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Abstract. In the example of complex grassmannians, we demonstrate various techniques
available for computing genus-0 K-theoretic GW-invariants of flag manifolds and more gen-
eral quiver varieties. In particular, we address explicit reconstruction of all such invariants
using finite-difference operators, the role of the g-hypergeometric series arising in the con-
text of quasimap compactifications of spaces of rational curves in such varieties, the theory
of twisted GW-invariants including level structures, as well as the Jackson-type integrals
playing the role of K-theoretic mirrors.
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1 Introduction

Just as quantum cohomology theory deals with intersection numbers between interesting cycles
in moduli spaces of stable maps of holomorphic curves in a given target (say, a Kédhler manifold),
quantum K-theory studies sheaf cohomology (e.g. in the form of holomorphic Euler characteris-
tics) of interesting vector bundles over these moduli spaces. While the beginnings of the subject
can be traced back to the 20-year-old note [?] by the first-named author, the foundational work
by Y.-P. Lee [?], and their joint paper on complete flag manifolds, g-Toda lattices and quantum
groups [?], the interest to quantum K-theory expanded in more recent years due to the discovery
of its more diverse relations to representation theory, integrable systems, and ¢-hypergeometric
functions.

Apparently the interest was initiated by the 2012 preprint [?] by D. Maulik and A. Okounkov,
who connected equivariant quantum cohomology of quiver varieties with R-matrices. In 2014,
this led R. Riményi, V. Tarasov and A. Varchenko [?] to a conjectural description of the quan-
tum K-ring of the cotangent bundle of a partial flag variety. In even more recent literature
motivated by representation theory (see e.g. [?, 7, ?]), certain ¢g-hypergeometric series, interest-
ing from the point of view of the theory of integrable systems, appeared as generating functions
for K-theoretic Gromov-Witten (GW) invariants of symplectic quiver varieties. In this literature,
K-theoretic computations are based, however, on the quasimap (rather than stable map) com-
pactifications [?] of spaces of rational curves in the GIT quotients of linear spaces. Based on the
experience with mirror symmetry and quantum K-theory of toric varieties [?] one anticipates the
g-hypergeometric generating functions arising from quasimap spaces to nevertheless represent
the “genuine” (i.e. based on stable map compactifications) K-theoretic GW invariants, yet such
invariants of a different kind, or more complicated ones than naively expected. In any case, this
brings up the question of comparison (first attempted by H. Liu [?]) of the two approaches.
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2 A. Givental and X. Yan

In this paper, we examine in substantial detail the genus-0 quantum K-theory of grassmanni-
ans Gry, n (C). The grassmannians can be described as the GIT quotients Hom(C", CY)//GL,(C),
and are perhaps the simplest among homogeneous spaces or, more generally, quiver varieties out-
side the toric class. Most of our methods carry over to other quiver varieties (and all — to any
partial flag manifolds), but we prefer to illustrate the available techniques by way of simplest
representative examples, trading generality for simplicity of notation.

In Sections 2 and 3 we show how the technique of fixed point localization in moduli spaces of
stable maps can be used in order to compute the so-called “small J-function” of the grassmannian
— the generating function for simplest genus-0 K-theoretic GW-invariants of it.

In Section 4 we combine the same technique with the idea known as “non-abelian localization”
[?] in order to prove the invariance of the genus-0 quantum K-theory of the grassmannian under
a suitable infinite dimensional group of pseudo-finite-difference operators. A key point here
(inspired by the appendix in the paper [?] by K. Hori and C. Vafa) is to begin with the toric
quotient Hom(C",CN)//T™ = (CPN~1)" by the maximal torus 7" < GL,(C), and use Weyl-
group invariant finite-difference operators on n Novikov’s variables of the toric manifold. Just as
in the case of toric manifolds [?], this infinite dimensional group of symmetries is large enough
in order to reconstruct “all” genus-0 invariants of the grassmannian from the small J-function.

In Section 5, we address the aforementioned comparison problem by interpreting (in several
somewhat different ways) the ¢-hypergeometric series arising from quasimap theory of the cotan-
gent bundle spaces T*Gr,, y as certain “genuine” K-theoretic GW-invariants, and in particular
show that, contrary to a naive belief articulated in the literature, these series fail to represent
“small” J-functions (of anything).

In Section 6, we apply the invariance result from Section 5 to illustrate the “non-abelian
quantum Lefschetz” principle which characterizes genus-0 quantum K-theory of a complete
intersection in (or a vector bundle space over) the grassmannian.

In Section 7, we show how our techniques can be used to extend (to the case of grassmannians)
the toric results obtained by Y. Ruan and M. Zhang [?] about the level structures in quantum K-
theory. As a by-product, we clarify (hopefully) the phenomenon of level correspondence between
“dual” grassmannians Gr, n = Gry_p N discovered recently by H. Dong and Y. Wen [?7].

In Section 8, we exhibit a Jackson-type integral formula for the small J-function in the
quantum K-theory of the grassmannian, inspired by the “non-abelian localization” framework
from Section 4. Our logic is the same as in the aforementioned appendix [?] by K. Hori and K.
Vafa, where cohomological mirrors of G, n were proposed. However, our mirror formula looks
different (and possibly new, see [?]) even in the cohomological GW-theory.

Namely, our cohomological mirror of the grassmannian has the form of the complex oscillating
integral

T J e(Zij Tij = Dipi yii’) /2 NygdInw Ny dyi '
T=¥a Aidln (Hj zij/ [ 1 (%‘i’/%’i’))

Here X is the complex torus in the linear space with coordinates {z;;},i=1,...,n,j=1,...,N
and {y;ir}, 4,4 =1,...,n, i # i, given by n equations

HIU = QH(?/zz’/ym), i=1,...n,
J i’

and I' is a Lefschetz thimble in A, invariant under the Weyl group ,, acting on the coordinates
{zi;}, {yir} by simultaneous permutations of the indices i and 7.
As a mirror symmetry test, let us examine the critical set of the phase function (“superpo-
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tential”) using Lagrange multipliers py, ..., pp:
Dlwy = > v - sz (Z I xzi; — Y (Iny —Inygy) —In Q) :
ij 151! e

The critical points are determined from

Tij = Piy Vi = DPi — Pir, P+ (=1)"Q =0,

where the third set of equations comes from the constraints. The algebra of functions on the
critical set (which is a finite lattice Z;, < T™) invariant under permutations of (pi,...,py) is
indeed isomorphic to the “small” quantum cohomology algebra of the grassmannian (as described
by formula (3.39) in [?]).

2 The small J-function of Gr, y

Let X := Gry, n be the grassmannian of n-dimensional subspaces V < CV. Tts K-ring K°(X) is
generated by the exterior powers /\’C V of the tautological bundle, k = 1,...,n. Using the split-
ting principle, we will often write them as elementary symmetric functions )}, <iy<<ip<n Pin - Py
of K-theoretic Chern roots of V.= P, +--- + P,,.

<n

Proposition. The K-theoretic Poincaré pairing on K°(X) is given by residue formula

o(P) Hz’;&j(l — Pi/P;) dP, A --- A dP,

X(X;®(P)) = (=1)" Resp= 1-P)N..-(1-P)N P...P,

where ® is any symmetric Laurent polynomial of P, ..., P,.

The formula is obtained as the non-equivariant limit A — 1 from its TV-equivariant coun-
terpart, where 7% is the torus of diagonal matrices diag(Ay,..., Ay) acting on CV.

Proposition. The TV -equivariant K-theoretic Poincaré pairing on K%(X ) pairing is given by

xr(X; (P, A)) =
(—1)" O(P, A) Hi;éj(l - Pz‘/Pj) dP; A -+ AdP,
| ReSP;éO’OO n N P P :
n. [T T2 (1 = Bi/Ay) 10

Here ® is a Laurent polynomial in P and A, symmetric in P, xr is the T-equivariant holo-
morphic Euler characteristic, taking values in the representation ring Z[A®] of the torus, and the
residue sum is taken over all poles P, = A;,,..., P, = A;, (with this ordering of the equations,
and io # ig). The formula is proved by the direct application of Lefschetz’ holomorphic fixed
point formula.

The following g-hypergeometric series has emerged from a study of spaces of rational curves
in the grassmannian based on their quasimap compactifications:

g Z le+"'+d” H [T %, (1—q P/ P;)
= T
0<di,...,dn H?:I Hmzl(l - Z z] 1 Hm——oo 1 —qm 1/P )

Remark 1. The product on the right can be rearranged as

[] o5 (~B)" " Bodthn
P; Pi—P
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and therefore may contain nilpotent factors P; — P; in the denominator. It is not hard to see,
however, that transposing F; and P; does not change the sum of terms with a fixed di +- - - +d,,
implying that after clearing the denominators, the numerator becomes divisible by P; — P;
(namely, it changes sign under the transposition, and hence vanishes when P; = P).

