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It is of great interest to explore matter in nontrivial quantum arrangements, including Schrödinger catlike
states. Such states are sensitive to decoherence from their environment. Recently, in Allali and Hertzberg
[Gravitational decoherence of dark matter, J. Cosmol. Astropart. Phys. 07 (2020) 056] we computed the
rate of decoherence of a piece of superposed matter that primarily interacts only gravitationally, a dark-
matter-Schrödinger-cat state (DMSCS), within the nonrelativistic approximation. In this work we improve
this to a general relativistic analysis. We first derive a single particle relativistic Schrödinger equation for a
probe particle that passes through the DMSCS; the interaction is provided by the weak field metric of
general relativity from the source. For a static DMSCS we find a neat generalization of our previous results.
We then turn to the interesting new case of a time dependent DMSCS, which can be provided by a
coherently oscillating axion field leading to superposed time dependent oscillations in the metric: a truly
quantum-general relativistic phenomenon. We use scattering theory to derive the decoherence rate in all
these cases. When the DMSCS is in a superposition of distinct density profiles, we find that the
decoherence rate can be appreciable. We then consider the novel special case in which the density is not
in a superposition, but the phase of its field oscillation is; this is a property that cannot be decohered
within the nonrelativistic framework. We find that if the probe particle and/or the DMSCS’s velocity
dispersion is slow, then the rate of decoherence of the phase is exponentially suppressed. However, if both
the probe and the DMSCS’s velocity dispersion are relativistic, then the phase can decohere more rapidly.
As applications, we find that diffuse galactic axions with superposed phases are robust against
decoherence, while dense boson stars and regions near black hole horizons are not, and we discuss
implications for experiment.
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I. INTRODUCTION

It is interesting to explore novel phenomena in which
both gravitation and quantum mechanics play the central
role. For most ordinary matter, although their quantum
character can be made manifest, other interactions, such as
electromagnetic, often play the central role in its dynamics.
To isolate the interplay between gravitational and quantum
mechanical phenomena, it is useful to consider matter that
has primarily only gravitational interactions. This is not
known among the familiar particles, but may well be the
most dominant form of matter in the universe (for a review,
see Ref. [1]). Further, we can simply consider the presence
of such exotic matter, even if it were not the dominant
component. In any case, we shall refer to such material that
primarily interacts via gravitation, as “dark matter” (DM) in
this work.
The current lack of direct detection of the DM that

actually does make up most of the mass of the universe,

other than its gravitational impact on galaxies, etc., implies
that DM is at most very weakly coupled to the ordinary
particles of the Standard Model. In fact, it is possible that its
only coupling to the Standard Model is gravitational (plus
other Planck, or nearly Planck, suppressed operators). On
the one hand, since the interactions between DM particles
and ordinary matter particles are very weak and/or infre-
quent, it makes it very difficult to detect the DM properties.
On the other hand, this may offer a new opportunity for rich
behavior for the following reason: because of the lack of
significant interactions, DM could possibly possess long-
lived exotic quantum mechanical phenomena. In particular,
one can imagine that a piece of DM has organized into a
macroscopic superposition of states, which are sometimes
referred to as “Schrödinger cat” states.
These Schrödinger cat states possess truly quantum

behavior as encoded in the off diagonal terms of the
density matrix (in the relevant basis). However, the quan-
tumness is usually short-lived for ordinary matter due to
interactions with its environment, leading to suppression of
the off diagonal elements of the density matrix: a process
called decoherence. Decoherence can be understood as
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follows: the Schrödinger cat state and its environment
interact and inevitably become entangled. The full system
remains in a pure state, but an observer will usually not track
the full system in all its detail. Instead, one adopts a coarse
grained point of view in which the degrees of freedom of the
environment (which are typically numerous) are ignored and
traced out. This effectively destroys the quantum coherence
of the residual subsystem (for early work establishing the
mechanism of decoherence, see Refs. [2–4], and for various
developments, see Refs. [5–16]). Because of decoherence,
the Schrödinger cat state evolves into a mixed state of
essentially classical probabilities, rather than a pure quantum
mechanical superposition, and so the uniquely quantum
mechanical phenomena, such as interference, are no longer
present in the reduced system. This process is efficient when
the interactions are large, as is the case from an environment
of air scattering off some ordinary material. However, this
decoherence may be inefficient for DM which lacks these
interactions.
There has been much work done on decoherence in the

context of gravitation and cosmology; see Refs. [17–53].
For DM it is plausible that gravitational or self-interactions
can lead to such Schrödinger catlike states due to macro-
scopic spreading of the wave function, especially if the
system exhibits some form of chaos (e.g., see Ref. [54]). In
the case of axion DM [55–62], one is often studying
particles of very low mass, and so they must have a very
high number density to be all the DM. They are therefore
normally in very high occupancy states, and so they are
usually thought to be classical (e.g., see Refs. [63,64]), but
any chaos can lead to the formation of Schrödinger catlike
states. So the high occupancy is not a sufficient condition
for classicality. Nevertheless, there can be forms of ensem-
ble averaging of classical trajectories that approximately
reproduce some quantum correlation functions; see
Ref. [65]. The residual true quantumness of such states
is nontrivial to probe experimentally, but it is conceivable
and interesting to consider. So a key issue is whether its
quantum character persists or decoheres due to some
astrophysical environment.
The rate of decoherence for a dark-matter-Schrödinger-

cat state (DMSCS) of a localized mass distribution for
nonrelativistic DM from nonrelativistic probes was com-
puted by us for the first time in Ref. [66]. The superposition
involved two differing mass distributions, and the inter-
action between the environment and the DM was modeled
by Newtonian gravity. It was found that such a gravitational
interaction would, in fact, lead to decoherence of the
DMSCS depending on parameters. For light bosonic
models for DM, such as the axion, the characteristic
decoherence timescales were found to be very sensitive
to the mass of the DM particle, with lighter particles lead-
ing to rapid decoherence and heavier particles leading to
very slow decoherence. The full details were provided
by us in Ref. [66], including the dependence on the mass

distribution, a comparison between DM in the halo versus
near the earth, and so on. Furthermore, when allowing for
spreading of the DMSCS, it was found that most configu-
rations would decohere in times shorter than the age of the
universe, except for heavier axions.
One may wonder if general relativistic effects can lead

to new interesting forms of decoherence. It is anticipated
that any DMSCS that undergoes decoherence within the
Newtonian approximation will do the same if one includes
relativistic corrections, even if the corrections are appreci-
able; this is because decoherence is a very robust phe-
nomenon. However, one may consider a DMSCS in which
the Newtonian treatment is unable to probe decoherence. In
particular, consider a superposition of two states with
identical (or nearly identical) Newtonian interactions, but
which have distinct behavior within general relativity. A
concrete example is a DM source made out of a coherently
oscillating scalar field (such as an axion) that is in a
superposition of different phases of oscillation, but other-
wise has the same spatial profile. In this case, the
Newtonian interaction would not lead to decoherence,
because the Newtonian treatment does not differentiate
between the substates of the superposition, while the
general relativistic treatment does.
In this work, we consider the mechanism of decoherence

of a DMSCS within a fully relativistic treatment, working
to linear order in the metric perturbations. We develop a
broad formalism for computing the rate of decoherence in
this relativistic setup. We first treat the case when the
DMSCS generates a static spacetime metric, finding many
similarities to the Newtonian formalism in Ref. [66], but
with all the relativistic corrections included. We then
generalize this to the case of a time-varying metric,
motivated by the light bosonic DM models (e.g., axions),
which typically take the form of a regularly oscillating field
that sources a time-varying metric. The analysis of the time-
varying oscillating source is broken up into two cases: the
first where the light bosonic DM field has somewhat
distinct spatial dependence between the two superposition
states, and the second where the superposition substates
only differ in the phases of the field. This second case
captures the main goal of this paper, which is to analyze a
situation in which the Newtonian gravitational interaction
is completely blind to the superposition, requiring the
general relativistic analysis. Within this second case, we
provide a characteristic example of a specific configuration
of the axion field and discuss the implications of such a
DMSCS. We apply these results in several situations,
including slowly moving DM in the galaxy and more
exotic applications of DM which is relativistic in special
environments, such as the near-horizon region of black
holes or DM that forms dense boson stars, and we comment
on consequences for experiment.
Our paper is organized as follows: in Sec. II, we derive

the relativistic Schrödinger equation necessary to track the
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evolution of the environment particles in the spacetime
generated by the DM. In Sec. III we lay out the basic
scattering theory and relation to decoherence needed for
later sections. In Sec. IV, we analyze the evolution of the
environment particles in a static spacetime background and
apply this analysis to compute the decoherence rate for the
DMSCS. In Sec. V, we provide a similar analysis for the
case of a time-varying metric, compute the decoherence
rate, and also apply these results to a specific profile. In
Sec. VI we apply our results to DM in the galaxy today. In
Sec. VII we discuss the spreading of states, application to
boson stars, black holes, and implications for experiment.
In the Appendix we provide some supplementary details.

II. THE RELATIVISTIC SCHRÖDINGER
EQUATION

A. Relativistic Hamiltonian

We first compute the Hamiltonian that governs the
evolution of the environment probe particles in a curved
spacetime. For convenience, we treat the probe particles as
scalars, i.e., ignoring their spin. This is therefore not precise
for realistic probe particles, such as baryons or photons,
that can play the role of the environment (as we discuss
later). However, one anticipates that the corrections from
particle spin are small; we leave a proper analysis to
possible future work. Then to incorporate coupling to
gravity in a Lorentz invariant way, we use the field theoretic
formalism for a quantum scalar field minimally coupled to
gravity; this formalism makes it simple to describe inter-
actions among particles in a local and unitary way.
Furthermore, we can take the scalar field to be complex

for convenience. This is not important, since we will only
be interested in single particle states, but it will make the
formal manipulations simpler as we go on since it carries a
conserved particle number. For a minimally coupled com-
plex scalar field χ in a general spacetime background with
metric gμν (signature þ − −−), the action for this field is

S ¼
Z

d4x
ffiffiffiffiffiffi−gp ðgμν∂μχ$∂νχ −m2χ$χÞ; ð2:1Þ

where g is the metric determinant, gμν is the inverse of the
metric, χ$ is the complex conjugate of χ, and m is its mass
(later we will use notationm → mp to emphasize that it is a
“probe” particle). We ignore other possible interactions of χ
here, since, as far as is known, particles may couple to DM
only through gravity (we leave a discussion of other
possible interactions to Sec. VII F).
The momentum conjugate is given by

Π≡ ∂L
∂ _χ ¼ ffiffiffiffiffiffi−gp ðg00 _χ$ þ g0i∂iχ$Þ: ð2:2Þ

The corresponding Hamiltonian density operator Ĥ is

Ĥ¼ Π$Π
ffiffiffiffiffiffi−gp

g00
−
g0i

g00
ðΠ∂iχþΠ$∂iχ$Þ

þ
ffiffiffiffiffiffi−gp

g0ig0j

g00
∂jχ$∂iχ −

ffiffiffiffiffiffi−gp
gij∂iχ$∂jχþ

ffiffiffiffiffiffi−gp
m2χ$χ:

ð2:3Þ

Following the usual canonical quantization, where the
fields and conjugate fields are promoted to operators and
canonical commutation relations are imposed, we can then
write out the operators in terms of a set of creation and
annihilation operators, ap and a†p, for the scalar particle
described by the fields, and a set of similar operators, bp
and b†p, for its antiparticle—these are summarized in
Appendix A. Single particle momentum eigenstates can
be obtained from the vacuum state j0i as usual as

jpi ¼
ffiffiffiffiffiffiffiffi
2Ep

p
â†pj0i: ð2:4Þ

Then acting on the one-particle momentum eigenstate
with the Hamiltonian operator

Ĥ ≡
Z

d3xĤ ð2:5Þ

gives the form of the Hamiltonian in momentum space for
this state.
In this work, we focus on the situations in which one

probe particle comes in, it gravitationally scatters off the
DM, and then this one probe particle goes out. There are,
however, various other processes that can take place; this
includes one probe particle comes in and three particles go
out (if there is a conserved particle number, such as baryon
number for protons as probe particles, then it would be two
protons and one antiproton going out). This is certainly
allowed by general considerations (unless it is energetically
forbidden for nonrelativistic probes). But the physical point
is the following: since we are studying the gravitational
interaction, this would be suppressed by additional powers
of Newton’s gravitational constant GN . In the language of
Feynman diagrams, we are focused on the simple tree
process of pþDM → pþDM via a single graviton
exchange. The scattering amplitude is proportional to
GN . However, we can also consider another tree process
(or loop processes) in which pþDM → pþ pþ p̄þ
DM via two graviton exchange. This scattering amplitude
is proportional to G2

N . To fix the units there will be an
additional factor of E2, where E is the probe particle’s
energy, in the amplitude. Assuming GNE2 ≪ 1 (i.e., for
probes of energy much lower than the Planck energy) this is
completely suppressed compared to the leading process.
Hence states of fixed particle number are the dominant
process to consider, which is what we focus on.
Furthermore, since the scatterers are assumed to be

dilute, they will scatter one at a time. So we only need
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to consider the effect of a single probe at a time, compute its
scattering amplitude, determine the overlap of wave func-
tions (which affects the density matrix), and then later
combine the effects of waiting for N scatterers that act
essentially multiplicatively to the total wave function.
The Hamiltonian acting on a single particle state is

Ĥjqi¼
Z

d3xĤjqi¼
Z

d3x
d3p

2ð2πÞ3

×
"

Eqffiffiffiffiffiffi−gp
g00

þ g0i

g00
piEq

Ep
þ g0i

g00
qi

þ ffiffiffiffiffiffi−gp
#
g0ig0j

g00
− gij

$
piqj
Ep

þ ffiffiffiffiffiffi−gp m2

Ep

%
e−iðp−qÞ·xjpi:

ð2:6Þ

Then, acting from the left with hx0j we can write the
Hamiltonian as a function of x0 and derivatives in x0 acting
on a plane wave (the spatial wave function of the momen-
tum eigenstate) as follows. Note that we only allow
derivatives to act on the wave function and thus assume
the metric components gμν to be sufficiently slowly varying
in space. With hx0jpi ¼ eip·x

0
(note that we are using the

compact notation jx0i≡ χ†ðx0Þj0i), we can then carry out
the above integrals by performing some integration by
parts. This leads to

hx0jĤjqi ¼ Hðx0;−∇02Þeiq·x0 ; ð2:7Þ

where we have introduced a Hamiltonian H defined in the
position representation as a differential operator. It is found
to be

Hðx;−∇2Þ ¼ 1

2

" ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−∇2 þm2

p
ffiffiffiffiffiffi−gp

g00
þ 2

g0i

g00
ð−i∂iÞ þ

ffiffiffiffiffiffi−gp
#
g0ig0j

g00
− gij

$
−∂i∂jffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−∇2 þm2

p þ ffiffiffiffiffiffi−gp m2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−∇2 þm2

p
%
: ð2:8Þ

Note that even though we have built the relativistic theory
using creation and annihilation operators in the usual way,
we are allowed to act on particle states, and then form a
kind of position space wave function. Ordinarily, such
position space wave functions would couple multiple
particle wave functions to one another. However, as
explained above, such multiparticle states are suppressed,
which is to say, their amplitudes are small. This allows for a
single particle wave function to provide an accurate
description of the state of the probes.

