation matrix of |m). The
matrix J,, can be written as
v
(Tm)ij = D (m] 2eheq — 1|m) v} v4q, (16)
q=1

where (Qézgéq —1)/m) =1 (—1) for an occupied (empty)
single-particle energy eigenket |¢) in the many-body en-
ergy eigenket |m).

To calculate the von Neumann entanglement entropy
of eigenket |m), we bipartition the system into a con-
nected subsystem A with V4 lattice sites and an envi-
ronment B with V' — V4 lattice sites, and restrict 7, in
Eq. (16) to the entries with 4, from the subsystem A.
Then, the von Neumann entanglement entropy can be
obtained as [106, 108]

Va 14+ X 14+ N 1-X; 1— )\
Sm = ;( 5 ln{Q]—l— 7 ln{2}>,
(17)

where {\;} are the eigenvalues of the restricted 7,,.

If the number of particles is not conserved, all many-
body correlations for eigenket |m) can be computed using
the 2V x 2V generalized one-body correlation matrix [68,
107]

(18)

%:L% my

K:m* _jm*

where the matrix elements of 7, [defined in Eq. (15)]
can be written as

1%
(Tm)ij = Z (m|2¢leq — 11m) (viyvjq — 05,054) . (19)
q=1
and [105, 109]
(Km)ij = (m| £ f1 = FLfT Im) | (20)

which can be written in terms of the parameters of the
Bogoliubov transformation as
v
(Km)ij = Y _ (m|2eleg — 1|m) (v},05, — 0505,) - (21)

q=1

In this case, the von Neumann entanglement entropy
can be calculated from .J,,, restricted to the entries of 7,
and /C,;, with 4,7 in subsystem A,

2Va

Sm:;l_;;\iln

l—l-j\i

- (22)

where {\;} are eigenvalues of the restricted J,,.

B. Numerical results

In Fig. 3, we show the normalized distribution of
eigenstate entanglement entropies Sy,/[Valn2] for the
Dirac SYK2 model (8) [Fig. 3(a)] and the 3D Anderson
model (11) [Fig. 3(b)]. In both cases, the distribution
narrows upon increasing the system size. This is con-
sistent with results reported in Ref. [75], which showed
that the variance 02 =2~V Zi;l (S — 5)2 /(Valn2)?
of the distribution [with S as defined in Eq. (3)] in the

Dirac SYK2 model vanishes as V' — oo. Therefore, the
average entanglement entropy over all eigenstates S, the
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FIG. 3. Distributions of the von Neumann eigenstate en-
tanglement entropies at f = 1/2 for (a) the Dirac SYK2
model (8), and (b) the 3D Anderson model (11) with W =1,
5, and 10. The vertical lines mark the analytical prediction
[Eq. (7)]. We show results for lattices with: (a) V' = 50, 100,
and 150, and (b) V = 10%, 143, and 183, using dotted, dashed,
and solid lines, respectively. The results in (a) were obtained
using at least 10° randomly selected eigenstates, in each of
the 500 Hamiltonian realizations over which we average. The
results in (b) were obtained for 10?, 10%, and 10 randomly
selected eigenstates in each of the 100, 10, and 5 Hamiltonian
realizations for V = 103, 143, and 183, respectively.



quantity on which we focus in the remainder of this pa-
per, coincides with the typical eigenstate entanglement
entropy as V — oo.

In our numerical calculations we approximate the av-
erage over all eigenstates by an average over a set
of randomly selected eigenstates with equal probability
throughout the spectrum. Those averages are then fur-
ther averaged over different realizations of the random
Hamiltonians under consideration. In Appendix A we
show, studying the realization-to-realization fluctuations
for the 3D Anderson model at W = 1, that the average
entanglement entropy over eigenstates of a single Hamil-
tonian provides an accurate estimate for the entangle-
ment entropy obtained after averaging over disorder re-
alizations.