Remark 2. Another consequence of the above rearrangement is that, with the exception of the
term QU, the series consists of reduced rational functions of g. Namely, the factor at Q%+ +dn
has no pole at ¢ = 0, and the ¢-degree of the denominator exceeds that of the numerator by

S (di +1 di—d; +1
N ’ — v >N — 1>2.
2% ()

di>dj

Theorem 1. (cf. [?, ?]) The series (1 — q)J is the “small J-function” of the grassmannian
Gry n(C).

Recall that the genus-0 quantum K-theory of a target space X, the “big J-function” is defined
as

Eo T(0) = 1=+ t0) + D) Qo L) L1

d,m,a

Here @ is the Novikov’s variable, {¢o} and {¢*} are Poincaré-dual bases in K°(X), t = 3, txq"
is a Laurent polynomial in ¢ with vector coefficients ¢, € K°(X) ® Q[[Q]], and the correlator
represents the K-theoretic GW-invariant computes a suitable holomorphic Euler characteristic
on the moduli spaces of stable maps X 41,4 := Mg m+1(X,d) with the input (or “insertion”)
at the marked point (with the index i = 0,...,m in the above formula) of the form Y, (ev} t;)L¥,
where L; stands for the universal cotangent line bundle at the ith marked point. From among
several flavors of such K-theoretic GW-invariants (ordinary as in [?], or permutation-equivariant
as in [?]), we will currently use the permutation-invariant ones (as the superscript Sy, indicates),
i.e. computing the super-dimension of the part of the sheaf cohomology on the moduli space
X0,m+1,4 which is invariant under permutations of the m marked points with the indices i =
1,...,m carrying the symmetric inputs t(L;).

The “small J-function” is obtained from [J by setting the input t = 0. In particular, this
eliminates the role of the permutation group, and so J(0) represents the “ordinary” K-theoretic
GW-invariants. Thus, according to Theorem 77,

J(0) := (1 —q) +2Qd¢>a< >0,1,d—(1—Q)J

Theorem 7?7 is obtained as the non-equivariant limit A — 1 from the following result about the
TN _equivariant version J7 “big J-function” of the grassmannian.

Theorem 2. (cf. [?,?]) JX(0) = (1 — q)JT, where JT =

v QUi 1—[ [T (1= ¢ P/ P))
0<d1,...,dn [Tisa Hj\; H%:ﬂl — q" P/ A;) ij=1 Hm——OO (1—g¢mP;/P; )

Note that by the very definition (the same as for J with the correlators taking values in the
representation ring Z[A*]), the function J7 is a Q-series with coefficients which are rational
functions of ¢ with vector values in K := K(X) ® Q[[Q]]. Abusing the language we call such
series rational functions of ¢, denote the space they form by K := K(q%), and call it the loop
space. The part (1 —q) + t(¢) (“dilaton shift”+"input”) belongs to the subspace K consisting
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of Laurent polynomials (they can have poles only at ¢ = 0, 00), while the sum of the correlators
belongs (as it is not hard to see) to the complementary subspace K_ = {f € K | £(0) # o0, f(0) =
0.}. It follows from Remark ?? above (which applies to JT as well) that (1 —¢)J? =1 —g¢
mod K_. Thus, the non-obvious statement of Theorem ?7? is that (1 — ¢)J? represents a value
of 7T at all.

The technique of fixed point localization we intend to use goes back to paper [?] by J.
Brown, and was adapted to the K-theoretic situation in [?]. The technique, applicable whenever
the target carries a torus action with isolated fixed points and isolated 1-dimensional orbits,
completely characterizes all values of the big J-function J7 as the set of those rational functions
f € K which pass two tests: criterions (i) and (ii). They are formulated in terms of specializations
f, of f to the fixed point of the torus action in X. In the case of the grassmannian, take for
example the fixed point Vi, = Span(ei,...,e,) where (we may assume by choosing the
ordering) (P1,...,P,) = (A1,...,Ay):

T _
Ja,..m) =

5 Qi+++n H 1824 (1 — gmAs/A;)
oed o T TI T (1 — qmAi/Ay) o2y TTo e (1 — g™ As/A)

Note that the 1st factor contains the product (coming from j = i):

1
[Tiss H%=1(1 —q™)

with poles at roots of unity, while all other poles are elsewhere (at ¢ = (A;/A;)~/™). Each
term of the series considered as rational functions of ¢ can be split (e.g. using partial fraction
decomposition) into the sum of a reduced rational function with poles at the roots of unity and
a rational function with poles elsewhere. The result will be interpreted (or rather termed) as a
meromorphic function in a neighborhood of the roots of unity.

Criterion (i) stipulates that f,, when interpreted as a meromorphic function in a neighborhood
of the roots of unity, must represent a value (over a suitable ground ring) of the big J-function
of the point target space. We will return to this criterion in the next section and explain how it
can be verified.

Criterion (ii) controls residues of f,(q)dgq/q at the poles originating from T-equivariant covers
of 1-dimensional orbits. Namely, the tangent space to the grassmannian at the fixed point
V(1,....n) carries the torus action with the distinct eigenvalues Aj/N;,i=1,...,n,j=n+1,...,N.
Consequently, for each choice of ¢ and j there is a 1-dimensional orbit, which compactifies into
CP! connecting this fixed point with another one. For instance, taking i = 1 and j = n + 1, we
find such an orbit connecting V(1 ) with Vig ;. 41). Let ¢: CP' — CP! be the map z — 20
ramified at z = 0,00 (representing the two fixed points which we call @ and (3). Criterion (ii)
has the form of the recursion relation:

dq Q™M Eu(T,X)

R mo fa(@)— = — mo s
esq:(Aj/Ai)l/ 0 a(Q) q mo EU<T¢XO,2,m0) ﬁ‘ (Aj/A;)Y/™0

where Eu are equivariant K-theoretic Euler classes: of the tangent space to X at «, and to the
moduli space of degree-mg stable maps with 2 marked points at the point represented by the
mo-fold cover ¢ respectively.

We compute Resq:(An+1/A1)1/m0(1 — q)J&hwn)(q)dq/q, replacing dy with di + mg, assuming
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d; = dy when i = n + 1, and using  := (Apy1/Ay)Y™0:

dg Q™
— T -0 = —
Resq—z(1 = q)J(1,_n)(0) . (1—2) o X
1 ﬁ ﬁ 1-— (L‘mAl/Aj »
T TR ) Gomysntmg) (1 —@™A1/A) gt 1= a™ A/ Ay
QUi T =21 = ™ Ai/Ay)

O<d§ ,dn Hn+1 H] 1 Hm 1( .’L'mAl/A 21;[2 Hm__oo 1 — ™A, /A )

The sum together with the factor 1 — x yields (1 — q>J(T2,...,n+1)(Q)’q:% S0 it remains to interpret
the recursion coefficient in terms of the Euler classes.

Applying Lefschetz’ fixed point formula on Gy, n(C), we've already used that Eu(T(;, . ) X) =
| l_[é-v:nH(l — Ai/A;j). In order to compute Eu(TyXo2,m,), we note that the 1-dimensional
orbit connecting the fixed points Span(ey,...,e,) and Span(es, ..., e,+1) consists of subspaces
V; := Span(te; + (1 —t)ens1,€2,...,en_1). Consequently, restricted to CP! = {V;}, the tangent
bundle to the grassmannian, which has the form Hom(V;, CY /V;), can be described in terms of
the Hopf bundle L over CP! and its complementary L' := Span(e,en11)/L = AiA, 1L~ " as

Hom(L @® Span(es, ..., e,), L' ® Span(enio, ..., en)).

On the mg-fold cover ¢ : CP' — CP!', the contributions to the Euler class of the T-modules
HY(CPY; ¢* L~ ® Span(e;)) and HY(CPL; ¢* L' ® Span(e;)~1) are respectively

mo mo
[J—amA/A)) and [ ](1—2™Ai/Ania).
m=0 m=0

The contribution of HO(CPY; ¢* L' ®L’) is (as in the case of X = CP?) [T g mzo(1—2™).
Combing all the contributing factors, we find

Eu(T(,...n)X) _ [Tiss H;‘V:n—i-l( — Ai/Aj) 1
BEu(TyXo2mo)  [T7 o T paa(l — Ai/Aj) T g maeo(1 = 2™)
1 1
X T ™ .

