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ABSTRACT

Time-delay cosmography with gravitationally lensed quasars plays an important role in anchoring the absolute distance scale and
hence measuring the Hubble constant, H0, independent of traditional distance ladder methodology. A current potential limitation of
time-delay distance measurements is the mass-sheet transformation (MST), which leaves the lensed imaging unchanged but changes
the distance measurements and the derived value of H0. In this work we show that the standard method of addressing the MST in time-
delay cosmography, through a combination of high-resolution imaging and the measurement of the stellar velocity dispersion of the
lensing galaxy, depends on the assumption that the ratio, Ds/Dds, of angular diameter distances to the background quasar and between
the lensing galaxy and the quasar can be constrained. This is typically achieved through the assumption of a particular cosmological
model. Previous work (TDCOSMO IV) addressed the mass-sheet degeneracy and derived H0 under the assumption of the ΛCDM
model. In this paper we show that the mass-sheet degeneracy can be broken without relying on a specific cosmological model by
combining lensing with relative distance indicators such as supernovae Type Ia and baryon acoustic oscillations, which constrain
the shape of the expansion history and hence Ds/Dds. With this approach, we demonstrate that the mass-sheet degeneracy can be
constrained in a cosmological model-independent way. Hence model-independent distance measurements in time-delay cosmography
under MSTs can be obtained.
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1. Introduction

The Hubble constant (H0) is one of the most important param-
eters in cosmology. Its value directly sets the age, size, and
critical density of the Universe. Despite the great success of
the Λ cold dark matter (CDM) model (Komatsu et al. 2011;
Hinshaw et al. 2013; Planck Collaboration VI 2020), a stringent
challenge to the model comes from a discrepancy between the
extremely precise H0 (=67.4 ± 0.5 km s−1 Mpc−1) value derived
from Planck measurements of the cosmic microwave back-
ground (CMB) anisotropies under the assumption of ΛCDM
(Planck Collaboration VI 2020) and the H0 value from direct
measurements of the local Universe (Verde et al. 2019).

The recent direct H0 measurements (H0 = 74.03 ±
1.42 km s−1 Mpc−1) from Type Ia supernovae (SN1a), calibrated
by the traditional Cepheid distance ladder (SH0ES collabora-
tion; Riess et al. 2019), show a 4.4σ tension with the Planck

results. However, a recent measurement of H0 = 69.8±0.8(stat)±
1.7(sys) km s−1 Mpc−1 from SN1a calibrated by the tip of the
red giant branch (CCHP) agrees at the 1.2σ level with Planck

and at the 1.7σ with the SH0ES results (Freedman et al. 2019).
The spread in these results, whether due to systematic effects
(Efstathiou 2020) or not, clearly demonstrates that it is crucial

to test any single methodology by different and independent
datasets.

Time-delay cosmography (TDC; e.g., Treu & Marshall
2016; Suyu et al. 2018) provides a technique to constrain H0 at
low redshift that is completely independent of the traditional dis-
tance ladder approach. When a quasar is strongly lensed by a
galaxy, its multiple images have light curves that are offset by
a well-defined time delay, which depends on the mass profile
of the lens and cosmological distances to the galaxy and quasar
(Refsdal 1964). A critical aspect of this technique is a model that
describes the mass distribution in the lensing galaxy and along
the line of sight between the background object and the observer.
This model is constrained by the morphology of the lensed emis-
sion of the background object, the stellar velocity dispersion in
the lensing galaxy, and by deep imaging and spectroscopy of the
fields containing the lens system. This model is combined with
the time delays (e.g., Bonvin et al. 2018) to measure the charac-
teristic distances for the lens system: the angular diameter dis-
tance to the lens (Dd) and the time-delay distance, which is a
ratio of the angular diameter distances in the system, as follows:

D∆t ≡ (1 + zd)
DdDs

Dds

∝ H
−1
0 , (1)
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where zd is the redshift of the lens, Ds is the distance to the back-
ground source, and Dds is the distance between the lens and the
source. In turn, these distances are used to determine cosmologi-
cal parameters, primarily H0 (e.g., Suyu et al. 2014; Bonvin et al.
2016; Birrer et al. 2019; Chen et al. 2019; Rusu et al. 2019;
Wong et al. 2019; Jee et al. 2019; Taubenberger et al. 2019;
Shajib et al. 2020).

A recent analysis with this technique, using a blind analy-
sis on data from six gravitational lens systems1, inferred H0 =

73.3+1.7
−1.8

km s−1 Mpc−1, which is a value that was 3.8σ offset
from the Planck results (Wong et al. 2019; Millon et al. 2020).
This analysis used two common descriptions of the mass dis-
tribution of the lensing galaxy. The first description consists of
a NFW halo (Navarro et al. 1996) plus a constant mass-to-light
ratio stellar distribution, called the composite model. The sec-
ond description models the 3D total mass density distribution,
that is, luminous plus dark matter, of the galaxy as a power law
( i.e., ρ(r) ∝ r−γ; Barkana 1998); this description is called the
power-law model. These models yield H0 measurements that
are consistent within the errors for individual lens systems; the
final uncertainties on H0 incorporate a marginalization over the
choice of mass model (Millon et al. 2020).

