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1. Introduction

Cooperative control of multi-agent systems (MASs) has re-
ceived intensive attention in recent years. Typically research
problems in MASs include consensus (Olfati-Saber & Murray,
2004), formation control (Ji et al., 2008), and distributed opti-
mization (Liu et al,, 2017; Lii et al, 2017). In particular, the last
few years have witnessed a growing interest in dispatching power
generation for smart grids (Abedini et al., 2013; He et al., 2018;
Nagata et al,, 2012; Yan et al., 2013). The economic dispatch (ED)
problem is one of the most fundamental problems for smart grids,
which aims at distributing the total power demand among the
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generators to minimize the operating cost under certain security
constrains.

Earlier works on ED problems could be roughly classified
into two categories: convex optimization based approaches and
non-convex optimization based approaches. Convex optimization
methods include the gradient search approach (Wood & Wollen-
berg, 2012) and the Newton approach (Yorino et al,, 2012). In
the non-convex case, heuristic algorithms such as genetic algo-
rithms (Chen & Chang, 1995) and particle swarm optimization
algorithms (Park et al., 2010) have been employed. However,
most of the existing economic dispatch schemes are centralized,
which require global information over the entire power grid. It
has been revealed in one way or another that centralized methods
are usually expensive to implement and susceptible to one-point
failures—a fact known generally; therefore, it is necessary and
appealing to develop distributed algorithms for the ED problem.

It has been customary to employ consensus-based algorithms
to solve ED problems in a distributed manner, which have led to
fully distributed algorithms employing solely local information.
There has been a variety of research works along this line of
reach in recent years (see, e.g., Li et al,, 2018; Wen et al., 2016;
Yang et al., 2013; Yu et al., 2015 and the references therein). Ref.
Yu et al. (2015) discusses the relationship between the optimal
solution of economic dispatch and consensus in smart grids.
Ref. Yang et al. (2013) proposes a distributed consensus-based
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algorithm to maintain the balance between power generation and
demand. In order to handle communication uncertainties in the
ED problem, an adaptive consensus-based scheme is proposed
and analyzed in Wen et al. (2016) . In Li et al. (2014), a fast dis-
tributed gradient-descent method consisting of the -logarithmic
barrier function is proposed to solve the ED problem. Moreover,
an event-triggering scheme is proposed in Li et al. (2016), which
seeks to reduce the computational and communication cost for
smart grids. The aforementioned works all assume that the net-
work is ideal and reliable; more practical network models (Binetti
et al., 2014; Nedi¢ & Olshevsky, 2015; Zhang & Chow, 2012) are
also discussed.

Despite the efficiency and autonomy offered by the distributed
optimization scheme, smart grids face a challenge in employing
the delayed information, subject to possibly different computa-
tional time-delays, that are inevitable in distributed systems, par-
ticularly when generators are hard to synchronize (see, e.g., Yang
et al, 2015; Zhao et al., 2016). If the computation is implemented
via a circuit, the delay might be incurred by sensing or circuit
wiring. If the algorithm is implemented via a digital computer,
there also exists non-ignorable latency or response time, since
the computational task needs to compete for the CPU time with
other computer tasks, e.g., package routing. Additionally, there
are significant privacy risks associated with delayed gradients
for applications dealing with sensitive data, such as distributed
ED (Mandal, 2016; Zhao et al., 2017). The optimal operating out-
puts and power demand are significant private information that
deserves careful protection, which should be taken into account
in distributed ED. This motivates the problem of designing dis-
tribute ED algorithms which are robust to heterogeneous delayed
gradients and are secure to potential adversaries. Additionally,
it is worth pointing out that there exist fundamental challenges
due to the coupling amongst the different techniques for predic-
tion, optimization, and privacy preservation, since the separation
principle generally fails to work for nonlinear systems.

In this paper, we propose a fully distributed algorithm for the
ED problem under heterogeneous time-delays while meeting the
requirement of privacy preservation. Specifically, we make the
following contributions.

e We construct a state predictor for each agent to attenuate
the effect of heterogeneous time-delays. The predictor al-
lows each agent to predict the missing states between two
consecutive update times. The predicted values are then
employed in the distributed gradient-descent algorithm to
guarantee the desired convergence properties.

e We propose a privacy-preserved predictive scheme by
adding noise to the output information to meet the require-
ment of privacy preservation under heterogeneous time-
delays. Among other things, we carefully characterize its
convergence, differential privacy properties, as well as ac-
curacy.

