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Abstract

Feedrate optimization (FO) and servo error pre-compensation (SEP) are often performed independently to improve the
accuracy and speed, respectively, of computer-controlled manufacturing machines. However, this independent approach
leads to excessive tradeoff between speed and accuracy. To address this issue, the authors have proposed a new concept of
simultaneous FO and SEP (or FOSEP) where SEP is integrated into FO, yielding large reductions in motion time without
sacrificing positioning accuracy relative to independent FO and SEP. However, in their prior work, the authors used linear
programming to achieve FOSEP resulting in the following: (i) inaccuracy in enforcing nonlinear constraints and (ii) poor
computational efficiency for long toolpaths. To address these two problems, this paper proposes a new approach for FOSEP
using windowed sequential linear programming (SLP). The use of SLP improves the accuracy of FOSEP in enforcing
nonlinear constraints; however, it lowers the computational efficiency of FOSEP. Windowing addresses the problem of
low computational efficiency by applying SLP to FOSEP in small overlapping batches. A downside of windowed SLP is
that it may lead to infeasibility in the optimization. This problem is resolved by smoothly switching between the optimal
solution obtained using windowed SLP and a backup conservative solution in case of impending infeasibility. The proposed
windowed SLP with smooth switching approach for FOSEP is validated in simulations where it significantly improves
the accuracy and computational efficiency of FOSEP while guaranteeing feasibility. The practical benefits of the proposed
approach for FOSEP is demonstrated in experiments on a 3D printer where it achieves up to 25% reduction in cycle time
without sacrificing printing quality relative to the conventional approach of independent FO then SEP, both applied to a long
toolpath.

Keywords Feedrate optimization - Pre-compensation - Filtered B-splines - Tracking error - CNC - Linear programming -
Vibration compensation - 3D printing

1 Introduction errors, which could be caused by commanded motion or

disturbance forces like friction and manufacturing process

Productivity and quality are two conflicting requirements
that must be met by computer controlled manufacturing
machines, such as machine tools, 3D printers, and motion
stages [1]. This trade-off is handled in practice by
maximizing the speed of the machines’ feed drives so
long as desired accuracy (tolerance) limits are not violated.
One major source of inaccuracy in feed drives is servo
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forces. Due to the limited bandwidth of servo controllers,
errors caused by commanded motion (i.e., motion-induced
servo errors) often increase with speed; hence, they play a
critical role in the tradeoff between speed and accuracy in
manufacturing machines.

Motion-induced servo errors could be reduced with-
out sacrificing motion speed using servo error pre-
compensation (SEP). The idea behind SEP (also known as
feedforward tracking control) is to modify motion com-
mands to a machine using knowledge of the machine’s servo
dynamics in order to reduce servo errors. SEP could be
performed offline or online, e.g., in the interpolator of a
computer numerical controller (CNC). Examples of SEP
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approaches in the literature include zero-phase tracking
error controller [2], iterative method [3], path-modification
via inverse dynamics [4], input shaper [5], analytical predic-
tion and compensation of contour error [6], model predic-
tive control framework [7], trajectory pre-filter [8], cross-
coupled pre-compensation [9], mirror compensation with
Taylor’s expansion [10], adaptive cross-coupled prediction
compensation [11], cross-coupled dynamic friction control
[12], contour error pre-compensation using Ferguson curve
[13], offline gain adjustment [14], and filtered B splines
[15, 16]. However, existing SEP approaches only focus on
reducing servo error without trying to maximize feedrate.

Conversely, there are numerous works on feedrate
optimization (FO) subject to tolerance constraints. The
standard approach to introduce tolerance constraints into
FO is by imposing velocity, acceleration and jerk limits
[17-20], which indirectly limit the magnitude of servo
errors. However, a more accurate approach to maintain a
desired tolerance is to explicitly impose tracking or contour
accuracy constraints on FO [21-30].

In practice, when FO and SEP are combined, it is
done sequentially as illustrated in Fig. la. FO is first
performed to maximize speed and an optimal motion
trajectory is generated. Then, SEP is applied to the
generated trajectory to compensate impending servo errors.
However, this sequential approach leads to sub-optimality
because it provides no systematic way for FO to benefit
from the reduction of error provided by SEP in maximizing
feedrate. To address this deficiency, the authors have
recently proposed a new concept of simultaneous FO and
SEP (i.e., FOSEP)—see Fig. 1b [30]. In FOSEP, SEP is
integrated into FO as a constraint thus allowing FO to
benefit from the error reduction provided by SEP. When
applied to a 3D printer and precision motion stage, FOSEP
was shown to reduce cycle time up to 47% compared to the
conventional approach of independent (or sequential) FO
and SEP. However, in the authors’ prior work [30], FOSEP
was achieved using linear programming (LP). As a result,
it had two major shortcomings: (i) inaccuracy in enforcing

(a) Independent FO and SEP

MC: motion command

Feedrate- Pre-
Unoptimized optimized compensated Actual
MC ] MC ( 1 MC Servo motion
FO SEP Dynamics
(b) Simultaneous FO and SEP (i.e., FOSEP)
Optimized and
Unoptimized _______________________Dbre-compensated Actual
MC \

' \ MC Servo motion
l .1 SEP | Dynamics

Fig. 1 Tllustration of a independent FO and SEP and b simultaneous
FO and SEP (i.e., FOSEP)
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nonlinear constraints due to linearization errors; and (ii)
poor computational efficiency for long trajectories because
it processed the full motion trajectory in one batch. To
address these shortcomings, this paper makes the following
original contributions:

1. It proposes a windowed sequential linear programming
(Win-SLP) approach for FOSEP, where LP is iteratively
applied to FOSEP in small overlapping batches, thus
significantly improving its accuracy and computational
efficiency.

