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Abstract

We investigate whether the drag instability, proposed by Gu et al., occurs in a one-dimensional (1D) C-shock. The
1D background model proposed by Chen & Ostriker for a steady isothermal C-shock is adopted, and a 1D
isothermal linear analysis is performed. We confirm the postulation of Gu et al. that the drift velocity between ions
and neutrals is sufficiently high within a C-shock to allow for the drag instability. We also study the underlying
physics of the decaying modes in the shock and postshock regions. The drag instability is an overstability
phenomenon associated with an exponentially growing mode of a propagating wave. We find that the growing
wave mode can only propagate downstream within the shock and subsequently decay in the postshock region. The
maximum total growth for such an unstable wave before it is damped is estimated in typical environments of star-
forming clouds, which is approximately 10–30 times larger than the initial perturbation at the modest shock
velocities and can be significantly enhanced several hundred times for a stronger C-shock with a larger width.

Unified Astronomy Thesaurus concepts: Interstellar clouds (834); Shocks (2086); Plasma astrophysics (1261); Star
forming regions (1565); Molecular clouds (1072); Interstellar magnetic fields (845)

1. Introduction

Stars form within molecular clouds (Shu et al. 1987), which
are the densest subregions of the interstellar medium (ISM).
While the galactic star formation efficiency is heavily regulated
by thermal and dynamic feedback from young stars (see, e.g.,
Ostriker et al. 2010), it is widely recognized that the interstellar
magnetic field plays a critical role in modifying the star
formation process locally within individual clouds (McKee &
Ostriker 2007; Crutcher 2012). However, the gas in these cold
molecular clouds and their substructures is generally weakly
ionized (see, e.g., Tielens 2005; Dalgarno 2006), and the actual
ability of magnetic fields to affect star formation thus relies on
the collisional coupling between neutrals and ions (Mouschovias
1979).

With the existence of a spatial gradient of the field lines to
exert a Lorentz force on the ions, the ions can drift relative to
the neutrals. As the result, ambipolar diffusion occurs when the
drag force (proportional to the ion–neutral collision rate;
Spitzer 1956) is balanced by the Lorentz force, leading to the
diffusion of the magnetic fields from the neutrals (Shu 1992).
This allows the redistribution of neutral gas relative to the
magnetic flux (Mestel & Spitzer 1956). Ambipolar diffusion
has been considered as the main mechanism for several
processes during star formation, including the collapse of
magnetically supported overdense subregions within the
molecular clouds (Mouschovias 1978; Nakano & Nakamura
1978; Lizano & Shu 1989; Fiedler & Mouschovias 1992, 1993;
Oishi & Mac Low 2006; Li et al. 2008), enhanced angular
momentum transport (compared to that in the magnetic braking
catastrophe) during protostellar disk formation (Mellon &
Li 2009; Dapp et al. 2012; Hennebelle et al. 2016; Masson
et al. 2016; Vaytet et al. 2018; Lam et al. 2019), and the
development of substructures in protoplanetary disks (Bai &
Stone 2011; Lesur et al. 2014; Gressel et al. 2015; Riols &
Lesur 2018; Suriano et al. 2018, 2019).

Alternatively, Gu et al. (2004; hereafter GLV) studied the
stability of ambipolar drift in a weakly ionized fluid. GLV

simplified the problem by representing it as that of a 1D drift
flow threaded with perpendicular magnetic fields. GLV
discovered a local overstable mode provided that the ion–
neutral drift velocity ∣ ∣º -v v vd ion neutral is as high as the

Alfvén velocity of the bulk fluid ( prºV B 4A ), and if the
ionization equilibrium can be sustained. Although a high drift
velocity arises from a strong Lorentz force, the instability in its
simplest form is not related to any magnetosonic or acoustic
modes, but is caused solely by the pronounced drag force
induced by the high drift velocity. Consequently, GLV named
the instability “drag instability.” We use this same terminology
to refer to the overstability in this paper.
In general, the drag caused by the drift motion between two

fluids alone (i.e., independent of Alfvén, magnetosonic, or
acoustic modes) can provide free energy to facilitate a fluid
instability under favorable conditions. A notable example of
this phenomenon is the streaming instability caused by the
dust-gas drift motion in a protoplanetary disk (e.g., Youdin &
Goodman 2005). Because the drag instability requires a high
ambipolar drift velocity, GLV postulated that the instability
occurs in regions where magnetic fields are highly stressed,
including interstellar shock systems and/or collapsing proto-
stellar cores. While there is evidence that the ion–neutral drift
velocity within collapsing protostellar envelopes could be as
high as the freefall velocity (∼1 km s−1; see, e.g., Yen et al.
2018; Lam et al. 2019), in this study we focus on interstellar
shock systems with efficient ambipolar diffusion to investigate
whether the drag instability can take place during the
compression that initiates star formation.
In the ISM, stressed magnetic fields may occur due to shock

compression triggered by clump–clump collision or supersonic,
turbulent gas flows within giant molecular clouds (e.g., Mestel
& Spitzer 1956; Draine & McKee 1993; Ostriker et al. 1999;
Ballesteros-Paredes et al. 2007; Federrath et al. 2011; Li et al.
2014). While jump-type (J-type) shocks exhibit sharp super-
sonic (or super-Alfvénic for magnetized shocks) discontinuities
in physical properties, in the case of nonideal magnetohydro-
dynamics (MHD), continuous-type (C-type) shocks manifest as
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a smooth transition between the pre-and postshock regions due
to the ambipolar drift between ions and neutrals. Specifically,
when the ion–neutral drift velocity is lower than the Alfvén
speed of the ions, the Alfvén speed of the ions can propagate
the shock signal upstream, thereby compressing the ions and
magnetic fields and subsequently dragging and compressing
the neutrals. This process smoothens out the sharp transition
and results in a width of the continuous shock profile between
the pre- and postshock regions (Draine 1980; Draine & McKee
1993).

In the cold molecular clouds and their substructures
(temperature ∼10 K; see, e.g., Fukui & Kawamura 2010), the
ionization rate by cosmic rays is relatively low (ξCR∼
10−17 s−1; see, e.g., Draine et al. 1983; Indriolo & McCall
2012). The star-forming gas is therefore mainly composed of
the neutrals with only a small abundance of ions, with typical
ionization fraction 10−6

(Tielens 2005; Dalgarno 2006). Such
weakly ionized gas, when compressed by supersonic turbu-
lence, provides the favored conditions for large ion–neutral
drifts and C-type shocks. There have been various observa-
tional efforts to probe such features in turbulent molecular
clouds (e.g., Li & Houde 2008; Hezareh et al. 2010, 2014;
Xu & Li 2016; Tang et al. 2018), although most of these
observations are indirect measurements and highly dependent
on the adopted dynamical and chemical models (e.g., Flower &
Pineau Des Forêts 1998, 2010; Gusdorf et al. 2008; Lehmann
& Wardle 2016; Valdivia et al. 2017). Theoretically, previous
studies have investigated in detail the formation as well as the
physical and chemical properties of C-shocks (e.g., Wardle
1990; Mac Low et al. 1995; Pineau des Forets et al. 1997;
Smith & Mac Low 1997; Guillet et al. 2011). In particular,
Chen & Ostriker 2012 (hereafter CO12) studied the 1D
isothermal C-shock along the drift direction with a transverse
magnetic field. They analytically derived the 1D structure of a
C-shock, thereby providing an appropriate and convenient
background state for the 1D linear analysis of the drag
instability proposed in GLV.