As shown in Ref. [75], the leading volume-law term in
the average entanglement entropy S of the Dirac SYK?2
model (8) agrees in the thermodynamic limit with the
analytical expression S from Eq. (7). It was pointed
out in Ref. [61] that, because of the particle-hole sym-
metry, S in the Majorana SYK2 model (9) exhibits the
same volume-law contribution. This is numerically con-
firmed in the main panel of Fig. 4, where we show that
the difference between the numerical results in finite sys-
tems and the analytic prediction appear to vanish with
increasing system size. The results in the inset in Fig. 4,
for the general quadratic model in Eq. (10), show that
leading volume-law term in the average eigenstate en-
tanglement entropy is actually insensitive to particle-
number conservation. For all results in Fig. 4, the ex-
trapolated thermodynamic limit value of the volume-law
coefficient agrees with the predictions in Eq. (7) to within
limy, v, 500 |S — Siodel]/(Valn2) <5- 10°.

We stress that the difference between the particle-
number conserving and nonconserving models can be de-
tected already in the first subleading term of the aver-
age entanglement entropy. For the nonlocal models in-
troduced in Sec. IT A, the dominant subleading term at
f > 0is a constant. This constant is positive for the par-
ticle nonconserving models such as the Majorana SYK2
model and the general quadratic model (see Fig. 4), and
negative for the particle conserving Dirac SYK2 model
(see Fig. 1 of Ref. [75]).

We next show that the result in Eq. (7) accurately de-
scribes the volume-law contribution to the average en-
tanglement entropies S of quantum-chaotic quadratic
Hamiltonians that are sums of local operators in po-
sition space (local quantum-chaotic quadratic Hamilto-
nians). For this, we focus on the 3D Anderson model
at f = 1/2 (see Fig. 1 for results as a function of
f). In Fig. 5(a) we show results for the traditional
(particle-number conserving) 3D Anderson model (11)
in the delocalized regime, and in Fig. 5(b) we show re-
sults for the extended (particle-number nonconserving)
Anderson model (12). In both cases one can see that
the difference between the numerical results in finite sys-
tems and the analytic prediction decreases with increas-
ing system size. For all results in Fig. 5, we find that
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FIG. 4. Average von Neumann entanglement entropies Sodel
of eigenstates of: (main panel) the Majorana SYK2 model (9)
and (inset) the general quadratic model (10). The averages
were computed over at least 10° randomly selected many-
body eigenstates, and from 100 to 500 Hamiltonian realiza-
tions. Results for Spoael are shown for different subsystem
fractions f, as indicated in the legend, and subtracted from
the analytical prediction S in Eq. (7). Solid lines show the
results of two-parameter linear fits to ap + a1/V using the
data for V > 70. In all cases we get ap < 5-107°.

limy v, oo |S — Smodet|/(Valn2) < 5-107% for W < 3.

We note that there is a significant difference between
the local and nonlocal models in terms of the first sub-
leading correction to the leading volume-law term at
f > 0. While the dominant subleading correction for
nonlocal models is a constant (cf. Fig. 4), it grows subex-
tensively for the local models (cf. Fig. 5). The fits in
Fig. 5 for the 3D Anderson models at f = 1/2 suggest
that S = S+ O(V/V). A similar subleading contribution
was observed for the average entanglement entropy over
eigenstates of interacting integrable models [52]. With
regard to the results for the particle-number conserving
model in Fig. 5(a), we note that for W = 0 it corresponds
to translationally invariant noninteracting fermions in a
cubic lattice, for which the single-particle level statis-
tics does not obey the RMT predictions [111, 112].
The results in Fig. 5(a) for S at W = 0 show that
limy,v, oo |S — Smodel|/(Valn2) # 0. Instead, S ap-
proaches the result for translationally-invariant noninter-
acting fermions in one dimension obtained in Ref. [68]
[shown as a horizontal dashed line in Fig. 5(a)]. This
provides further support to the conjecture put forward in
Ref. [69] that the average entanglement entropy is uni-
versal for all translationally invariant quadratic models.
While in Ref. [70] tight bounds were provided for that
case, the corresponding close-form expression (if any) re-
mains elusive.