2. It proposes smooth switching between the optimal
Win-SLP solution and a conservative backup solution
to address the potential for infeasibility in achieving
FOSEP using Win-SLP, thus guaranteeing the existence
of a feasible solution.

3. Using the proposed Win-SLP, it demonstrates the
practical benefits of FOSEP on long toolpaths in
experiments on a 3D printer, leading to 25% reduction
in cycle time without sacrificing motion accuracy
compared to independent FO and SEP.

The rest of this paper is organized as follows: Section 2
gives a brief overview of FOSEP using LP, as proposed
in the authors’ prior work [30]. Section 3 presents the
proposed approach for FOSEP using Win-SLP. A series
of simulations are carried out in Section 4 to validate
the effectiveness of the proposed approach with regard to
accuracy, computational efficiency and feasibility. Then, in
Section 5, the practical benefit of the proposed Win-SLP
approach for FOSEP is demonstrated in experiments on a
3D printer with long tool paths. Conclusions and future
work are presented in Section 6.

2 Overview of FOSEP using linear
programming

Figure 2 illustrates an arbitrary, curved toolpath in the x-
y plane with path parameter s € [0, 1]. Note that s is a
function of time ¢ (i.e., s = s(¢)). Let x4 = f(s) and
ya = g(s) denote a pair of parametric equations in s,
representing the x and y components of desired position,

yA x, = f(s)

v,=8(s) s=1

s=0 X,

Fig.2 Parametric planar curve as function of path variable, s
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respectively. In our prior work [30], we introduced the
concept of FOSEP using LP. To do this, s was discretized as
s(k),k=0,1,2,..N — 1, with fixed sampling interval, Ty,
and expressed as a vector s = {s(0), s(1), ..., s(N — 1)}T.
Then, FO with kinematic constraints F,,,, and A,,;x on
feedrate and axis acceleration, respectively, was formulated

as:
N-—1
ming Y, —s(k)
k=0
st.ostk—=1 <sk) <1 Vk=1.2,..N-1 ()
LB < Fax
2
‘Dz!v;'dj ) 7&2{1] S Amax

Here, D denotes a finite difference operator, while
F,.c and A,,, are vectorized representations of the
corresponding kinematic limits, Fj,,, and A,,,y; L denotes
the total length of path (x4 (k), y4(k)) traversed from k = 0
to N — 1. The variables x; and y, are linearized versions
of x4 = f(s) and y;4 = g(s), which are generally
nonlinear in s. At each time step k, they are linearized
with linearization points s.(k) estimated from an initial
un-optimized trajectory as:

a
Xa(k) = ) - (s(k) = sc(k)) + f(sc(k)) @

8S s=s¢(k)

va(k) is obtained by linearizing g(s) in the same manner;
X4 and y,; are vectorized versions of X4(k) and 3y4(k),
respectively, similar to s. This notation is maintained
hereafter. The linearization procedure is based on the
assumption that s. is a feasible trajectory (that satisfies
all constraints). In practice, this is often a conservative
solution that is known from experience to give satisfactory
performance. In FOSEP, it is assumed that s, is given.
Next, linearized desired x-axis position, X4, is used to
generate modified position command Xg, using a SEP
process represented by Cy. A linear (and stable) model, G s

of the actual servo dynamics, Gy, is used to estimate the
x-axis position as X and tracking error as €, = X; — X.
A similar process is followed for the y-axis using C, and
éy. Then, tracking error limit is imposed as an additional
constraint on the LP formulation as:

iéx| = ‘(I - chx)-i'd < Epax 3

where E,,. is the vectorized form of the maximum
allowable tracking error E,.y; Cy, Gx, C, and Gy
are matrix (lifted) versions of C,, G x» Cy and G s
respectively, based on the finite impulse response (FIR)
of the corresponding system dynamics [16]; and I is the
identity matrix. A similar constraint is imposed on é,. The
implication is that a model of SEP is incorporated into FO,
yielding FOSEP. Since the objective and constraints are
linear, they can be optimized using LP as in [30]. Figure 3
illustrates a block diagram of FOSEP. The optimized x; and
yq from FOSEP are applied to the actual servo dynamics,
G, and G, pre-compensated using C, and Cy, respectively.

