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1. Introduction

Let G = (V, E) be a strongly connected digraph on n vertices,
possibly with self-loops but no multi-edges. We use v;v; to denote
an edge from v; € V to v; € V. For a vertex v;, let N™(v;) := {vj €
V | vivy; € E} and N*(v;) == {vx € V | vv; € E} be the sets of
out-neighbors and in-neighbors of v;, respectively.

We assign w;; € R to edges v;v;, for vjv; € E, and denote by
w € Rl the collection of these wj. We call (G, w) a weighted
digraph.

Definition 1.1. The weighted digraph (G, w) is balanced if, for
every vertex, the inflow is equal to the outflow:

u; == Z wjj = Z wyi, Yvi e V. (11)

vieN~(v;) veNTt(vj)
We call u; the weight of vertex v; associated with (G, w).

The vector u := (uq, ..., u,) € R" for G is said to be feasible if
there exists a w € Rl such that (1.1) holds.

Balanced digraphs have a host of applications in engineer-
ing and applied sciences, including the study of flocking behav-
iors [1], sensor networks and distributed estimation [2]. While
balancing over the real numbers is acceptable in some scenarios,
others such as traffic management and fractional packing, require
integer balancing [3-7].

In this note, we always assume that u is integer-valued. If
all the wy are integers, then clearly every u; is an integer. The
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question we are interested in is: Given a feasible integer-valued
u and given a w that satisfies (1.1), can we find an integer-valued
w*, as close to w as possible, satisfying (1.1)? We show that the
answer is affirmative in a sense that every edge weight wi’j‘. can
be obtained by taking either a ceil or a floor function of wy:

Theorem 1.2. Let G be a strongly connected digraph, u € Z" be
any feasible vector, and w € Rl be any solution to (1.1). Then,
there exists a w* € ZE! such that (1.1) holds (with the same u) and
lw—w*e < 1.

Remark 1.3. A corollary of Theorem 1.2 is that if w is a non-
negative solution to (1.1), then so is w*.

The result also applies to the case of weakly connected digraph
G, based upon the fact that (G, w) is balanced if and only if every
strongly connected component of (G, w) is balanced [6].

We provide below a constructive proof of Theorem 1.2.

2. Algorithm and proofs

To proceed, we associate to the digraph G = (V,E) on n
vertices an undirected bipartite graph B = (X U Y,F) on 2n
vertices, where X LY is the vertex set and F is the edge set. Each
of the two sets X and Y comprises n vertices. The edge set F is
defined as follows: there is an edge (x;, y;) in B if v;v; is an edge
of G. See Fig. 1 for an illustration.

Note that the directed edges in G are in one-to-one correspon-
dence with the undirected edges in B. Thus, we can assign the
edge weights wj;, for vjv; € E, to the edges (x;, y;) in B.

The balance relation (1.1), when applied to the bipartite rep-
resentation of G, is now turned into

U = Z wijj = Z wyi, Vi=1,...,n. (2.1)

Yi€N(x;) xkEN(y;)
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Fig. 1. Left: A digraph G. Right: Its bipartite counterpart B. A cycle in B, and the corresponding edges in G, are marked in blue. (For interpretation of the references
to color in this figure legend, the reader is referred to the web version of this article.)

If the above relations hold for some real numbers u;, then (B, w)
is said to be balanced with vertex weights u; for both x; and y;.
The following result is an immediate consequence of the above
construction of (B, w):

Lemma 2.1. The digraph (G, w) is balanced if and only if (B, w) is
balanced.

Now, let u € Z" be a feasible vector for G and w € Rl be
such that (2.1) is satisfied. We refer to elements of R\Z as decimal
numbers.

Every cycle in B has an even number of edges, and the number
is at least 4. A cycle in B does not correspond to a (directed) cycle
in G, as illustrated in Fig. 1. Instead, if o, g, - - - X4, ¥ g, %o, 1S @ Cycle
in B, then each vertex vy, in G has two outgoing edges v, vg and
vy, Vg, (With By identified with 8,) while each vertex vg, has two
incoming edges vy, vg, and vy, , v, (wWith oy identified with o).

Given a balanced (B, w), our aim is to obtain a set of integer
edge weights w;;- € Z that satisfy (1.1). Algorithm 1 does so in a

finite number of steps. For that, we need the following definition:

Definition 2.2. An edge in (B, w) is decimal if its weight is a
decimal number. A cycle C in (B, w) is completely decimal if all its
edges are decimal.

The following lemma says that it is computationally simple
both to decide whether a completely decimal cycle exists and to
exhibit one.

Lemma 2.3. Let (B, w) be balanced. If there is a decimal edge in
(B, w), then there is a completely decimal cycle and it can be found
in B in at most 2n steps.