The rest of this paper is organized as follows. In Section 2, we
provide mathematical preliminaries. In Section 3, we describe the
ED problem of this paper. In Section 4, we propose a predictive
control scheme to compensate for the effect of heterogeneous
time-delays and investigate its convergence. In Section 5, we
present the privacy-preserved predictive scheme to meet the
requirement of privacy preservation and analyze its performance.
Finally, Section 6 concludes this paper.

2. Mathematical preliminaries
The notation used throughout this paper is fairly standard.

We denote the set of real numbers by R, the set of positive real
numbers by R*, the set of N-dimensional real vectors by RV, and
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the set of N x N real matrices by RV*N, We denote the identity
matrix by I. We denote the column vectors of all ones and all
zeros by 1 and 0, respectively. For a vector x € RN, we denote
the two norm by [|x], = (|x1]? + - - - + |xy|?)"/%. We denote by
diag{ay, ..., ay} the diagonal matrix with a;, i = 1, ..., N, being
its ith diagonal element. We denote the transpose over a vector or
matrix by the superscript T. We denote the gradient and Hessian
of a function by Vf and V?f, respectively. A twice differentiable
function f : R — R is said to be strongly convex if there exists
a constant m > 0 such that V2f > m. For simplicity, we denote
events of the type E, = {w € £2 | r(w)} by {r}, where r is a logical
statement on the elements of 2, and £2 denotes the total sample
space of the noise sequence w. We denote the probability of E;
by P{E,}. For a random variable X, we denote its expectation and
variance by E(X) and Var(X), respectively.

We denote a graph by G = {V, £}, where V = {1,2,...,N} is
the node set, and & C V x V is the edge set. The graph with the
property that (i, j) € £ < (j, i) € £ is said to be undirected. The set
of neighbors of the ith node is denoted by N; = {j € V | (j, i) € &}.

The adjacency matrix A = [a;] € RN*N of g is defined as
follows: a; = 1if (i,j) € &, a;j = 0 otherwise. The degree
of node i is defined as d; = Z;N:1 aj, and the degree matrix is

defined as D =diag{d;, ...,dy} € RVN*N. The Laplacian matrix
of G is given by £ = D — A € RV*N, In this paper, we use an
undirected graph G to describe the information flows among the
power grid, where each node represents a generator, and an edge
(i,j) denotes an information channel between generators i and
j. To design distributed ED algorithms, the connectedness of the
graph is necessary to postulate.

Assumption 1. Graph G is connected.
3. Problem formulation

Consider an N-generator power grid. The generation cost for
the ith generator is given by the quadratic function G(P;) =
aiP2 + BiPi + v;, where P; denotes the output of the ith power
generator, and «;, §;, and y; € R are some non-negative con-
stants (Wood & Wollenberg, 2012). The ED problem is defined
as

N
mi C(Py=) G(P) (1)
! i=1
N
S.t. ZPI' = Pd (]b)
i=1
Pi,min =< Pi =< Pi,max» (1C)

where Py is the total power demand, and P;pin and P;max are,
respectively, the lower and upper bound of the ith generator’s
output capacity. Each generator should work under its capac-
ity constrain, i.e., P; € [Pjmin, Pimax]. Particularly, we denote
the global optimal solution of the ED problem (1) by P* =
[P*,...,P,i;]T. In practice, there always exist time-delays. It is
now well recognized that time-delays are not negligible and
might destroy system stability (Gu et al., 2003). Motivated by
the fact, we consider the following distributed ED model with
heterogeneous time-delays:

Pi(K + 1) = P(K) + U; ({Fi(K — 5)}jenzuiiy) » (2)

where P;(K) is the output of the ith generator at time K, U; is
the control input of the ith generator, which depends solely upon
{F(K — 7))}jen;up the delayed information of generator i and
its neighbors, and 7; is the time-delay of agent j. Note that for
discrete-time dynamical systems, computation time-delay is also
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a central issue that needs to be addressed before the algorithm

can be implemented in real-time. We are interested in designing

the control input U; for the delayed system (2) such that

lim |P(K)—P*|, <&, (3)