It is worth pointing out that Cy and Cy can be any SEP
(feedforward tracking control) method, e.g., [2, 4-6, 8, 9,
11, 13, 15, 16], as long as it has linear dynamics. Also, note
that in lieu of tracking error constraint in Eq. 3, contour error
constraint could be imposed (see [30] for example). Observe
that axis jerk limits (J,4x) can readily be introduced into
Eq. 1, following a similar approach as axis acceleration
limits. However, for the sake of brevity, the imposition of
axis jerk limits are not described in this paper, though axis
jerk limits are implemented and used in simulations and
experiments in Sections 4 and 5.

3 A new approach for FOSEP using windowed
sequential linear programming (Win-SLP)

A major problem with the LP-based FOSEP approach
presented in Section 2 is that the accuracy of the solution

____________
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Fig.3 Block diagram of FOSEP using LP (Note: y-component of SEP and servo dynamics are omitted for simplicity)
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highly depends on the trajectory s. used to initialize the
solution and linearize the constraints in Eqgs. 1 and 3. As
s tends to s, the linearization error converges to zero;
however, when s moves further away from s., depending
on the polynomial order of the nonlinearity in Egs. 1
and 3, the linearization error diverges. Another issue with
the approach in Section 2 is that it processes all N points
of the motion trajectory in one shot. This approach is
reasonable for short trajectories where N is small [30],
but is impractical for long trajectories (which are typical
in manufacturing) due to the curse of dimensionality. In
this section, we present an approach to address these
two issues using windowed sequential linear programming
(SLP), together with a scheme to guarantee feasible
solutions.

3.1 Formulation of FOSEP using SLP

SLP is an optimization technique for solving nonlinear
optimization problems iteratively using LP [33]. Given
an estimate of the optimal solution, a sequence of first-
order approximations (i.e., linearization) of the problem
is executed. In other words, given a constrained non-
linear programming problem with decision variable ¢,
cost function J(q), and a set of inequality constraints

l(g):

ming J(q)

st. 1(g) <0 )

an initial set of linearization points g is given to render the
problem in Egs. 4-5.

ming J(g0) + %5 yeq, @90
st. 1(gy) +VI(gy -(q@—qp <0

&)

Solving (5) using LP gives the optimal solution ¢; at
the Ist iteration. Then, ¢; is used to define a new set of
linearization points to compute optimal solution g, at the
2nd iteration, and this process is repeated i times until an
acceptable level of accuracy in the optimal solution ¢* = ¢;
is attained.

In a similar manner, using SLP, first FOSEP uses sg = s,
at the Ist iteration to linearize the nonlinear term X4, y; to
solve for s1; then s; is used as linearization points in the
2nd iteration, and so on until the optimal solution s* = s; is
obtained. Accordingly, Egs. 1 and 3 can be reformulated as
the pseudocode in Eq. 6.
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1: Initialize:

i=0
50 = S¢
2:
3: do
4: i=1i+1;
) . N-1
5: ming Y, —si(k)
6: st. Vkel[l, N—1],
7 sik —1) < 5 (k) < 1; ©
8: L—D][wfi] < Fpax;
D[Ry, D*[§4,1]
9: ‘ [A]cwdz 1 , ?12 1 < Amax;
10: ‘(1 - GAxCx)-’ACd,i—l‘ , ‘(1 - GAyCy)j’d,ifl‘ < Enax
11: while ’ N Vst — N si_l(k)’ > tol
12: s* =s;

Here, tol represents the maximum allowable difference
between previous and current values of the cost function;
Furthermore, X;;-1 and y,; ; in Eq. 6 respectively
represent x4 and y, of Eq. 2 evaluated using s;_ instead of
Sc.

3.2 Formulation of FOSEP using Win-SLP

Notice that SLP is more computationally expensive than
LP because it involves repeated executions of LP. To
address this problem, a windowed SLP (Win-SLP) scheme
is implemented as illustrated in Fig. 4a. In Win-SLP, rather
than optimizing s; (k) over k € [0, N — 1] fori = 1,2, ...,
the SLP optimization discussed in Eq. 6 is applied within a
window j defined over k € [jNc, jN. + N, — 1], where
Jj = 0,1, is the window index, N, is the length of the
preview interval, and N. < N, is the length of control
interval over k € [jN., jN. + N, — 1]. Upon completion
of the optimization, the window j advances to window
j + 1 by N, time steps. This process is repeated until
Si (jNc+ N — 1) = 1. In mathematical terms, FOSEP using
Win-SLP at iteration i and window j can be formulated as
Egs. 7 and 8:

jNC+N]J_1

min E
s

JNe

—si (k) (N

S.t.Vk € [iNe + 1, jNe + N, — 11,
sitk—1) <si(k) < 1;

Dls; .
LEB < F s (8)
D’[Rg,i- D[4,
|t ] | 2Bl < A
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For j = 0, so = s, is used for determining x40 and y 4.
However, starting from j = 1, s is calculated as

s*(k) k € [ch,ch+Np — N, —1]

=12 : .
so(k) {s(k) k €[jNe+Np—Ne, jNe+ N, — 1]

©))

where s* as shown in Fig. 4a indicates the optimal solution
obtained by applying Win-SLP until window j — 1; § is
defined as:

5(k) =s*(jNc + Np — Ne — 1)
+Aenak — (]Nc +Np —N.—-1)
where (10)
Aena = S*(ch + Np —N.—1)
_S*(ch+Np_NC_2)

The implication of Eq. 9 is that the unused portion of
s* from window j — 1 is used to partially initialize the
optimization in window j. To make up for the missing N,
points used up in window j — 1, § is defined in Eq. 10
such that the speed of the last point of s* in window j — 1
is maintained in the last N, points of s¢ in window j, as
illustrated in Fig. 4a.