We note that while we focus on C-shock instability in this
study, the drag instability could exist in other systems with
enhanced drift velocities (see GLV). Moreover, the drag
instability differs from the Wardle instability, originally
proposed for C-shock systems in Wardle (1990), which is
analogous to the Park instability, with the ion–neutral drag
playing a role of gravity to collect matters in the magnetic
“valley.” The Wardle instability therefore requires the wiggle
of 2D or 3D field lines and exists as a more global mode along
the shock direction. In contrast, the drag instability can exist in
a 1D flow and is a local effect.

Furthermore, among all previous investigations of the 1D
C-shock structure (e.g., Smith & Mac Low 1997; Chieze et al.
1998; Ciolek & Roberge 2002; van Loo et al. 2009; Ashmore
et al. 2010), only the simplified scenario discussed in CO12
(isothermal gas with ionization-recombination equilibrium)

provides a suitable condition for the drag instability to occur.
We further note that the drag instability differs from the
fragmentation instability (Zweibel 1998), which requires the
system to be near marginal dynamical stability so that the
release of energy through diffusion of the magnetic field could
lead to runaway contraction of an initially overdense region.
The drag instability, on the other hand, does not require
hydrostatic equilibrium, and the ultimate source of energy
comes from the stressed magnetic fields.

The outline of the paper is as follows. In Section 2 we first
review the steady-state C-shock solution of CO12 and the
linear theory of GLV. By considering a fiducial C-shock model
as the background state (Section 2.2), we present the dispersion
relation for the drag instability and the other dispersion
relations in the postshock region (Section 2.3). The exact
solutions of the eigenvalues and eigenmodes are obtained by
solving the linearized equations and are analyzed using the
dispersion relations (Section 2.4). In Section 3 we present
the maximum total growth (MTG) obtained for the unstable mode
under the drag instability within a C-shock using the fiducial
model and other models with different preshock conditions. We
discuss the connection between this analytic work and previous
numerical time-dependent simulations in Section 4. Finally, the
results of this study are summarized in Section 5.

2. Linear Analysis: WKBJ Analysis

In general, the dynamical evolution of ions and neutrals is
governed by their individual continuity and momentum
equations, in addition to the collisional drag force, cosmic-
ray ionization, ion–electron recombination in the gas phase,
and the induction equation for ions (e.g., Draine 1980; Shu
1992; Chen & Ostriker 2012). The equations are
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wherev is the velocity, ρ is the density,B is the magnetic field,

r=p cs
2 is the gas pressure when the isothermal sound speed cs is

0.2 km s−1 at a temperature ∼10K, and the subscripts i and n

denote the ion and neutral species, respectively. Note that the

neutrals and ions are coupled by the collisional drag force ºfd
( )gr r gr r= -v v vd i ni n i n , where γ≈3.5×1013 cm3 s−1g−1 is

the drag force coefficient (Draine et al. 1983). The evolution of ion

number density is controlled by the cosmic-ray ionization rate ξCR
and the ion recombination in the gas phase β (see, e.g., CO12).

2.1. Background States and Linearized Equations

Following the simplified scenario discussed in Chen &
Ostriker (2012) that the magnetic field is perpendicular to the
gas flow toward the +x direction through the shock, the
equilibrium equations in this 1D C-shock system are given by
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In the above equilibrium equations, we consider the strong-

coupling approximation under which the ion–neutral drag is

balanced by the magnetic pressure gradient for the ions; i.e.,

gr =L V Vn B d A i,
2 where ( )º - -L d B dxlnB

1 . In addition, the

equilibrium between cosmic ionization and recombination is

assumed; namely, br x r=
i n
2

CR (see CO12 for justifications of

this choice). We note that these equilibrium states are

consistent with the background states considered by GLV.
By subjecting the equilibrium equations to the zero-gradient

boundary conditions (d/dx=0) far upstream and downstream
(i.e., no structures in the steady pre- and postshock
regions), CO12 derived the 1D structure equation of a C-shock
as follows (here and throughout this paper, we use the subscript
0 to denote a physical quantity in the preshock region):
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where the field compression ratio is º =r B B V VB i i0 ,0 , the

neutral compression ratio is r rº =r V Vn n n n n,0 ,0 , and the

Alfvén Mach numberA for the shock velocity v0 is defined

as v0/VA,n,0. Note that rn can be written as a function of rB:
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the shock front at x=0, the physical quantities along the

C-shock can be obtained by integrating the ordinary different

equation (Equation (11)) backward from far downstream,
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to far upstream. In this setup of the problem, the background

drift velocity Vd=Vi−Vn<0 inside the C-shock (i.e.,

within the smooth shock transition).
We now consider the perturbations ( ) (w dr dºU k v, , ,i i

)d dr dB v, ,n n
T multiplied by [ ( )]w+kx texp i under the Went-

zel–Kramers–Brillouin–Jeffreys (WKBJ) approximation. By
substituting these perturbations and the background states into
the Equations (1)–(5), the following linearized equations are

obtained (GLV):

( )w=CU Ui , 14

where

Hence, we can solve the above equations as an eigenvalue
problem with ω being the eigenvalue and U being the
eigenfunctions. The goal is to identify a maximum-growth
mode associated with the drag instability within the C-shock.