K—o0

where P(K) = [Py(K), ..., Py(K)]", and & can be arbitrarily small.
In what follows, we relax the box constraint (1c) by employing

the 6-logarithmic barrier function (Fiacco & McCormick, 1990)

and transform the optimization problem (1) to

N
min f(P) = ;ff(m (4a)
N
s.t. Z P=P (4b)
i=1

where fi(P;) = G(P) — %(IH(P,' — Pimin) + In(Pimax — Pi))- It
is noticed that the penalized objective function (4a) is finite
only if the box constraints (1c) are strictly satisfied. Under the
barrier function method, each generator should be initialized in a
feasible domain with a sufficiently large parameter 6. We denote
the global optimal solution to the ED problem (4) by P* =
[Py, ..., P,t,]T. Under the proposed method, P; will never reach
P; min OF P; max. Consequently, if the optimal solution P to (4) is
P;i min OF P; max, the optimal point will not be achieved. Instead, a
suboptimal point P} will be achieved, whose difference with the
true optimum is upper bounded by % (see Li et al., 2016). Note
that when 6 goes to infinity, the optimal solution P* of (4) will
converge to the optimal solution P* of the original problem (1).

The Hessian Matrix of the penalized objective function (4a) is
201+M; 0 0

0 209+My - 0
given by V2f = , where 2a; + M;, i €
] 0 0 - 2aytMy )
{1,2,..., N} is the second-order derivative of fi(P;) with respect
_ l 1 1 . s o .
to P, and M; = ((Prl’f_mm)z + =k Since ¢; is positive,

and P; is an interior point of the feasible domain, 2¢; + M; is
lower bounded by 2¢;. In practical implementation, one should
guarantee that P; does not get arbitrarily close to the bounds P; nin
and Pj max. This is usually achieved by setting up tighter bounds,
e.g., P min+¢€ and P; max —€, where € is a small positive constant. In
this way, the output variable P; will keep a distance of, at least,
€ from P; min and P; max, Which insures that there exists M; > 0
such that 2¢; + M; < M; (Li et al.,, 2014). Therefore, we have

<V <w, (5)

with IT = diag{2a4, ..., 2ay}, ¥ = diag{M;, ..., My}.

4. The predictive control scheme

In this section, we design the following predictive control law
to attenuate the effect of time-delays:

N

U(K) = =¢ D lVE(BKIK — 1)), (6)
j=1

where U;j(K) is the control input of agent i, ISj(I<|I< — 1j) is the

prediction of agent j's output at time K using the available infor-

mation up to K — 7, and ¢ > 0 is a control gain. Substituting (6)
into (2) yields the following closed-loop system

N
P(K + 1) = P(K) = ¢ Y iV (PKIK — 7)) (7)
j=1
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where the predictor is designed as
P(K — i+ 11K — 1)
:ﬁi(K — ‘L’i|K - T — 1) + k[ (Pi(K — ‘L’i) (8)

A

—PK—TlK—7—1) ) FU(K — 7).

In (8), 7; denotes the time-delay for agent i to process the infor-
mation and calculate its incremental cost Vf(-), whereas P;(K —
7;+ 1|K — 1;) denotes agent i’s prediction of its next output value
given the information up to time K — ;. The predictor consists of
three terms: the prediction at the last time Pi(K — 5|K — 7 — 1),
the prediction error feedback k¢ (Pi(K — 7;) — Pi(K — w;|K — 7 — 1)),
and agent i's input U;(K — t;), where kf is a predictor gain to be
designed. In practical implementation, the prediction 131(I< —7|K—
7;— 1) is calculated at time K —7;— 1. Consequently, the prediction
error feedback can also be obtained at time K. The input U;(K — ;)
is obtained by agent i by summing up all its neighboring delayed
information.

The outputs during the time interval [K — 7; 4+ 2, K] can be
predicted by

PK—1i+kK—1)=P(K—1+k—1K—1)

9)
+U,'(K -7+ k — 1),

k:2,...,t,»,
where 13,-(K — 1+ kIK — ;) and Uy(K — 7; + k — 1) are defined
similarly. Instead of sending the delayed information directly,
generator i will send its predicted information (8) and (9) to its
neighbors, which will compensate for the effect of the time-delay.
Note that the prediction P;(K|K — t;) is calculated in the interval
[K — 1;, K — 1], during which the inputs U;(K — 1;), ... Uj(K — 1)
are available.

Replacing K with K + 7; in (8) yields
Pi(K + 1]K) = P(KIK — 1) + ks ( Pi(K) (10)
— P(KIK — 1)) +U{(K).