A second important observation about the results in
Fig. 5(a) is that the numerically obtained limy. v, o0 |S—
Smodel|/(Va In 2) increases with increasing the magnitude
of W. The small offset is larger for W = 5 (of the or-
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FIG. 5. Average von Neumann entanglement entropies Sodel
of eigenstates of: (a) the 3D Anderson model (11) and (b)
the extended 3D Anderson model (12), at subsystem frac-
tion f = 1/2. The averages were computed over 10 to 10*
randomly selected many-body eigenstates, in from 5 to 500
Hamiltonian realizations. The solid lines show the results of
two-parameter fits to ap+a1/v/V using the data for V > 512.
We get ap < 5- 1074 for W = 1 and 3, and ap = 9.107*
for W = 5. The dotted line in (a) corresponds to a three-
parameter fit ap + aje” 2% (with L = V1/3) to the data
at W = 0 with V > 512 [110]. The horizontal dashed line
marks the thermodynamic limit result obtained numerically
for translationally-invariant noninteracting fermions in one di-
mension Sw—o/(VaIn2) =~ 0.5378 [68]. Inset in (b): The dis-
tribution of ratios of level spacings P (7) at W = 1, A = 0.5,
and V = 8000, for 500 single-particle states around the mean
energy of the single-particle spectrum. The solid and dotted
lines show the results of Egs. (13) and (14), respectively.

der 10_3) when compared to results for W < 3. This is
expected in the light of the mobility edge in the single-
particle spectrum of the 3D Anderson model. Namely,
one expects the differences between the exact averages
over all eigenstates and the predictions from Eq. (7) to
persist in the thermodynamic limit whenever there are
localized states at the edges of the spectrum, and to de-
crease as the fraction of localized states decreases. Hence,

we stress that our numerical results show that the closed-
form expression in Eq. (7) provides an accurate estimate
for the average eigenstate entanglement entropy in the
3D Anderson model at weak disorder (far below W*). It
is interesting to note that even at W = 10, as one can
conclude from the results shown in Fig. 3(b), the average
entanglement entropy is close to the result in Eq. (7).
The functional form of the difference between the results
for finite W < W* in the thermodynamic limit and the
predictions of Eq. (7) is yet to be established.

IV. THE SECOND RENYI ENTROPY
A. Theoretical considerations

The numerical calculation of Sy(,%) is similar to the one
for the von Neumann entanglement entropy in Sec. III,
i.e., one needs to construct an appropriate one-body cor-
relation matrix and obtain the corresponding eigenvalues.
For particle-number conserving systems [107]

Va
52 — Zln {a? +(1-a)?, (23)
i=1

where {o;; i =1,...,Va} are the eigenvalues of the one-
body correlation matrix p,, from Eq. (15), restricted to
entries that belong to subsystem A.

In order to compute S [defined in Eq. (4)] ana-
lytically, we follow a different approach to the one in
Ref. [75]. We first note that in Ref. [61] it was pointed
out (and tested numerically) that the restricted correla-
tion matrix p,, (15) of a typical many-body eigenket |m)
of the Dirac SYK2 model (8) belongs to the S-Jacobi
ensemble with 8 = 2. The distribution of its eigenval-
ues, for different subsystem fractions f, has the following
form [61]:

1 Jel-a)+f0-p-]

Fyle) = 2 f a(l—a) lo—sars]
(24)
where we assumed that the system is at half filling.
Fy(a) is nonzero for @ € [a_,ay], where agx = £ +

V(= f). Using Eq. (24), one can calculate the av-
erage second Rényi entanglement entropy as S =
[da Fr(a) S@(a) by replacing the sum in Eq. (23) by
the integral, >, — Va [ daFy(a).

We write o = (A + 1) /2, where \ are the eigenvalues of
the restricted one-body correlation matrix J in Eq. (15),
to obtain

Ve /RO F(1-f) -
TN 1—A2 (25)
x In {1—%(1—%)] dX,

5@ —




where Ay = £4/4f (1 — f). Next, we replace the loga-
rithm with its power series expansion, which yields

_ Va o= 27k A+ k-1
S(Q)ZW_fZT/ (1-22)
k=1 -

x\/i(l—)ﬁ)—s—f(l—f)—%d)\.