[T, o T (1 — am A /Ag) [Tz TTno (1 = 2™ Ai/ M)

Checking that this expression matches exactly the recursion coefficient for J7 (the middle line in
the formula for the residue) is the matter of a straightforward (though somewhat cumbersome)
rearrangement of the factors.

Remark 3. Note that the structure of the recursion relations (ii) and the values of the recursion
coefficients completely characterize the big J-function of a particular theory, since criterion (i)
does not involve any additional choices.

3 Quantum K-theory of the point

Genus-0 permutation-equivariant K-theoretic GW-invariants of the point are represented by the
“big J-function” of the form

1

o0
Tpt(t) == (1 —q) +t(q) + Z X (MO,mH/SmS 1- Log

m=2

@ity t(Li)> .
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Here L; are the universal cotangent line bundles over the Deligne-Mumford spaces Mg ,41. The
holomorphic Euler characteristic x on the orbifold ﬂomﬂ /S computes the super-dimension
of the S,,-invariant part of the sheaf cohomology on m07m+1. The insertions t(L;) (and hence
the input t(q)) can be in fact any rational functions of L; (respectively of ¢) as long as they
don’t have poles at roots of unity. On the contrary, each y-term is a reduced rational function
of ¢ with poles only at the roots of unity (of order < m). Both this and the previous claim easily
follow from the general structure of the Lefschetz fixed point formula (applied on Mg m11/Sm)-

As it is explained in [?, 7], the action of permutation groups on the sheaf cohomology is
captured by the above S,,-invariants taking values in an arbitrary A-algebra, i.e. a ring R
equipped with the Adams operations ¥* : R — R. E.g., for r€ R

1 = _
! Z H(\I/kT)lk(h) Stth*<M0,m§®:‘11L?),

m heSm k=1

X <ﬂ0am/5m;®?i1(TLg)> -

where [ (h) denotes the number of cycles of length r in the cycle decomposition of permutation
h. For mode detail, we refer to [?] or [?], where this example is extrapolated to general R-valued
insertions t(L;). Note that only U with r > 0 are used in this definition.

We assume that R is complete in the adic topology defined by a certain ideal Ry < R, which
is respected by the Adams operations U* with k£ > 0 in the sense that ¥U*(R,) — R’i, and
that the input t is “small” in the sense that it takes values in R.. In fact the latter property
guarantees that the m-th x-term of the series [J,; takes values in R'l', with assures R, -adic
convergence of the series.

The genus-0 permutation-equivariant GW-invariants of the point target space are completely
described in [?]. Namely, given a ground A-algebra R, the range of the big J-function t — J(t),
which is a semi-infinite cone (that we will denote L) in the (completed) space of R-valued
rational functions of ¢ (which we will denote R(g*)) is explicitly parameterized as

(1 — q)e2k=0 W (7)/k(1 qk)(l + Ri[g*]).

Here 7 € R, and the notation R, [¢¥] is reserved for the completion in the R, -adic topology
of the space of rational functions of ¢ which have no poles at roots of unity and take values in
R,.

In our arguments, we will take advantage of the possibility to replace one ground A-algebra
with another related to it by a homomorphism respecting the Adams operations. In simple
terms: If some f € R(q™) is known to lie in £, (over a given ground ring R), i.e. the part f_
with poles at the roots of unity represents K-theoretic GW-invariants with the input defined by
the part f, with poles away from roots of unity, the same will remain true when the values of
some parameters (coordinates on SpecR) are specialized in a way commuting with ¥* for all
k> 0.

Another important property of the cone L, that we will rely on is its invariance under a
certain group of (pseudo) finite-difference operators. Namely, let R = Q[[Q]], where U*Q = QI*I,
k=+1,42,..., and let D(qQaQ, Q) be a finite difference operator (which we should assume
“small” in R -adic sense to assure convergence). It is almost obvious that the linear vector field
f — Df in R(q%) is tangent to Ly, and therefore el preserves Ly:. Moreover, according to a
result from [?], £, is preserved by the operator

£ e VH(D(@"9%,Q)) k(1 —q") ¢,

Our goal in this section is to verify that the series J(ji n) from the previous section sat-

geoey

isfies criterion (i), i.e. that it represents a value of J,; when interpreted as a meromorphic
function of ¢ in a neighborhood of roots of unity. For this, we begin with the ground ring
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R = Q[AI—F,...,AJJ{[][[Ql,...,Qn]], with the Adams operations acting by \Ilk(A;—rl) = A;—rk,
\llk(QZ) = Qlkl, and set Ry = (Q1,...,Qy). In particular, taking 7 = Q1 + -+ + @Qp, we
find that L, 3 (1 — q)Jpt, where Jy; is the following product of g-exponential functions:

th -:eZ?ﬂ Zk>0 Q?/k(lqu)

di
d

_ ﬁ Z _ Z Q&il - Qdn
o i B d; ’
it di=o | [m=1( 1 =4 o<y, Lz [ (T —q™)

Following [?], we are going to use Q-independent finite-difference operators of the form D 5 :=
—qA(1 — ¢"?%), where [ - Qdg = Y, 1iQidg,, and A is a formal variable added to the ground
ring, U¥A := A%, The corresponding Ly-preserving operator is

g = e 20 A1 = ¢ 9%)g k(1 — ¢*),

This expression is in fact the asymptotical expansion near the unit circle on the g-plane of the
ratio:

0

0
[] @=Ag%qm) TT (1—Ag™).

m=—00 m=—

The ratio and its asymptotical expansion act on monomials Q% = fol -+ Q% the same way:

1o (1 — Agm+(td)) [ (1—Ag™)
T d _ nd m 00 _ nd m=—o0
A R v S s (R TR P

Note that the right hand side is a rational function of ¢ with poles away from roots of unity.
Therefore, I'y A (1—q)Jp is a point of L, over the ground ring R[[A]] which, being a ()-series with
coefficients which are rational function of ¢ and A, is a point of £, over R[A*], and will turn
into a point of £,; over R when A is replaced by any non-trivial monomial from Q[Af, e A;{,],
e.g. AZ/A] with ¢ # j.

In order to complete our fixed point localization proof of Theorem ?7?, we apply to J,; the
following operators (where [ = 1; contains 1 in the i-th position and 0 everywhere else):

(1—[ [T s, A/A> (ﬁ Flilj,Ai/Aj> Tt =

i=1j5=1,j#i i,j=1
d;—d;
3 P [T Ho=el = A/Ay)
0<dy,....dn H?:l H;V=1 HZ;=1(1 - qui/A i,j=1 Hm——oo 1 — g™ A /A )

The terms of the last sum are interpreted as meromorphic functions in the neighborhood of
roots of unity, i.e. with poles (which come from the factors with i = j in the left product) at
the roots of unity only.

When multiplied by 1 — ¢, the latter series lies in £, over the ground A-algebra R =
Q[AH][[Q1,---,Qn]]- The substitution Q1 = --- = @, = Q (which induces a homomorphism
of A-algebras R — Ry := Q[AT][[Q]]) yields therefore a series which lies in the range Jp: over
Ry. Tt actually coincides with the localization (1 — q)Jg’_“?n) of JT at the indicated fixed point.
Therefore (1 — q)‘](ji--.,n)’ when interpreted as a series of meromorphic functions near roots of
unity, satisfies criterion (i). Due to the Weyl group symmetry between all fixed points, and
between all 1-dimensional orbits connecting them, this finishes the proof of Theorem ?77.
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4 Non-abelian localization and explicit reconstruction

The approach to computing GW-invariants of GIT quotients via non-abelian localization (and
eventually quasimap compactifications) was proposed by A. Bertram, I. Ciocan-Fontanine and
B. Kim [?] following their proof [?] of the Hori-Vafa conjecture. The conjecture (formulated in
the appendix to [?]) gave a novel proposal for the mirrors of GIT quotients C* //G. The idea,
illustrated by K. Hori and C. Vafa in the example of the grassmannians, was to replace the
factorization by a semi-simple G with the (cohomologically equivalent to it) succession of the
factorizations by its maximal torus 7" and then by its Weyl group W = N(T')/T. The first step
yields a toric manifold, whose mirror and genus-0 GW-invariants are well-understood. In the
case of the grassmannian Gr,, y = Hom(C",CY)//GL,(C), it is the product X := (CPN-Y)n
of projective spaces. Its small TV-equivariant (K-theoretic) J-function is (1 — q)J};, where

di c. an
g = Z N = ra—— ’
X om0 Lo TTe [ aer (U — @™ Pi/A )

where P; are the Hopf bundles over the factors. The second step can be described this way:
T T T T
I = Jigpl@i—-@u=@.ao-1, where Jigg = [Ta,m1,a0m/p, J5-
i#j
The I'-operators here,

kQilg, —kQ;0q .
I‘11'—11' AoP;/P; = e Zk>0(AOB/Pj)k(1 —q Qi0as =k )qk/k(l - qk>,
correspond to the roots of g, i.e. in our case of g = gl,,(C) to the line bundles P;/P; for i # j.