Let §;(K) = Pi(K) — I3,~(K|I< — 1). Subtracting (10) from (7) leads to

Si(K + 1) = (1 — kp)Si(K). (11)
Applying (9) recursively gives
P(KIK — 1)
Ti
=P(K —zlK =7 — 1)+ Y UK =t +k—1) (12)

k=1
+ ke (PAK — 1) — P{K — w|K — 5 — 1)).
Similarly, applying (7) recursively yields

Ti
PK)=P(K — 1)+ Y U(K—7i+k—1). (13)
k=1
Subtracting (13) from (12), we have
P(KIK — 7)
=Pi(K) + P(K — 1|k — 7; — 1) = P(K — 7;)
+ ke (PK — 71) — P{K — 5K — 5; — 1)) (14)

=Pi(K) — 8i(K — ©) + ke §:i(K — ;)
The main results of this section are stated as follows.
Theorem 1. If Assumption 1 holds,

4x,(L)
(maxi—1, .y M; + 1)}»12\;(5)’
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where A,(£) and An(L) are the smallest and largest nonzero eigen-

values of the Laplacian matrix £, and 1 — W <k <1,

M,
then under the system (7) and the predictor (8 ) and 9 ) the control

objective (3) is achieved asymptotically where & =

Proof. Let AP(K) = P(K + 1)—Pi(K) and AP(K) =
APN(K)]T. It follows from (7) that

AP(K) = P(K + 1) — P(K) = = LVf (P.(K)) (15)

where P, (K) = [P1(K|K — 1), ..., Py(K|K — t3)]7, and Vf(f),(l())

= [VAPUKIK — 1)), ..., Vi (Pu(KIK —73))]". A Taylor expan-

sion of f(-) yields

FP(K + 1)) = £(P(K)) + VF (P(K))' AP(K)
+%AP(K)TV2f(z(K))AP(K),

where z(K) = [z1(K), . .., zy(K)]" with z(K) € [Pi(K), P(K + 1)],

and V?f(z(K)) is the Hessian Matrix of the penalized objective
function (4a) at z(K). Substituting (15) into (16) yields

F(PCK + 1)) = F(PUO) — VF (PK)) ¢ £VF (Bo(K)
+%Vf(l31(1<)) LTV (2(K))e £Vf (Po(K)).

Rewrite (14) in a vector form as

P.(K) = P(K) — 8,(K), (18)

where 8,(K) = [6:(K — 71 + 1),...,8v(K — =y + 1)]”. Due
o0 (18), (17) can be written as f(P(K + 1)) = f(P(K)) —

VI (B (K) + 8:(K))' ¢ £V (P (K)) + %Vf(f’,(l())T/:T;sz(z(K))
LLvf (13,(1( )). It follows from the mean-value theorem (Khalil,
1996) that

VA(PAKIK — ) + 8(K — 7 + 1))
—VA(PKIK — 7)) = &(K)8(K — 7+ 1),

[APy(K), ...,

(16)

(17)

(19)

where 2o; < &(K) = V*i(yi(K)) < M;, and y,(K) is some value
between P;(K) and P;(K|K — ;). Rewrite (19) in a vector form as

Vf(P(K)) = Vf(f’r(K)) + &(K)8:(K), (20)
where £(K) = diag{gi(K), ..., ex(K)}. It follows from (17) and
(20) that

f(PK + 1)) = f(P(K))
= — V(P (K)) £VF (Pr(K))
— (e(K)S(K)) ¢ £V (P (K))
o V() T eV (2000)g £V (Pol).

Define the Lyapunov function candidate V(K) = f(P(K)) —
FP*) + 21e(K)8:(K)I2 and AV(K + 1) = V(K + 1) — V(K). It
follows that

AV(K + 1) = f(P(K + 1)) — f(P(K))
+2lle(K + 1)8.(K + 1|5 — 2]|e(K)8. (K)|3.
Substituting (21) into (22) yields

AV(K +1)
= — Vf (B.(K)) ¢ £V (P2 (K))
— (e(K)8.(K)) ¢ £V (B.(K) (23)

1_ . .

+ 5 VF(P(0) £V (2000) £V (Pr(0)
+ 2le(K 4+ 1)8:(K + 1)II3 — 2[|e(K)8- (K)|3.