Also, at k = jN., kinematic and monotonicity
constraints must be enforced between the solution from

(@
S
1 K
(1 - I)Nc
Window (j — 1)
(b) _ENe,
$ S* ‘ \\ /,:"”5~,r ———
NS N
1 k
JN¢

Window j

Fig.4 Illustration of Win-SLP applied on (a) the current window j —1
with control interval N, and preview interval N, and its augmentation
of the final solution s* by N, points at the end to serve as a complete
initial solution sq for (b) the next window j

window j — 1 and the solution being computed by Win-SLP
in window j. This is achieved as follows (for k = jN,):

s*(k = 1) < si(k) < s*(k — 1) + 4Ty

Ra,i—1()=2%7 (k—D)+x) (k—2)
t dT2 4 S Amax
S
Va,i—1(k)=237 (k—1)+37 (k=2)
T2 =< Amax (11)
o1 (k+1)=2%4 -1 (k) +X5 (k—1)
l TZ[ d S Amax
A A § A
Va,i—1 k+1)=23q,i—1 (K)+3; (k—=1) <A
T2 = Amax
s

Note that X (k) and (k) are respectively defined as
Xq(k) and y4(k) evaluated using s* (k). The same method in
Eq. 11 can be also used to ensure axis jerk continuity. The
ten inequalities in Eq. 11 can be concatenated as I.,,; and
mq,; in Eq. 12 by using the relationship in Eq. 2 for §; on
k € [jN¢, jN. + 1]

lcont,j ©8; = Mcont,j (12)

Furthermore, let Nyys ¢ and Ny, y respectively represent
the lengths of the finite impulse response of Gy and Gy.
Then, Ny = max(Nsys x, Nsys,y) determines the number
of time steps needed for perturbations in both x, y axis
to decay to negligible levels. Let ¢, ;(k) be defined as
éx (k) evaluated using s;(k). Then, the domain of k that
the inequality éx (k) < Epgqy is evaluated at should be
k € [jNe — Nsyg, jNe + Np — 1]. In other words, it also
includes the Ny, time steps preceding the beginning of the
current window j at k = jN, that contribute to é, ; (k).
Thus, the constraints on €y ;_; are formulated as Eq. 13:

lexi1| = {A - GCy) L%dfl ]} < Epax (13)
— sl
=y

It can be re-written as Eq. 14:

S Emax

A%k
e r ]

Xd,i—1
Ak A Ak
_Emax - rx,pxd =< Fx,cxd,i—l =< Emax - rx,pxd

(14)

where I'y , and I'y . represent rows of I, that correspond
to X} (past Ny points from jN.) and £4;—1 (current N,
points from jN.), respectively; here, £ and X4, are
R%5(k) Vk € [jNe — Nyys, jNe — 1] and £q,1(k) Yk €
[jNe, jNe + Np — 1], respectively. A similar equation with
ry, Iy y;andy,;,; | canbe written to constrain &, ;_i.
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Finally, FOSEP using Win-SLP can be represented as the
pseudocode in Eq. 15:

1: Initialize:

i=0
j=0
2: do
3: if j = 0 then
4: S0 =S¢
5: else
6: Eq.(9)
7: end if
8. do (15)
9: i=i+1; '
10 ming Z]J(Z;;f\’rl —s; (k)
11 st. Eq.(8).(12),(14)
12 while |20 500 - D T 0] 2
tol

13: s*(k) = si(k) Vk € [N, (j + DN — 1]
14 j=j+1L
15: while s(jNe + N+ 1) < 1

3.3 Guaranteeing feasibility of Win-SLP

Since (3.2) is defined as a finite horizon optimization with
preview length N, << N, the solution determined at
window j may lead to infeasibility in future windows, with
no recourse to generate a feasible solution [34]. Infeasibility
could be catastrophic in online implementation of FOSEP
where it is impossible to go back to the past to re-compute
a feasible solution. Therefore, to guarantee feasibility using
Win-SLP, we develop a scheme whereby at window j,
solution s; must have a complementary backup solution that
is feasible Vk € [N, N — 1].

The proposed approach is illustrated in Fig. 5 and
summarized as a flow chart in Fig. 6. In Fig. 5a, an optimal
trajectory s*(k) Yk € [(j — DN, (j — DN + N, — 1]
(represented as (), as well as a feasible backup solution
s(k) Vk € [(j — DN+ N[?s (J — DNe + Np + Nsys — 1]
(represented as () is created to smoothly patch onto (P.
When the window recedes by N, as in Fig. 5b and k
is updated from £k = (j — 1)N, to jN,, the trajectory
transitions to the previously-generated backup (represented
as (3)) if either of the below two attempts encounters
infeasibility:

— Attempt 1: Optimization of s;(k) Vk € [jN¢, jN. +
N, — 1] (represented as @) for any SLP step i;

— Attempt 2: Generation of a feasible backup solution
5(k)Vk € [[Nc+Np, jNe+Np+Nsys—1] (represented
as ®)

This iterative process is possible by the definition of
backup solution s. in Eq. 2; at k = 0, s, serves as a
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trajectory N.