B. Weak diagonal metric

We specialize now to a weakly curved spacetime.
Furthermore, we assume that there are no significant sources
of gravitational waves. Hence we can use a gauge in which
the metric is diagonal. The metric can be decomposed into a
flat background ημν ¼ diagðþ1;−1;−1;−1Þ and a small
perturbation, hμν, with jhμνj ≪ 1, as follows:

gμν ¼ ημν þ hμν: ð2:9Þ

Then, to linear order in the perturbations hμν, the
Hamiltonian becomes

Hðx; t;−∇2Þ ≈
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−∇2 þm2

p
þ h00

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−∇2 þm2

p

−
hij∂i∂j

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−∇2 þm2

p ; ð2:10Þ

(writing gμν ¼ ημν − hμν). Furthermore, we will be focused
on metrics that either are static or, if they are time

dependent, are also spherically symmetric. In either case,
we can fully specify the metric in terms of just two
functions Φ and Ψ, which are related to components in
the metric by

h00 ¼ 2Φ; hij ¼ 2Ψδij: ð2:11Þ

Depending on the source for the metric, these two poten-
tials Φ and Ψ may or may not be the same. The
corresponding Hamiltonian simplifies further to

Hðx;t;−∇2Þ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−∇2þm2

p
þΦ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−∇2þm2

p
−

Ψ∇2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−∇2þm2

p :

ð2:12Þ

Note that if we now take the nonrelativistic limit, we
obtain a familiar form,

Hnrðx; t;−∇2Þ ¼ mc2 −
∇2

2m
þmΦ; ð2:13Þ

where in the first term we reinstated a factor of c2, to make
it clear that this is merely the mass-energy term and is only
a constant. However, we will only make use of the above
relativistic Hamiltonian in this paper.

C. One-particle Schrödinger equation

Given this relativistic Hamiltonian for a particle in a
diagonal, weakly curved background spacetime, we can
construct the Schrödinger equation for the evolution of a
quantum state that describes this particle. The Schrödinger
equation is of the usual form
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i∂tjψi ¼ ðĤ0 þ V̂Þjψi; ð2:14Þ

where in the position representation H0ð−∇2Þ ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−∇2 þm2

p
is the free theory relativistic Hamiltonian

and the potential V is defined as the remaining interaction
parts of the Hamiltonian

Vðx;t;−∇2Þ≡Φðx;tÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−∇2þm2

p
− Ψðx;tÞ∇2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−∇2þm2

p : ð2:15Þ

The time dependence in Eq. (2.15) is made explicit
because, in general, the potentials Φ and Ψ can be time
dependent. The Schrödinger equation for the wave function
ψðx; tÞ can then be written as

&
i∂t−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−∇2þm2

p '
ψðx;tÞ¼Vðx;t;−∇2Þψðx;tÞ: ð2:16Þ

Hence we establish a well-defined single particle
Schrödinger equation, which can accurately describe proc-
esses in which particle number changing effects are
negligible.

III. SCATTERING AND DECOHERENCE IN
GENERAL

A. Perturbative expansion

For weak gravitational interactions, it is useful to expand
the full solution into a sum of an unscattered part ψu and a
scattered part ψ s as

ψðx; tÞ ¼ ψuðx; tÞ þ ψ sðx; tÞ: ð3:1Þ

The free particle wave function for a probe particle of mass
mp (we replace m → mp now) solves the free Hamiltonian
Schrödinger equation

&
i∂t −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−∇2 þm2

p

q '
ψuðx; tÞ ¼ 0: ð3:2Þ

In fact, we have ψ ¼ ψu at early times, before any
interaction with the DMSCS. Then when encountering
the DMSCS, the scattered part ψ s becomes nonzero. We
can solve for the scattered part of the solution perturba-
tively by expanding in powers of the potential. Working to
first order, the scattered part is given by the solution to the
following equation:

&
i∂t −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−∇2 þm2

p

q '
ψ sðx; tÞ ¼ Vðx; t;−∇2Þψuðx; tÞ;

ð3:3Þ

where ψ s will from now on denote the first order con-
tribution to scattering and not the full scattering solution;

working to first order will be sufficient to determine the
decoherence rate to leading order (for further details on this
point, see Ref. [66]). Having demanded that ψ s → 0 at
early times, the solution for ψ s is provided by the particular
solution to this equation

ψ sðx; tÞ ¼
Z

d4x0G4ðt− t0;x− x0ÞVðx0; t0;−∇02Þψuðx0; t0Þ;

ð3:4Þ

where G4 is the four-dimensional (time-dependent)
retarded Green’s function of the time-dependent
Schrödinger operator
&
i∂t−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−∇2þm2

p

q '
G4ðt− t0;x−x0Þ¼ δðt− t0Þδ3ðx−x0Þ:

ð3:5Þ

Since ψu is just the solution to the free equation, the kth
mode is both a momentum and an energy eigenstate, and
thus its position representation wave function ψ ðkÞ

u has the
simple time dependence given by

ψ ðkÞ
u ðx; tÞ ¼ e−iEktψ ðkÞ

u ðxÞ; ð3:6Þ

where ψ ðkÞ
u ðxÞ ¼ eik·x (with some normalization) is

the spatial part of the wave function of the kth mode,

Ek ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 þm2

p

q
is its energy, and ψ ðkÞ

u ðx; tÞ is its full time-

dependent wave function.

B. Time-independent Green’s function

In the upcoming sections we will study two cases:
(i) static DMSCS sources, and (ii) time-dependent
DMSCS sources. In the first case (i) we will be able to
solve the problem perturbatively using a spatial (three-
dimensional) Green’s function. In the second case (ii) the
time dependencewill be more complicated, requiring use of
the full spacetime dependent Green’s function. However,
we will focus on coherently oscillating DMSCS sources,
which carry a simple harmonic time dependence. As we
will show, this will allow us to still solve the problem in
terms of an appropriately shifted spatial Green’s function.
The three-dimensional (spatial) Green’s function is

found by taking the free theory (V ¼ 0) time-independent
Schrödinger equation, Fourier transforming in time, and
inserting a three-dimensional delta function as a source,

&
E −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−∇2 þm2

p

q '
G3ðE;x − x0Þ ¼ δ3ðx − x0Þ: ð3:7Þ

To obtain this Green’s function, we first take the spatial
Fourier transform

G̃3ðE;pÞ ¼
Z

d3xG3ðE;x − x0Þeip·ðx−x0Þ: ð3:8Þ
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The corresponding particular solution is

G̃3ðE;pÞ ¼
1

E −
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þm2

p

q
þ iϵ

; ð3:9Þ

where the iϵ factor is chosen to obtain the retarded Green’s
function. Defining r ¼ x − x0, we can readily obtain
Green’s function through the inverse Fourier transform.
We can easily carry out the angular integral to obtain

G3ðE;x− x0Þ ¼ 1

2π2

Z
∞

0
dpp2 sinpr

pr
1

E−
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þm2

p

q
þ iϵ

:

ð3:10Þ

Changing to u≡
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þm2

p

q
such that p ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
u2 −m2

p

q
and

udu ¼ pdp and rewriting sinpr in terms of complex
exponentials, this can be rewritten as

G3ðE;x − x0Þ ¼ −
1

2π2r

Z
∞

mp

eipr − e−ipr

2i
udu

u − ðEþ iϵÞ
;

ð3:11Þ

where the remaining p dependence is implicitly dependent
on u. Integration may now be done in the complex plane.
For convergence, a contour around the upper half of the
plane is chosen for the term proportional to eipr, and thus
the pole at u → Eþ iϵ contributes to the integral. Similarly,
the contour in the lower half of the plane is chosen for the
term proportional to e−ipr and thus, lacking a pole, there is
no contribution to the integral. At large radius, which is all
we will need later on, we can ignore the branch cut starting
at u ¼ &mp. We are thus left with

G3ðE;x − x0Þ ¼ − 1

2π2r
2πiResu→Eþiϵ

#
eipr

2iðu − ðEþ iϵÞÞ

$

¼ − 1

2πr
eiprE; ð3:12Þ

where in the last step we have taken ϵ → 0. Note that
the remaining p in the formula is implicitly defined

from the energy E as p ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2 −m2

p

q
(as a result of the

d3p integration). As expected, in the nonrelativistic limit
E → mp, we recover the usual time-independent
Schrödinger Green’s function.
Also, we note that if one begins from the Klein-Gordon

equation (see Appendix D) and uses the corresponding
Feynman propagator, one, of course, has a pair of poles.
One pole gives the above contribution, while the other pole
is highly off-shell for positive energy particles and is
ignorable (as it is related to antiparticles), so together we
recover Green’s function above.

C. Wave packets

Wewill assume the incoming wave function of the probe
particle is a wave packet. We can take the incoming,
unscattered wave to be a sum of plane wave modes with a
distribution function ψ̃kðqÞ that weights the momenta q of
the modes around a central value kwhich can be thought of
as the mean momentum. Hence at early times, the spatial
wave function is given by

ψuðxÞ ¼
Z

d3q
ð2πÞ3

1ffiffiffiffiffiffiffiffi
2Eq

p ψ̃kðqÞeiq·xe−iq·b; ð3:13Þ

where the vector b is an impact parameter that can shift the
spatial center of the wave packet away from the origin of
the coordinate system. The prefactor 1=

ffiffiffiffiffiffiffiffi
2Eq

p
is conveni-

ent because the normalization condition hψujψui ¼ 1 takes
on the simple form

Z
d3q
ð2πÞ3

jψ̃kðqÞj2 ¼ 1 ð3:14Þ

[see ahead to Eq. (3.17) for the general expression for the
overlap between a pair of one-particle states].

D. Decoherence

Our interest will be a DMSCS that begins in a super-
position of otherwise classical states jDM1i, jDM2i. Using
the Einstein equations of general relativity (for details see
later in the paper), this sets up an effective potential V that
is itself in a superposition of potentials V1 and V2; see
Fig. 1. The DM can be in a superposition of different
density profiles and, if time dependent, in different phases,
etc. For further generality, we also allow the centers of the
potentials (i.e., the center of the mass distribution) to differ
from the origin of the coordinate system, characterized by

FIG. 1. The basic setup of the problem; this figure is taken from
our previous paper Ref. [66]. Suppose there is some piece of
matter that primarily only interacts gravitationally, dark matter,
and it forms a DMSCS. This is defined as a quantum super-
position of two different configurations of some piece of the DM,
jDM1iþ jDM2i, as illustrated by the blue and red distributions.
The distributions can differ in the center of mass position and/or
profile of the mass distribution or, for light bosonic DM, the
phase of the oscillating DM field. Now also suppose there is a
probe particle (wave packet with wave number k and width d) in
state jψi which passes through; its gravitational interaction with
the DMSCS ensures that it evolves into a superposition of states
jψ1i and jψ2i, and so it is then entangled with the DM.
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the distance Li (here the index i is either 1 or 2, denoting
correspondence with either V1 or V2). The evolution of
these environmental probe particles is characterized by a
wave function, ψ , evolving according to the Schrödinger
equation. After interacting with the potential (V1 or V2), the
probe particle also evolves into a superposition of substates
jψ1i; jψ2i, which are inevitably entangled with the
DMSCS. The total final state is given by

jΨfi ¼ jψ1ijDM1iþ jψ2ijDM2i: ð3:15Þ

By tracing out these probe particles, which act as the
“environment” that we do not track closely, the reduced
density matrix of just the dark matter describes a mixed
state. Our goal then is to compute the rate at which
interactions with such particles lead to decoherence of
the DMSCS.
As is known (e.g., see Ref. [66]), the decoherence rate

depends on the inner product of the substates jψ1i; jψ2i.
We parametrize the overlap of these two substates in terms
of Δ as

jhψ1jψ2ij≡ 1 − Δ: ð3:16Þ

To be consistent with the relativistic normalization of the
quantum states defined in Sec. II A, the inner product in the
position representation of a generic pair of one-particle
states is

hψ jϕi≡
Z

d3xð−iϕðx; tÞ∂tψ$ðx; tÞ þ iψ$ðx; tÞ∂tϕðx; tÞÞ:

ð3:17Þ

The deviation from unity Δ, to lowest order in scattering,
can readily be shown to be given by

Δ¼ 1

2
ðhψ s;1jψ s;1iþ hψ s;2jψ s;2i−2ℜ½hψ s;1jψ s;2i(Þ: ð3:18Þ

The decoherence rate is then given by (see our Ref. [66] for
details)

Γdec ¼ nv
Z

d2bΔb; ð3:19Þ

where n is the number density of probe particles, v is their
typical speed, and b is the impact parameter of each probe’s
approach, which is integrated over to account for its
variation.