(22)
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It thus follows that (s(K)3 (K))' £ £Vf (P, (K)) + |s(K)8.(K)|IZ =
He(1<)5r(1<)+ 1e 9 (Bo(K) Hz — IVF(BK)) T eV (BL(K)).
Hence, (23) can be written as AV(K + 1) = —Vf( (I )) lc
Vf (B () — H (K)6(K) + ¢ cvf (P H + 19f (B (k) T

cVi(P(K)  + AP cfzvzf(( )cevf  (Po(K))
+ 2[le(K + 1)8.(K + 1)[13 — [le(K)8.(K)|I3, leading to

AV(K + 1)
< — VF(P.(K)) ¢ £V (P (K))
g VI(B0) £ (Bo(K)

VI (B) £ w e £V (b))
+ 2[le(K + 1)8.(K + 1)13 — [1e(K)8. (K)|13
=_ %Vf(f’r(K))T (4cc—2c"cwer — £7¢%c)
VF (P(K)) + 2[le(K + 1)8:(K + 1|2
— le(K)8:(K)II3-
By (11), (24) can be written as
AV(K + 1)
1 ~ ~
O G) (25)
+ 201 — ke lle(K + 1)8:(K)II5 — l1e(K)8.(K)II3,

where Q = ¢(4c — 2¢L™ L — ¢£7£). By Assumption 1, £ is
positive semi-definite with a single zero eigenvalue, ie., 0 =
ML) < A(£) < - -+ < An(£). Additionally, notice that 20T+
cLTe = ¢ LT (2MAH) L. Because 0 < (2 miniﬂ N Mﬁ—l)kz(ﬁ) <

(24)

..... i =

we have 4§k(£) — 2?2 MaX;—1 )
4e04(L) — { (2 mini_y,__ v M; + 1)A3(£) for 1 = 2 E
O NM+1)A2(£) we have 4z 1(£) — ¢%(max— 1..NM;

AR (L ) > O which indicates that 0 = A1(Q) < AZ(Q) <
An(Q), i.e., the matrix Q can be made positive semi-definite.
Let e(K) denote the projection of Vf(P(K)) to 1, ie.,

T
e(K) = (1 - %) Vf (P (K))

. 1TVf (P (K
=Vf(P.(K)) — #1.

Noting that £1 = 0, the substitution of (26) into (25) yields
AVK + 1)=—1 T(K)Qe(l() + 201 — kp)?|le(K + 1)8.(K)||?
— [le(K)8. (K)||3. lfkf is chosen to satisfy 1— YZmingy Nai
1, we have

201 = ke Plle(K + 18 (KO3 = l(K)8:(K)II3 < 0,

which implies that AV(K + 1)<0, and AV(K + 1) < 0 only
if e(K)#£0 or §.(K)#£0. Consequently, we have e(K) — 0 and
8:(K) — 0. It follows from e(K) — 0 and (26) that

Vf (P:(K)) — a1, 27)
for some «. Additionally, Eq. (18) and §.(K) — 0 yield

IA +:,|/\<2

(26)

P.(K) — P(K) as K — oo. (28)

Hence, we can conclude from (27) and (28) that Vf(P(K))—a1,
as K — oo, which indicates that P* is attained asymptoti-
cally (Wood & Wollenberg, 2012).
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Next, we drive the optimization error bound &. It follows from
(5) that (cf. Li et al., 2016)

2
H VI (PIO) |3 < F(PUK)) — F(P¥). (29)

=1,...,

The strong convexity property (5) also yields

£P) 2 (P(KO) — || VF (PLK) )IIZHPUO 2l

+ min_a PO — P 30)

Noting that f(P*) < f(P(K)), it follows from (30) that

|P) =P, = W”Vf ), (31)
which leads to

maxi—i,..n M;

P(K) — P* ——(f(P(K P*)).

lpu) ], f/zm S (00) 1 P)
Noting f (P(K)) — f(P*)and lim supy . . (f(P*)—f(P*)) = 2¥, one
has limsupyg ., [P(K) — I, < lim sup,HOO

maxj—q, .., Mx % Nmaxj—_1,. Mx

\/Zr:m, 1]»___7\, al (f(P(K)) _f(P )) = Qmian,-:l1 _____ E =

It follows from Theorem 1 that the control error £ can be made
arbitrarily small by choosing sufficiently large 6. Additionally, the
more convex the objective function, the smaller the control error.

5. Privacy preservation

When the generators do not fully trust each other or the com-
munication channels are insecure, sending the exact (predicted)
gradient information to neighbors induces a risk on the system.
That is, the initial states, which contain significant information
about the optimal solution of the system (see Binetti et al., 2014),
can be inferred by an adversary from their execution. In this
section, we extend the results in the last section by adding
random noise to the system (7) in order to protect agent privacy.
Specifically, we propose the following privacy preserving scheme
for the ED problem.