2.2. Fiducial Model

We adopt the 1D steady-state C-shock profile shown in
Figure3 of CO12 as the background state (in the shock
frame) of our fiducial model. The preshock parameters are
n0=500 cm−3

(neutral number density), Vi,0=Vn,0=v0=
5 km s−1

(shock velocity), B0=10 μG, and ionization fraction
coefficient χi0=10. Here, the parameter χi0 is defined in

the expression c= -n n10i i n
6

0
1 2 of CO12 assuming ionization-

recombination equilibrium, and is therefore given by c º 10i0
6

( ) ( )x bm m mn i iCR . We thus adopted β≈10−7 cm3s−1/mi

and ξCR≈10−17 s−1(mi/mn) in this study (see, e.g., Shu
1992; Tielens 2005), where mn=2.3×and mi=30×the
hydrogen mass are considered. Indeed, χi0=10 falls in the
typical range of χi0 observed in star-forming regions (∼1−20;
see, e.g., McKee et al. 2010). The fiducial model is selected
such that it can be reproduced easily by comparison with the
results of CO12.
Without loss of generality, we adopt a constant wavenumber

(k) of 1/0.015 pc−1 to keep the fiducial model as simple as
possible. Figure 1 displays the rn/rB ratio of the background
state (left panel) and the validity of the WKBJ approximation
(right panel). The C-shock transition begins from x=0 pc and
ends at approximately x=0.4 pc. We obtained the same
U-shape for the rn/rB ratio as that obtained by CO12 in their
Figure3. The U-shaped profile is a notable feature of the
C-shock model, as demonstrated by CO12. The ratio rn/rB=1
in the pre- (x<0 pc) and postshock (x>0.4 pc) regions
where no background gradients are present. Throughout the
C-shock, 1/(kLB) and 1/(kLp) are considerably smaller than 1;
thus, the WKBJ approximation is justified. The marginally high
value of 1/(kLB) and 1/(kLp) around x=0 pc and x=0.4 pc,
respectively, is caused by the initial compression of the ions
and thus the magnetic fields, followed by a delayed compres-
sion of the neutrals by means of the ion–neutral drag as the gas
flows downstream across the steady C-shock.

2.3. Dispersion Relations

Before solving the eigenvalue problem in Equation (14), we
analyze Equation (14) in terms of a couple of simplified
dispersion relations, which will provide the basic and clear
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physics to better understand the exact solutions obtained using
the eigenvalue approach. Table 1 summarizes the meanings of
the main symbols that we use in the linear analysis.

The analysis begins with a brief review of the drag
instability. GLV indicated that when the drift velocity Vd is
sufficiently high, a type of overstability, called the drag
instability, can occur. Specifically, for the definite occurrence
of the instability, the rate of the mode wG º + kVi i n observed
in the comoving frame of the neutrals is considerably lower
than both the recombination rate Γre≡2βρi and the ion–
neutral drift rate across a distance of wavelength (i.e.,

∣ ∣G º k VkV dd
), whereas it is considerably higher than the neutral

collision rate with the ions (i.e., γi≡γρi), the sound-crossing

rate over one wavelength (i.e., Γth ≡ kcs), and the rate of the

gravitational instability (i.e., rG º G ngrav ). Although self-
gravity is not included in our equations, Γgrav is still estimated
to evaluate its significance. When the aforementioned condi-
tions are satisfied, the linearized equation (Equation (14)) is
substantially reduced to (see GLV)
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In the above dispersion relation, the positive and negative parts

correspond to the growing and decaying waves, respectively.

The subscript GLV is added to Γ to indicate the growth/
damping rate (Re[Γ]) and wave frequency (Im[Γ]) of the

unstable/decaying mode derived by GLV, which is compared

to the eigenvalue of the growing mode in Section 2.4. The

growth/damping rate is lower than the speed of the Alfvén

wave in the neutrals crossing one wavelength G º kVn A nalf, , ,

which indicates that the unstable/decaying mode is slower than

the magneto-acoustic mode of the bulk fluid. It is also evident

that the above dispersion relation appears very different from

that for the magneto-acoustic mode, and therefore the density

perturbation is not caused by magneto-acoustic oscillations.3

The reason why the 1D overdensity/underdensity occurs in the

bulk of the fluid (i.e., the neutrals) is that the neutrals

experience high drag due to the density clump of the ions

Figure 1. The rn/rB ratio of the background state throughout the C-shock (left panel) and a test for the WKBJ approximation when k=1/0.015 pc−1
(right panel).

∣ ∣º -L d p dxlnp
1 and ∣ ∣º -L d B dxlnB

1 are the scale heights for the gas pressure and magnetic field of the background states, respectively.

Table 1

Summary of the Main Symbols Adopted in the Linear Analysis

Symbol and definition Meaning

wG º + kVi i n rate of a mode in the comoving frame of the

neutrals

ΓGLV rate of the unstable/decaying mode derived

by GLV

brG º 2 ire recombination rate

rG º G ngrav rate of the gravitational instability

G º kcsth sound-crossing rate over one wavelength

∣ ∣G º k VkV dd ion–neutral drift rate across a distance of

wavelength

G º kVi A ialf, , speed of the Alfvén wave in the ions crossing

one wavelength

G º kVn A nalf, , speed of the Alfvén wave in the neutrals

crossing one wavelength

G º k Dambi
2

ambi ambipolar diffusion rate

g grºn n ion collision rate with the neutrals

g grºi i neutral collision rate with the ions

Ggrow growth rate of an unstable mode

w nwave, wave frequency of an unstable mode in the

comoving frame of the neutrals

[ ]w wº Rewave wave frequency of a mode

grºD VA n iambi ,
2 ambipolar diffusion coefficient

g » ´3.5 1013 cm3 s−1g−1 drag force coefficient (Draine et al. 1983)

3
In this regard, the unstable mode is “incompressible.”

4
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(Equation (17)), which is also the density clump of the neutrals

due to the rapid ionization equilibrium (Equation (18)).
By substituting the positive part of Equation (19) (for

an unstable wave) into Equation (16), we have the
relation ( )d dr pµv exp i3 4n n and obtain the phase velocity in
the comoving frame of the neutrals given by =vph n,

[∣ ∣]- G <kIm 0GLV . These imply that vn leads δρn by a phase
of 3π/4, and the unstable wave travels upstream in the rest
frame of the neutrals. As explained in GLV, this specific phase
difference between δvn and δρn in the rest frame of neutrals is
the physical origin of the drag instability. Figure 2 illustrates
how the instability occurs. The ion and neutral density
perturbations δρi and δρn are in phase due to the ionization
equilibrium. In the rest frame of the neutrals, the wave and Vi

propagate upstream (to the left), and δvn leads δρn by a phase
difference 3π/4. Consequently, the peak of the density
perturbation δρn at x=π/2 continues to increase due to the
converging velocity field (i.e., dδvn/dx<0), while the trough
of the density perturbation at x=−π/2 continues to decrease
due to the diverging velocity field (i.e., dδvn/dx>0), thereby
leading to further growth of the perturbations. We refer to the
study of GLV for more detailed descriptions.4 Note that the
unstable wave in fact propagates downstream in the shock
frame at the phase velocity given by vph,n+Vn: the fast
streaming motion of the background flow brings the growing
wave downstream through the shock.