Explicitly J Mg/t =

5 B Qi H [Tn=® (1 — ¢™ AP,/ Fy)
N d; ’
di,...,dn=0 Hj:l H?:l Hm:1(1 - qui/A i#j m— oc (- qu()Pi/Pj)

According to [?], (1— )J Mg/t

E is a vector bundle over X , equal to @;.; Pj/P; in the case at hands, which is associated with the
adjoint action of the maximal torus on g/t, and II indicates the parity change of the fibers. By
definition, the quantum K-theory of such a super-space is obtained by systematically replacing
the virtual structure sheaves Oy, 4 of the moduli spaces )”(g m,d With Og 1, ¢ @ Eucx (fts ev® B),
where the subscript in the K-theoretic Euler class mdlcates it is equivariant with respect to the
scalar action of Ag € C* on the fibers of E, and ft : Xg mt1,d — X gm,d and ev : Xg,m+1,d - X
are respectively the forgetting of and evaluation at the last marked point.

On the other hand, the explicit reconstruction results of [?] tell us how to parameterize the
entire big J-function of a toric manifold (or super-manifold) from one value of it. Namely, the
range of the big J-function, Ly, in our example, is invariant under the action of a huge group,
P, of pseudo-finite-difference operators in Novikov’s variables @1, ..., Q. It is generated by the
exponentials e” of any (R -adically small) finite-difference operators D(Pq?1%, Q,q), and by
operators of the form!

Dm0 VE(D(Pg* %, Q, q) /k(1 — ¢¥)

represents a value of the big J-function of the super-space IIE, where

The orbit of (1 — q)J)Z( under this group is the whole of L£¢ (and moreover, picking suitable
operators as described in [?] one obtains an explicit parameterization of £ ).

!Note that above operators I'1,-1,,a0p;/p; are the compositions of the operators of multiplication by
eXk>0 ‘I'k(Aopi/Pj)/k(l_qik), whose cumulative effect, according to the Adams-Riemann-Roch (see [?]), is to trans-
form L5 to Lug, and of the operators of this form with D = quPtiiaQi/ijQj ?Q; which preserve Lig.
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Theorem 3. Elements of the orbit of (1 — q)JlT{g/t under the subgroup PV of the operators
tnvariant with respect to the Weyl group, in the specialization Q1 = -+ = Qn = Q,Ag = 1 turn
into values of the big J-function of the grassmannian.

We conjecture that a similar result holds universally for non-singular GIT quotients, i.e. that
Lcy/q is obtained from Erv}/g it (where IIg/t is the super-space over the base C//T defined as
explained above) by specializing the Novikov ring to its W-invariant part, and passing to the
limit Ag = 1.

Proof. The proof of the theorem is based on T™V-fixed point localization. It should be obvi-
ous after Section 3 that the criterion (i) of the fixed point method is invariant under P even

before the specialization to Q; = Q,Ag = 1. To verify (ii), take localizations (Jgg/t)(l,--~,n) and

(Jgg/t)(nﬂ,gwm of Jlj{g/t (thinking of the fixed points Span(ey,...,e,) and Span(es, ..., €nt1)
in the grassmannian). The ambiguity in the ordering of the values P; = A; becomes irrelevant
in the limit @1 = --- = @, = @ due to the W-symmetry. Before the limit, we take here
P =Aq,...,P, = A, for the first fixed point, and P, = Ap11, P = Ao,..., P, = A, for the
second. For z = (Ay/A,11)~Y/™, we have
dq 1o 2t
ReSq:x(Jgg/t)(L...,m; == Téo Coef f1 ™ (mo) (Tfign)ns12,...mlas-

This is simply the recursion relation (i) for the target space X = (CPN~1)" corresponding to
the 1-dimensional TV-orbit connecting two fixed points, Span(e1) and Span(e,;1) in projection
to the first factor CPV~!, and constant (and equal to Span(e;), i = 2,...,n) in the other
projections. The recursion coefficient here turns into the correct one for the grassmannian in
the limit Ag = 1 and Q1 = Q.

Note that operators PiquQiaQi specialize to quinaQi at the fixed point Span(ey,...,en,),
and for ¢ > 1 commute with Q}*, while for ¢ = 1 we have

k_kQ10 m mo k k kQ10g, — mo A k kQ10
AYGHI0QTY = QgAY =y e QTG
n+1

This implies that for any finite difference operator D regular at ¢ = (A1/A,11)~ ™, the local-
izations (ngg/t)(L-u,H) and (ngg/t)(n+1,27---,n) of DJgg/t also satisfy the above recursion relation
with the same recursion coefficient. In fact this direct verification is not even necessary, since it

simply elucidates in terms of fixed point localization the general fact that Lpy/ is P-invariant.

We conclude that when D is W-invariant, (1 — q)DJgg/t specializes at Q1 = --- = @, = Q
and Ag = 1 into a point in the loop space K (corresponding to the grassmannian) which satisfies
the correct recursion relation, and hence belongs to Lgy,, - |

Remark 4. Of course, the above argument applies more generally than the grassmannian
example, and works whenever a torus (7 in this case) acts on C//T" and C//G with isolated
fixed points and isolated one-dimensional orbits. In particular, it applies to twisted quantum
K-theories studied in [?] and generalizing the above transition from X = (CPN-1)" to Ig/t.
Namely, let E = E(P1,...,P,) € K0y (Grnn) be a virtual vector bundle (for this, E needs to
be symmetric in P;). It can be used to “twist” the virtual structure sheaves of the moduli spaces
of stable maps — for both targets, IIg/t and Gr, n:

Ogmd e Og m,d ®€Zk¢0 \Pk(uk fts ev *E)/k7

where pj are some prefixed elements of the ground ring R (and, abstractly speaking, should
better be taken from R, as a precaution lest the modifying expression diverges). Then the big
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J-functions in the twisted quantum K-theories of Ilg/t and Gr, n are related the same way as
described in the theorem: For any W-invariant value of the twisted J-function of IIg/t (in place
of Jgg/t), the elements of its orbit under P" in the limit Q; = --- = Q, = Q specialize into
values of the big J-function in the twisted quantum K-theory of the grassmannian.

5 Balanced I-functions and 7"Gr, v

In some recent literature motivated by representation theory (see e.g. [?, 7, ?]), quantum K-
theory of symplectic quiver varieties plays a role, and among them, the cotangent bundles of
the grassmannians (rather than the grassmannians per se) take the place of the target spaces.
K-theoretic computations in the quasimap compactifications of spaces of rational curves in
such targets lead A. Okounkov and his followers to g-hypergeometric functions quite interesting
from the point of view of the theory of integrable systems. To illustrate one specific property
(apparently important in their theory for technical reasons) consider the series

= 1 —¢™Y P;/A,;
T — Z Qr+-tdn HHH 1_‘1qu/5&

0<di,...,dn i=1j=1m=1

H [To=%, (1 —qmPi/P) [T (1 — Y P,/ P))
eI = ™ P/ P) [142% (1 — qmY P/ P;)

Here Y € C* (denoted in [?] and elsewhere by h) represents the circle acting by scalar multipli-
cation on the fibers of a vector bundle over the compact base (which is meant to be T*Gr,, n
in our example). Note that the series is formed of fractions (1 — ¢™Y X)/(1 — ¢™X), which are
bounded both as ¢ — 0 and ¢ — o0. In the fixed-point computations on quasimap spaces of
symplectic targets, this property of generating functions being balanced (in terminology of [?])
is a by-product of tensoring the virtual structure sheaf with the square root of the determinant
bundle of the moduli space (i.e. in effect computing indexes of real Dirac operators rather than
holomorphic Euler characteristics). The questions we will address here are about the place of
the series I7 and its close counterparts in the “genuine” (i.e. based on stable map compactifica-
tions) quantum K-theory of the grassmannian: Does I” represent a value of the big J-function
of any version of quantum K-theory, and if so, then what version and on which space? Is it the
small J-function in that theory? We will give several different affirmative answers to the first
question, and negative to the second.

Theorem 4. The series (1 — q)IT represents a value of the torus-equivariant, permutation-
invariant big J-function of IITGr, n (the odd tangent bundle of the grassmannian).