Algorithm 1 Differential Privacy Preserving Scheme

(1) At time K, each agent generates a random noise
wi(K) ~ Lap(goiK ). That is, w;(K) follows the Laplace distribution

PDF(wi(K)) = Z(#exp —%) where 0 < ¢; < 1 and PDF

denotes probability density function.
(2) Each agent uses a “noisy” version of the incremental cost, i.e.,

VAi(K) = 7)) + wi(K). (32)
(3) Each agent updates its output by

Vi(P(KIK —

Pi(K + 1) = P(K) — Z V(K (33)

(4) Increase K by one, and go to step 1).

Define the observation sequence executed from P(0) as fol-
lows: 720 (o(K)) = [VA(K), ..., Vix(K)I", where o(K) = [w;
(K), ..., on(K)I". Let T3 () {Z906, ((0)), T, (( 1)), ZRE)
(@(2)), ...} In the following, we formally introduce the definition
of differential privacy (Nozari et al., 2017).
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Definition 1 (Differential Privacy). Given o > 0, the initial
states P’'(0) and P”(0) are o-adjacent if and only if, there exists
o i= i(),

— P’(0 <
i )| - {0 i # o,
{0, €} € R, we say the dynamics (33) preserves e-differential
privacy if, for any pair of o-adjacent initial states P’(0) and

P”(0) and any arbitrary set S, P[w € 2 | Il‘j“(fo (w) € S} <
exp(e ]P{a)e.Q | Zout (a))es}.

io € v, |P/(0) where i € V. Given

P”(0)

Remark 1. In (32) and (33), w;i(K) can be replaced with the
delayed version, e.g., wi(K — t;), which does not affect the va-
lidity of the main results, since the random variables w;(K) are
independently identically distributed.

Note that the initial states of the generators contain the im-
portant power demand information. That is, P; = Z,N 1 Pi(0).
Additionally, it is worth pointing out that the optlmal outputs
also depend on the initial states, since P} = Y B with A% =

(DL P+ X £) /(T 2).

Definition 2 (Accuracy). For r > 0 and p € (0, 1), Algorithm 1 is
said to be (p, r)-accurate if, for any feasible initial state P(0), the
agents’ state P(K) converges to P(c0) as K — oo with E(P(c0)) =

P*, and P{||P(c0) = P*[l <1} = 1 —p.

It is ready to state the main results of this section.

Theorem 2. If Assumption 1 holds,

4)5(L 4
¢ < min 2(£) ,— , (34)
max;—1,.y MiA%(£) mini= n aiin(L)

0 < Kk < 1,and 1 — kf < ¢; < 1, then Algorithm 1
guarantees that E(f (P(K))) — f(P*) as K — oo, while preserving
e-differential privacy with ¢ = max}_ 17 ('f"’;{ Additionally, for
any p € (0, 1), Algorithm 1 guarantees (p, r)-accuracy, where r =
/2{212

Zi:l Zj:l m-

Proof. We first show that E(f(P(K))) — f(P*) as K — oo.
Let AP(K) = Pi(K + 1) — P(K). It follows from (33) that
AP(K) = P(K+1) — P(K) = —¢LVf(K), where AP(K) =
[AP(K), ..., APN(K)]T, Vf(K) = Vf( -(K)) + w(K). Similar to
the proof of Theorem 1, we can write the objective function as
f(p ({{+1)) = f(P(K)) = VF(K) ¢ LVF(K)+ 2 VF(K) £T ¢ V2f (2(K))
¢ LV (K)—(8(K)8- (K )) ¢£ VF(K)+(K) ¢ LVF(K), where §(K) =
diag{#1(K), - - -, En(K)}, 20 < &(K) = V*fi(i(K)) < M;, and Ji(K)
is some value between P;(K) and P;(K|K — ;). Due to the strong
convexity of f, we have

f(P(K + 1)) <f(P (K)) %

— (B(K)8:(K)) ¢ £VF(K)

+ (K ) LLVf(K),
where W = ¢(2£—¢£TW £), and V¥ is defined in (5). The inequal-
ity 0 < (min;— NMi))\iz(L) < M(L£TW L) < (maxi—y,.. v M)A (L)
yields 20 04(L) ) ,,,,, NMAY < Ai(W) < 200(L) — £
( ), forl =2,...,N.If ¢ is chosen to satisfy ¢ <
, we have ng,(ﬁ) — ¢% (maxi—y,..n M;) A3 (L) >

we have

~

(K)'WV(K)
(35)

0. Moreover 1f§ is chosen to satisfy ¢ <
4
W) < mari—m

4
minj—1,_ N AN(L)’
-. Hence by choosing ¢ as in (34), the matrix
4

minj—y N o;’