(a)s_ \ D

(b e ®

1 k

Fig. 5 Overview of scheme to guarantee feasibility of Win-SLP
consisting of: a generation of backup solution in window j — 1; and b
adoption of first N, points of backup solution (i.e., ®) if no optimal
solution @) or backup solution (3) can be found in window j

kinematically conservative profile that satisfies constraints
in Eq. 15.

The reason for generating the backup solution § up to
Nyys time steps beyond the end of window j is that the
transition from () to (3 can create a transient effect on
the actual response of the system dynamics x and y in

Is Eq. (15)
feasible Vk € No
[N N, + N, -
1

Transition to backup, i.e.,
k), j>0
s*(k) = .
) {sc(k). j=0
Vk € [iN,, G+ DN, ~ 1]

Can a feasible
backup § be
generated for N,
points after /N, +
N,-1?

5" (k) = s(k)
keE[N, G+ DN, - 1]

S

Fig. 6 Flow chart of scheme for guaranteeing feasibility of FOSEP
using Win-SLP discussed in Section 3.3

—
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Fig. 3. These transients can cause é, and é, to violate their
tolerance limit E,,,. However, this perturbation will die
down in both axes within Njys time steps; thus, if there
exists a feasible trajectory s*(k) Vk € [jNc + Np, jNc +
Nj + Nyys — 1], there also will exist a feasible trajectory on
the rest of the trajectory, i.e., Yk € [j Ne+Np+Ngys, N—1],
due to the availability of s, which is the ultimate backup
solution. Therefore, guaranteeing a feasible solution on
Nyys backup points is enough to guarantee feasibility within
the entire trajectory s*(k) k € [0, N — 1].

Furthermore, the smoothness of the transition from (7) to
(@ can be guaranteed by how §, as well as s, is generated:
First, the values of the final displacement, feedrate, and
acceleration at s*((j — 1)Ne + N, — 1) (the last point
of (D) are identified and represented as s;,, fin, and
ain, respectively. Then, a standard trapezoidal acceleration
profile (TAP) [8] is created from s = s*((j —1)Nc.+N,—1)
to s = 1. TAP chooses a conservative set of limits on the
feedrate and acceleration as Fj,x.c and A;ux,c, as well as
initial boundary conditions as s;,, fin, and a;,, respectively,
to create 5. Also, to ensure smoothness at the axis level,
the axis velocity profiles of X; and y,; evaluated using §
are filtered with a moving average filter H(z) [35] with
time constant T = Fyax,¢/Amax.c. By choosing the first
Nyys points of §, 5 Yk € [(j — D)N¢e + Np, (j — DNe +
N, + Ngys — 1] is generated such that it connects to (D
smoothly. Then, a check is made on whether 5(k) Vk €
[(j —DN:+ Np, (j —1)N¢e + Np + Ngys — 1] respects the
limits to determine whether Attempt 2 (described above) is
feasible in window j — 1 as in Eq. 16:

_Emax - Fx,p-i:;*j =< Fx,c-i'd =< Emax - Fx,pvej; (16)
where X4 represents X4 defined at 5(k) Yk € [(j — 1) N, +
Ny, (j = 1)N¢+ Np + Ngys — 1] with H(z) applied, and £
represents X5 (k) Vk € [(j —1)Ne+Np — Nyyg, (j — D Ne+

N, —1].

4 Validation of proposed approach via
simulation

The goal of this section is to validate the accuracy,
computational efficiency and guaranteed feasibility of the
proposed Win-SLP approach for FOSEP via a series of
simulations. For this purpose, a 2nd order linear system
dynamics in the x- and y- axis has been selected, as shown
inEq. 17:

w2

G,=G, = ——-—" 17
* VTS24 20 wns + w2 (17

n

Its parameters are chosen as w, = 27 x 50 = 314.16
rad/s and ¢ = 0.1. Then, G, and G, are discretized with

sampling time 7y = 1 ms and approximated as an FIR filter
by stacking its truncated impulse response as Eq. 18:

Ximp 0 0

Gy~ | O Fimr (18)
: : 0
0 0 Ximp

where x;,,,), is the truncated impulse response column vector
of Gy with length Ny, which is identified as 400 for the
system in Eq. 17. For SEP, C; = C, is generated via
the filtered B spline (FBS) approach [15] because of its
effectiveness and versatility in handling any type of linear
system dynamics [16].

A 5th degree B spline with uniform knot vector is used
to generate C, using the FBS method. The number of
trajectory points in the B spline is selected as the length of
8¢, and the ratio of number of B spline basis functions to the
length of the trajectory is 1:20. In Win-SLP, N, = 50 and N,
= 15 are used so that adjacent windows are overlapped by 35
points; rol = 1073 is used for SLP termination threshold.