Initially the interest in GW-theory of IIE for a bundle E over a compact base is motivated
by the fact that in the non-equivariant limit Y — 1, GW-invariants of IIE, when the limit exist,
turn into GW-invariants of the zero locus of a generic section of £ (which in the case of E = T'X
consists of y(X) isolated points).

Proof. We can follow the same route as that of Theorem ??. The localization

1—qmYA;/A;
o= 3 anen [ ]] o

0<di,...,dn i=1j=1m=1

o T Ho=mell = 0" A/ ) T p (1= 4"V A/ Ay)
ij=1 me—oo(1 = 4™ Ai/Aj) Hm:—oo(l —q"Y Ai/Ay)
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of I at the fixed point (1,...,n) in the grassmannian, together with such localizations at
other fixed points, pass the test (i) of the fixed point theory, and the residues at the poles
q = (Aj/A;)"/mo satisfy the recursion relation of the familiar form (i) with suitable recursion
coefficients. This should be obvious after our analysis of the series J” in Section 3 and Section 2
respectively. Moreover, according to Remark 7?7, it only suffices to match the values of these re-
cursion coeflicients with those in GW-theory of IIT'Gr;, . Using the notation z = (AnH/Al)l/mO
and our result from Section 2, we find the recursion coefficient corresponding to the pole at ¢ = z
in the form

_Qmo EU(T(l ,,,,, n)X) as before, times the modifying factor
mo BEu(T%X0,2,m) ’
N mg no
— T mY A, /AnJrl
1 —2™Y Ay /Aj)
[T -emvaan ] i

where the target X = Gr, n. Unsurprisingly, the modifying factor is almost reciprocal to the
expression for Eu(1(y, .. ,)X)/Eu(TyXo,2,m,)- They differ by the presence of Y in each factor, and
by the extra factor 1 —z™°Y A /A,4+1 (actually equal to 1 —Y, and excluded from the expression
in Section 2 where Y = 1). In our computation of H°(CP';¢*(TX)), the latter (zero) factor
represents the line spanned by the vector field 200,mo (infinitesimally rescaling the target CP!),
and falls out of T;,Xg 2 m, because of the infinitesimal automorphism 20, of the source cpP!.
Thus, the factor 1 —Y remains present in Eucx (ft. ¢*(7X)). Note that Y was introduced as the
character of C*-action on T*X. The action on TX is given therefore by Y1, but the definition
of the K-theoretic Euler class as the exterior algebra of the dual bundle restores the factors

Y everywhere. Thus, the modifying factor coincides with Eucx (ft« ¢*(T'X))/ Eucx (T(1,... .0y X),
and the recursion coefficient altogether has the required form
Q™  Eu(T, . ,ITX) -

mo Eu(T(l,.A.,n) (HTX)O,Z,mO)

Corollary 1. The series (1—q)I* /(1-Y q) represents a value of the torus-equivariant, permutation-
invariant big J-function in the quantum Hirzebruch K-theory of the grassmannian Gry N .

Recall that the Hirzebruch y_y-genus of a compact complex manifold M is defined by

dim M
Xov(M) = Y (=Y)Px(M; QP (M)) = H*(M;Bucx (TM)),
p=0

where the rightmost interpretation assumes that Y € C* acts fiberwise on the tangent bundle
by Y 1. More generally, one can define the (classical) Hirzebruch K-theory by replacing the
structure sheaves Oy with Oy ® Eucx (T'M). The quantum Hirzebruch K-theory of a target X
is defined by similarly modifying the virtual structure sheaves of the moduli spaces X, ,,, 4 using
their virtual tangent bundles:

Ogm,d = Ogmda @ Eucx (T Xy ma)-

According to a result from [?], the theory thus obtained can be expressed via the ordinary
quantum K-theory, implying in particular Corollary ?? (see Remark ?? below). However, it also
follows from our fixed point approach. Namely, the big J-function of (permutation-invariant)
quantum Hirzebruch K-theory has the form

—qY Lo

1 —q Oc m
l—qY +t( ) Z Qd¢a<¢ qLo 7t(L1)7""t(Lm) g,m+1,d7

d,m,«x
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where the correlators are defined using the virtual structure sheaves of the Hirzebruch K-theory.
This is not an ad hoc definition, but is dictated by the general formalism; the dilaton shift and the
first input embody respectively: the Euler class (of the universal line bundle ¢~!) corresponding
to the genus, and the reciprocal of the equivariant Euler class of Ly 1. Consequently, the recursion
coefficient of the fixed point theory acquires a new factor 1 — Y: the residue of %% at the
pole ¢ = Ly' (equal in our computations to (A1/A,41)~"/™0). But the above explanation why
this factor belongs to Eucx (fty ¢*(7X)) means it does not belong to Eucx (TyXo0,2m,). The
latter occurs in Lefschetz’ fixed point formula for the modified virtual structure sheaf. The net
result is that the recursion relation (ii) remains the same as in the theory of IIT'X. Note that a
scalar factor, such as 1/1 —qY in (1 — ¢)I7 /(1 — ¢Y) has no effect on the recursion relation (a
fact indicating that the range £ < K of the big J-function is an “overruled cone”). The role of
this factor is to guarantee that modulo @, the series equals the dilaton shift, and hence the rest
of the series is (-adically small as required.

Remark 5. By the way, 1/(1 —qY) =] -,Y™q™ is considered a “Laurent polynomial” in ¢
i.e. an element of K, in Hirzebruch K-theory, as it doesn’t have poles relevant in localization
theory. The correlator part of the big J-function in the quantum Hirzebruch K-theory clearly
satisfies J|q=c = Y J|q=0, and this condition defines the new space K_. The general result
of [?], which applies to the all-genera permutation-equivariant quantum K-theory, says that
the total descendant potential D}/( for the Hirzebruch version of the theory is obtained from the
“ordinary” one, Dg(, by three transformations: the Eulerian twisting corresponding to the bundle
E =TX —1 (in genus 0, this has practically the same effect as the twisting by T'X, producing
the big J-function of IITX), and the above changes in the dilaton shift and polarization K =
K+@®K_. The transformations correspond to the three summands in the virtual tangent bundles:

TXgma = fteev®(TX —1) + (1 — L71) — (£t j:02)%,

where L is the universal cotangent line over X .14 at the m + 1-st marked point, and j :
Z — Xgm+1,4 is the inclusion of the nodal locus. Here ft, ev* T'X represents variations of
stable maps from pointed curves with a fixed complex structure, ft,(L~!) represents variations
of the complex structure of the curves, while the last term is supported on the virtual divisor
ft(Z) < Xgm,a where the combinatorics of the curves changes, and accounts for the difference
between the virtual tangent bundle and the sheaf of vector fields tangent to this divisor.

Another form of Theorem ?? can be derived from Serre’s duality. The cotangent line bundle
L of a pointed nodal curve and its canonical bundle K are related by L = K (D), where D :=
>t o; is the divisor of the marked points (i.e. away from the nodes, a section of L is a
differential allowed to have 1st order poles at the markings).

Given a bundle E over X, on X, ,, 4 we have

ftoev* B = — (ft, Kev* EY)Y

=— (ftyev* EV)Y + (ftx(1 — L)ev* EY)Y — Zevz‘ E.
i=1

Applying the quantum Adams-Riemann—Roch (Theorem 2 in [?]), we find that tensoring of
Og.m.a With Eua ((ft4(1 — L)ev* EV)Y) in the correlators of permutation-equivariant quantum
K-theory is equivalent to the change (1 —¢q) — (1 — q) Euéi (E) in the dilaton shift. The
same change of this inputs: t — Eu(_:i (E)t, is effected by tensoring with the Euler classes of
—ev; E. In other words, the dilaton-shifted total descendant potential of the theory twisted by
Eu!((fty ev* EY)V) is obtained from the one twisted by Eucx (ft4 ev* E) by the transformation
Dne(q) — D E(Euéi (E)q). The potentials are considered as quantum states in suitable Fock
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spaces, and the transformation is induced by the map f — Eua (E)f between two copies of the
loop space K (equipped with two different symplectic structures: based on the Poincare pairing
X(X; Euai (E)ab) on the source space, and x(X; Eucx ab) on the target. Consequently, the big J-
functions in the genus-0 theory are related by the inverse transformation: Jp — Eucx (E)Jng.
Applying all this to £ = T'Gr,, n, we arrive at the following conclusion.