We now examine the dispersion relations outside a C-shock
where Vi=Vn. Thus, Vd=0 and wG º + = GkVi ii i in both
the pre- and postshock regions. Hence, the dispersion relation
derived from Equation (14) reads (e.g., GLV)
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where G º kVi A ialf, , and g grºn n. The rate Γth usually has a low

value. It may be even lower than γi in the above dispersion

relation, which sometimes occurs in the postshock region

where the neutral density is compressed and the ion density is

subsequently enhanced by ionization. Ignoring the thermal

terms associated with Γth at this moment, Equation (20) can be

reduced as

( )[( )( ) ] ( )g gG + G G + G G + + G = 0. 21i i nre alf,
2 2 2

The first term of the above equation represents a decaying

mode with a damping rate of −Γre. In the second term of the

above equation, we have recovered the well-known dispersion

relation for 1D linear Alfvén waves in a weakly ionized plasma

(Kulsrud & Pearce 1969).5 Two branches of this mode can

exist depending on the strength of the coupling between ions

and neutrals (i.e., the strong and weak-coupling branches). In

the strong-coupling branch, Γalf,i = γn; thus, the dispersion

relation can be further reduced as follows (e.g., Kulsrud &

Pearce 1969; McKee et al. 2010):
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where Γambi is the ambipolar diffusion rate equal to k D2 ambi,

with the ambipolar diffusion coefficient grºD VA n iambi ,
2 . We

have assumed that Γambi ? Γalf,n to expand the expression of

the square root to further simplify the final result on the right-

hand side of Equation (22). On the other hand, the dispersion

relation is obtained for the weak-coupling regime (Kulsrud &

Pearce 1969; McKee et al. 2010),
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where we have assumed that g G
n
2

ambi
2 , which is equivalent

to g Gn ialf, , to expand the expression of the square root to

derive the right-hand side of Equation (23). Thus, Equations

(22) and (23) indicate that no waves but decaying modes exist

in the frame comoving with the flow. The damping rates in the

strong-coupling branch are ∼Γambi and γi, and the damping

rates in the weak-coupling branch are ∼γn and Γambi.
Finally, there exist slow decaying modes associated with

the weak thermal effect that we have ignored so far. When
we consider that Γ=Γalf,i, γi and because Γth=Γambi,
Equation (20) can be reduced to gG + G + G » 0ith

2 2 , which

has two solutions: ( )g gG » -  - G4 2i i th
2 . If g G4

i
2

th
2 ,

the reduced dispersion relation yields the following two
decaying modes with no waves in the comoving frame of the

Figure 2. Phase diagram of the drag instability in the rest frame of the neutrals.
The profiles of δvn and δρn as a function of x are displayed, and the directions
of Vi and vph,n are indicated. The amplitudes of the perturbations are shown on
arbitrary scales.

4
In the study of GLV, Vd>0 and thus δvn leads δρn by a phase of π/4

instead of 3π/4 in the comoving frame of the neutrals. Nevertheless, the image
for the drag instability is the same.

5
Kulsrud & Pearce (1969) used the perturbations ( )wµ -kx texp i i , whereas

we use the perturbations ( )wµ +kx texp i i and consider a background flow that
produces the Doppler-shifted frequency kVn.
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flow:

( )w
g
g+ »

G
kV i , i . 24n

i

i
th
2

However, if g G4
i
2

th
2 , the following two decaying wave

modes exist in the comoving frame of the flow:

( )w
g

+ »  GkV i
2

. 25n
i

th

In summary, the dispersion relation in the postshock region
(Equation (20)) indicates the presence of five decaying modes
with damping rates of γn, 2βρi, Γambi, γi, and gG ith

2 when
Γth<γi or γn, 2βρi, Γambi, γi/2, and γi/2 (the same as for the
two slowest modes) when Γth>γi.

Figure 3 illustrates the suitability of the assumptions made in
our fiducial C-shock model, where k is set to 1/0.015 pc−1; the
assumptions were made to derive the dispersion relations inside
and outside the C-shock. The left panel of Figure 3 indicates
that the ion–neutral drift rate across one wavelength, GkVd,
becomes high within the C-shock (i.e., between x= 0 and
x≈0.4 pc) because of the high drift velocity Vd that is caused
by the shock compression. Consequently, GkVd is higher than γi
but still lower than Γre and γn inside the C-shock. The drag
instability thus occurs inside the shock according to the
dispersion relation presented in Equation (19), with the growth
rate Re[ΓGLV] being higher than γi and Γth. Although we plot
ΓGLV beyond x≈0.4 pc in the postshock region, the instability
is expected to disappear because GkVd decreases quickly outside
the C-shock. We also plot the rate of gravitational instability
Ggrav, which is considerably lower than the other rates and can
be reasonably neglected in the linear analysis.

The right panel of Figure 3 indicates that  g Gn ialf,

G G nambi alf, , which ensures the presence of the decaying
modes described by the dispersion relations with Vd=0, i.e.,
Equations (22) and (23), in the postshock region. We also see
from the figure that Γth is the lowest rate of the rates of interest. It
can be ignored except when Γ Γth, which results in the presence
of two modes of the lowest decaying rate associated with γi and
Γth in the postshock region, as described by Equations (24) and
(25). In the fiduical model, the left panel of Figure 3 shows that
γi>Γth in the postshock region. Hence, the decaying mode is

expected to follow the dispersion relation described by
Equation (24) more closely (see the next subsection).

2.4. Exact Solutions Obtained from the Eigenvalue Problem

After identifying the modes and determining their underlying
physics through the simple dispersion relations, we study the
exact solutions of the entire set of linearized equations in
Equation (14). Figure 4 shows the properties of the
eigenvalues, which describe the behaviors of the growth/
damping rates (left panel) and the wave frequencies for the
modes of interest (right panel). The left panel of Figure 4
overplots the five eigenvalues Im[∣ ∣]w at four different locations
(colored dots), both inside (x=0.1, 0.2, 0.3 pc) and outside
(x=0.5 pc) the C-shock, with relevant rates in the system. Of
the five eigenmodes, only one unstable wave mode exists
inside the C-shock (red dots). In contrast, there are only
decaying wave modes (blue dots) in the postshock region (the
x=0.5 pc location).
To understand the properties of these eigenvalues, the left

panel of Figure 4 also shows the rates relevant to the different
decaying modes according to the dispersion relations in the
previous subsection. We see that the first three largest Im[∣ ∣w ]
are almost the same as γn, Γambi, and Γre and therefore
correspond to the the damping processes due to ion–neutral
collisions, ambipolar diffusion, and recombination, respec-
tively. Although the result is expected from the dispersion
relations for the postshock region, the left panel of Figure 4
suggests that the aforementioned three damping modes also
exist inside the shock. In addition, Figure 4 also illustrates that
the two smallest Im[∣ ∣]w at x=0.1, 0.2, and 0.3 pc are
consistent with Re[ ]GGLV for the pair of growing and decaying
wave modes.
Furthermore, the left panel of Figure 4 shows that the last

two smallest Im[∣ ∣w ] are close to γi and gG ith
2 at x=0.5 pc;

thus these eigenvalues are consistent with the dispersion
relations for γi>Γth in the postshock region, as expected from
the previous subsection. When k is increased such that γi≈Γth

or even γi = Γth, the decaying rate of the modes with the last
two smallest Im[ω] becomes close to γi/2 in the postshock
region (not shown), in accordance with the dispersion relation
described by Equation (25) or the more general form