All simulations are conducted using circles of radius R.
The simulations are conducted using MATLAB® R2019a
on a Windows PC with Intel Core 17-8750H CPU and 16
GB RAM. In each simulation, the initialization trajectory,
S¢, is generated using trapezoidal acceleration profile (TAP)
[8] with conservative kinematic limits as Fyqxc = 30
mm/s, Apax.c = 0.5 m/s?, Jyar.c =5 m/s®. The following
algorithms are used implement FOSEP:

e (Case A: LP (performed in one batch);
® (Case B: SLP (performed in one batch); and
e (Case C: Win-SLP (with smooth switching)

In all cases, Fygy = 50 mm/s, Apgy = 10 m/s2, Jyar =
5000 m/s3, which are borrowed from the prior work [30].
For the first set of simulations, a short circular toolpath
(R = 5 mm) with tight tracking error constraints of Ej,
= 3 um are used. Note that, with R = 5 mm, s, yields
maximum tracking error of 1.24 um with a cycle time of
1.58 s, meaning that it is feasible under all limits of F,,,y,
Amaxs Jmax, and Ep,y. Figure 7 shows the commanded
feedrate, acceleration, and jerk profiles of the three cases.
Figure 8 shows the simulated tracking error profiles in both
x- and y- axes, &, and &y, which are simulated using the
discretized version of the dynamics in Eq. 17. LP violates
the tracking error tolerance in both x- and y-axes due to
linearization errors, because the LP solution is linearized
with s, which is significantly different from the optimal
solution. Conversely, SLP and Win-SLP satisfy all the
kinematic and tracking error constraints, which highlights
their accuracy relative to LP, and why LP is considered
unacceptable for FOSEP.
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Fig.7 Feedrate, acceleration
and jerk profiles of trajectories
generated by FOSEP using LP,
SLP and Win-SLP (proposed)
for short circular toolpath (R =5
mm). The switching of the
Win-SLP solution to the backup

Feedrate

solution at the marked instances

enables it to guarantee ) I_*i_ _______________
L O & () s =s | () s, N
feasibility at the cost of <
optimality (as longasthe S~ le—/——+r———+——"7——"71 -|E==ss===r===s===9
starting solution, s, is feasible) 04 0.6 0.8
M 5 ________________ ]
D e T R ——————————— e W S S — -
3 &
04 06 038
Time [s]
| LP ——SLP —— Win. SLP |

The importance of smooth switching in guaranteeing the
feasibility of Win-SLP can also be seen from Figs. 7 and 8.
Observe that the Win-SLP solution has to switch several
times between the optimal and backup solution in order
to maintain feasibility. The implication is that, without the
backup solution, Win-SLP would fail to yield a feasible
solution. The cycle time of the LP, SLP, and Win-SLP
solutions for FOSEP is summarized in Table 1, along with
their accuracy in enforcing constraints. Though LP provides
the shortest cycle time, it is inaccurate. SLP and Win-SLP
are accurate but the cost of switching multiple times to the
backup solution is that Win-SLP has slightly (7.9%) longer
cycle time than SLP.

The advantage of Win-SLP manifests itself as the
length of the toolpath grows, as is typical in practice.
The computational efficiency of SLP relative to Win-
SLP degrades rapidly with increasing toolpath length. To
demonstrate this, a second set of simulations is carried
out on circular toolpaths with R ranging from 5 to 100

Fig.8 Simulated axis tracking
error profiles of LP, SLP, and

mm; E,,c =3 pum in all cases. As shown in Fig. 9, the
computation time for SLP increases exponentially as R
grows larger (which in return increases N), whereas Win-
SLP achieves nearly linear relationship because of its fixed
window size Nj,. As R reaches 35 mm, SLP fails due to
the computer running out of memory, whereas Win-SLP is
able to carry out the optimization up to R = 100 mm (and
beyond, not shown). Together, these two sets of simulations
demonstrate the accuracy and feasibility guarantees of the
proposed Win-SLP approach for FOSEP, together with its
computational efficiency for long toolpaths.

5 Experimental validation
5.1 Experimental setup
Long toolpaths are commonplace in manufacturing. There-

fore, through experiments carried out in this section, we

y-axis

Win-SLP (proposed) showing
the inaccuracy of LP and the
accuracy of SLP and Win-SLP
in enforcing constraints

Tracking
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Table 1 Cycle time and
constraint satisfaction accuracy

of FOSEP using LP, SLP and
Win-SLP for short toolpath (R
=5 mm)

LP SLP Win-SLP (proposed)
Cycle time [s] 0.704 0.737 0.795
Satisfies constraints accurately? No Yes Yes

seek to demonstrate the benefit of the proposed Win-SLP
approach to FOSEP on improving productivity (compared
to FO then SEP) when both are applied to long toolpaths. A
Lulzbot Taz 6 3D printer shown in Fig. 10, is used for the
experiments. The optimization algorithms are implemented
offline on a dSPACE 1007 real-time control board running at
1 kHz sampling rate, connected to DRV8825 stepper motor
drivers for x, y, z, and e- (extruder) axes stepper motors.