Corollary 2. (cf. [?]) The series Eucx (T'Gry n)(1—q)IT represents a value of the big J-function
in the torus-equivariant, permutation-invariant quantum K-theory of the grassmannian Gr, N
twisted by

OOmd — OOmd®Eu ((ft* ev (T*GTH7N)>V)'

One more way of modifying virtual structure sheaves, which was recently introduced and
explored by Y. Ruan and M. Zhang [?], consists in tensoring O, 4 with a power of the deter-
minant line bundle (det(ft ev* £))~!, thereby bringing the level structure (of level ) into the
quantum K-theory. Note that in terms of K-theoretic Chern roots L1, ..., Ly of a vector bundle
ga

Eu(&) _HQ&U‘LI;I)_ Mol () dmE (et £)L
Eu(f*) T (1= Ly) = (-1)" Ly Ly = (=1)""(det €)

So, we take E = T*G'r, n, € = ft, ev*(I*Gry ), and describe the modification of Oy ;, 4 used in
Corollary 77 as tensoring with both Euéi (£) and (det £)~1. After the first operation we land in

the theory of the noncompact bundle space T*Gry, v, and after the second in the level 1 version of
this theory. The Poincaré pairing changes accordingly into x(X; Eug A GrnN)(det T*Gry, ) " Lab).
By the Riemann-Roch formula, dim€ = (1 — g)dim X + {, ¢;(7T*X), which for g = 0 yields
(—1)dim& — (_1)dimGra N (_1)Nd The first sign is absorbed by the ratio of the Euler classes (of

T and T*) in the Poincaré pairings, and the second by the change Q — (—1)VQ, leading to the
following conclusion.

Corollary 3. The series
det(T*Grp n) ™ Euex (T*Gron) - (1 —q) I (-1)VQ)

represents a value of the big J-function in the level 1, torus-equivariant, permutation-invariant
quantum K-theory of the cotangent bundle space T*Gry N .

Explicitly, the product of the determinant and the Eulerian pre-factor differs by the sign
(_1)dimGrn,N from

Hé‘vzl H?:l(l - YB/Aj)
1o, =YP/P)

Because of this pre-factor, the series even modulo @ is not equal the dilaton shift 1 — ¢ (as well
as in Corollary ??), which already disqualifies it for the role of the “small” J-function.

In fact the ¢g-hypergeometric series which arises in the K-theoretic computations on the spaces
of quasimaps to the grassmannian is slightly different from the one in Corollary 77 and ?77. It
has the form

n N d;—1
1—qmYP/A;
7T — Z Qrtdn HHH i
0<di,...,dn i=1j=1m=0 1_qu/A
H Hm_ (1= q"P/Py) TTpe o (1 = q"Y i/ Py)
ot Lo (L= 4™ P/ P T — 8 (1 = qmY P/ Py)

Eucx (T'Gry,N) =
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which differs from I7 in that in the products of the factors 1 — q"Y P;/A;, the range of m is
not from 1 to d; (as for the factors without Y) but from 0 to d; — 1 (and similarly for the
factors 1 — ¢™Y P;/P;). We claim, however, that (1 — )1 and (1 — q)(=1)dmGran T ((—1)NQ))
represent some values of the big J-functions of the same theories as described in Corollary 77
and ?7? respectively.

Namely, consider the version of IT with Q% ++dn is replaced with chll -+~ Q%  and apply to
it the operator

[T T, (1~ Y@@ Py/Ay)

0. —0:00. :
[1721(1 = Yq9feim @ py/ Py

This results in restoring the “missing” factors with m = d; or m = d; — d;, and in the limit
Q1 = = Qn = Q yields the series of Corollary ?? (modulo to the sign (—l)dlmGT"vN and the

change @ — (—=1)VQ). On the other hand, the operator can be written as

kQ;00., kQ;00. —kQ;00 .
e*Zk>o vk [Z;'V:I 2iaa < QZP@'k/A?*ZZj:lq e 779 Pik/ij]/k

I

and hence belongs to the group PW, which justifies our claim due to Theorem ?? and Remark
7?7

The series (1 —q)jT appears to have better chances to pose for the “small” J-function, because
the term with Q° is 1 — ¢, and other terms are reduced rational functions of ¢. And indeed, H.
Liu [?], looking for a stable-map K-theory interpretation of the g-hypergeometric series arising
in the quasimap K-theory of quiver varieties, shows that in the case n = 1 of projective spaces,
the series (1 — q)fT is the small J-function in the theory described by Corollary ?7. However, he
falls short of sticking to this interpretation, because he finds an example (namely the manifold
of flags in C3) where the similarly twisted small J-function is unbalanced.

In fact none of (1 —¢)I” with n > 1 (and none of other I-series featuring in this section)
represent “small” J-functions, and not because some rational functions are not reduced, but for
much more dramatic reasons. Namely, in our fixed point characterization of the big J-function,
the poles participating in the recursion relations come from the characters of the torus action
on the grassmannian per se: ¢ = (AZ-/Aj)*l/ ™. The terms of a balanced I-series containing
the factors 1/(1 — ¢™Y P;/P;) lead to the poles at ¢ = (Y/A;/A;)~/™, which cannot come from
fixed point localization. Such fractions should therefore be interpreted as elements of Xy, i.e.
as geometric series D gk (YR/Pj)k converging in the Y-adic topology. Thus, representing
(1—@)IT as (1—q)+t(q) mod K_ results in a very complicated value of t(g), meaning that the
series represents the value of the big J-function with the inputs t(L;) which are rather far from
0. What makes the effect even more dramatic is that it is the input in the permutation-invariant
quantum K-theory, no counterpart of which has been discussed so far in the context of quasimap
spaces.

Apart from this, the interpretation of the series given in Corollary 7?7 is quite parallel to its
definition [?, ?, ?] in the quasimap theory as a generating function capturing some K-theoretic
GW-invariants of the cotangent bundle of the grassmannian based on the virtual structure
sheaves “symmetrized” by the determinant factors.

Finally, we would like to stress that, although we have formulated Theorem 77 and its
corollaries as statements about the particular I-function, modified slightly in one way or another,
in fact these modifications affect the recursion coefficients in a simple and controllable way,
implying that the whole big J-functions of the respective theories coincide up to these minor
modifications. In particular, Corollary ?? is connected to Theorem ?7 by a general phenomenon
called the “non-linear (or quantum) Serre duality” [?]. It relates GW-invariants of the super-
space IIE and bundle space EV, and was first observed in [?] (for cohomological GW-invariants)
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via fixed point localization. For the full treatment (including higher genus) of the K-theoretic
reincarnation of the quantum Serre duality we refer to [?].

6 Non-abelian quantum Lefschetz

A somewhat different proof of Theorem 7?7 could be derived from Theorem 7?7 together with
Remark 77, applied to GW-invariants of the grassmannian Euler-twisted by the tangent bundle

N n n
E=> 2 A/Pi= ), Pi/P:
j=li=1 ij=1
Here we illustrate this approach using as an example Eulerian twistings applied to the dual
tautological bundle E = P;! +--- + P
The Euler-twisted theory (of both Ilg/t and Gr,, n) is defined by

Og,m,d N Og,m,d ® EU(CX (ft* ev* E) _ Og,m,d ® e Zk>0 Yk\IJ—k(ft* ev¥ E)/k,

where Y € C* acts by multiplication on the fibers of E. According to the quantum Adams-
Riemann-Roch theorem [?], the twisted theory is obtained from the untwisted one by the mul-
tiplication: Lyg = D*IEGM ~» Where

ek YU (BN k(1 = )

di+-+dn pdi | pdn
—Buc«(E) ) Yn — B B
a0l i [ e (1 — g™ P)

This is a convenient moment to address one general technical issue. Values of big J-functions
are supposed to lie in R -neighborhood of the dilaton shift 1 —¢q. The terms containing Novikov’s
variables are R-small, and remain such after multiplication by anything like []. Moreover,
for Laurent polynomials t(¢q) with R-small coefficients, [] t contains only finitely many non-
reduced terms, and so modulo K_ it remains a Laurent polynomial (with R, -small coefficients).
However, the product [J(1 —¢) = (1 —¢)+YEY mod K_ seems to present a problem. One way
to resolve it is to postulate that R, 3 Y. Here is a better way to deal with this issue, which is
especially useful if one also needs to use Y ~! in the same context. Consider the operator

kQ;00.
D = Do Via" Sy PE(L = "9 k(1 = ¢*)
which is [] times the pseudo-finite-difference operator from the group P" corresponding to the
finite-difference operator —gY > , P,q9:%: . Therefore
D_lﬁHg/t = D_lﬁl'[g/tv

which by Theorem ?? (or rather its generalization explained in Remark ?7?) turns into Lrg in
the limit Q1 = --- = @, = @, Ag = 1. The advantage of using D instead of [] is that D does
not change terms constant in Q1,...,Qn: D(1—¢q)=1—gq.