IV. STATIC SOURCE

We now wish to analyze the evolution of an environment
particle in the spacetime generated by the DMSCS. First
we examine the case where the background space-
time produced by the DMSCS is static V ¼ Vðx;−∇2Þ.
The evolution of the environment particles is therefore
described as the scattering of a probe particle by a fixed
potential. We assume the DMSCS is taken to be sufficiently
massive such that the backreaction is negligible.
For a truly nonrelativistic DMSCS source, the pressure

of the source should be negligible, and thus the potentialsΦ
and Ψ are equal. In fact, for a DMSCS that is an oscillating
scalar field, such as the axion, taking the source to be static
should correspond to this nonrelativistic limit. However, to
generalize the following results to a source that is not an
oscillating scalar, we will keep the contribution of the
source’s pressure, and thus continue to differentiate
between Φ and Ψ. This may be useful to estimate the
decoherence of an object that is relativistic but still sources
a static metric.

A. Scattered wave function for static case

Since the source is static, it is useful to relate four-
dimensional and three-dimensional free Green’s functions
in a simple way due to the separability of the free
Schrödinger equation

G3ðE;x − x0Þ ¼
Z

dt0G4ðt − t0;x − x0Þe−iEðt0−tÞ: ð4:1Þ

Thus the scattered response of the kth mode may be
written as

ψ ðkÞ
s ðx; tÞ ¼ e−iEkt

Z
d3x0G3ðEk;x − x0ÞVðx0;−∇02Þψ ðkÞ

u ðxÞ

¼ e−iEkt
Z

d3x0
#
−Ekeikjx−x

0j

2πjx − x0j

$#
Φðx0Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−∇02 þm2

p

q
−

Ψðx0Þ∇02
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−∇02 þm2

p

q
$
ψ ðkÞ
u ðxÞ: ð4:2Þ

We will now focus on the far distance regime jxj ≫ jx0j.
This is of most importance at late times when the
wave function is concentrated far from the center
of the potential. In the exponential phase factor, we can
expand jx − x0j ≈ jxj − x̂ · x0. Also, given that the

wave function of the kth mode is a plane wave of
momentum k, with ψ ðkÞ

u ðxÞ ¼ eik·x, the derivatives in
the potential can act on this wave function, giving the
following expression for the scattered response of the kth
mode
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ψ ðkÞ
s ðx; tÞ ¼ e−iEktfðk0;kÞ e

ikjxj

jxj
; ð4:3Þ

where k0 ≡ kx̂ and we have defined the first order scatter-
ing amplitude as

fðk0;kÞ≡−
1

2π

Z
d3x0eiðk−k

0Þ·x0 ½Φðx0Þðk2þm2
pÞþΨðx0Þk2(:

ð4:4Þ

Then, the wave function for the scattered wave packet is
given by

ψ sðx; tÞ ¼
Z

d3q
ð2πÞ3

e−iEqtfðq0;qÞe
iqjxj

jxj
ψ̃kðqÞffiffiffiffiffiffiffiffi
2Eq

p e−iq·b: ð4:5Þ

This generalizes the usual nonrelativistic treatments, e.g.,
see Refs. [67,68] (we will later provide an even much

greater generalization to the time-dependent relativistic
case).

B. Decoherence rate

We now apply the above result for the scattered wave
function to obtain a decoherence rate. The DMSCS is in a
superposition, meaning that when the probe wave packet
passes by it will itself launch into a superposition. The
scattered parts of the superposition will be denoted ψ s;i or
ψ s;j, where i, j ¼ 1, 2 for each part of the superposition.
In order to obtain the decoherence rate, the following

integral over impact parameter is of interest:

Sij ¼
Z

d2bhψ s;ijψ s;ji: ð4:6Þ

Using the above result for ψ s, we see that this is given by

Sij ¼
Z

d2b
Z

d3x
d3qd3q̃
ð2πÞ6

"
e−iEq̃tfjðq̃0; q̃Þ e

iq̃rj

r
ψ̃kðq̃Þffiffiffiffiffiffiffiffi
2Eq̃

p e−iq̃·ðb−LjÞ
%

× ðEq þ Eq̃Þ
"
eþiEqtf$i ðq0;qÞ e

−iqri

r
ψ̃$
kðqÞffiffiffiffiffiffiffiffi
2Eq

p eþiq·ðb−LiÞ
%
: ð4:7Þ

Here we have defined ri ≡ jx −Lij ≈ r − x̂ ·Li. We can
perform parts of the integral as follows: First the integral
over impact parameter gives a two-dimensional delta
function

Z
d2be−ib·ðq−q̃Þ ¼ ð2πÞ2δ2ðq⊥ − q̃⊥Þ; ð4:8Þ

while the integral over space can be written in spherical
coordinates, and the radial integral gives another delta
function

Z
d3x

e−iðq−q̃Þr

r2
¼

Z
d2Ω

Z
∞

0
dre−iðq−q̃Þr

¼
Z

d2Ωð2πÞδðq − q̃Þ: ð4:9Þ

The combination of these delta functions results in two
possibilities q ¼ q̃ and q ¼ −q̃. However, we can use the
fact that the distributions ψ̃kðqÞ are sufficiently narrowly
peaked such that the case when q and q̃ are antialigned is
exponentially suppressed. Thus we approximate the delta
functions ð2πÞ3δ2ðq⊥ − q̃⊥Þδðq− q̃Þ ≈ ð2πÞ3δ3ðq− q̃Þ and
perform the d3q̃ integrals, resulting in

Sij ¼
Z

d2Ω
Z

d3q
ð2πÞ3

f$i ðq0;qÞfjðq0;qÞ

× e−iðq−q
0Þ·ðLi−LjÞjψ̃kðqÞj2: ð4:10Þ

At this point, it can be clearly seen that the results of
these integrals can follow the same calculations as in the
nonrelativistic Newtonian case in Ref. [66], with the
exception of the fact that the scattering amplitudes f are
defined differently for the relativistic case. It is useful to
average over the direction of k (as is done in the previous
work), which impacts the exponentials in Eq. (4.10) and
replaces jψ̃kðqÞj2 with a function PkðqÞ that depends only
on the magnitudes k and q. It is then convenient to define
the following generalized cross section which reflects the
averaging over the direction of k:

σ̃ijðqÞ ≡
Z

d2Ωf$i ðq0; qÞfjðq0; qÞj0ð2qLij sinðθ=2ÞÞ;

ð4:11Þ

Sij ¼
Z

d3q
ð2πÞ3

σ̃ijðqÞPkðqÞ; ð4:12Þ

where j0ðzÞ≡ sinðzÞ=z is the sinc function and
Lij ≡ jLi −Ljj. Note that σ1 ≡ σ̃11 and σ2 ≡ σ̃22 corre-
spond to the usual definition of a scattering cross section
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(with the appropriate general relativistic amplitudes of
Eq. (4.4)) since j0ð0Þ ¼ 1. Finally, the decoherence rate
is given by

Γdec ¼
1

2
nvðS11 þ S22 − 2ℜ½S12(Þ: ð4:13Þ

This may be approximated by taking Sij to be given by the
σ̃ij evaluated at q ¼ k; this approximation is valid if
the distributions ψ̃k are sufficiently narrow such that the
distribution PkðqÞ is sharply peaked at q ¼ k. Then we can
express the decoherence rate as

Γdec ¼
1

2
nvðσ1 þ σ2 − 2ℜ½σ̃12(Þjq¼k: ð4:14Þ

Note that in the special limit in which σ̃12 ¼ 0 and
σ ≡ σ1 ¼ σ2, this simplifies to the familiar form Γdec ¼
nvσ relating to other work in the literature on decoherence;
but here it is generalized to nontrivial overlap (provided by
the σ̃12 term) and to a general relativistic setting.

C. Parametrization of the decoherence rate

To compute the decoherence rate explicitly, one must
now provide a specific form for the potentialsΦ and Ψ. For
a static, diagonal, spherically symmetric metric, one can
readily show that the Einstein equations imply Ψ ¼ ΦN,
Φ ¼ ΦN þ δ, where ΦN is the Newtonian gravitational
potential and δ is a correction

∇2ΦN ¼ 4πGNρ;
1

r
δ0 ¼ 4πGNPr; ð4:15Þ

where ρ is the energy density of the source and Pr is the
radial pressure. Most sources lead to a potential that has
“infinite range,” leading to a divergence of the scattering
cross section in the forward scattering direction (e.g.,
Rutherford scattering formula for a Coulomb potential).
This divergence may be avoided for mass distributions with
a vanishing monopole.
One important mass distribution to consider for DM in

the galaxy is a fluctuation in the background density of DM
which is an overdensity surrounded by an underdensity
such that the total perturbation in the integrated mass
(monopole) from the background vanishes. We can para-
metrize this profile with (a) a characteristic mass scale, M,
which can be thought of as the mass scale associated with
the overdensity (since the overdensity and underdensity
together have no mass); and (b) a characteristic length scale
1=μ, which can be thought of roughly as the width of the
region including the overdensity and underdensity, and
which we will take to be of the order of the de Broglie
wavelength of the DM. Then, the mass density that deviates
from the background of DM is given by

δρðxÞ≡Mμ3ζðμrÞ; δPrðxÞ≡Mμ3γðμrÞ; ð4:16Þ

where ζðμrÞ and γðμrÞ are dimensionless functions that
describe the shape of the energy density and pressure of the
sources, respectively, and depend on the dimensionless
variable μr. Note that we may take the distribution to be
spherically symmetric for simplicity, and thus the sources
only depend on the position variable jxj ¼ r.
The scattering amplitude in Eq. (4.4) is related to the

Fourier transform of the potential with respect to the transfer
momentum ptr ¼ k − k0. We can define the dimensionless
variables x̂≡ μx and p̂≡ ptr

μ [with jp̂j ¼ p̂ ¼ 2k
μ sinðθ=2Þ

and θ the angle between k and k0] to have a dimensionless
Fourier transform as follows:

F̂ðp̂Þ≡
Z

d3x̂Fðx̂Þeip̂·x̂: ð4:17Þ

The scattering amplitude is then simply given by

fðk0;kÞ ¼ −
1

2πμ3
½Φ̂Nðp̂Þðm2

p þ 2k2Þ þ δ̂ðp̂Þðm2
p þ k2Þ(:

ð4:18Þ

Then, taking the Fourier transformofEq. (4.15),we canwrite
down a form of the scattering amplitude with the physical
parameter dependence more clearly displayed,

−p̂2Φ̂Nðp̂Þ ¼ 4πGNMμζ̂ðp̂Þ: ð4:19Þ

Similarly, to find a Fourier transform for δ, we may first
rewrite Eq. (4.15) for δ by differentiating oncewith respect to
r and utilizing the fact that we have assumed that δ is
spherically symmetric,

∇2δ ¼ 4πGNMμ3ð3γðμrÞ þ μrγ0ðμrÞÞ: ð4:20Þ

Then, defining the function ε as

εðμrÞ≡ 3γðμrÞ þ μrγ0ðμrÞ; ð4:21Þ

we can find the Fourier transform of δ from the following:

−p̂2δ̂ðp̂Þ ¼ 4πGNMμε̂ðp̂Þ: ð4:22Þ

Then finally, we can find the generalized cross sections of
Eq. (4.11) to have the form

σ̃ijðkÞ ¼
8πG2

NMiMj

μiμj

ðm2
p þ 2k2Þ2

k2
χij; ð4:23Þ

where we have defined a dimensionless quantity
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χij ≡
Z

dp̂
p̂3

"
ζ̂

# ffiffiffiffiffi
μi
μj

r
p̂
$
þ
#
m2

p þ k2

m2
p þ 2k2

$
ε̂

# ffiffiffiffiffi
μi
μj

r
p̂
$%

× ½i ↔ j( × j0ðLij
ffiffiffiffiffiffiffiffi
μiμj

p
p̂Þ ð4:24Þ

and ½i ↔ j( means to repeat the previous quantity in square brackets, interchanging i and j.
Having scaled out the various parameters, this remaining dimensionless quantity χij is typicallyOð1Þ [e.g., when the ratio

of μi and μj is Oð1Þ, Lij is small compared to 1=μ, and the potential is exponentially damped outside the region of radius
1=μ, such as a Gaussian]. Using Eqs. (4.14) and (4.24) the decoherence rate is then given by

Γdec ≈ 4πG2
Nnpvp

ðm2
p þ 2k2Þ2

k2

#
M2

1

μ21
χ11 þ

M2
2

μ22
χ22 −

2M1M2

μ1μ2
χ12

$
: ð4:25Þ

Note the two features of relativity here: in the ðm2
p þ 2k2Þ2 prefactor and in the definition of χij in Eq. (4.24), which includes

the ε̂ term from pressure; this provides a neat extension of Ref. [66].
To examine this further, let us now examine this result in the nonrelativistic (k ≪ mp) and ultrarelativistic (k ≫ mp)

limits. In the nonrelativistic limit, we recover the result of our previous nonrelativistic analysis in Ref. [66], namely