To execute both FOSEP and FO then SEP, the x- and
y-axes servo dynamics of the printer must be measured
in the form of frequency response functions (FRFs) and
modeled, via curve fitting, as Gx and Gy. Figure 11 shows
the measured and modeled FRFs of the x-and y-axes of the
printer. The input of each FRF is swept sine acceleration
commands to the stepper motor, and the output is relative
acceleration between the build plate and nozzle measured
using two ADXL335 tri-axial accelerometers. The discrete-
time transfer function representation of Gy and G y is shown
in Eq. 19.

G — 00262° —00782" +0.0552° +0.042z> — 0.069z + 0.023
70 —5.652z5 + 13.4z% — 17.0723 + 123172 — 4.768z + 0.775
0.199z3 — 0.349z2 +0.174z — 2.14 x 10727
Y T A 193423 +0.95822 — 2.733 x 10177 + 1.947 x 10-34

19

Q>

5.2 Benchmarking to determine E,x

The desired path is chosen as a butterfly curve [7] shown in
Fig. 12, where X4 and y,; are parameterized in s using quintic

21300

g

2200 SLP

S 7

g

S 100 Win. SLP

=] \

o

© 20 40 60 80 100

(e

R [mm)]

Fig. 9 Computation time vs. radius R of the circular trajectory for
FOSEP using SLP and Win-SLP (proposed) showing the superior
computational efficiency of Win-SLP relative to SLP for long
toolpaths

spline interpolation with minimal feedrate fluctuation [31].
Similar to Section 4, s. is selected as a TAP position
trajectory with conservative kinematic limits as Fyqx ¢ =
30 mm/s, Apar.e = 0.5 m/s?, and Jyay e = 5 m/s’; it is
smoothened at the axis level using a digital filter H(z)
with time constant T = 0.06 s. These conservative kinematic
limits are known from prior work [30, 32] to give acceptable
quality. Therefore, we use the conservative TAP trajectory
generated using them to determine E,,,, for FOSEP and FO
then SEP. Figure 13 shows the feedrate, axis acceleration,
and axis jerk profiles of the conservative TAP command.
Figure 14 shows the simulated x- and y-axes tracking errors
obtained by applying the conservative TAP command to
the transfer functions of the 3D printer given in Eq. 19.
The conservative TAP yields maximum tracking error of
127.4 pm and 55.2 um for the x- and y-axes, respectively.
Therefore, E,;,x = 127.4 um is chosen as the tolerance limit
that must be satisfied by FOSEP and FO then SEP.

5.3 Optimization results using FOSEP and FO then
SEP using Win-SLP

We compare FO then SEP and the proposed FOSEP using
Win-SLP with a goal to achieving E,;x = 127.4 um with
the shortest cycle time. To do this, aggressive constraints
from our prior work [30], namely, Fy,qx =50 mm/s, Aqx =
10 m/s2, and J,4x = 5000 m/s> are imposed on both FOSEP
and FO then SEP. In FO then SEP, C, = C, = I are selected
(i.e., tolerance constraints are imposed without SEP). On
the other hand, in FOSEP, C, and C, are generated using
FBS approach [15, 16], where a 5th degree B-spline with
uniform knot vector, and n = 500 control points are used.
Both FOSEP and FO then SEP are initialized at i = 1 and
j = 0 by using the conservative TAP in Fig. 13 as s.; N, =
50, N, = 20 and tol = 1073 are used for Win-SLP on both
FOSEP and FO then SEP, and Ny, is identified as 450 for
the system dynamics in Eq. 19. Note that in both FOSEP
and FO then SEP, servo errors are compensated after the
optimization using the C, and C, generated using FBS.
Figure 15 shows the commanded feedrate, acceleration
and jerk profiles of FOSEP and FO then SEP. Figure 16
shows the resulting tracking error simulated based on the
system dynamics in Eq. 19. As a reference, the aggressive
kinematic limits are used to generate an aggressive TAP
trajectory shown in Fig. 15. The resultant tracking errors
after SEP are also shown in Fig. 16. Notice that, because
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Fig. 10 Experimental setup:
Lulzbot Taz 6 3D Printer

Fig. 11 Measured and curve
fitted FRFs of x and y axes of
3D printer
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Fig. 12 Desired path of butterfly curve
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the aggressive TAP trajectory is not optimized, it results in
violations of the tracking error limit. It is this inability to
guarantee that tolerance limits will be respected that leads to
the use of conservative TAP profiles in practice. Conversely,
notice that both FOSEP and FO then SEP enforce the
kinematic and tracking error constraints. However, FO then
SEP has to slow down by transitioning to the backup
solution many times from O s to 2 s because the error
constraint in Eq. 14 with Cy = Cy = I has narrower feasible
region than FOSEP due to the independent application of
FO and SEP. On the other hand, FOSEP is able to stay close
to the maximum feedrate throughout the motion with only
one transition to the backup at 7.7 s. As a result, FOSEP
completes the motion in 8.02 s, which is 21% faster than
FO then SEP at 10.15 s, as summarized in Table 2. The
computation time for FOSEP and FO then SEP are 37.76 s
and 34.91 s, respectively.
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Fig. 13 Commanded feedrate,
acceleration and jerk profiles of
conservative TAP

Fig. 14 Simulated tracking error
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Fig. 16 Simulated tracking error
profiles of FO then SEP, FOSEP
(proposed), and TAP with
aggressive kinematics (Aggr.)