Theorem 5. (Non-Abelian Quantum Lefschetz) Suppose
D Iga (P Pay A)QT - Qi
diye.,dn =0

is a W-invariant point in Lyyg, then

n d
Z Lay,dnpg=1 @ F 7 H H H 1-¢"YP)

di,...,dn >0 i=1m=1

1 a point in Lig.
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Proof. Apply D! and use
e Do VI PH T HI-a) gl = = Do VP L) gl

d;
d; m .
= 6_ Zk>0 Zmzl q kYkPk/kQ;iz = Qd H (1 - quPz) .

m=1

Corollary 4. The small J-function of I1E equals (1 — q)I where I =

O e 8 0N HEEY i €V PN AU Tl )
a0 TN T Ty (0= a7 Pi/Ay) 21 Tl o1 — 4™ P/ )

7 Level structures and dual grassmannians

Of course, the approach illustrated by Theorem 7?7 applies to any bundle F over the grassman-
nian, since E can always be written as a symmetric combination of monomials [ ], lel We are
going to use this together with the observation (see Section 5) that det™}(—&) = Eu(€)/Eu(EY)
in order to describe the effect of the level structure on the genus-0 quantum K-theory of the grass-
mannian. For the sake of illustration, we take F to be the tautological bundle V = P, +---+ P,.
With & := ft, ev* V, we have level-I twisted structure sheaves

Eu(l€)
Eu(l£Y)

The Adams-Riemann-Roch theorem from [?] yields the multiplication operator

= o=l Siro TV/R(L = 69),

Ogim,d® det*l(—g) = 0gmd® = Ogmd® e Xkro VHEVE,

and the respective pseudo-finite-difference operator
kQi0Q.
D = ¢! 2o Sy PF(L— "% /k(1 — qk).
Applying it to Qfl, we find:

DQ —Q e~ 20 2m '_I(Pk mk— P Fgmk) Jk

d;i—1 l
J 1= Pag™ d:
d; 1q d; Nid; (%
= QZ- <1 p- qm> = Qi (—F) C](2)-

(2

The above calculation is somewhat formal. The initial determinantal twisting of Oy, 4 and the
finial modifying factors are well-defined, but in order to justify intermediate steps, one needs
add to Ry two variables Y, Y’ and replace £ and £V with Y& and Y’EV. This will lead to the
product of fractions (1 —Y P,g™)/(1 —Y'P;'q~™), where one can pass to the limit ¥ = Y’ = 1,
thus obtaining the following result.

Theorem 6. (cf. [?]) Suppose
2 Id1,...,dn(P17"'7Pn7AO) ill ;iLn

is a W-invariant point in Lygy. Then

d i T 4 (%) :
2 Iy dp | Ag=1 Q4T Hen H (Pi ‘q;® >

di,.rydn =0 i=1
Vi)

is a point in L, N
n,
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Here E(G‘i) is the range of the big J-function in the level-I permutation-invariant genus-0
quantum K- theory of the grassmannian Gr,, n, where V' is 1ts tautologlcal bundle, and the level-]
twisted structure sheaves are defined as in [?]: Oy, ¢®det ™' (ft, ev* V). Note, that the spurious
signs (—1)ldim& — (_1)lxnditldimV pitially introduced in the determinantal twisting disappears
from our ultimate formulation. The first part of it can be absorbed by the change @ — (—1)!Q
of the Novikov variable, which is offset by the signs of (—P;)'% in our computation. The second
part, (—1)'4mV s the discrepancy in Poincaré pairings (it affects the notion of dual bases
{¢a}, {9} in the definition of J-functions) which correspond to the two twistings of Ogr,, \: by
Eu(lV)/Eu(iVY) = [[(=P;)~" and det (V) = [[ P".

The theorem is a non-abelian counterpart of the result of Ruan—Zhang for toric manifolds,
obtained in [?] on the basis of adelic characterization. Both can also be derived by fixed point
localization.

Corollary 5. The series (1 — q)I(TVJ), where I(Vl)

3 Qutrdn T2, Pl H [Tn=2 (1 — g™ P/ Py)
0<dy,...,dn Hz 11_[] IHm 1(L—q™ P/A ij= 11_[m——00 1 —q™P;/Fj)

(@

Gry, N’

represents a point in L and for —n <l < N —n + 1 is the small J-function of the level-l

theory.

Proof. The formula itself is obtained of course, from the non-abelian representation of the
small J-function (1 — ¢)J7 = (1 — ¢)I} (v.0) by the re01pe described in the theorem. For [ >

terms of (1 — q)I(TVl) have no pole at ¢ = 0, and for I < N —n + 1 can be shown to be reduced

rational functions of ¢ (except the Q%-term 1 — gq). Indeed, the difference between the ¢-degrees
of the denominator and numerator of the coeflicient of I E‘Q/ ) indexed by (di,...,dy) is

() z () () e

di >dj

When I < N —n + 1, the binomial sum is non-negative, since for each i the number of j with
d; < d; does not exceed n — 1. The linear term is > 1 unless all d; # 1. Note that in this
case the whole expression doesn’t depend on [, and is still > N —n + 1 > 1. Thus, even after
multiplication by 1 — ¢ the rational function remains reduced.

For [ < 0, the terms of the series are therefore also reduced, but can have a pole at ¢ = 0.
However, even when this happens, the pole disappears after summing the terms with the same
degree di + --- + d,, — at least when [ > —n. This follows from a non-trivial combinatorial
result of H. Dong and Y. Wen [?], according to which I(TW) = f?{/v7_l) for —-n <l < N —
n, where fETf/ o is the similar series corresponding to the dual grassmannian Gry n—p :=
Hom(CN=" CNV)//GLyn_p(C), and the bundle VY dual to the tautological one:

§ Qe I P () H Tl (L= P/ )
OSdl,...,dnH H] IHm 1(]‘_qm ’L/A ’L] 1Hm——oo ]'_qm ’L/P)

Here ]3 are K-theoretic Chern roots of the tautological N — n-dimensional bundle V. Note the
characters A} L of the torus TV action on CVV. Also note the binomial coefficient (d +1) (instead

of (2)): thls is the effect of using V' rather than V in the construction of the determinantal
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twistings. In the previous section we already had the experience of using £ = V'V, from which
it is easy to infer the origin of the modifying factors:

di _ . mp. N .
[TAC0 = g,
m=1 l—g™P;

The dual grassmannians are canonically identified by (V < CN) — (V' < CVV), and the result
of [?] identifies the two expressions as Q-series with coefficients in K% (Gry, n) = KX (Gry n—n)-
valued rational functions of ¢ when —n <! < N —n. By the prev10us estimates of the ¢-degrees
(where this time the linear term [ d; isn’t present), (1 — q)I T 1) passes the requirements to
be a small J-function when 0 < —I < N — (N —n) +1,ie 0= I'> —n. Therefore (though this
is not apparent) so does (1 — q)I‘j/:l at least for 0 > [ > —n. [

Example. For Gr; y = CPN~1 we have

delql(g)
1—q)IL = (1— .
(1=aly=0-9 2, [ T, (- amP/Ay)

Obviously the series is the small J-function only when —1 < [ < N, i.e. the boundaries given
by the corollary are sharp.

£V _ e

Proposition. L, - N Gry Non’

Proof. From V¥ = CV/V we find
det(fty ev* V) ® det(fty ev* VV) = det(fty ev* CV)

which over moduli spaces of rational curves equals det CN = ]_[jvzl A; = detV ® det XN/V, the
factor absorbed by the discrepancy in Poincaré pairings between the two theories. |

8 Mirrors

Consider the improper Jackson integral (or g-integral), defined as
* 1 d
| s xtax = Y s
0 deZ

in the example
f( XlnA/lnq H X/q

The infinite product converges for |g| > 1, and near |¢| = 1 has the asymptotical expansion

0

(1 — X/qm) ~ e_ 2'm>0,k>0 qu_km/k — 6_ Zk>0 quik/k(l_qik)

m=1

d
— (Zio X/ _ 3 X _ X/(-q),
Sl-g0-¢) - (1-qg)
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Since the integrand vanishes as X = ¢—¢

o) —d 170 o m
Z A4 H (1 _ qu) _ Z A Hm:l(l q )

| —02)... _ g—d
S0 mmdh o= =) (1=

with d < 0, the g-integral can be computed as

= -m
= H (1 — qu)62k>0 ATF/k(1—q7F) 1122:1(1 —q ) '
m=1 [T _o(1—g™/A)