Each integral in the sum in Eq. (26) can be written in
terms of a hypergeometric function,

At 1 /1 1
- Sraowrra-n-La
[ o n

(26)
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with o Fy (a,b,¢,d) = Yr2y “aPe &1 where (a), = 1,
and (a),, = a(a+1)...(a+n—1) for integer n > 0 is
known as a Pochhammer symbol. As a result, the aver-
age second Rényi entropy can be expressed as an infinite
series
_ 2~k
§@ =VA(1—f)ZT 2 Fy [— 1—k,2,4f (1= f)
k=1

(28)
The hypergeometric function for f < 1/2 and k > 1 is
a polynomial of 4f (1 — f) of degree kK — 1. The special
point f = 1/2 is given by the Chu-Vandermonde identity

oF (12,1~ k,2,1) = <§g§>1 £ [113]. Therefore, S?) al-

ways converges to a finite value, as can be verified with
the help of the ratio test.

Equation (28) reduces to simple closed-form expres-
sions in two limiting cases. When f — 0, the distribu-
tion in Eq. (24) becomes a delta function at « = 1/2
and hence the entanglement entropy is maximal S —

Valn2 (see also Ref. [68]). When f = 1/2, Eq. (25)
becomes

_ In(2—+/2

S? = (2 + 2H(T2\/—)> Valn2~ 0457 V4 In2.
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In what follows we test whether S (28) is unisfer?
sal for the average second Rényi entanglement entropy of
eigenstates of quantum-chaotic quadratic Hamiltonians,
in the same way that S (7) is for the von Neumann entan-
glement entropy. We compare S (28) to the numerical
evaluation of S® as defined in Eq. (4). For particle-

conserving models, Sﬁg) is computed evaluating Eq. (23).
We also conjecture that Eq. (28) is valid for models

the particle number is not conserved. In that case, Sr(s)
is computed evaluating

2 Va

52 — Zl

where {5\1} are the eigenvalues of the restricted one-body
correlation matrix Jy, from Eq. (18).

1+)\2

(30)

B. Numerical results

In Fig. 6, we compare S (28) with numerical results
for the average second Rényi entanglement entropy S(2)
of eigenstates of the nonlocal quantum-chaotic quadratic
Hamiltonians introduced in Sec. II A. The comparison
yields qualitatively similar results to the one for the von
Neumann entanglement entropy. Figure 6(a) shows that,
for the Dirac SYK2 model (8), the differences decrease
with increasing system size. The scaling observed sug-
gests that the first subleading correction to the leading
volume-law term is a negative constant. The results in
Fig. 6(b), for the Majorana SYK2 model (9) in the main
panel and for the general quadratic model (10) in the in-
set, are qualitatively similar. The main difference is that
the subleading constant term is positive.

Next, we compare S©) from Eq. (28) with numerical

. o f=02 () Dirac SYK2
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= =0.
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FIG. 6. Average second Rényi entanglement entropies Smo del
of eigenstates of: (a) the Dirac SYK2 model (8), (b) the Ma-
jorana SYK2 model (9), and inset in (b) the general quadratic
model ( 0). The averages we computed as in Fig. 4. Results
for S’mode1 are shown for different subsystem fractions f, as
indicated in the legend, and subtracted from the analytical
prediction @ in Eq. (28). Solid lines are the results of two-
parameter linear fits to ag + a1/V using the data for V' > 70.
In all cases we get ap < 4-107%.
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FIG. 7. Average second Rényi entanglement entropies Smodel
of eigenstates of: (a) the 3D Anderson model (11) and (b) the
extended 3D Anderson model (12) at subsystem fraction f =
1/2. The averages were computed as in Fig. 5. The solid lines
show the results of two-parameter fits to ag + a1/ VvV using
the data for V > 512. We get ap < 5-107% for W =1 and 3,
and ag = 1072 for W = 5. In (a), the dotted line corresponds
to a three-parameter fit to ao + a1/vV + a2/V using the
data for V' > 512 at W = 0. The horizontal dashed line
marks the thermodynamic limit result obtained numerically
for translationally invariant noninteracting fermions in one

dimension, g‘(/f,):o/(VA In2) = 0.4713, see Appendix B.