W can be made positive semi-definite and A,(W) <
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Eq. (35) yields f(P(K + 1)) < f(P(K)) — Ia(W)IVFK)IZ —
(’5(1<)5T(1<))Tgcvf(1<) + o(K) ¢ £Vf(K). Applying the Taylor ex-
pansion of fi(-) at P;(K) leads to

F(P*) =f (P(K)) + VF (PUO) (P* — P(K)) .
+ E(P* — P(K)) (P* — P(K)),
where [T is defined in (5). It follows from (20) and (32) that

Vf(P(K)) = VF(K) — o(K) 4 E(K)8(K), substituting which into
(36) leads to
)

F(P*) =f (P(K)) + VF(K) (P* — P(K)
+ ((E08:00) = wli)") (P — P(KO)
+ %(P* — P(K)) 1 (P* -
=f (P(K)) + VF(K)" (P* = P(K))
+ ((E(K)a (K))" = w(K)T) (P* = P(K)
+ m1n a,||(P* — P(K)) I3

P(K))
(37)

Minimizing the RHS of (37) over (P* - P(K)) gives

2 ~
P =f (P(K)) = — IVFUOI
1=1,..., 1 (38)

w(K)|12.

M Ao )(f(P(K))

w(K)12+ ( (K)8, (K))T;LVF(K)

=1,...,

It follows that f (P(K)) —f (P(K+1)) >
£P)) = $2aW)I| (B(KOB:()) -

(- mmlzzu,w % 5a(W) (f(P(K)) —f(P*))
T+ 2 3aW)W(I + 3 2o(W) | (B8 (K))
2 2 @ 271 2 ! ’ )

+ oK) ¢ Lo(K) + w(K) ¢ £VF (P, (K))

— (&K (K)) ¢ £VF (P (K))

— (&K (K)) ¢ Loo(K).
By (11), (39) can be written as f(P(K + 1)) — f(P*) < (1 —
P60 (W)) (F(PUO) = FP)) + TaaW)lle(I3 + 3(1
— ke Ma(W) || (BK)S. (K = D) |2 + EAn(L)Iw(K)I3 + oK) ¢ LV

F(P(K)) —(1=ke ) (B8 (K — 1)) £ £VF (P (K)) —(1—ks ) (E(K)S. (K
- 1))T§£a)(1< ). Taking the expectation on both sides gives

E(f(P(K +1) - f(P*))

ML W) (7 (PL) — £P)
2a(W) + Can (L)) E(ll(K)II3) (40)
+ 50— KW (05 O)13)

(- kf)KlE((E(K)5,(0))T;ch(13(1<))),
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where we vanished the terms —(1 — ky)(2(K)3.(K — 1))T§La)(l<)
and w(K) ¢ LVf (f’(K)), because w(K) is independent of 8, (K) and
Vf(f’(K)), and w(K) has a zero mean.

For the second term in (40), using the fact that w;i(K) is
independently identically distributed (i.id.), wi(K) ~ Lap(¢X),
E(wi(K)wj(K)) = E(wi(K))E(wj(K)) = 0, for i # j, and E(wi(K)?)
= Var(wi(K)) = 20 — 0as K — oo, it follows that
E(llo(K)I3) — 0as K — o0.If 0 < kf < 1, we have —(1 —

k)E((E)8:(0)) ¢ £9F (PK)) — 0 and 3(1 = k(W)
IEHE(K)S,(O)H% — 0 as K — oo. Hence, as K — oo, (40) boils
down to E(f(P(K + 1) —f(P*)) < (1 = MM=LN (W) R
(f(P(K)) - f(P*)). We have shown previously that A,(W) <

4 indicating that E(f(P(K)) — f(P*)) — O as

Next, we show that the proposed scheme guarantees e-
differential privacy. For any K, let

R(K) = {o(K) € 2 | T8 (0(K)) € Sk},
R'(K) =

{o(K) € 2 | TPiig) (@(K)) € Sk},
where §2 is the sample space up to time K, and Si is the set
by truncating the elements of S to the subsequence of length
K + 1. According to the continuity of probability (Durrett, 2010),
wedhave Plo € 2 | Zg (@) € S} = limk o fR,(K) F(w/(K))de'(K)
an

Plw € 2 | Zpig)(w) € S}

= lim F("(K))do" (K), (41)
K—o0 R'(K)

where F(-) is the N(K + 1)-dimensional Jomt Laplace probabil-

ity density function given by F(w(K)) = [\, ]_[[ o PDF(wi(1)).