Figure 3. Comparison of various rates relevant to the assumptions for the derivation of dispersion relations, normalized by γn throughout the C-shock in our fiducial
model (left panel). Additional normalized rates relevant to the postshock regions are also plotted and compared (right panel). The domain to the right of the vertical
dotted line represents the postshock region.
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g gG = -  - G4 2i i
2

th
2 shown in Section 2.3. Combined

with the fact that these two modes represent the pair of the

growing and decaying wave modes within the C-shock (see

Equation (19)), this suggests that these two decaying modes in

the postshock region replace the overstable mode and its

counterpart of decaying mode inside the shock. We trace the

evolution of the eigenvalue and eigenmode from the in-shock

to the postshock region around x≈0.4 pc. We find that when

the overstable mode propagates to the postshock region, it

gradually transforms into a decaying mode with the damping

rate of g»G ith
2 in our fiducial case.

Figure 5 illustrates the physical properties of the unstable

mode as a function of x in the comoving frame of the neutrals.

The left panel of Figure 5 displays the growth rate Γgrow

( [ ]w=- >Im 0) and wave frequency w nwave, ( [ ]w= + kVRe n)

of the unstable mode in the comoving frame of the neutrals.

The growth rate Re[∣ ∣]GGLV is also plotted in this panel for
comparison. According to the simplified dispersion relation in
Equation (19), Re[∣ ∣] wG = = GGLV nwave, grow. These parameters
are not completely identical for the exact solutions shown in
left panel of Figure 5, however; w nwave, and Re[∣ ∣]GGLV are
marginally larger than Γgrow due to the presence of less
dominant terms that are not significantly smaller than Re
[∣ ∣GGLV ], such as γi and Γth (left panel of Figure 3). Owing to the
same reason, the phase difference between δvn and δρn of the
unstable model is not exactly (3/4)π, as expected from the
dispersion relation, but approaches this toward ≈0.85π from
the shock boundaries to the middle of the shock width, as
depicted in the right panel of Figure 5. The same panel also
shows that δρn and δρiare almost in phase due to the
ionization-recombination equilibrium. When we remove the
ionization and recombination terms in the linearized equations,
the unstable mode almost disappears in the eigenvalue

Figure 4. Properties of the eigenvalues in the shock and postshock regions in the fiduical model. The left panel shows 5 eigenvalues Im[∣ ∣]w at x=0.1, 0.2, 0.3, and
0.5 pc in terms of blue (Im[ω]>0 indicative of a damping rate) and red (Im[ω]<0 indicative of a growth rate) dots. The curves for various rates relevant to the
eigenvalue ω are overplotted for comparison. The right panel shows the wave frequencies Re[−ω] (red crosses) associated with the modes with the smallest Im[∣ ∣]w
(colored dots), i.e., the unstable modes inside the shock and the mode with the slowest damping rate in the postshock region. The curve for kVn is also plotted for
comparison. The domain to the right of the vertical dotted line (x≈0.4 pc) in the two panels is the postshock region.

Figure 5. The growth rate Γgrow and wave frequency ωwave,n of the unstable mode seen by the neutrals are plotted in comparison with the growth rate Re[ΓGLV]
estimated by GLV (left panel). The phase difference between the velocity and density perturbations of the neutrals (f f-d drvn n

) and the phase difference between the

density perturbation of the neutrals and the ions (f f-dr drn i
) are also displayed within the C-shock (right panel).
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problem. Consequently, the overall results are consistent with
the results expected from the simple dispersion relation for the
drag instability. The physical picture is that in the comoving
frame of the neutrals, the ions drift toward the shock front at
x=0 pc (Vd<0), and the wave travels toward the shock front
as well (ωwave,n>0) with a phase of δvn, which leads δρn by
approximately (3/4)π.

Because the overstable mode propagates inside the shock
and subsequently decays in the postshock region, a problem
arises regarding whether sufficient time is available for the
unstable wave to grow. The right panel of Figure 4 shows the
smallest Im[∣ ∣]w (dots) and its corresponding wave frequency
Re[−ω] (crosses) inside the C-shock at x=0.1, 0.2, and 0.3 pc
and in the postshock region at x=0.5 pc for our fiducial model
with k=1/(0.015 pc). The ratio Re[−ω]/Im[∣ ∣w ] is approxi-
mately 10–20, which indicates that unstable waves travel
downstream approximately 1020 times faster than their growth
rate. This high rate of wave propagation in the shock frame is
caused by the advection of waves by the fast downstream
motion with a speed of Vn, which dominates vph,n of the
unstable mode. The aforementioned statement is verified by the
result Re[−ω]≈kVn, as presented in the right panel of
Figure 4. In particular, Re[−ω] is exactly equal to kVn in the
postshock region, which agrees with the dispersion relations. In
the following section, we investigate whether the shock width
is sufficient or if any favorable preshock conditions exist for the
fast-traveling wave to grow significantly.

3. Total Growth of an Unstable Wave Over the Shock
Width

3.1. The Maximum-growth Mode

In the preceding WKBJ analysis, we simply kept k constant
in the fiducial case to study the basic properties of a local
unstable/decaying mode. To examine whether an unstable
wave mode can grow appreciably over the shock width, we
consider a mode of a given wave frequency of ωwave=Re[ω]
in the shock frame (e.g., ∼−1 × 10−11 s−1 according to the
right panel of Figure 4). Equation (14) is solved for both the
growth rate Γgrow (≡Im[ω] when Im[ω]<0 or zero otherwise)
and the wavenumber k, corresponding to a given ωwave

everywhere in the shock. The perturbation amplitude ∣ ∣U is
arbitrary in a linear analysis for normal modes. For our purpose
of evaluating the global growth, we can gain a general sense of
the total growth of the unstable model U by setting its norm
equal to 1 everywhere in the shock. The local growth of the
unstable wave mode is [ ( )]G dx vexp grow ph , where vph is the
phase velocity of the wave in the shock frame and is equal to
−ωwave/k. Consequently, the total growth of the mode can be
computed by integrating the local growth over the entire shock

width (i.e., ( )ò G dx vexp
shock width

grow ph ). We vary the wave

frequency ωwave and repeat the above procedure to seek the
particular mode with the maximum total growth (MTG).
MTG=1 when no growth occurs (i.e., Γgrow=0 everywhere).
In our fiducial model for the steady C-shock, the mode