results for the average second Rényi entanglement en-
tropy S of eigenstates of the local quantum-chaotic
quadratic Hamiltonians (3D Anderson models) intro-
duced in Sec. IIB at f = 1/2. [In Fig. 1 we already
showed that, for the particleenumber conserving 3D An-
derson model (11) in a lattice with V' = 8000 sites and
W = 1, the numerical results for S as a function of
the subsystem fraction f are accurately described by the
analytical prediction S@ from Eq. (28).] The results in
Fig. 7(a) for the particle-number conserving 3D Anderson
model (11) in the delocalized regime, and in Fig. 7(b) for
the extended (particle-number nonconserving) Anderson
model (12), are qualitatively similar to the ones for the
von Neumann entanglement entropy shown in Figs. 5(a)
and 5(b), respectively.

For the particle-number conserving model in Fig. 7(a),
as mentioned before, W = 0 corresponds to a trans-
lationally invariant model, which does not exhibit
single-particle quantum chaos. In that case the re-
sults appear to converge, with increasing system size,
to the thermodynamic limit result obtained numer-
ically for noninteracting fermions in one dimension,
limy v, 500 S /(Valn2) ~ 0.4713 at f = 1/2 [see the
horizontal dashed line in Fig. 7(a), and Appendix B].
We note that it is larger than the value predicted by
Eq. (30) for quantum-chaotic quadratic Hamiltonians.
It is interesting that, in contrast, the volume-law coef-
ficient of the average von Neumann entanglement en-
tropy of translationally-invariant noninteracting fermions
is smaller than the one for quantum-chaotic quadratic
Hamiltonians, see Fig. 5(a).

V. SUMMARY AND DISCUSSION

We studied the entanglement properties of many-body
eigenstates of various quantum-chaotic quadratic Hamil-
tonians, namely, of quadratic Hamiltonians that exhibit
single-particle quantum chaos. By the latter we mean
that the statistics of the single-particle energy levels is de-
scribed by the random matrix theory. We argued that the
entanglement entropies of typical many-body eigenstates
of those Hamiltonians exhibit universal features. Specifi-
cally, we reported numerical evidence that the analytical
expression for the average von Neumann entanglement
entropy introduced in Ref. [75], and for the second Rényi
entanglement entropy introduced here, describe the re-
sults for exemplary quantum-chaotic quadratic Hamilto-
nians. We considered both local and nonlocal Hamilto-
nians, as well as particle-number conserving and noncon-
serving versions of each of them. We also showed that the
average entanglement entropies of many-body eigenstates
of local translationally-invariant quadratic Hamiltonians,
which do not exhibit quantum chaos but have single-
particle eigenstates that are delocalized in real space,
exhibit small but robust deviations from the analytical
predictions for quantum-chaotic quadratic Hamiltonians.

Several questions are left open for future work. Among
those is whether there is a close-form expression for the
average second Rényi entanglement entropy in Eq. (28),
for which we provided closed-form expressions in the lim-
its of subsystem fractions f — 0 and f = 1/2. Also,
our analytical treatment focused on the leading (volume
law) term in the entanglement entropies. As discussed in
Secs. 11T and IV, the subleading terms exhibit interesting
behaviors that still need to be understood analytically.
Finally, as shown in Fig. 1, we note that the averages
(over all eigenstates) of both the von Neumann and sec-
ond Rényi entanglement entropies are concave functions
of f. What happens in “finite-temperature” averages is
an open question. For eigenstates of generic Hamiltoni-
ans, a qualitative difference between the von Neumann
and second Rényi entanglement entropies was conjec-



tured to emerge for averages in microcanonical windows
away from infinite temperature [43]: while the von Neu-
mann entropy is expected to increase linearly with f, the
second (and higher) Rényi entropies were conjectured to
be convex functions.
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Appendix A: Fluctuations over Hamiltonian
realizations

In the main text, we compared analytical results for
S and §@ [cf. Egs. (7) and (28)] with numerical results
S and S® for the von Neumann and second Rényi en-
tanglement entropies, respectively. The numerical results
were obtained by first averaging over Hamiltonian eigen-
states for a single Hamiltonian realization, and then av-
eraging over different Hamiltonian realizations.