Tracking
Error [pum]

5.4 3D print results

To further validate our findings, a butterfly-shaped 3D part
whose CAD model [36] is shown in Fig. 17 is printed
using the Taz 6 3D printer of Fig. 10. The butterfly curve
shown in Fig. 12 is used to define the outer contour for
the part. To parameterize the entire trajectory in s, which
consists of curves and lines stacked in z-axis, first the CAD
model in Fig. 17 is converted to an STL model using a
commercial slicing firmware. Then, each layer in z-axis
is further divided into curves and lines, where the curves
are parameterized in s using the same method described
in Section 5.2 and lines are indexed as w = 1,2, ... and
parameterized individually by identifying the slope [, (w)
and y-intercept [, (w) using Eq. 20.

1

Xg = ——lzln(zﬂ))zﬂs 0
A — m (W l
Ya= Jwm® Th®)

However, Eq. 20 only maintains axis-level continuity
within a given line w; as soon as it shifts to the next line
w + 1, axis acceleration or jerk may violate their limits of
Apmax, Jmax due to the sharp corner at junction. Therefore,
feedrate, or L%, is lowered between two adjacent lines
until discontinuisty at axis level disappears. Then, all sets
of curves and lines are optimized using FOSEP and FO
then SEP using Win-SLP, as discussed in Eq. 15, with the
same set of limits, Fyqx, Amax> Jmaxs Emax, and Win-SLP
parameters, N, N, tol, as Section 5.3. As a benchmark, a
conservative TAP which uses the same set of slow kinematic

Table 2 Cycle and computation time of FO then SEP and FOSEP
using Win-SLP approach

FO then SEP FOSEP (proposed)
Cycle time [s] 10.15 8.02
Computation time [s] 3491 37.76

@ Springer

y-axis
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limits and moving average filter H(z) as in Section 5.2 is
applied for comparison.

Figure 18 shows the printed results of using conservative
TAP, as well as FOSEP and FO then SEP both computed
using the proposed Win-SLP. The computational time for
the three methods are summarized in Table 3. FOSEP
saves 25% in cycle time compared to FO then SEP
while both maintaining similar quality as the part printed
using conservative TAP. The ability to print a very long
toolpaths using FOSEP and FO then SEP demonstrates the
practicality of the proposed Win-SLP approach. Moreover,
the reduction in cycle time highlights the benefits of
applying Win-SLP to FOSEP rather than to FO then SEP.

6 Conclusions and future work

This paper has introduced a method to improve the
accuracy in enforcing nonlinear constraints and the

Z

)

V

Fig. 17 CAD model of the butterfly plate of height 1.2 mm with outer
contour defined by the path in Fig. 12
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Algorithm Conservative FO then SEP FOSEP (Proposed)
Top view
Print time (min) 18:30 15:36 11:45

Fig. 18 Top view of printed butterfly plate using conservative TAP, FO then SEP, and FOSEP. Both FO then SEP and FOSEP were computed

using the proposed Win-SLP approach

computational efficiency of simultaneous FO and SEP (i.e.,
FOSEP) applied to long toolpaths. The proposed method,
dubbed Win-SLP, achieved windowed sequential linear pro-
gramming optimization, with feasibility guarantees using
smooth transition between the optimal solution and a con-
servative backup solution.

Win-SLP, which sequentially optimizes the path param-
eter within a limited horizon length, is formulated and
compared with full-preview (i.e., one-shot) LP and SLP.
While both SLP and Win-SLP improve accuracy in nonlin-
ear axis-level constraints, Win-SLP shows superiority over
SLP in handling longer toolpaths. It is shown in the simu-
lations that Win-SLP achieves both accurate and computa-
tionally efficient approach for FOSEP, while guaranteeing
feasibility.

Furthermore, compared to the standard practice of
sequential FO then SEP, FOSEP relaxes the error tolerance
constraints in FO, allowing shorter cycle time without
violating tolerance constraints. Experiments carried out on
a 3D printer using the proposed Win-SLP approach yielded
up to 25% cycle time reduction using FOSEP compared to
FO then SEP, subject to the same tolerance and kinematic
constraints.

Future work will explore the incorporation of actuator
(e.g., torque) limits [22] in FOSEP and develop learning
methods to handle nonlinearities and uncertainties in the
system dynamics of the machine used for FOSEP. Cloud
implementation [32, 37] of Win-SLP applied to FOSEP will
also be explored to enable its online implementation.

Table 3 Computation time for FO then SEP and FOSEP for the
butterfly plate in Fig. 18

FO then SEP FOSEP (proposed)

Computation time [s] 974.98 835.51
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