ωwave≈−3 × 10−11 s−1 is responsible for the MTG. The
mode properties as a function of x are shown in Figure 6.
The figure indicates that the growth rate Γgrow increases from
the shock front around x0.027 pc, declines after the
midpoint of the shock width, and then drops to zero at
the end of the shock width at approximately x=0.37 pc. The
parameter Γgrow is more than 10 times smaller than ωwave.
Nevertheless, the wavenumber k increases downstream across
the shock width due to the gradient of the background states.
The result can be explained by the relation Re[−ω]≈kVn, as
discussed in the preceding section. Because the wave frequency
ωwave (=Re[ω]≈−kVn) is approximately constant for a given
wave mode, Vn decreases and hence k increases with x as the
neutrals are compressed and thus decelerated downstream
inside the shock.
The left panel of Figure 7 indicates that 1/(kLB) and 1/(kLp)

of the unstable mode are considerably smaller than 1, which
justifies the WKBJ approximation for the calculations. The
right panel of Figure 7 displays the profile of the exponential
exponent of the local growth (G dx vgrow ph) across the shock.
The profile indicates that the unstable mode gains more growth
in the rear of the shock transition because the mode has a larger
k farther downstream within the shock and hence propagates
more slowly to allow for more growth. This maximum-growth
mode caused by the drag instability results in an MTG value of
approximately 9.9 within the steady C-shock, which implies
that an initial perturbation of finite magnitude (i.e.,

Figure 6. Profiles of the growth rate Γgrow (left panel) and the corresponding wavenumber k (right panel) of the unstable mode with the wave frequency (ωwave) of
−3 × 10−11 s−1, which is indicated by the dashed orange line in the left panel.
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δρn/ρn∼1/10) is required for a substantial growth of the
mode to the nonlinear regime.

3.2. A Parameter Study

In addition to the fiducial case, we also calculate the MTG
for the C-shock models listed in Table 1 of CO12, which
represent various conditions for C-shocks to form in star-
forming clouds. The results of the parameter study are
presented in Table 2. In accordance with CO12, the letters N,
V, B, and X of the model names denote the variations in the n0,
v0, B0, and χi0 values of the models, respectively. In this study,

the variation in χi0 is simply calculated by changing the
recombination rate β while maintaining the ionization rate ξCR
constant. Table 2 is almost identical to Table1 of CO12,
except for the last two columns, which present the MTG and
the corresponding ωwave of the unstable mode in each model.
Table 2 indicates that for the unstable modes with the MTG,

ωwave has a low model dependence and has the value of
approximately 1–4 × 10−11 s−1. In Table 2, the MTG exhibits
an increasing trend with the increasing n0 and v0 but decreasing
B0 and χi0. A wider shock width Lshock does not necessarily
result in a larger MTG. The MTG changes by approximately
10-20 times due to the variations in n0, B0, and χi0 in the

Figure 7. WKBJ test for the unstable mode with ωwave=−3 × 10−11 s−1
(left panel) and the profile of the exponent of the local growth (right panel) in the fiducial

model.

Table 2

MTG and Corresponding Mode Frequency wwave of the Drag Instability in the Steady C-shock Models of CO12

Model n0 (cm
−3
) v0 (km s−1

) B0 (μG) ci0 Lshock (pc) ωwave (s
−1
) MTG

N01 100 5 10 5 3.15 −2e−11 10.9

N03 300 5 10 5 1.38 −3e−11 19.1

N05 500 5 10 5 0.94 −3e−11 22.0

N08 800 5 10 5 0.66 −4e−11 23.8

N10 1000 5 10 5 0.56 −4e−11 24.7

V04 200 4 10 5 1.68 −3e−11 6.4

V06 200 6 10 5 2.05 −2e−11 36.0

V08 200 8 10 5 2.37 −2e−11 121.2

V10 200 10 10 5 2.65 −4e−11 327.3

V12 200 12 10 5 2.90 −3e−11 816.2

B02 200 5 2 5 0.84 −2e−11 27.7

B04 200 5 4 5 1.18 −2e−11 25.3

B06 200 5 6 5 1.45 −2e−11 22.5

B08 200 5 8 5 1.68 −2e−11 19.5

B10 200 5 10 5 1.87 −2e−11 16.6

B12 200 5 12 5 2.05 −2e−11 13.7

B14 200 5 14 5 2.22 −2e−11 11.2

X01 200 5 10 1 9.37 −2e−11 23.5

X06 200 5 10 6 1.56 −2e−11 14.7

X10 200 5 10 10 0.94 −2e−11 8.9

X15 200 5 10 15 0.62 −2e−11 5.1

X20 200 5 10 20 0.47 −1e−11 3.6

Fig4CO12 200 1 2 10 0.18 −8e−12 1.05

Fig5CO12 500 1 4 10 0.13 N/A 1

Note. The final two rows correspond to the two additional models used for Figures4 and 5 in CO12, respectively. The parameter Lshock is the shock width estimated

using Equation(42) in CO12.
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parameter study, resulting in a modest mode growth as in the
fiducial model. By comparison, the MTG is more sensitive to the
change in v0. In the parameter study, the stronger shocks
characterized by higher shock speeds (v0=8–12 km s−1

) with
wider shock widths (Lshock2 pc), as presented in Models V08,
V10, and V12, can boost the MTG to a value of several hundred.

In addition to considering the original models in Table 1
of CO12, we ran two additional models, which are denoted as
“Fig4CO12” and “Fig5CO12” in the last two rows of Table 2.
These two models correspond to the scenarios shown in
Figures4 and 5 of CO12 for their 1D MHD simulations, which
represent the interesting cases of weak C-shocks with
v0=1 km s−1. The MTG values of these two cases are almost
1, meaning little to no growth of the initial perturbation for
weak C-shocks.

The overall trend of the change in the MTG with the
preshock parameters n0, v0, B0, and χi0 may be qualitatively but
not quantitatively understood as follows: The exponent of the

MTG (i.e., )ò G dx v
shock width

grow ph ) can be approximated to tad
Γgrow, where tad is the ambipolar drift timescale across the
shock width, which is equal to Lshock/Vd. Inside the shock, the
ions are compressed prior to the neutrals. Thus, we consider
rn∼1 and rB∼rf, where rf is the final compression ratio,
which is proportional to v0/VA,n,0 (CO12). Using the dispersion

relation ( )wG ~ »k L V L V VB A n B n A ngrow , wave , as well as

LB∼Lshock, Vd∼Vn∼v0/rf, and ( )µ µ-V Bn r BA n n B,
1 2

0

( )-r nn 0
1 2, we obtain the following relations: VA,n∼v0 and

Vd∼VA,n,0. Because cµ - -L n v Bshock i0
3 8

0
1 4

0
1 4

0
1 2 (CO12), it

follows that cG µ µ- - -t L V v n v Bad shock d igrow
1 2 3 2

0 0
3 8

0
5 4

0
5 4

0
1 2.