Here we explore the realization-to-realization fluctua-
tions. To this end, we compute S as an eigenstate average
for a single Hamiltonian realization, and define (...) as the
average over different Hamiltonian realizations. We de-
fine the corresponding realization-to-realization standard
deviation for the von Neumann entanglement entropy as

, V) - (A1)

Valn2

In what follows S corresponds to the average over 500
random many-body eigenstates in a single Hamiltonian,
while the average (...) is computed over 50 Hamilto-
nian realizations. We also compute the realization-to-
realization standard deviation for the second Rényi en-
tanglement entropy o(?, for which S in Eq. (A1) is re-
placed by S®).

Figure 8(a) shows the standard deviations o and ¢(?)
for the 3D Anderson model at W = 1 for different sys-
tem sizes. o and 0(®) are very small (of the order 10~%)
for the system sizes considered in the main text, and ap-
pear to vanish with increasing system size. In Fig. 8(b),
we plot the relative differences (S —5)/[(V/2)In 2] for 50
different disorder realizations, as a function of the subsys-
tem fraction f. These results show that the realization-
to-realization fluctuations are smaller than the finite-size
corrections to the analytic result S in the thermodynamic
limit. Similar results (not shown) were obtained for the
second Rényi entanglement entropy.
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FIG. 8. (a) Realization-to-realization standard deviations o
and 0?, see Eq. (A1), versus 1/V for the 3D Anderson model
with W = 1. We consider systems with V' € {83, 108, ..., 203},
at subsystem fraction f = 1/2. The lines show results of
second-order polynomial fits to a1/V — a2/V?, with fitting
parameters a1 and as. (b) Relative differences between the
analytical prediction S and numerical results S for the von
Neumann entanglement entropy, versus f. Each point depicts
the result obtained for a single disorder realization in a system
with V' = 20%. For each f, we report results for 50 different
disorder realizations. Note that all points are light gray so
darker means a higher number of overlapping points.

Appendix B: Second Rényi entropy for
translationally invariant free fermions

In Fig. 7(a), we show results for the average second
Rényi entanglement entropy for W = 0, i.e., for transla-
tionally invariant noninteracting fermions in three dimen-
sions. Those results are compared to the result obtained
for translationally invariant noninteracting fermions in
one dimension (1D) [horizontal dashed line in Fig. 7(a)].
Here we show how the latter result was obtained.

We calculated the average second Rényi entanglement
entropy S(® for translationally invariant free fermions
in 1D using Eq. (4) for systems with linear sizes up to
L =34 (weset V— Land V4 — Lga), so that the av-
erage can be computed over all 2% eigenstates. Results
for subsystem fraction f = 1/2 are shown in Fig. 9 as
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FIG. 9. The average second Rényi entanglement entropy
S5® /(Laln?2) versus 1/L, at f = 1/2, for translationally in-
variant free fermions in 1D. The solid line shows the result of
a quadratic fit ap + a2/L? to the data, yielding ap ~ 0.4713.
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a function of 1/L. The dominant subleading contribu-
tion to S /(L4In2) scales as o< 1/L?. Using a fit to
a quadratic function, we obtain an accurate estimate for
the volume-law coefficient in the thermodynamic limit,
limz 1,00 g(g)/(LA In2) ~ 0.4713. It is interesting to
note the different scalings of the dominant subleading
terms in the translationally invariant free fermion Hamil-
tonian in 1D. While for the average second Rényi entan-
glement shown here it vanishes as a power law, it vanishes
exponentially fast with L for the average von Neumann
entanglement entropy [68].
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