Γdec;nr ≈ 4πG2
Nnp

m2
p

vp

#
M2

1

μ21
χ11 þ

M2
2

μ22
χ22 −

2M1M2

μ1μ2
χ12

$
ðnonrelativistic probesÞ: ð4:26Þ

Good examples of nonrelativistic probe particles are the baryons in the galaxy, or in the atmosphere of earth, which are
plentiful. For a detailed analysis of this result applied to axionic (or other light bosonic) DM in the galaxy today, including
estimates in the atmosphere of the earth and dilute boson stars; see the plots and discussion in Ref. [66].
In contrast, the ultrarelativistic limit leads to different predictions

Γdec;ur ≈ 16πG2
Nnpk

2

#
M2

1

μ21
χ11 þ

M2
2

μ22
χ22 −

2M1M2

μ1μ2
χ12

$
ðultrarelativistic probesÞ; ð4:27Þ

where we take vp → 1 in the ultrarelativistic limit. A good
example of ultrarelativistic probes are cosmic microwave
background (CMB) photons. Here, we can see that the
decoherence rate now increases with increasing probe
particle momentum. Thus, one may expect that sufficiently
high-energy particles will cause decoherence of the
DMSCS to come about more rapidly. However, when
considering DM in the galaxy, the relative abundance of
high-speed particles compared to low-speed particles is
quite low. Therefore, one should expect that, for example,
nonrelativistic hydrogen in the galaxy will dominate the
calculation of the decoherence rate.
To compare Γdec;nr and Γdec;ur directly amounts to compar-

ing the factors npm2
p=vp of nonrelativistic probe articles to

npk2 of ultrarelativistic probe particles. In the former, the
larger abundance of probe particles should more than
compensate for the fact that in the latter k ≫ mp. One
way, however, to consider a probe which is generically
ultrarelativistic is to consider a photon probe. In this case, it is
still clear that the nonrelativistic hydrogen with m2

p=vp ∼
103 GeV2 will dominate over the contribution of photons,
which either have much smaller energies or, if they are
energetic enough to compete, have much lower abundances.
Therefore, it is reasonable to conclude that the non-

relativistic analysis is sufficient to compute the decoherence
rate for static DMSCS configurations. This provides extra

motivation to consider DMSCS which vary in time; these
sources necessarily require a general relativistic treatment
and are the subject of the next section.

V. TIME DEPENDENT SOURCE

We now consider the case where the metric sourced by
the DMSCS varies in time. Of particular interest is light
bosonic DM, such as an axion, which can oscillate in time
and thus source a time-varying spacetime.

A. Einstein equations for spherically
symmetric source

First, we can compute the background metric
sourced by the energy momentum tensor of a scalar field
which oscillates coherently in time. We consider the
Lagrangian for the scalar field ϕ of mass ma (for simplicity
we ignore self-interactions, such as ∼λϕ4 in this discussion)

L ¼ 1

2
∂μϕ∂μϕ −

1

2
m2

aϕ2: ð5:1Þ

From this, we construct the energy momentum tensor,
which we only need to zeroth order in the gravitational field

Tμν ¼ ∂μϕ∂νϕ − ημνL: ð5:2Þ
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Assuming spherical symmetry ϕ ¼ ϕðr; tÞ, using notation
∂rϕ≡ ϕ0, ∂tϕ≡ _ϕ, and using spherical coordinates, we
have

ρ≡ Ttt ¼
1

2
ð _ϕ2 þ ðϕ0Þ2 þm2

aϕ2; ð5:3Þ

Pr ≡ Trr ¼
1

2
ð _ϕ2 þ ðϕ0Þ2 −m2

aϕ2Þ; ð5:4Þ

Pθ ≡ Tθθ

r2
¼ 1

2
ð _ϕ2 − ðϕ0Þ2 −m2

aϕ2Þ ð5:5Þ

(and Tϕϕ ¼ Tθθ sin2 θ). For convenience we will express
the metric in spatially conformally flat coordinates as

gμν ¼ ð1þ 2Ψðr; tÞ þ 2δðr; tÞÞdt2

− ð1 − 2Ψðr; tÞÞðdr2 þ r2dθ2 þ r2 sin2 θdφ2Þ ð5:6Þ

with Ψ ¼ Ψðr; tÞ and Φ ¼ Ψðr; tÞ þ δðr; tÞ. From this
metric, we can use the linearized Einstein equations Gμν ¼
8πGNTμν to solve for the metric as

ðGtt ¼Þ 2∇2Ψ ¼ 4πGNð _ϕ2 þ ðϕ0Þ2 þm2
aϕ2Þ; ð5:7Þ

ðGθθ=r2 −Grr ¼Þ r
#
δ0

r

$0
¼ −8πGNðϕ0Þ2: ð5:8Þ

Using the Klein-Gordon equation of motion for the scalar
field, and the equations for Ψ, δ above, it can be shown that
the Gtr ¼ 8πGTtr ¼ 8πGN

_ϕϕ0 equation is automatically
satisfied, so we do not need to specify it here.

B. Coherently oscillating scalar field

From these equations, we can calculate the metric
sourced by an oscillating scalar. We will take the scalar
field to have a spatial profile ϕsðrÞ that is spherically
symmetric and time dependence that is a single simple
harmonic of angular frequency ω. For diffuse DM that is in
motion in the galaxy, this is not precise, since it is really
made out of a combination of traveling waves, with some
fluctuations in frequencies. However, for such diffuse DM,
the variation in frequency is on the order ω ¼ ma þ 1

2mav2,
where v2 is the typical dispersion in velocities. For non-
relativistic DM, this correction is tiny (we shall return to
these details in Sec. VI), so it is fairly monochromatic.
Furthermore, for a condensate of scalars, one usually has
almost perfectly periodic oscillations, so this form is even
more appropriate (we shall return to such condensates in
Sec. VII).
In any case, for our discussion it will suffice to treat the

scalar field as having the form

ϕðr; tÞ ¼
ffiffiffi
2

p
ϕsðrÞ cosðωtþ φÞ: ð5:9Þ

Hence ϕ0 ¼
ffiffiffi
2

p
ϕ0
sðrÞ cosðωtþ φÞ and _ϕ ¼ −

ffiffiffi
2

p
ωϕsðrÞ×

sinðωtþ φÞ. This can be inserted into Eq. (5.3) to obtain
the corresponding energy density. By using double angle
formulas, it can be readily shown that it takes on the
following form:

ρðr; tÞ ¼ ρð0ÞðrÞ þ ρð2ÞðrÞ cosð2ðωtþ φÞÞ; ð5:10Þ

where we have indicated that the energy density ρ has a part
which is independent of time and a part which is propor-
tional to cosð2ðωtþ φÞÞ. The coefficients are functions of
position given by

ρð0ÞðrÞ ¼ ϕ2
sðm2

a − ω2Þ þ ðϕ0
sÞ2

2
þ ϕ2

sω2; ð5:11Þ

ρð2ÞðrÞ ¼ ϕ2
sðm2

a − ω2Þ þ ðϕ0
sÞ2

2
: ð5:12Þ

We can then identify that the Newtonian potentialΨ has the
same time dependence structure

Ψðr; tÞ ¼ Ψð0ÞðrÞ þ Ψð2ÞðrÞ cosð2ðωtþ φÞÞ ð5:13Þ

with each piece solving the corresponding Poisson equation

ΨðnÞ ¼ 4πGN
ρðnÞ

∇2
ð5:14Þ

for n ¼ 0, 2. In addition, we can solve for δ from Eq. (5.8),
from which we can see that δ will also be proportional to
cos2ðωtþ φÞ, and thus will also have a part that is
independent of time and a part that oscillates in time with
cosð2ðωtþ φÞÞ as

δðr; tÞ ¼ δð0ÞðrÞ þ δð2ÞðrÞ cosð2ðωtþ φÞÞ ð5:15Þ

with δð0;2Þ obeying

δð0ÞðrÞ ¼ δð2ÞðrÞ ¼ −8πGN

Z
∞

r
dr0r0

Z
∞

r0
dr00

1

r00
ðϕ0

sÞ2:

ð5:16Þ

Thus, both potentials in the metric,Ψ andΦ ¼ Ψþ δ, have
some part that is independent of time and some other part
that depends on cosð2ðωtþ φÞÞ.

C. Scattered wave function for dynamic case

We then wish to analyze the response of a one-particle
wave function for a probe particle of mass mp evolving
according to the relativistic Schrödinger equation in this
spacetime background. We change from describing the
potentials Φ and Ψ in favor of an equivalent set of time-
independent potentials Vð0Þðr;−∇2Þ and Vð2Þðr;−∇2Þ in
order to explicitly separate out the time dependence of V
from Eq. (2.15),
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Vðx;−∇2Þ ¼ Vð0Þðr;−∇2Þ þ Vð2Þðr;−∇2Þ cosð2ðωtþ φÞÞ; ð5:17Þ

where we have defined the spatial operators

VðnÞðr;−∇2Þ ¼ ðΨðnÞðrÞ þ δðnÞðrÞÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−∇2 þm2

p
−

ΨðnÞðrÞ∇2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−∇2 þm2

p ð5:18Þ

for n ¼ 0, 2. Then, we solve the Schrödinger equation perturbatively, where the first order correction to the wave function
from scattering for the kth mode is given by the following convolution of the potential with the four-dimensional Green’s
function

ψ sðx; tÞ ¼
Z

d4x0G4ðt− t0;x−x0Þe−iEkt0
#
Vð0Þðr0;−∇02ÞþVð2Þðr0;−∇02Þ

#
eið2ðωt

0þφÞÞ þ e−ið2ðωt
0þφÞÞ

2

$$
ψ ðkÞ
u ðx0Þ: ð5:19Þ

In the first term here with Vð0Þ, which is independent of time, we can easily carry out the integral over time and rewrite the
answer in terms of the three-dimensional (spatial) Green’s function. In the second term here with Vð2Þ, which depends on
time, it seems to be more complicated. However, since we are assuming a single-harmonic coherently oscillating source, we
can absorb the time dependence into the exponential e−iEkt0 prefactor, allowing us to once again carry out the integral over
time, this time in terms of the three-dimensional (spatial) Green’s function with an appropriately shifted value of energy/
frequency. This gives

ψ sðx; tÞ ¼
Z

d3x0
(
G3ðEk;x − x0Þe−iEktVð0Þðr0;−∇02Þ

þ 1

2
½G3ðE−1;x − x0Þe−iðE−1t−2φÞ þ G3ðEþ1;x − x0Þe−iðEþ1tþ2φÞ(Vð2Þðr0;−∇02Þ

)
ψ ðkÞ
u ðx0Þ: ð5:20Þ

Here the shifted energies/frequencies E−1 and Eþ1 are defined as

Eα ≡ Ek þ 2αω ð5:21Þ

with α ¼ &1. Then, as in Sec. III C, the unscattered wave function is expressed as a wave packet with Fourier amplitudes
ψ̃kðqÞ. The resulting scattered wave can be written as

ψ sðx; tÞ ¼
Z

d3x0
d3q
ð2πÞ3

ψ̃kðqÞffiffiffiffiffiffiffiffi
2Eq

p eiq·x
0
e−iq·b

(
G3ðEq;x − x0Þe−iEqtVð0Þðr0; q2Þ

þ 1

2
½G3ðE−1;x − x0Þe−iðE−1t−2φÞ þG3ðEþ1;x − x0Þe−iðEþ1tþ2φÞ(Vð2Þðr0; q2Þ

)
; ð5:22Þ

where the derivatives in the potentials Vð0Þðr;−∇2Þ and Vð2Þðr;−∇2Þ have acted on the plane waves, and now the potentials
depend instead on the square of the momenta q2.
Since Green’s function is most naturally written in terms of momentum and not energy, we define the following

momenta:

qα ≡
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2
α −m2

p

q
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðEq þ ð2αωÞ2Þ2 −m2

p

q
: ð5:23Þ

Green’s function can be approximated in the far distance regime as

G3ðEα;x − x0Þ ¼ −
Eα

2πjxj
eiqαjxje−iq

0
α·x0 ; ð5:24Þ

where q0
α ≡ qαx̂. Then the scattered wave packet becomes
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ψ sðx; tÞ ¼
X

α¼0;−1;þ1

Z
d3q
ð2πÞ3

e−iðEαtþ2αφÞFαðq0
α;qÞ

eiqαr

r
ψ̃kðqÞffiffiffiffiffiffiffiffi
2Eq

p e−iq·b; ð5:25Þ

where we have defined a set of scattering amplitudes Fα as

F0ðq0;qÞ≡ −
Z

d3x0
Eq

2π
eiðq−q

0Þ·x0Vð0Þðr0; q2Þ; ð5:26Þ

F&1ðq0
&1;qÞ≡ −

1

2

Z
d3x0

E&1

2π
eiðq−q

0
&1Þ·x

0
Vð2Þðr0; q2Þ: ð5:27Þ

D. Decoherence rate

We return now to considering a DMSCS source for
potential V, specifically a scalar field in a superposition. We
will examine two cases with increasing specialization.
First, we will allow the centers of the potentials V1 and
V2 to differ, as characterized byL1 andL2. In addition, the
substates of the scalar field will differ in the phase φ as
defined in Eq. (5.17), while the spatial profile of the scalar
field is taken to be the same between the substates (up to
the difference in the centers). Then in the next subsection,
we will specialize to the case where the centers of the
substates coincide (L1 ¼ L2), and thus the only difference

between the potentials V1 and V2 will be from the phase φ
of the scalar field. This second case captures one of the
goals of this paper, which is to evaluate the degree of
decoherence for a configuration in which Newtonian
gravity cannot detect the superposition, and thus only
general relativistic effects have the ability to lead to
decoherence.
As done in Sec. IV B, the calculation of the decoherence

rate involves an integral of the wave function overlaps with
respect to impact parameters Sij ¼