The scaling result for the exponent qualitatively gives the trend
that MTG increases with n0 and v0, but decreases with B0 and
χi0. In terms of a rough physical picture, the ion–neutral drift
velocity, which is comparable to the neutral Alfvén velocity in
the preshock region, is enhanced by strong magnetic fields or a
low neutral density, leading to a short ambipolar drift time tad
for the unstable wave to grow. Hence, a positive correlation
exists between the MTG and the neutral density n0, whereas a
negative correlation exists between the MTG and the magnetic
fields B0. In addition, the neutral Alfvén speed in the shock is
enhanced in a strong shock to result in a high growth rate; that
is, a positive correlation between the MTG and the shock
speed v0. Finally, χi0 changes the MTG by varying the shock
width. A large χi0 leads to a wide shock width, which allows
more time for the unstable mode to grow. We discuss the
astronomical implication of these results in Section 4.2.

4. Discussion

In this work, we study the drag instability in non-self-
gravitating, steady-state 1D C-shocks under particular condi-
tions representative of the condition in turbulent star-forming
molecular clouds. In this section, we discuss the possible
behaviors of the drag instability in numerically evolving
C-shocks (Section 4.1) and in the physical space (i.e., under the
existence of self-gravity; Section 4.2) to further explore the
practical applications of the drag instability. Because there is
currently no direct observational evidence of C-shocks in
turbulent clouds (see the references in Section 1), we frame our
arguments using numerical C-shocks and/or the typically
observed properties of the parent clouds wherein the C-shocks
form as general guidance.

We also note that it is currently not clear whether the drag
instability can occur in oblique C-shocks (see, e.g., Wardle
1991; Mac Low et al. 1995; Ashmore et al. 2010; CO12),
which requires one more dimension than our 1D analysis here.
The drag instability can occur in 1D systems because of the
ionization and recombination terms in the continuity equation
of ions (see Equation (2)). These source terms facilitate the
growth of density clumps in 1D via drag in the absence of
magneto-acoustic modes and another dimension. In contrast, it
has been known that the ionization equilibrium precludes the
Wardle instability (a 2D/3D effect) in C-shocks (Wardle 1990;
Mac Low & Smith 1997; Stone 1997). Analogously, it is worth
noting that as an incompressible mode, the streaming instability
(see Section 1) is prohibited in a 1D flow (Youdin &
Goodman 2005). We thus restrict our discussions below to
1D systems alone.

4.1. Drag Instability in C-shock Simulations

While the model of the drag instability was developed based
on the steady-state profile of C-shocks, it is possible that the
drag instability could occur in time-dependent simulations of
C-shocks. Conceptually, this could occur when the evolving
C-shock system is very close but not exactly equal to the
steady-state C-shock structure. If the deviation from the steady-
state profile happens to satisfy the unstable mode favored by
the drag instability, this local perturbation could evolve and
grow with time.
In addition to deriving the structure of a steady-state

C-shock, CO12 also numerically obtained the C-shock structure
by simulating two colliding flows using the ATHENA code
(Stone et al. 2008). Instead of computing two fluids comprising the
ions and neutrals, as shown in Equations (1)–(5), CO12 simulated
the equations for the neutrals alone under the strong-coupling
approximation, that is, ( )( )p= =  ´ ´f f B B1 4d L . There-
fore the two-fluid equations considered in this study can be
reduced to the following one-fluid equations for the neutrals (see
also, e.g., Mac Low et al. 1995):
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Note that the momentum equation (Equations (26)) and the

mass conservation equation (Equations (27)) for neutrals are

identical to that in the ideal MHD limit (see Equations (1) and

(3)), but the induction equation (Equations (5)) now has a

correction term from the ion–neutral drift (see also Equation

(46) in CO12). Although the numerical results of CO12 were

consistent with the analytical expectation for the C-shock

structure, no instabilities were observed in their simulations.

This result contrasts with the result of our linear analysis. We

discuss possible explanations below.
Because the drag instability is derived from the two-fluid

model in this study, we examine whether the strong-coupling
approximation can dismiss the drag instability in the one-fluid

10

The Astrophysical Journal, 898:67 (13pp), 2020 July 20 Gu & Chen



model adopted in Mac Low et al. (1995) and CO12, for
example. In the two-fluid model, the drag instability arises from
the perturbed drag term gr dr rVi d i i in the momentum equation
for the neutrals (see Equation (17)). In the one-fluid model, this
term is replaced by the perturbation of magnetic pressure

( ) ( )d d- = -V B d B dx ik V B BA n A n,
2

,
2 , which is in turn linked

to the perturbation of the diffusion-corrected induction
equation (Equation (28)):

( )

⎛

⎝
⎜

⎞

⎠
⎟d d

gr
d

r
dr

gr
d

dr
r

G + » -

=- +

B k v B
V d B

dx

d

dx

dB

dx

k
V

B kV B

i
1

i . 29

n
A n

i n

n

A n

i

d
n

n

,
2 2

2

2 ,
2

Note that we have adopted the WKBJ approximation but still

retained the term with dB/dx due to a large Vd (∝dB/dx) for
our interest. The two terms from the right-hand side of

Equation (29) arise from the perturbation of the ambipolar

diffusion. The first term is the typical diffusion term k D2 ambi

with the ambipolar diffusivity ( )grºD VA n iambi ,
2 . Rearranging

the above equation, we find
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where the first term on the right-hand side (i.e., the last term on

the right-hand side of Equation (29)) is the term required for the

drag instability in the two-fluid model. This suggests that the

drag instability can occur in the strong-coupling limit.
Indeed, the ion–neutral drift in some of the simulated

C-shocks may not be sufficiently strong to either initiate the
drag instability (models Fig4CO12 and Fig5CO12 in Table 2)
or generate appreciable growth without an initial perturbation
from the background structure (i.e., the steady-state solution).
Another possible factor of the missing instability is numerical
resolution. The spacial resolution adopted in CO12ʼs 1D
simulations is 0.01 pc, which could be too coarse to resolve the
drag instability. In fact, as shown in Figure 6, the wavenumber
k corresponds to the unstable mode in our fiducial model is
500 pc−1 within the C-shock, which suggests that the
physical scale of the growing perturbation could be smaller
than 0.002pc.