The last expression is closely related to the ¢~!-gamma function (see [?] for a modern treatment
of it, including the above g-integral representation). In particular, the application of the trans-
lation operator g% : A — gA results in the multiplication of the whole expression by 1 — A=,
This also follows from the property of the integrand

(1= g /N f(X) = Xf(X) = " f(X),

since the g-integral is obviously preserved by the translation ¢*X%% of the integrand. The latter
property of g-integrals will be more useful to us than the previous explicit calculation of their
values in terms of ¢g-gamma functions. Our goal will be to represent the small J-function J; of
the grassmannian X = G, y by suitable Jackson-like integrals in a fashion similar to representing
cohomological J-functions by complex oscillating integrals in the mirror theory of, say, toric or
flag manifolds. To maintain visual resemblance with complex oscillating integrals, we will denote
X *lqu as dlny X, and use the asymptotical expressions

eZk>0 Xk/k(l - qk) and e 20 quk/k(l - qk)

for [T_;(1 — X/g™) and 1/ [o_o(1 — Y /q™) respectively. The latter product (multiplied by
YynA/Ing) can be g-integrated [?] from 0 to —oo: o 9(Y) Y)Y =3 0y 9(—q79).
Let us recall from Section 4 that J§ is obtained from Jfg ot by passing to the limit Ag = 1,

Q1 == Qn = Q, and takes values in K%(X) consisting of symmetric functions of Py,..., P,.
Before the limit, Jg ot is the J-function of a toric superspace. We begin with setting up the toric

mirror (cf. [?]) to this toric superspace, and studying its properties.
In the complex space with coordinates X;j, i = 1,...,n, j = 1,...,N, Yy, 1,9 = 1,...,n,
i # 1', consider the n-parametric family of tori

XQ17~'-7Q7’L = {(X’Y) | HXZ] = QZH(YVM’/YVZ”L)) 1= 17"'7”}7

J i'#1

and introduce the g¢-integral

eZk>0 (Zzg szj - qk Zi;éi’ Yzlf') Jk(1 — qk) y

1_[ v, Ni </\J dgIn Xij \iszi dgIn Yii’)
s (Zj dgIn Xij — >34 dg 1H(Yz‘z‘//Yz"i)>

To clarify the wedge-product expression: if the subscript in all d, is removed, the expression
becomes the standard translation-invariant holomorphic volume on the complex torus Xg, . g,
(and coincides with the one found in Introduction).

By the “cycle” I" we understand a “multiplicative” g¢-lattice in Xg, ¢, (i.e. a Ing-lattice
on the universal covering of the torus) of rank nN + n? — 2n, suitable for multi-dimensional ¢-
integration; we’ll meet some examples later.This is the K-theoretic mirror (cf. [?]) to what we de-
noted in Section 4 by IIg/t: the toric super-bundle over (CPN=1)" = CN"//T™ with the fiber g/t
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associated with the adjoint action of the maximal torus 7" in GLy(C) on Lie GLy(C)/Lie T™.
Namely, in the torus-non-equivariant limit Jygy, the “small J-function” Jﬁpg /it introduced in
Section 4 satisfies (as it is not hard to check) the system of finite difference equations

100 .,—Qi0g, ;00
[ [0 = qPy/Pig?oes =% (1 = Pg?i%@i)N Jyyg
e

i10Q, —Q,10q ., .
= Qi [ [(1 = qPy/Pyg® %) Jy i, i =1, .
i

So, the claim is that our mirror g-integral satisfies the same system (for scalar-valued rather
than K°(X)-valued functions):

[ (1= q ®rfer Q%1 — QPN

i
=Qi[[a—q %@ %N =1, .
il #i
To check this, we note that translations operators qX” %Xij and q Vi O project to the Q-space

into respectively ¢2i%i and qu’aQi’ —Qido; Applying qX” Xij to the factor A, := >0 Xij/k(1=4")

in the integrand of Z containing X;;, we obtain
eZk=0 X5/ K(1=0%) _ Xm0 Xis/R(1=0") o= Do X5/ _ (1= Xi5)Dije

g x5 ), we find the integrand multiplied by [[; X;;. Similarly,

Therefore, applying ]_[j(l
. =Y., 0y..
applying ¢ "7’ to

—gk k _k k o~k
Vi i=e q 2k>0}/¢i//k(1 q )Yii’ - eZk>OY¢¢//k(1 q )Yii/a

we obtain (1 — Yj;)g~ 'V, and hence applying 1 — ¢ qu’i’i'aYn" we find the integrand multiplied
by (1—q(1—Y;)g~!) = Y. Since [ Ttz Yirs Hj Xij = Qi [y Yiw fori=1,...,n, the promised
finite difference equations follow.

The torus-equivariant counterpart Z? of Z is obtained by inserting into the integrand the
factor

HXlnA j/Ingq H Y’;;Ao/lnq‘

i1

By repeating the above computations, we find that Z7 satisfies finite difference equations

100 ,—Qid0, 9.
H(l _ qAOqu Qu—Q Ql) H(l _ qQ an/Aj) 7T
i/ #4 J
100, —Quia., .
= Qi [ [(1— qAgg¥ 7@~y 1T i=1,...,n.
il #i
Replacing the natural action of finite difference operators on scalar-valued functions with the
representation on K%(X )-valued functions by quaQi — PtiiaQi, we obtain the equations satis-
fied by the series Jg o/t from Section 4.
Let us now examine Z7 for a cycle I’ fitting coordinate charts on Xy, . o,. Picking a function
J AL, .,n} — {1,..., N}, we express X;j;),i = 1,...,n, in terms of Q; and the remaining
variables using the equations of Xg, . 0, , and rewrite the integral Z7T in this chart. For instance,
take J(i) =i to find Xy = Qi [ [, Xi;I [ Tirs(Yiir/Yirs), and respectively

Qd i+InA;/Ing (d i)
T _ 1.-49Un
I(17”'7n) - Z H 1 —_— q 1 —_— q ) (1 —_ qd/L) I(17"'7n) ’

0<d17 . dn 1
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where
(1,0 ln) 20 Z DY -IY’?/)/k(l—q’“)
1(117 nz)n _ +f > YE) z 1#1 T ~
—d;+In(Aj/A;)/In d —d;+1+In(AoAi/Ay)/In
[[x; “Tlv: 0 ? N dqgIn Xj /\ dgIn Yy,
i#] i1 i#] P4’

and the sign is determined by the order of the ¢-differentials.
This is the product of model 1-dimensional g-integrals

+o0
1 [T o X = ) x—army/n) g 1, x
0

(0)

considered at the beginning of this section, and can be expressed via I}’ by the recursive
property of the g-gamma-like function. Explicitly, applying to the integrand of I Srd) the operator
1 — ¢%qXoxA/N, we find (after a Short computation) that (1 — qu/A’)Iid) = L(rd_l). Applying

this inductively we conclude that I / ]_[m (I —¢™A/A). Using this and a similar
recursion for I* (d) , we can relate I(dl’ o ) to I( 0).
(1,..m) (1, ,n)
(d1yedn) _ ER [T (1 — ¢™AoAi/Ar)
T 1y.04,0n seeey H m —OO

(1,...,m) 1—[#] Hm (1 —gmA/A) I (1 —quoAi/Ai/).

Comparing this to the terms of the series Jgg It from Section 4 localized at the fixed point
(Pp,...,Py) = (A1,...,Ay), we arrive at

T T In A;/1n ¢ (0,...,0)
Z-(1,...,n) = (JHg/t)(l,...,n) HQz qI(Lm’n)‘

Note that I((O’ v g doesn’t depend on (), while the role of the factor QinAi/lnq is to conjugate

q@i%; into PZqQ’ Qi|p—p,-

The above result shows that all relevant components of the vector-function Jgg . can be
represented by our ¢-integrals using “cycles” fitting appropriate charts. Setting in the g-integral
Q1 = =@, = Q and Ay = 1, we obtain a torus-equivariant K-theoretic mirror of the
grassmannian.

Theorem 7. The multi-dimensional q-integral

7 | o (S X = 0 S V) /01— )
FCXQ

HXlnA ;/Ing 1—[ Yy (/\j dgIn Xij Niszi dg I Yz'z") |
AT (Z dgIn Xij — 24 dg 1n(Yii’/Yi/z’))

with suitable choices of q-lattices I' in

Xg = {(X,Y) | HXij:QH(}/;i//l/;/i), izl,...,n}

i #

invariant under the action of the Weyl group S, (permuting the indices i and i'), represents
components of the K%(X)—valued small J-function J; of the grassmannian X = Gry, n. Like-
wise, the components of the non-equivariant version of the small J-function Jx are represented
by the respective q-integrals with all A; set to 1.
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