R
d2bhψ s;ijψ s;ji. Using

Eq. (5.25) and shifting the center of mass appropriately, this
is given by

Sij ¼
Z

d2bd3x
d3qd3q̃
ð2πÞ6

X

α;β

("
e−iðEβ̃tþ2βφjÞFβðq̃0

β; q̃Þ
eiq̃βrj

r
ψ̃kðq̃Þffiffiffiffiffiffiffiffi
2Eq̃

p e−iq̃·ðb−LjÞ
%

× ðEα þ Eβ̃Þ
"
eþiðEαtþ2αφiÞF$

αðq0
α;qÞ

e−iqαri

r
ψ̃$
kðqÞffiffiffiffiffiffiffiffi
2Eq

p eþiq·ðb−LiÞ
%
; ð5:28Þ

where once more we have used ri ≡ jx −Lij ≈ r − x̂ ·Li. Here we have used notation that Eβ̃ is defined as
Eβðq̃Þ ¼ Eq̃ þ 2βω. We once again perform the following integrals to obtain some delta functions:

Z
d2be−ib·ðq−q̃Þ ¼ ð2πÞ2δ2ðq⊥ − q̃⊥Þ; ð5:29Þ

Z
d3x

e−iðqα−q̃βÞr

r2
¼

Z
d2Ω

Z
∞

0
dr e−iðqα−q̃βÞr ¼

Z
d2Ωð2πÞδðqα − q̃βÞ: ð5:30Þ

Using these delta functions, either we can evaluate the d3q̃
integrals and replace q̃ by a function of q or we can evaluate
first the d3q integrals and replace q with a function of q̃. In
either case, the delta functions guarantee thatEαðqÞ ¼ Eβðq̃Þ
(implicit from the condition qα ¼ q̃β) which guarantees that
the integral becomes time independent as expected. For
completeness,we shouldnote that thedelta functions provide
conditions which allow q̃, for example, to be replaced by
more than one valid function of q; however, since the

distributions ψ̃k are meant to be relatively sharply peaked,
wewill only consider the q̃ picked out by the delta functions
which are approximately aligned with q, since the distribu-
tion functions will suppress the cases in which q and q̃ differ
greatly.
If we choose to first perform the d3q̃ integral, each delta

function will result in the components of q̃ being replaced
by functions of the components of q; we denote this vector
by q̃ → qαβ
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qαβ ¼

8
<

:

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2þ 4ωðα− βÞEqþ 4ω2ðα− βÞ2

q
forEα ≥ 0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2þ 4ωðαþ βÞEqþ 4ω2ðαþ βÞ2

q
for Eα < 0

:

ð5:31Þ

Note that Eα ≥ 0 is guaranteed if Eq > 2ω. We will in
general wish to examine the case where ω ≪ Eq; q;mp; in
this case we can expand to first order in ω as follows:

qαβ ¼ qþ 2ω
q

Eqðα − βÞ þOðω2Þ: ð5:32Þ

In addition, the cancellation of the time dependence
following the d3q̃ integration results in a different leftover
phase for each term, given simply by 2ðαφi − βφjÞ. Then,
the overlap integral can be written more concisely as

Sij ¼
X

α;β

Z
d2Ω

Z
d3q
ð2πÞ3

fF$
αðq0

α;qÞFβðq0
α;qαβÞ

× e−iðq−q
0
αÞ·Li eþiðqαβ−q0αÞ·Lje2iðαφi−βφjÞψ̃$

kðqÞψ̃kðqαβÞg;
ð5:33Þ

where in the last expression, we have simplified using
Eαffiffiffiffiffiffiffiffiffiffiffi
EqEqαβ

p ≈ 1, which is valid for ω, which is small compared

to Eq. This is required for self-consistency, since this is the
regime in which the source is unable to pair produce
particles, and we are indeed working in the single particle
formalism. For completeness, the full expression with this
factor is provided in Appendix B, but it will not be needed
for the remainder of our analysis.
We note that when computing Sij, the only dependence

on i or j, i.e., whether the potential is V1 or V2, is in the
form of phases and the position of the center of mass (by
construction). The result of Eq. (5.33) can be used to
compute the decoherence rate for this configuration.

E. Phase difference

We will specialize now to a case where the superposition
is one in which the spatial mass distribution is entirely the
same, including the location of the centers of mass
(L1 ¼ L2 ¼ 0), and only the phase φ of the axion field
differs. Thus, the only part of the integrals that depends on
the indices i and j is the leftover phase e2iðαφi−βφjÞ which
can be taken out of the integral. We can thus write the
integrals Sij as

Sij ¼
X

α;β

sαβe2iðαφi−βφjÞ; ð5:34Þ

where the coefficients sαβ are defined as

sαβ ≡
Z

d2Ω
Z

d3q
ð2πÞ3

fF$
αðq0

α;qÞFβðq0
α;qαβÞψ̃$

kðqÞψ̃kðqαβÞg: ð5:35Þ

Then, to compute the decoherence rate,we consider the combination ofSij as required inEq. (3.18) to computeΔ. It can now
be seen that any part of Sij which does not depend on the phase φ will simply cancel when computing Δ. Explicitly, this is

S11 þ S22 − 2ℜ½S12( ¼ 2ð1 − cosð2ðφ1 − φ2ÞÞÞðs−1;−1 þ sþ1;þ1Þ
þ 2fcosð4φ1Þ þ cosð4φ2Þ − 2 cosð2ðφ1 þ φ2ÞÞgℜ½s−1;þ1(; ð5:36Þ

where we have used the fact that ℜ½sα;β( ¼ ℜ½sβ;α( to simplify (see Appendix B). Not only does the term s0;0, completely
independent of the potential’s index i or j, vanish, but also the terms of the form s0;β or sα;0. Thus, in this case, one must only
compute s−1;−1, sþ1;þ1, and ℜ½s−1;þ1(.
Then, after carrying out the computation of the necessary sα;β, the decoherence rate is

Γdec¼
1

2
nvf2ð1− cosð2ðφ1−φ2ÞÞÞðs−1;−1þ sþ1;þ1Þþ2fcosð4φ1Þþ cosð4φ2Þ−2cosð2ðφ1þφ2ÞÞgℜ½s−1;þ1(g; ð5:37Þ

where n is the local number density for the probe particles and v is their typical velocity.

Another interesting feature of this scenario arises
when considering the momentum distribution func-
tions ψ̃kðqÞ. One typically expects that the probe particle
has well-enough-defined momentum such that the
dynamics are well approximated by considering a plane

wave [a wave packet where ψ̃kðqÞ ∝ δðq − kÞ]. For
narrowly peaked ψ̃k, one expects the product
ψ̃$
kðqÞψ̃kðqαβÞ to be exponentially suppressed unless

α ¼ β. Specifically, two regimes of interest are
when
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(A) The width of the ψ̃k distribution is large compared
to the difference between q and qαβ [roughly
∼ωðα − βÞEq=q].

(B) The width of the distribution is small compared to
this difference.

In case (A), the product ψ̃$
kðqÞψ̃kðqαβÞ is well approxi-

mated by jψ̃kðqavÞj2, where qav is some intermediate value
between q and qαβ. In case (B), however, the product
ψ̃$
kðqÞψ̃kðqαβÞ will necessarily cause the integral to be

exponentially suppressed, except for when α ¼ β, which
gives jψ̃kðqÞj2. The condition for (A) is satisfied when the
spatial variance of the probe particle wave packet is
smaller than the spatial variance of the DMSCS; thus
we expect case (A) to be of more physical relevance.
Both cases (A) and (B) are of interest since they can both

lead to decoherence. In addition, both of these regimes
allow for the simplification of Eq. (5.35). For situation (A),
we can approximate the distributions as being evaluated at

qav as jψ̃kðqÞj2, while in situation (B) the momentum
distributions only contribute to the integral when α ¼ β in
the form jψ̃kðqÞj2. For either case, let us presume that the
composite distribution jψ̃kðq$Þj2 [where q$ is either qav in
situation (A) or q in (B)] is sufficiently narrow such that the
integral in Eq. (5.35) is well approximated by evaluating
the rest of the integrand at q$ ¼ k, giving

sαβ ≈ σ̄αβðqÞjq$¼k; ð5:38Þ

where

σ̄αβðqÞ≡
Z

d2ΩF$
αðq0

α;qÞFβðq0
α;qαβÞ ð5:39Þ

is another generalized cross section. Then, the decoherence
rate can be more simply expressed in terms of the
generalized cross section as

Γdec ≈
1

2
nvf2ð1 − cosð2ðφ1 − φ2ÞÞÞðσ̄−1;−1 þ σ̄þ1;þ1Þ

þ 2fcosð4φ1Þ þ cosð4φ2Þ − 2 cosð2ðφ1 þ φ2ÞÞgℜ½σ̄−1;þ1(g ð5:40Þ

or, in case (B) above where σ̄−1;þ1 is exponentially suppressed, the decoherence rate is more simply

Γdec ≈
1

2
nvf2ð1 − cosð2ðφ1 − φ2ÞÞÞðσ̄−1;−1 þ σ̄þ1;þ1Þg: ð5:41Þ

F. Parametrization and Gaussian example

We seek once more to parametrize the decoherence rate in such a way that makes the scales in the problem manifest. In
the interest of clarity, we will consider an example configuration for the scalar field. We study a Gaussian spatial profile for
the scalar field

ϕðr; tÞ ¼
ffiffiffi
2

p
ϕae−r

2μ2=2 cosðωtþ φÞ ð5:42Þ

with ϕa an amplitude and μ an inverse length scale. Upon substitution into Eq. (5.8) we can carry out the integrals to solve
for δ and obtain

δ ¼ −4πGNϕ2
ae−r

2μ2 cos2ðωtþ φÞ: ð5:43Þ

In this form, the energy density of Eq. (5.10) becomes

ρ ¼ ϕ2
ae−r

2μ2
"#

m2
a − ω2 þ r2μ4

2
þ ω2

$
þ
#
m2

a − ω2 þ r2μ4

2
cosð2ðωtþ φÞÞ

$%
: ð5:44Þ

Introducing now the mass scale M associated with the energy density of the configuration, we wish to write the energy
density ρ in terms of a dimensionless function ξ (analogous to the function ζ we introduced in the static case) of the
dimensionless variables x̂≡ μr and T̂ ≡ ωt,

ρ ¼ Mμ3ξðx̂; T̂Þ: ð5:45Þ

To do this, we write
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ϕ2
a ¼

κMμ3

m2
a

; ð5:46Þ

where κ is an Oð1Þ dimensionless constant and ξðx̂; T̂Þ is identified as

ξðx̂; T̂Þ ¼ κ
m2

a

e−x̂
2

2
½ðm2

a þ ω2 þ x̂2μ2Þ þ ðm2
a − ω2 þ x̂2μ2Þ cosð2ðT̂ þ φÞÞ(: ð5:47Þ

Since the scattering amplitudes are related to Fourier transforms of the potentials with respect to some transfer
momentum ptr ≡ q − q0

α, we can write first the Fourier transforms of the potentials according to the definition in Eq. (4.17)
(which transforms with respect to p̂≡ ptr=μÞ. Taking the Fourier transform gives a form analogous to Eq. (4.19),

−p̂2Ψ̂ðp̂; T̂Þ ¼ 4πGNMμξ̂ðp̂; T̂Þ: ð5:48Þ

We can also write the form of the potentialΦðr; tÞ in terms of the dimensionless variables, usingΦðr; tÞ ¼ Ψðr; tÞ þ δðr; tÞ.
To consolidate notation, we define the following two dimensionless functions of x̂ and their Fourier transforms as
functions of p̂:

gðx̂Þ≡ e−x̂
2
; ĝðp̂Þ ¼ π3=2e−

p̂2

4 ; ð5:49Þ

hðx̂Þ≡ x̂2e−x̂
2
; ĥðp̂Þ ¼ −

π3=2

4
e−

p̂2

4 ðp̂2 − 6Þ; ð5:50Þ

such that ξ becomes

ξðx̂; T̂Þ ¼ κμ2

2m2
a

"
m2

a þ ω2

μ2
gðx̂Þ þ hðx̂Þ þ

#
m2

a − ω2

μ2
gðx̂Þ þ hðx̂Þ

$
cosð2ðT̂ þ φÞ

%
; ð5:51Þ

and the Fourier transforms of the potentials become

Ψ̂ðp̂; T̂Þ ¼ 2πGN
κMμ3

m2
a

ĝðp̂Þ
"#

1

4
−
m2

a þ ω2

μ2p̂2
−

3

2p̂2

$
þ
#
1

4
−
m2

a − ω2

μ2p̂2
−

3

2p̂2

$
cosð2ðT̂ þ φÞÞ

%
; ð5:52Þ

Φ̂ðp̂; T̂Þ ¼ −2πGN
κMμ3

m2
a

ĝðp̂Þ
"#

1

4
þm2

a þ ω2

μ2p̂2
þ 3

2p̂2

$
þ
#
1

4
þm2

a − ω2

μ2p̂2
þ 3

2p̂2

$
cosð2ðT̂ þ φÞÞ

%
: ð5:53Þ

We can now readily separate the Fourier transforms of the potentials into the time dependent and independent parts,

V̂ð0Þðp̂; q2Þ ¼ 2πGN
κMμ3

m2
a

ĝðp̂Þ
"
−
#
1

4
þm2

a þ ω2

μ2p̂2
þ 3

2p̂2

$
Eq þ

#
1

4
−
m2

a þ ω2

μ2p̂2
−

3

2p̂2

$
q2

Eq

%
; ð5:54Þ

V̂ð2Þðp̂; q2Þ ¼ 2πGN
κMμ3

m2
a

ĝðp̂Þ
"
−
#
1

4
þm2

a − ω2

μ2p̂2
þ 3

2p̂2

$
Eq þ

#
1

4
−
m2

a − ω2

μ2p̂2
−

3

2p̂2

$
q2

Eq

%
: ð5:55Þ

Finally, we can write the scattering amplitudes as

F0ðq0;qÞ ¼ −
Eq

2πμ3
V̂ð0Þðp̂; q2Þ

****
p̂¼q−q0

μ

; ð5:56Þ

F&1ðq0
&1;qÞ ¼ −

1

2

E&1

2πμ3
V̂ð2Þðp̂; q2Þ

****
p̂¼

q−q0&1
μ

: ð5:57Þ

In F0, the exponential ĝ in V̂ð0Þ and V̂ð2Þ isOð1Þwhen the transfer momentum goes to zero (θ ¼ 0, the forward direction),
but this is also where these functions suffer from a divergence. This is the well-known divergence that comes from an
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infinite-range potential (e.g., the Coulomb potential and the
forward divergence of the Rutherford scattering amplitude).
It arises because the density ρ which sources the potential
has a monopole. In this case one can still proceed by
restricting to configurations that have a vanishing monop-
ole; this is a physical thing to do, because the monopole
will decohere quickly, leaving other pieces of the distri-
bution in a quantum state. Importantly, however, in the case
in which the two parts of DMSCS differ only in phase, any
divergences from F0 will exactly cancel, and thus it is
possible to calculate the decoherence rate for that configu-
ration using this scattering formalism. We will focus on this
case later in the paper.