Proof. Let x; be a vertex incident to a decimal edge. Denote
by A(x;) the number of decimal edges incident to x;. Since the
vertex weight u; of x; is integer-valued, A(x;) > 2. Now, fix a
decimal edge (x;, y;) in (B, w). By the same arguments, A(y;) > 2.
Thus, there exists another decimal edge incident to y;, say (¥, X«)
and, similarly, A(x,) > 2. Iterating this procedure, we will return
to some previously encountered vertex x, (since B is finite) in
at most 2n steps. By construction, the vertices obtained in the
process yield a completely decimal cycle. O

We are now in a position to present the algorithm:

Algorithm 1. Start with a balanced (B, w(0)) with integer vertex
weights, and denote by w(k) the vector of edge weights at itera-
tion k. While there exists a completely decimal cycle in (B, w(k)),
perform the following steps sequentially:

e select a completely decimal cycle C in (B, w(k));
select an edge e in C whose weight is closest to an integer;

o write C = Xy, Vg, - - Xo,Yp,Xay, With € = (X4, ¥p,) and
p=1Cl/2;
set € = Wayp; — [Wayp, ] €n = [Waypy | — Waypy 3
eife<e

Wi, (k4 1) = we,p(k) — € .
iPi iPi forl<i< ; 2.2
WK+ 1) = wp, (0 +e OTTSIER (22
else
Wep(k + 1) = wep(k) + €x for1<i<p: (23)

wﬂioti+1(k +1) = wﬁiam(k) — €h

where o1 is identified with o;
o for any edge (x;, ;) € F not in C, set wjj(k + 1) := wy(k);
e increase the value of k by 1.

When there are no decimal edges left, return w* := w(k).

Theorem 1.2 is then a direct consequence of the following
result:

Theorem 2.4. Given a balanced bipartite graph (B, w(0)) with
vertex weights u € Z", Algorithm 1 terminates in a finite number of
steps and returns a balanced (B, w*) with w* € Z¥! and the same
vertex weights u. Moreover, |w* — w|o < 1.

We establish Theorem 2.4 and start with the following propo-
sition:

Proposition 2.5. Let (B, w) be balanced with vertex weights
u e Z'F. Denote by (B, w') the bipartite graph obtained after one
iteration on w performed by Algorithm 1. Let w' be the vertex weights
associated with (B, w’). Then, (B, w’) is balanced with u' = u, and
Lw;] < w;j < [wj] holds for every edge weight.

Proof. Let C = x,,yg, - XY ppXay be a completely decimal cycle
as described in the algorithm. For any vertex x,, in the cycle, we
have that

D Wy — Wagy) = (W |+ Whp) — (Wap, + Wayg). (24)
Y EN(Xg;)

where S, is identified with 8, for the case i = 1. By (2.2) and
(2.3), the two expressions in parentheses on the right hand side
of (2.4) are equal, so the difference is 0. It follows that u;i = Uy,
The same arguments can be applied to vertices yg,.

For any vertex x; (or y;) not in C, the weights of edges incident
to it are not updated, so u; = u;.

Finally, let ¢, and ¢, be defined as in Algorithm 1, and let
€ := minfey, €x}. Then, [wj| < wj —e < wlfj < wj + € < [wy],
which completes the proof. O
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We next have the following result strengthening Lemma 2.3:

Proposition 2.6. Let (B, w) be a balanced bipartite graph, with
vertex weights u € Z". Then, the following statements are equiva-
lent:

1. There is no decimal edge;
2. There is no completely decimal cycle;
3. The vector w is integer-valued.

Proof. It isimmediate that (1) implies (2) and that (3) implies (1).
Assuming (2) holds, we prove (3). Let F’ C F be the collection of
decimal edges. Suppose that F’ # &; then, we let X’ C X and
Y’ C Y be the collections of vertices incident to the edges in F'.
It follows that the subgraph B = (X’ u'Y’, F’) induced by X' 1Y’
is acyclic by assumption (2). Its connected components are thus
trees. Pick a connected component of B’ and one of its leaves, say
X;. On the one hand, there exists one and only one edge (x;, y;) in
B’ such that the weight wj; is decimal. By construction, this edge is
also the only decimal edge in B incident to x;. On the other hand,
since (B, w) is balanced, we have that w; = u; — Zy,, NG\
The right hand side of the expression is integer—valjued, which is
a contradiction. O

}w,-j/.

We now present a proof of Theorem 2.4:

Proof of Theorem 2.4. Every iteration of Algorithm 1 on a bal-
anced (B, w), with integer-valued vertex weights, affects only its
decimal edges and reduces the number of its completely decimal
cycles by at least one. Thus, Theorem 2.4 follows as an immediate
consequence of Propositions 2.5 and 2.6. O

Finally, note that the arguments in the above proof also imply
that every decimal edge of such (B, w) is contained in a com-
pletely decimal cycle. Indeed, if (x;, y;) is a decimal edge that is
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not contained in any completely decimal cycle; then, the weight
wy will not be affected by executing Algorithm 1, which is a
contradiction.
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