Without loss of generality, we assume that for iy € V, P”(O) =

P/ (0) 4+ o and P{(0) = P{(0) for all i # iy. For o/(K) € R/(K),

defme

YK = Wl(K) = (1 = ke Y ii(K)or
T LK) i # io,

where 2a;, < Kio(K) = V£, (i,(K)) < My, and y;,(K) is some
value between P,.’O(K ) and 13’ (I( |[K — 7). It is straightforward to
see that 73 ('(K)) = z;;zfgo)( "(K)), yielding ”(K) € R'(K).
Therefore, there exists a unique («’'(K), Awg) such that »”(K) =
o' (K) 4+ Awg, where Awg = (Awg, . .., Awy ). It is clear that
Awy is fixed and independent of »”(K). Hence, we can rewrite
(41) as Plo € 2 | TPl (@) € S} = limgoo fR,(K)F(a)/(K) +
F(w’(l())
F(u)/(l()+AwK)

(- l(f)M,O F(w’(K))
If 1 —kf < ¢, <1, we have ————~ <
(Zt 0 ’o ) f Pig F(w’(K)+AwK) —

i =1ip,

Awg)de/'(K). 1t follows that exp

M; og; .
0 0
exp (‘Pio _(1_kf)), leading to

Mio o (pf()

F(w'(K)) < exp <</Jzo—(1—kf)

Integrating both sides of (42) over R(K) and letting K — oo, we
have

Plw € 2 | I‘,?“([O)( ) € S}

< exp Miga(pio
- @iy — (1 —kf)

) F(o'(K) + Awx). (42)

) (43)
Plw € 2 | (@) € S},
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which establishes the ¢;, -differential privacy of agent iy, where
€y = (lei_O(—l‘/’igf) Since ig can be any agent, ¢-differential privacy
preservation is established.

Finally, we show the accuracy. Repeatmg (33) glves Pi(K) =
P(0)— ZZ Z lljvf(PJ(K“( 7)) er =0 Z 1 ljw;(K). Be-
cause the n01se is 1ndependent over time and among agents it fol—
lows that, for any time step K > 0, Var(Pi(K)) = 2¢? > Z

B2, As K — o0, we have E(P(c0)) = P and Var(P,(oo)) =

20230 (P(c0)) = Zf’_l Var(Py(00)). It follows that

Var(P (oo)) —2; >y 121 ]1 5. By Chebyshev’s inequality, we
have P{||[P(c0) — P*|l; < 1} = 1 — P{|IP(00) — P*|12 2> r} >
1— —Vaf(fz(w)). Choosing r = Vvar(P 27

Zl 121 1\/7y1elds
P{||P(00) —

Theorem 2 has established some key convergence properties
of Algorithm 1. In particular, Eq. (40) shows that if ¢ satisfies
(34) and 0 < kf < 1, then E(f(P(K))) converges to f(P*) as
K — o00; Eq. (43) establishes the e-differential privacy preser-
vation property, which shows that a more dispersive noise distri-
bution guarantees a higher privacy.

Pl Sf}Z1—P- 0

Remark 2. Theorem 2 incorporates the techniques of predictive
control and injecting Laplace noise together to solve a distributed
economic dispatch problem with heterogeneous time-delays un-
der the requirement of preserving generators’ privacy. Compared
with traditional privacy preservation schemes in distributed op-
timization, due to the additional dynamics of the predictor, we
have to handle a higher-dimensional system which is coupled
with the optimization system through both time-delays and the
added noise. This yields significant challenges in analyzing the
system convergence, e.g., deriving the privacy preservation con-
stant € and showing the (p, r) accuracy, since we have to tackle
three different kinds of control errors, i.e., the optimization er-
ror, the prediction error, and the error caused by the noise,
simultaneously.

6. Conclusion

This paper has investigated a distributed predictive scheme for
the ED problem with heterogeneous time-delays. We employed
the 0-logarithmic barrier function to relax the box constraint of
the ED problem. We developed a consensus-based optimization
algorithm to solve the ED problem, where the supply demand
constraint can be efficiently satisfied over the whole time horizon.
A predictive scheme has been proposed to compensate for the
effect of time-delays. We have provided the theoretical analysis
on the convergence of the proposed algorithms. Among other
things, a privacy-preserved predictive scheme has been proposed
to meet the requirement of privacy preservation, for which we
have carefully characterized its convergence, differential privacy
properties, as well as accuracy.
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