For F&1, when α ≠ 0, the transfer momentum cannot be
exactly zero because q and q0

α have different magnitudes.
Thus, there is in principle no forward divergence. But now
the exponentials in the amplitudes are no longer guaranteed
to be Oð1Þ, and thus the amplitude may become exponen-
tially suppressed.
Let us examine one regime of interest, where the

oscillation frequency is small compared to the energy
scales of the probe particle. Specifically, we take 4ωEq

q2 ,
4ω2

q2 ≪ 1, and thus we expand the (dimensionless) transfer
momentum to second order in ω as follows:

p̂2 ¼ ðq − q0
αÞ2

μ2
≈

1

μ2

#
ð2q2 þ 4αωEqÞð1 − cos θÞ þ

4α2ω2ðq2 þ ðE2
q − q2Þ cos θÞ

q2

$
: ð5:58Þ

In the forward direction θ → 0 this becomes

p̂2jθ¼0 ≈
4α2ω2E2

q

μ2q2
: ð5:59Þ

The forward direction is important since this is where the
transfer momentum is at a minimum, and we wish to
examine how far from zero the transfer momentum must
be. The leftover expression can be interpreted in the
following way: For a probe that is not relativistic,
E=q ∼mp=q ∼ 1=vp. In addition, the length of the
region containing the DMSCS is given approximately by
L ∼ 1=μ, and so the product E

μq ∼ L=vp ∼ tc where tc is the
time it takes the probe to cross through this region. Then,
ωE
μq ∼ ωtc is approximately the number of oscillations of the
DMSCS the probe particles encounter during its scattering.
Estimating the number of oscillations as

N ≡ ωE
μq

; ð5:60Þ

we have that the minimum transfer is p̂2jθ¼0 ≈ 4α2N2.
We first note that when α ¼ 0, corresponding to the

amplitude F0, then the limit θ → 0 gives e−p̂
2=4 → 1 (as

indicated previously, along with the forward divergence).
However, with nonzero α, depending on parameters, it may
be the case that the scattering amplitude, and therefore
scattered wave function, is itself suppressed, and exponen-
tially so. That is, for N ≫ 1, the rapid oscillations of the
scalar field are effectively ignored by the probe. Thus, any
contribution to decoherence from the α ≠ 0 part of the
scattered wave function would be miniscule. In this regime,
decoherence would proceed in approximately the sameway
as in the static case, effectively ignoring the time depend-
ence of the potential.

VI. APPLICATION TO DARK MATTER
IN GALAXY

In this section, we apply these results to DMSCS in the
galaxy today. Our results apply to any light scalar (or light
boson) as the DM, with primary motivations from axions.
The substates of the superposition of the DMSCS will
differ only in the phase of the axion field. If we instead
consider a DMSCS with substates that differ in the spatial
profile of the mass distribution, the decoherence rate will be
dominated by this spatial difference, resulting in a
decoherence rate more simply found using the static and
nonrelativistic analyses. Thus we restrict to the case of only
differing phases.
We will continue to use the results from the Gaussian

profile discussed in the previous section as a prototype for a
DMSCS. The phenomena resulting from this Gaussian
analysis should generalize fairly generically. For example,
we will see in the next section that in the nonrelativistic
limit, the effects of scattering which correspond to the
oscillation of the scalar field will be suppressed because
they reside in the tail of the momentum distribution of the
Gaussian profile. This momentum distribution, also a
Gaussian with a width of the order of the characteristic
momentum, is similar to the Maxwell velocity distribution
that one expects to find for DM in the galaxy.

A. Nonrelativistic dark matter

For ordinary models of DM in the galaxy, one expects
diffuse DM particles to have velocity dispersion to be far
lower than that of light. The reason is that diffuse DM tends
to virialize, and we know that the virial speed of matter in
the galaxy is small. Furthermore, if the diffuse DM were
moving relativistically, it would easily escape the galaxy.
The discussion in the previous section suggests that this
makes the decoherence of phases to be exponentially
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suppressed; however, we shall quantify this more pre-
cisely here.
For diffuse nonrelativistic DM, such as axions, we can

take the oscillation frequency to be approximately the mass
of the DM, ω ≈ma. In addition, the scale μ is set by the de
Broglie wavelength of the DM such that μ ∼ pa ¼ mava.
We can consider a nonrelativistic particle as a probe, such
as a baryon/proton in the galaxy. Then using the typical
DM and baryon speeds of the order of the virial speed in
our galaxy ∼10−3 (in units where c ¼ 1) [69], we obtain a
minimum transfer momentum of

−
p̂2

4

****
θ¼0

≈ −
ω2ðm2

p þ k2pÞ
m2

av2ak2p
≈ −

1

v2av2p
∼ −1012: ð6:1Þ

Similarly, for a photon as the probe, or relativistic cosmic
ray protons, we have a minimum transfer momentum of

−
p̂2

4

****
θ¼0

≈ −
ω2

m2
av2a

≈ −
1

v2a
∼ −106: ð6:2Þ

Thus, since these quantities appear in the arguments of
exponentials in the scattering amplitudes, we see that the
decoherence rate of the phase is highly exponentially
suppressed. This suppression in scattering seems compat-
ible with the time dependent one-dimensional problem
studied in Ref. [70]. We therefore only expect an appreci-
able response from scattering corresponding to when p̂
truly vanishes. This corresponds to the generalized cross
section σ̄0;0, which means that the only appreciable con-
tribution to decoherence comes from the part of the wave
function that is independent of the phases of the scalar field.
Therefore, if the superposition involves spatially distinct
profiles, the decoherence rate is well described by the
decoherence rate for the static metric in Sec. IV B, and can
be appreciable. If instead the superposition is only of
phases as in Sec. V E, one finds a decoherence rate that is
exponentially suppressed. Such a configuration is therefore
quite robust against decoherence; we shall return to a
discussion of possible implications of this for earth-based
searches for axions in Sec. VII E.

B. Relativistic dark matter

Considering again axions as the DM, let us now consider
a piece of the DM that involves (semi)relativistic axions.
This idea may seem at odds with the idea of cold dark
matter (CDM), which is known to fit the data well. So let us

clarify what we mean by this: (i) we can consider just a
small fraction of the DM to be relativistic, such as that
which is near black holes (as we will discuss in Sec. VII D),
or (ii) we can even be considering the bulk of the DM
particles to be relativistic, so long as they are in bound
clumps, such as boson stars, whose center of mass is
moving slowly so as to act as CDM. But the velocity
dispersion around the center of mass within a clump could
be relativistic (as we will discuss in Secs. VII B and VII C).
In this situation, we have μ ∼ pa ≳ma. It is no longer

guaranteed that the exponentials in the scattering ampli-
tudes lead to an exponentially suppressed contribution to
the wave function from scattering. Furthermore, one does
also need relativistic probes, such as cosmic ray protons or
photons, which we shall discuss in the next section.
To study the regime in which the exponentials of the

scattering amplitudes are appreciable, we consider the case
where both the probe and the axion have relativistic
energies. One should still expect the energy of the axion
to be much smaller than that of the probe, so we continue to
assume this relationship (this can be satisfied trivially, for
example with a relativistic proton or photon probe). Then,
indeed, the transfer momentum as expressed in Eq. (5.59) is
Oð1Þ, and thus the exponential factors in the scattering
amplitudes will not suppress the amplitudes dramatically.
In this regime, we can make use of either Eq. (5.40) or

Eq. (5.41) to estimate the decoherence rate, where the
choice between these two expressions depends on the
details of the wave packet for the probe particle. As
discussed in Sec. V E, if the width of the distribution
function ψ̃kðqÞ is large compared to the difference between
q and qαβ [case (A)], then Eq. (5.40) is the appropriate
approximation for the decoherence rate. Instead, if the
width of the distribution is small compared to this differ-
ence [case (B)], then Eq. (5.41) is more appropriate. In
either case, we will simply evaluate the expressions at
q ¼ k [though in case (A), in principle, k should be set to
some qav, and this approximation will suffice to estimate
the decoherence rate]. To evaluate these expressions, one
must compute the generalized cross sections defined in
Eq. (5.39) explicitly. The form of these cross sections is
quite complicated, but can be simplified greatly to achieve
an order-of-magnitude estimate for the decoherence rate;
the details of this approximation and the resulting cross
sections are discussed in Appendix C. Here, we give the
resulting decoherence rate in terms of the physical param-
eters defined in Sec. V F

Γdec ≈G2
NðκMÞ2nve−

2ω2E2
k

k2μ2
πð2k4ð3μ2 − ω2Þ þ 3k2μ2m2

p þ ω2m4
p þ k2m2

að2k2 þm2
pÞÞ2

4k2μ2ω4ðk2 þm2
pÞ2

Θðφ1;φ2Þ; ð6:3Þ
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where Θ is an Oð1Þ function of the phases; its limiting
values are

ΘAðφ1;φ2Þ¼
ð2þcos4φ1þcos4φ2−4cosð2ðφ1−φ2ÞÞÞ

8
;

ð6:4Þ

ΘBðφ1;φ2Þ ¼
sin2ðφ1 − φ2Þ

2
; ð6:5Þ

where the choice depends on whether one is in case
(A) with Eq. (5.40) (ΘA) or case (B) with Eq. (5.41) (ΘB).
We can set the mass scale M to be the amount of DM

mass contained in a region of volume 1=μ3 by specifying
the local DM density ρDM; these are roughly related as
ρ ≈m2

aϕ2
a ¼ κMμ3. In addition, for relativistic particles, we

can relate their momenta and their energies/masses to
further eliminate parameters. For a massive probe, we
parametrize the momentum of the probe as a≡ k=mp
where a is a numerical factor which can be Oð1Þ. In this
case, we can replace the mass of the probe particle in favor
of its energy by mp ¼ Eð1þ a2Þ−1=2 where E ¼ Ek is the
energy of the probe, and the speed of the probe is simply
v ¼ að1þ a2Þ−1=2. We can also eliminate the number
density of probes in favor of their energy density as
n ¼ ρp=E. If instead the probe is massless, then v ¼ 1,
mp ¼ 0, and k ¼ E. Similarly, for a semirelativistic DM,
we can take the oscillation frequency to be on the order of
the mass of the axion; we parametrize it by b≡ ω=ma.
Also, for semirelativistic DM the inverse length scale μ can
also be on the order of the axion mass; we parametrize it by
c≡ μ=ma. With this parametrization, we obtain the follow-
ing result for the decoherence rate

Γdec ≈ K
G2

NEρpρ
2
DM

m8
a

Θðφ1;φ2Þ; ð6:6Þ

where K is a dimensionless numerical factor, which
includes the exponential factor. For a massive probe
particle it is given by

Kmp
≡e−

2ð1þa2Þb2

a2c2
πðb2þa2ð1þ3c2Þþa4ð2−2b2þ6c2ÞÞ2

4að1þa2Þ7=2b4c8
:

ð6:7Þ

For a massless probe particle (a → ∞) this simplifies to

K0 ≡ e−
2b2

c2
πð1 − b2 þ 3c2Þ2

b4c8
: ð6:8Þ

The decoherence rate can then be obtained by specifying
the densities and energies of the probe particle and the
axion. As a starting point, we can compare density
estimates for the DM to the local average density of DM
in the Milky Way [71]