Although the power-law and composite models are well-
motivated by observations (e.g., Koopmans et al. 2006, 2009;
Suyu et al. 2009; Auger et al. 2010; Barnabè et al. 2011;
Sonnenfeld et al. 2013; Humphrey & Buote 2010; Cappellari
2016) and simulations (Navarro et al. 1996), there is a well-
known degeneracy in gravitational lensing known as the
mass-sheet transformation (MST). The MST leaves imag-
ing observables invariant, but biases the determination of H0

(Falco et al. 1985; Gorenstein et al. 1988). The line-of-sight
mass distribution contributes to first order mass-sheet-like effect
(Fassnacht et al. 2002; Suyu et al. 2013; Greene et al. 2013;
Collett et al. 2013); we refer to this as an external MST. How-
ever, for the mass distribution of the lensing galaxy, there are
different models that can give the same lensing observables, but
would give different time delays. The most degenerate case is
that with spherical symmetry, in which the density profiles dif-
fer by a component that is uniform in within the radial ranges
probed by lensing. This component, which could be described
by a large-core mass distribution (Blum et al. 2020, see detail
in Sect. 2), changes the distribution of the mass density pro-
file of the lensing galaxy. This fits with recent works that
question whether that elliptical galaxies do not necessarily fol-
low a power-law or composite model to the desired precision
(Schneider & Sluse 2013; Xu et al. 2016; Gomer & Williams
2020; Kochanek 2020).

Birrer et al. (2020; hereafter Paper IV) show that allowing
for an internal MST on the power-law model increases the uncer-
tainty of the H0 measurement of a seven-lens sample from the
2.4% precision of Millon et al. (2020) to 8% in a ΛCDM cos-
mology. Interestingly, the central value of H0 remained almost
unchanged in this analysis (74.5+5.6

−6.1
km s−1 Mpc−1). To improve

the precision of the H0 inference, Paper IV added data from the
SLACS sample (Bolton et al. 2004, 2006). In this lens sample,
the background objects are galaxies, not quasars, so they cannot
be used for TDC. However, the combination of high-resolution
imaging and kinematic measurements allows the SLACS sam-
ple to improve the constraints on the mass profiles of massive
elliptical galaxies. With the inclusion of the SLACS information

1 Except the first lens, B1608+656, which was not done blindly, the
subsequent five lenses in H0LiCOW are analyzed blindly with respect
to the cosmological quantities of interest.

(Shajib et al. 2021) and the assumption that the sample of time
delay and SLACS lenses are drawn from the same population,
the inference on H0 shifted to 67.4+4.1

−3.2
km s−1 Mpc−1, which

agrees with the Planck value and results from distance lad-
ders (Riess et al. 2019; Freedman et al. 2019). A comparison of
the galaxy population distributions shows that several observed
properties, such as central stellar velocity dispersion, are similar.
In addition, elliptical galaxies are a very homogenous popula-
tion, as evidenced by the tightness of correlations such as the
fundamental plane (Auger et al. 2010, and references therein).
However, two major differences between the samples are that
the SLACS lensing galaxies are at lower redshifts than those
in the time-delay sample and that the SLACS lensing galaxies
have smaller ratio of effective radius to Einstein radius than the
time-delay sample (see Fig. 16 in Paper IV). Possible potential
biases and limitations of using the SLACS sample are discussed
by Paper IV and Shajib et al. (2021).

In this work, we take a more general approach to con-
strain the internal MST by combining the time-delay lens sys-
tem with relative distance indicators without assuming a specific
parametrization of the cosmological model. We show that we can
hence constrain the internal MST in a cosmological-independent
way and obtain more broadly applicable distance posteriors.

In Sect. 2, we introduce the basics of the MST. In Sects. 3
and 4, we discuss the distance measurements under the effects
of the internal and external MST. In Sect. 5, we discuss error
propagation under MST. In Sect. 6, we provide a cosmological
model-independent way to constrain the internal MST. We sum-
marize our work in Sect. 7.

2. The mass-sheet transformation

The MST is a degeneracy affecting gravitational lens systems.
We can transform any projected mass distribution, κ(θ), into infi-
nite sets of κλ(θ) via

κλ(θ) = λκ(θ) + 1 − λ, (2)

without degrading the fit to the lensed emission (Falco et al.
1985), although MST does change the source size accordingly.
In this equation, κ(θ) is a scaled 2D projected mass density distri-
bution, κ(θ) = Σ(θ)/Σcrit, where Σ(θ) is the mass surface density
and Σcrit is the lensing critical density,

Σcr =
c2

4πG

Ds

DdDds

. (3)

The physical picture of MST comes from the environment
(a.k.a., an external MST, κext) and the mass models of the lens-
ing galaxy (aka, an internal MST, λint). We separate these two
components of the MST because we use different observables
to assess their effects. For example, the estimation of the exter-
nal MST uses weighted number counts of galaxies and/or weak
gravitational lensing, based on spectroscopy and deep imag-
ing of the field containing the lens. This approach has been
extensively used in TDC (e.g., Fassnacht et al. 2006; Suyu et al.
2010; Collett et al. 2013; Greene et al. 2013; Rusu et al. 2017;
Tihhonova et al. 2018; Buckley-Geer et al. 2020). Information
about the internal MST is derived from high-resolution imaging
and the stellar velocity dispersion of the lensing galaxy.

The theoretical version of the internal MST, that is, a mass
sheet with infinite extent, is clearly nonphysical. Therefore, in
assessing the internal MST we need to find a physical model
that approximates the behavior of a mass sheet at small projected
distances from the center of the lensing galaxy, but that vanishes
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