We further note that the drag instability has not been
reported in most of the previous studies investigating the 1D
C-shock structure (e.g., Smith & Mac Low 1997; Chieze et al.
1998; Ciolek & Roberge 2002; van Loo et al. 2009). Smith &
Mac Low (1997) adopted the so-called frozen-in condition
(e.g., Wardle 1990) assuming ion conservation. This means
that ionizations and recombinations are neglected, and the ion
number density through the C-shock is purely determined by
the compression of the magnetic field via the ion conservation
equation and the induction equation. Because the dependence
of the ion density on the neutral density is essential for the drag
instability to occur, it is not surprising that the drag instability
was suppressed in their simulations. For works that included
microphysics and/or the chemistry of the C-shock system (e.g.,
Chieze et al. 1998; Ciolek & Roberge 2002; van Loo et al.
2009), the ionization and recombination processes became
more complicated and could affect the timescale on which the
drag instability grew. We also note that the increased gas
temperature from shock compression (up to ∼102–103 K) may

completely prevent the drag instability (which is derived using
isothermal equation of state) in these simulations.

4.2. The Significance of the Drag Instability in Astronomical
Systems

In this work, we study the drag instability in C-shocks with
conditions that can arise from clump–clump collisions or
cloud-scale supersonic turbulent flows in typical star-forming
regions. One of the most tantalizing questions for shocks in this
context is whether a shock instability can lead to fragmentation
that is subject to gravitational collapse and eventually induce
star formation. However, our analysis here focuses on the
behavior of the drag instability within the steady-state profiles
of C-shocks, which is linear and non-self-gravitating. These
linear analyses are therefore not applicable to directly address
this issue and predict any nonlinear outcomes.
Nonetheless, the linear theory could still provide indications

on the possible consequence of the instability. The values of the
MTG listed in Table 2 indicate that under preferred
circumstances, a small perturbation from the steady-state
solution could lead to large (100×) growth. Based on the
parameter study, the most favorable condition for drag
instability to grow significantly is in strong shocks (high
inflow velocities; v0  5 km s−1

). This condition is consistent
with the typical environment in giant molecular clouds or
molecular cloud complexes (velocity dispersion σv∼
1–10 km s−1; see recent observations in, e.g., Heyer et al.
2009; Miura et al. 2012; Evans et al. 2014; García et al. 2014;
Nguyen-Luong et al. 2016). The total growth induced by the
drag instability can also be further enhanced by efficient
ambipolar diffusion, i.e.,weak-coupling between neutrals and
ions, and/or relatively low ionization fractions (ni/nn  10−7

).
Because the efficiency of nonideal MHD diffusivity is highly
dependent on chemical composition and microscopic physical
processes, this condition could be typical in some molecular
clouds permitted by dust grain properties, e.g.,regions with
larger grains (Nishi et al. 1991; Nakano et al. 2002). Still, we
note that these conditions potentially favored by the drag
instability to develop gravitationally unstable structures were
derived following the guidance from the 1D linear analysis, and
thus may not be applicable to more complex systems.
In addition, we investigate the perturbation amplitude

induced by the drag instability obtained from our eigenvalue
problem (see also, e.g., Equation (16)), which is illustrated in
Figure 8. Because the amplitude ratio between any two of the
perturbations (density, velocity, or magnetic field) remains the
same in the linear regime as the unstable mode grows, we plot
the relative amplitude of the perturbations in ρn, vn, ρi, and vi
normalized by the perturbation in B. Figure 8 shows these
perturbations for the growing mode within the C-shock in
model V06, which has a moderate MTG in our parameter study
(see Table 2). It is evident from the figure that the density
perturbations (δρn/ρn, δρi/ρi) are much larger than both the
velocity and magnetic field perturbations (δvn/Vn, δvi/Vi,
δB/B) everywhere in the shock. Similar results are found in
other models, which implies that as the perturbations grow due
to the drag instability, the density perturbation would reach
the nonlinear phase faster than other perturbations. As a result,
the density perturbation driven by the drag instability is
dynamically significant, and these unstable density enhance-
ments induced by the growing wave mode within C-shocks
could become gravitationally important in turbulent molecular
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clouds. Further examinations in numerical simulations will help
clarify in which scenario the drag instability would become
effective during the star-forming process.

5. Summary

Based on the background state of steady C-shocks derived
by CO12, we conduct a WKBJ analysis and confirm the
postulation of GLV that the drag instability in the ISM can
occur in a 1D isothermal C-shock where the ion–neutral drift
motion is sufficiently high as a result of the compressed
magnetic fields within the smooth shock transition. We first
focus on a fiducial case for a C-shock model to study the
dispersion relation for the drag instability inside the C-shock.
The dispersion relations in the postshock region are also
investigated, which reveal all decaying modes associated with
ion–neutral collisions, recombination, ambioplar diffusion, and
thermal effect. We then solve the linear equations for the exact
eigenfrequencies and wavenumber of eigenmodes and identify
their physics based on the dispersion relations for growing and
decaying modes throughout the C-shock. In our fiducial case,
we find that the growing wave driven by the drag instability
propagates downstream and subsequently decays by the slow
thermal effect associated with neutral-ion collisions in the
postshock region.

Because the unstable wave has a considerably higher
propagation rate than the local growth rate, the mode with
the MTG can be identified as it travels across the entire shock
width before it is damped in the postshock region. In addition
to the analysis performed with the fiducial model, we also
conduct a parameter study to compute the MTG in numerous
C-shock models corresponding to the turbulent environment in
typical star-forming regions with various preshock parameters
n0, v0, B0, and χi0. We find that the MTG increases with
increasing n0 and v0, but decreases with increasing B0 and χi0.
In most cases, the MTG is typically around 10–30 times larger
than the initial perturbation for a modest shock, thus requiring
the finite amplitude of the initial perturbation to grow to a

nonlinear regime. The drag instability hardly occurs in a weak
shock with a shock speed v0=1 km s−1. Nevertheless, the
MTG can become as large as a few hundred for a strong shock
with a v0 value of 8 km s−1 in our parameter studies.
We leave the numerical investigation of the topics discussed

in the previous section for future work. We have also restricted
our analysis of the drag instability to a 1D C-shock with a
transverse magnetic field for simplicity, which means that the
magnetic fields cannot be bent. It will be interesting to extend
the work to 2D to study the effect of magnetic tension on the
drag instability. A 2D study, both analytically and numerically,
will also allow for the investigation of the drag instability in
oblique C-shocks following the discussions in Chen & Ostriker
(2014). In any case, the analytic solutions of the growth rate
and wavenumber in our eigenvalue problem presented in this
paper have provided useful information for probing and
characterizing the drag instability in simulated time-dependent
C-shocks.
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