ρloc;mw ≈ 0.4
GeV
cm3

: ð6:9Þ

Although, as we discuss below, what really matters is the
energy density of relativistic DM (which may be DM near
black holes, or DM that is in the form of dense clumps,
etc.), so this figure is not directly relevant, but acts as
merely a starting point for consideration.
We can consider different types of probe particles. Most

of the baryonic mass in the galaxy is made of hydrogen
atoms; for simplicity, we can think of these as being
protons. Since we are considering only (semi)relativistic
probes, we can take the proton to have a kinetic energy on
the order of GeV. The average density in the universe is
about one-fifth that of DM. So the average density at our
radius from the center of the galaxy for baryons is about
ρb ≈ ρloc;mw ≈ 0.08 GeV=cm3. This number is evidently
larger in the disk of the galaxy and much larger in the solar
system, etc. However, almost all of the baryons are non-
relativistic, leading to a huge exponential suppression in the
decoherence of the phase, as explained above. So our
interest is in the energy density of protons that are
relativistic (or at least semirelativistic). At a typical point
in the galaxy, we can use estimates of the cosmic ray
density of protons, which has been estimated to be [72]

ρcr ∼ 10−9
GeV
cm3

: ð6:10Þ

So it is suppressed from the average density of non-
relativistic baryons by about 7 orders of magnitude, or
so. It can be altered in the solar system due to solar or earth
magnetic fields, but we shall not go into those details here.
For this baryonic probe, we calculate the following

reference decoherence rate in terms of mass of the axion
ma, the density of DM ρDM, the density of protons ρp, and
the factor K. We take an example value for Kmp

as 10−4 and
a reference mass ma corresponding to a decoherence rate
roughly near the Hubble rate today (H0 ≈ 2.2 × 10−18 s−1)

Γdec ∼ 10−21 s−1
#

K
10−4

$#
10−12 eV

ma

$
8
#

E
2 GeV

$

×
#

ρDM
0.4 GeV=cm3

$
2
#

ρp
10−9 GeV=cm3

$
: ð6:11Þ

This suggests the decoherence rate is quite small, unless the
axion mass is somewhat below 10−12 eV. But this con-
clusion is still subject to the choice of density ρDM of the
DMSCS. For diffuse DM, it normally has only a very small
amount that is relativistic. But under some circumstances,
this density can be large; we shall return to this in the next
section.
Additionally, photons from the CMB radiation are

numerous and may have a chance to decohere the source.
An example value for K0 is 10−2. The number density of
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CMB photons today is known to be approximately
400=cm3. We take the energy of a typical CMB photon
to be 6 × 10−4 eV, which gives the following estimate for
the decoherence rate:

Γdec ∼ 10−16 s−1
#

K
10−2

$#
10−14 eV

ma

$
8
#

E
6 × 10−4 eV

$
2

×
#

ρDM
0.4 GeV=cm3

$
2
#

np
400=cm3

$
: ð6:12Þ

Note that the approximations necessary for this
decoherence rate estimate require that the mass of the
axion is larger than the energy of the photon. Thus, this
result should only be trusted for axion masses smaller than
10−4 eV (or the photon energy of interest). We see that
indeed this decoherence rate is comparable to the current
Hubble rate, or faster, for ma ≲ 10−14 eV. These are very
light for QCD axions, but may be a type of stringy
motivated axion or other ultralight axion. But again, any
such conclusions are very sensitive to the local density ρDM
of the DMSCS, which we discuss shortly.

VII. DISCUSSION AND VARIOUS APPLICATIONS

In this discussion section, we analyze our results in
various contexts. Since the decoherence rate of the phase is
exponentially suppressed for slowly moving DM particles,
we begin by discussing contexts in which it is relativistic,
including spreading in Sec. VII A, dense boson stars in
Sec. VII B, dense oscillons in Sec. VII C, and near black
holes in Sec. VII D. On the other hand, in earth-based
experiments, the DM should be nonrelativistic, leading to
negligible decoherence of the phase, which we then discuss
in Sec.VII E.We also discuss other interactions in Sec.VII F.

A. Spatial spreading of state

To estimate the characteristic amount of time it takes for
decoherence to occur, it is usually sufficient to take the
inverse of the above decoherence rate (tdec ≈ Γ−1

dec).
However, since one may consider the DMSCS to be a
fluctuation in the DM density with a scale set by its de
Broglie wavelength, one should also consider that this
fluctuation may spread out over time. If the characteristic
time of spreading is large compared to the inverse of the
decoherence rate, then the inverse of the decoherence rate is
an accurate estimate for the decoherence time. Otherwise, it
is necessary to compute the decoherence time as follows.
Since the DM is modeled here as a scalar (axion), it

evolves under the Klein-Gordon equation. Since the
DMSCS is taken to be a Gaussian-shaped fluctuation about
the mean of the DM density, we can track the spatial
spreading by considering the evolution of a Gaussian wave
packet under the Klein-Gordon equation (as discussed,
for example, in Ref. [73]). Evolving such a wave packet in
time results in the growth of its spatial variance Δx; in the

case of the Gaussian profile for the axion discussed in the
previous sections, this is equivalent to the shrinking of the
parameter μ as

Δx ∼
1

μðtÞ
¼ 1

μ0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ
#
t
τ

$
2

s

; ð7:1Þ

where the characteristic time τ is given by

τ≡ γma

μ20
ð7:2Þ

and wherema is the scalar’s mass, μ0 is the initial μ, and γ is
the usual relativistic Lorentz factor for the center of mass of
the Gaussian. Since we are studying the DMSCS in its rest
frame, we can set γ ¼ 1 here. Note that this shrinking does
not apply directly to the momentum distribution for the
particles (as momentum is conserved for free particles), but
it applies to the momentum distribution for the density and
hence gravitational potential; this is because they are
associated with the square of the field and are affected
by the spatial spread. Note that at late times, the width is
growing as Δx ∼ 1=μ ≈ ðμ0=maÞt, and by noting that one
anticipates μ0 ∼mav for some characteristic speed v, this
gives Δx ∼ vt as expected.
Then, one can write the decoherence rate as a function of

time ΓdecðtÞ by inserting Eq. (7.1) into Eq. (6.3). We then
define the decoherence time tdec as the solution to the
following equation:

Z
tdec

0
ΓdecðtÞdt ¼ 1: ð7:3Þ

For t ≪ τ, ΓdecðtÞ ≈ Γdecð0Þ, and therefore, we would have
simply that tdec ¼ Γ−1

decð0Þ so long as this tdec is found to be
in the regime t ≪ τ. On the one hand, when t ≫ τ, we have
μðtÞ ≪ μ0. The decoherence rate can be estimated in either
regime as

ΓdecðtÞ ≈ Γdecð0Þ
#

μ0
μðtÞ

$
2

e
−
2ω2E2

k
k2

ð 1

μðtÞ2
− 1

μ2
0

Þ
: ð7:4Þ

In this late-time limit, there is not likely to be a solution to
Eq. (7.3). The decrease in μ at late times would lead to an
exponentially slow rate of decoherence. Therefore, if the
decoherence does not occur within a time that is of the
order of τ, then one should not expect decoherence to
occur at all. One expects a larger τ for nonrelativistic
axions. Thus it may be interesting to consider conditions
that cause a nonrelativistic DMSCS, which is robust against
decoherence and has slower spreading, to become relativ-
istic and experience decoherence before sufficient spread-
ing has occurred.
Additionally, the τ of Eq. (7.2) is only for a Gaussian

evolving with the free theory Klein-Gordon equation. If,
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instead, one considers a DMSCS which experiences some
binding force, then the spreading of the Gaussian would be
slowed or stopped completely. The realization of such
conditions is discussed in the following sections.

B. Boson stars

A superposition of phases of the axion (or similar light
scalar DM), as discussed in Sec. V E, may be of unique
observational interest in the case of boson stars. Boson stars
are gravitationally bound Bose-Einstein condensates of
scalars. Much work has been done regarding the properties
of boson stars, specifically in the contexts of axions as DM;
see Refs. [74–90]. (Note that the condensate is a short-
ranged localized clump, due to the attractive nature of
gravity [64], rather than one with long-range properties, as
claimed in Refs. [91,92].)
As seen in previous work (see Ref. [90]), the merger

dynamics of boson stars strongly depends on the phase of
the axion field. For some phases, there is a merger, while
for other phases, the boson stars do not merge. Thus, a
boson star in a superposition of different phases, when
coming into contact with another boson star, could initially
evolve into a superposition of merged and unmerged.
However, one should expect rapid decoherence during
the merger event because of the stark difference in the
resulting gravitational interactions of the star (merged or
unmerged) with its environment.
It is common to examine boson star solutions in the

nonrelativistic regime; that is, the axions in orbit are
moving slowly. From our previous analysis in Sec. IV C,
a dilute boson star in a superposition of different density
profiles will rapidly decohere (as we already showed in
Ref. [66]). However, from the analysis of Sec. VI A, if it is
in a superposition of different phases, then this aspect of the
state will be robust against decoherence.
On the other hand, from our analysis in Sec. VI B, if we

consider dense boson stars that are made out of a bound
state of (semi)relativistic axions, then there may indeed be
appreciable decoherence. Since the boson star is held
together by gravity, its spatial size will not grow in time
and we can ignore the spreading of the previous subsection.
For the densest boson stars with negligible self-interactions,
the mass and radius can be estimated as (e.g., see Ref. [93])

M ∼
1

GNma
; R ∼

1

ma
: ð7:5Þ

The corresponding density can be estimated as
ρDM ∼M=R3 ∼m2

a=GN . If we use (semi)relativistic pro-
tons as the environment, with a realistic value of
ρp ∼ 10−9 GeV=cm3, one obtains a decoherence rate of

Γdec∼106 s−1
#

K
10−4

$#
1 eV
ma

$
4

ðdense boson starsÞ: ð7:6Þ

We note that for such dense stars the perturbation theory
may break down and the true rate may be somewhat
different, so this is an estimate. Note that we need very
dense stars; if they are even moderately dilute, and their
velocity dispersion is even, say, ∼0.1 that of light, the
exponential suppression in K is huge. So dispersions that
are, say, ∼0.5 that of light are needed for appreciable
decoherence. We can also consider photons from the CMB
as probes; in this case, one finds a much slower
decoherence rate than is caused by relativistic protons,
Γdec ∼ 10−5 s−1ðK=10−2Þð1 eV=maÞ4. Thus, in the pres-
ence of (semi)relativistic protons and CMB photons, one
expects the decoherence due to the protons to dominate; so
this is what sets the rate to good accuracy.
From Eq. (7.6), we see that for anything other than heavy

axions, the decoherence is very rapid. Note that this is a
truly general relativistic form of quantum decoherence,
since the dense boson star is described by general relativity
and the environment includes relativistic particles that are
probing the general relativistic phenomenon of oscillations
in the metric.

C. Condensates from self-interactions

We also mention that when there are self-interaction
terms included ∼λϕ4, then the above solutions do not exist
for jλj > GNm2

a. Instead, one is led to other kinds of
relativistic solutions. For attractive self-interactions
(λ < 0), these are oscillons/axitons with mass and radius
given by

M ∼
ma

λ
; R ∼

1

ma
: ð7:7Þ

For extremely small λ, as anticipated for an axion with
λ ∼m2

a=f2a (fa is the axion decay constant, which is
anticipated to be an extremely high scale, perhaps within
a few orders of magnitude of the Planck scale), these
masses can be appreciable, too. However, in this case there
is radiation in the form of scalar waves, so these states do
not live too long, unless ma is extremely small. But in any
case, the decoherence rate is altered from the result in
Eq. (7.6) by a simple additional factor

Γdec∼106 s−1
#

K
10−4

$#
1 eV
ma

$
4
#

fa
MPl

$
4

ðdense oscillonsÞ;

ð7:8Þ

where MPl ≡ 1=
ffiffiffiffiffiffiffi
GN

p
is the Planck mass. So unless fa is

many orders of magnitude below the Planck scale, one
anticipates rapid decoherence here, too. Again we need
very dense oscillons so that they are a bound state of
semirelativistic scalars to avoid large exponential suppres-
sion in the factor K. These tend to radiate fairly quickly,
however. (In addition to the gravitational decoherence
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studied here, one might also consider the scalar radiation to
be a form of “environment” that one may consider tracing
over; we leave this as a possible future topic.)
For completeness, we also mention that for appreciable

self-interactions that are repulsive (λ > 0), there are other
interesting kinds of solutions that exist in which the
repulsion holds the object up against gravitational collapse.
However, for a real scalar, these cannot live long due to
annihilation processes in its core, as determined for the first
time by some of us in Ref. [94]. Hence we will not explore
these solutions further here. There are, however, a related
set of stable solutions for a complex scalar in theories
organized by a global Uð1Þ symmetry (with gravity, see
Ref. [95], and without gravity, see Ref. [96]). In this case,
however, the symmetry ensures that even though the field
oscillates as ϕ ∝ e−iωt, its magnitude does not, and in turn
the metric does not. Therefore even general relativity is not
sensitive to the value of this phase and cannot decohere it.
One may anticipate that an exact global symmetry is broken
by quantum gravity, but we leave these topics for future
investigation.

D. Black holes

Another situation that can lead to relativistic DM would
be in the region surrounding the event horizon of a black
hole. In fact, for primordial black holes, one can anticipate
nucleation of boson stars [97]. However, our analysis in this
subsection does not rely on the DM forming boson stars.
Let us imagine the following interesting sequence of

events: DM organizes into some DMSCS which maintains
its quantum coherence for a long time in the halo of the
galaxy. Suppose it then approaches, or gets trapped by, the
accretion disk around the black hole, but is still far from
the horizon. In this case, the accretion disk is likely to cause
the spatial profile of the DMSCS to decohere using the
analysis of Sec. IV C. However, the phase can remain in a
quantum superposition. Then if the DMSCS spirals in
toward the horizon of the black hole it will become
relativistic, and of course its environment will be relativistic
here too. This means the analysis of Sec. VI B becomes
relevant, and one can anticipate that decoherence of the
phase occurs here, too.
To estimate the decoherence rate as the DMSCS nears

the horizon, we can estimate the density of accreting matter
near the innermost stable circular orbit (ISCO) of a stellar
mass black hole as prescribed by the Shakura-Sunyaev
solutions for the accretion disk (see Ref. [98]). For
example, for a solar-mass black hole, at a distance
∼0.1RS outside of the ISCO, where RS is the
Schwarzschild radius of the black hole, the density of
accreting matter is approximately ρp ∼ 1023 GeV=cm3.
Further, as the DMSCS gets closer to the horizon, the
density of matter increases rapidly, and the energy of the
probe particles increases as they become more relativistic.
Thus one expects decoherence to happen quite rapidly here.

Very close to the horizon, the weak field metric analysis of
this paper is not accurate, but the basic qualitative behavior
indicated here may apply.
So from the point of view of coherent superpositions, it is

the state that is the most classical that will ultimately cross
the horizon into the black hole (although there are many
other aspects to this issue, not discussed here). This may
have consequences for one’s thinking about the black hole
information puzzle (for a review, see Ref. [99]) and various
subtleties surrounding the quantum nature of black holes.
We leave these interesting subjects for future consideration.

E. Consequences for earth-based experiments

Let us now discuss possible implications for earth-based
experiments. We are thinking of haloscopes [100], such as
ADMX [101], which looks for direct detection of the DM
axion wind that passes through the atmosphere and surface
of the earth and can potentially interact with a detector
through nongravitational couplings; see next subsection for
more discussion. In our previous work [66] we showed that
DM passing through the earth’s atmosphere leads to much
quicker decoherence. This follows simply from the fact that
the atmosphere of the earth is much denser than the halo of
the galaxy, so the rate of particles passing through the
DMSCS goes up by many orders of magnitude. This
typically leads to decoherence of the spatial profile of
the DMSCS, except for heavier axions.
However, as discussed in this paper in detail, this cannot

decohere the phase. Since the axion DM is expected to be
nonrelativistic as it passes through the atmosphere, the rate
of decoherence of the axion’s phase is exponentially
suppressed. This means that one should more precisely
be describing an axion wave as it passes through one’s
experiment as

jaxioni ∼
X

i

cij cosðωt − ka · xþ φiÞi; ð7:9Þ

where we have indicated a sum over phases φi (more
generally, this can be lifted to an integral). This is certainly
not the standard treatment that ADMX and essentially all
other analyses use to make predictions for the signal. This
leads to the very important question as to its possible
consequences. Since these experiments are very sensitive to
the axion phase, for example, its phase directly impacts the
phase of the electromagnetic resonance in an ADMX
cavity, it can potentially be very important to note that
its phase is likely in a superposition. This implies that the
cavity is itself launched into a quantum superposition of
different cavities with different resonant phases. On the
other hand, it is highly nontrivial to see how this would
itself be probed experimentally, if these “worlds” sub-
sequently decohere due to other interactions. This deserves
further investigation.
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F. Nongravitational interactions

In addition to gravitation, one can consider other inter-
actions that couple the DM to the Standard Model particles.
In the case of an axion, it enjoys an (approximate) shift
symmetry and is a pseudoscalar. So its interactions take on a
specific form. At the dimension-five level, this includes
coupling to gauge bosons of the form ΔL ∝ ϕFμνF̃μν and
coupling to fermions of the form ΔL ∝ ∂μϕψ̄γμγ5ψ . The
specific couplings are model dependent [102–107].
These interactions are inherently relativistic (they are

particle number changing, for example) and could be
studied with some of the formalism that we have outlined
in this work. The resulting decoherence rate is worthy of
future study. In particular, as we explained, the phase for
nonrelativistic DM is robust against decoherence from
gravity. It would therefore be of interest to determine its
phase against these other interactions. This is especially
important since earth-based experiments rely upon the
existence of these other interactions. So if the phase
remains in a Schrödinger catlike state, it is important to
know how it affects the experiment in question through
these other operators.
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APPENDIX A: STANDARD FIELD EXPANSION

For completeness here we mention the standard expan-
sion of fields in the Schrödinger picture in terms of creation
and annihilation operators for a scalar,

χðxÞ ¼
Z

d3p
ð2πÞ3

1ffiffiffiffiffiffiffiffi
2Ep

p ðâpeip·x þ b̂†pe−ip·xÞ; ðA1Þ

ΠðxÞ ¼ −i
Z

d3p
ð2πÞ3

ffiffiffiffiffiffi
Ep

2

r
ðb̂peip·x − â†pe−ip·xÞ: ðA2Þ

The factors of Ep, defined as Ep ≡
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þm2

p
, assure the

proper relativistic normalization, so that χ transforms as a
Lorentz scalar, with standard creation and annihilation
operators ½âp; â†p0 ( ¼ ð2πÞ3δ3ðp − p0Þ.

APPENDIX B: PROPERTIES OF Sij

The expression for Sij in Eq. (5.33) seems asymmetric
in the role of α compared to that of β, whereas one might
expect some form of symmetry due to the arbitrary
definitions of which coefficient is α and which is β.
The apparent asymmetry arises from the fact that the
integrals have not all been completed, and the d3q̃ integral
which has been completed has eliminated some β depend-
ence in favor of α. To clearly see that the expected
symmetry exists, let us integrate instead over d3q.
Then, starting from Eq. (5.28) and integrating once more
as in Eqs. (5.29) and (5.30), the subsequent integration
over d3q will replace all q with a function of q̃ which can
be defined analogously from the definition of qαβ as q̃βα.
Then we are left with

Sij ¼
X

α;β

Z
d2Ω

Z
d3q̃
ð2πÞ3

(
F$
αðq̃0

β; q̃βαÞFβðq̃0
β; q̃Þ

#Eq̃βα þ Eq̃ þ 2ðαþ βÞω
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Eq̃βαEq̃

p
$

× e−iðq̃βα−q̃0βÞ·Lieþiðq̃−q̃0βÞ·Lje2iðαφi−βφjÞψ̃$
kðq̃βαÞψ̃kðq̃Þ

)
: ðB1Þ

If we interchange i with j, α with β, and redefine q̃ → q, we can write

Sji ¼
X

α;β

Z
d2Ω

Z
d3q
ð2πÞ3

(
F$
βðq0

α;qαβÞFαðq0
α;qÞ

#Eqαβ þ Eq þ 2ðαþ βÞω
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
EqαβEq

p
$

× e−iðqαβ−q
0
αÞ·Ljeþiðq−q0αÞ·Lie2iðβφj−αφiÞψ̃$

kðqαβÞψ̃kðqÞ
)

¼ ðSijÞ$: ðB2Þ
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This result should be of no surprise. The unitarity of the
Schrödinger evolution guarantees that the overlap
hψ ð1Þ

s;i jψ
ð1Þ
s;i i must be real. Thus, Sii must be real, which

is seen by the fact that they are equal to their own complex
conjugate, while the off-diagonal elements must be equal
to the conjugate of their transpose.
One can continue this analysis through the analysis of

Sec. V E, where the substates of the superposition differ
only in phase, and therefore the only appearance of i or j is
in the phases. Sij is then broken up accordingly as in
Eq. (5.34) and sα;β is defined as in Eq. (5.35). By inspection
of Eq. (B2) and the definition of sα;β in Eq. (5.35), we have

Sji¼
X

α;β

e2iðβφj−αφiÞ
Z

d2Ω
Z

d3q
ð2πÞ3

F$
βðq0

α;qαβÞFαðq0
α;qÞ

×
#Eqαβ þEqþ2ðαþβÞω

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
EqαβEq

p
$
ψ̃$
kðqαβÞψ̃kðqÞ: ðB3Þ

Hence we have

Sji ¼
X

α;β

e2iðβφj−αφiÞs$αβ ¼
X

α;β

e2iðβφj−αφiÞsβα; ðB4Þ

and so we can conclude similarly that sαβ ¼ s$βα.

APPENDIX C: GENERALIZED CROSS SECTIONS
FOR THE GAUSSIAN PROFILE

For the Gaussian profile discussed in Sec. V F and the
corresponding scattering amplitudes in Eqs. (5.56) and
(5.57), we report here on the generalized cross sections σ̄αβ.
Recall that the leading exponentials in the scattering

amplitudes cause the expressions to be exponentially sup-
pressed for large θ. Thus, we will approximate the integral
in Eq. (5.39) by expanding the arguments of the exponen-
tials and the remaining parts of the integrand in powers of θ
about θ ¼ 0 and then taking the upper limit of θ to infinity.
Then, we can obtain an expression for σ̄αβ in terms of the
parameters discussed in Sec. V F. We quote here the result
for σ̄1;1 and σ̄−1;−1 (note that σ̄00 is given simply by the
generalized cross section for the static metric case σii),

σ̄11 ¼
πð4k2ð3μ2 − ω2Þ þ 2m2

að2k2 þm2
pÞ þm2

pðk2 þ 6μ2 þ 2ωEk − k
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 þ 4ωðωþ EkÞ

p
ÞÞ2

32kμ2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 þ 4ωðωþ EkÞ

p
ðk2 þ 2ωðωþ EkÞ − k

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 þ 4ωðωþ EkÞ

p
Þ2

×G2
NðκMÞ2e

−2ωðωþEkÞþkð−kþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2þ4ωðωþEkÞ

p
Þ

μ2 ; ðC1Þ

σ̄−1−1 ¼
πð4k2ð3μ2 − ω2Þ þ 2m2

að2k2 þm2
pÞ þm2

pðk2 þ 6μ2 − 2ωEk − k
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 þ 4ωðω − EkÞ

p
ÞÞ2

32kμ2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 þ 4ωðω − EkÞ

p
ðk2 þ 2ωðω − EkÞ − k

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 þ 4ωðω − EkÞ

p
Þ2

× G2
NðκMÞ2e

2ωð−ωþEkÞþkð−kþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2þ4ωðω−EkÞ

p
Þ

μ2 : ðC2Þ

To apply these expressions to the analysis in Sec. VI B, one
examines the regime in which the probe particle and the
DM particle are relativistic. This is the only scenario where
the exponentials in σ̄αβ do not cause the results to be
exponentially suppressed. Then, we use the fact that the
energy/mass/momentum of the DM particle are assumed
smaller than the energy/mass/momentum of the probe
particle (this is trivially the case when, for example, the
DM is a light axion and the probe is a proton). Expanding the
expressions for σ̄αβ to leading order in the DMparametersω,
μ, and ma, we can combine the resulting expressions as in
Eq. (5.40) or Eq. (5.41) to obtain Eq. (6.6).

APPENDIX D: RELATION TO
KLEIN-GORDON EQUATION

Here we explain that the one-particle Schrödinger
equation is closely related to the Klein-Gordon equation

in curved spacetime, even though the latter is usually only
used in the context of field theory. For completeness, we
quote here the Schrödinger equation of Sec. II C,

ði∂t −
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−∇2 þm2

p
Þψðx; tÞ

¼
#
Φðx; tÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−∇2 þm2

p
−

Ψðx; tÞ∇2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−∇2 þm2

p
$
ψðx; tÞ:

ðD1Þ

We now show that this is related to the Klein-Gordon
equation in a curved background spacetime. To obtain the
Klein-Gordon equation in curved spacetime, one need only
generalize the flat-space Klein-Gordon equation by replac-
ing the Minkowski metric with the curved metric gμν and by
generalizing ordinary derivatives to covariant derivatives
appropriately,
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gμν∇μð∂νψÞ þm2ψ ¼ 0: ðD2Þ

The covariant derivative in Eq. (D2) involves an ordinary
derivative and a Christoffel symbol term. However, in the
analysis leading to the Schrödinger equation of Sec. II C,
we assumed that the metric coefficients are slowly varying
in space and time. Thus, the Christoffel symbols involving
spatial and time derivatives of the metric can be taken to be
zero. What this means is that the variation in time of the
metric is sufficiently slow compared to the variation in time
of the wave function (in the case of a probe particle
scattering off of an oscillating scalar field, this amounts
to assuming that the energy of the probe particle is much
greater than the frequency of oscillation of the scalar field),
and the source is wide compared to the probe. Altogether
this gives

gμν∂μ∂νψ þm2ψ ¼ 0: ðD3Þ

To linear order in perturbations of the metric of Sec. II B
this leads to

ψ̈ ≈ ð1þ 2Ψþ 2ΦÞ∇2ψ − ð1þ 2ΦÞm2ψ : ðD4Þ

We can see that the solutions to the above Schrödinger
equation are compatible with the solutions of the

Klein-Gordon equation. Taking a time derivative of the
Schrödinger equation as

−i∂tði∂tψðx; tÞÞ ¼ −i∂tðHðx;−∇2Þψðx; tÞÞ ðD5Þ

and then using the appropriate Hamiltonian and ignoring
derivatives of the metric

ψ̈ ¼ −iHðx;−∇2Þ _ψðx; tÞ ≈ −H2ðx;−∇2Þψðx; tÞ: ðD6Þ

By using the previously defined Hamiltonian, we readily
recover the Klein-Gordon equation (D4).
Thus a time derivative of the Schrödinger equation gives

the Klein-Gordon equation. The extra differentiation pro-
motes the Schrödinger equation to a second-order differ-
ential equation. This introduces a new set of negative
frequency solutions, which are understood to be related to
the need for antiparticles for a causal interacting theory. The
corresponding solutions of the Klein-Gordon equation
must be restricted to the limit where only one particle’s
evolution is described and no particles/antiparticles are
created or destroyed, and thus the negative frequency
solutions (which do not solve the Schrödinger equation)
do not contribute.
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