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Bistable carbon fiber composites, whose bistability arises from having asymmetric fiber layouts in different
layers, have shown immense potential for using in shape morphing and adaptive structure applications. While
many studies in this field focus on these composite laminates’ external shapes at the two stable states, their snap-
through behavior of shifting from one stable shape to the other remains a critical aspect to be investigated in
complete detail. Moreover, symmetric loading conditions have been extensively studied based on the classical
lamination theory, but the asymmetric loading conditions received far less attention. Therefore, this study ex-
amines an asymmetric, localized point load on a [0°/90°] bistable laminate and its complex transient deformation
during the snap-through. Finite element simulation and experiment results reveal three uniquely different snap-
through behaviors — two-step snap, one-step snap, and no snap — depending on the point load location. The
localized initiation and propagation of a “curvature inversion zone,” calculated from finite element and digital
image correlation results, are directly related to these snap-through characteristics. This study also explored the
feasibility of using an extended analytical model of classical lamination theory to qualitatively reproduce the
above findings. This model compares three polynomial functions of different orders to approximate the out-of-
plane laminate displacement field. This study’s results can offer valuable insights into the fundamental me-
chanics of snap-through behaviors and the actuation designs for the bistable composites for different loading

scenarios.

1. Introduction

With a continuously evolving engineering technology, our need for
next-generation structures and materials with novel functionalities has
increased significantly. To this end, we have witnessed the development
of many “smart” structures that exploit the nonlinear phenomenon of
bistability — the co-existence of two distant stable equilibria. A bistable
structure can settle into either of its stable equilibria (or stable states)
without external aid. However, if an external or internal actuation de-
forms such a structure to a critical configuration, elastic instability
would occur and rapidly switch the structure to a different stable state;
this process is referred to as the snap-through. The applications of
bistable structures span across mechanical [1,2], electronic [3,4], and
biochemical systems [5,6]. In particular, there has been a surge of in-
terest in integrating the bistability in meta-materials [7-9], robotics
[10-12], origami structures [13-15] and energy harvesters [16,17],
which are amongst the emerging engineering technologies.

One promising example of bistable structures is the asymmetric
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Carbon Fibre Reinforced Polymers (CFRPs), pioneered in Hyer and
Dano’s groundbreaking study in 1981 [18]. The reinforcing fibers in
these structures are oriented differently in each layer, and their order is
non-symmetric through the thickness direction (e.g., [0°/90°] layup in
Fig. 1 (a)). As a result, bi-stability occurs due to the non-uniform residual
stress developed in the curing process. These asymmetric composites can
feature a higher strength to weight ratio and better conformability than
other types of bistable structures, and many applications have seen
benefits from utilizing them, such as automobiles [19], morphing air-
frames, and wind turbine blades [20-22]. Potential applications also
extend in renewable energy infrastructure [22-24], and energy har-
vesting [25].

The promising potentials of these bistable composites sparked many
research efforts, and an important question is to predict the composite’s
external shapes at different stable states theoretically. Hyer and Dano
formulated a model using classical lamination theory in an early work
[26], and they used cubic polynomials to approximate the strain fields
and quadratic polynomials for the out-of-plane displacements of a
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simple [0°/90°] laminate. As the curvatures are second-order derivatives
of the out-of-plane displacements, this model predicted
cylindrical-shaped composite laminate with a uniform curvature distri-
bution. However, it also over-predicted the deformations for cross-ply
laminates with more generic [#/60 —90°] ply layouts. In a more recent
study, Weaver et al. presented a different method for estimating the
laminate’s curvature, which correlated the neutral planes of fiber plies
to their anisotropic elastic moduli, and assumed linear strain distribu-
tion through the thickness [27]. By minimizing the total potential en-
ergy with respect to curvature, this model calculated the laminate’s
maximum deflection at a stable state with a satisfactory agreement with
the experimental measurements. Examinations of the external shapes
continue to evolve, with new analytical methods [28,29], the inclusion
of embedded actuators like piezoelectric patches [28,30-32], and
extension to multi-patched structures [21,33-35].

Besides the external shapes, the asymmetric composites’ snap-
through deformation as they switch between the stable states also
received attention. Dano et al. examined snap-through by using weights
to apply symmetric bending moments from the opposite edges of a
bistable laminate [36]. To predict the critical load required for
snap-through, they also revised their mathematical model by including
the virtual principle and approximating the strain field using quadratic
polynomials rather than cubic. The predicted loads (moments) for
snap-through showed good agreement with the experiment results.
Cantera et al. captured the load-displacement curves and intermediate
laminate shapes during snap-through and snap-back, where the square
laminates of varying side lengths were held at corners and loaded at the
center [37]. Potter et al. provided another critical insight regarding the
bifurcations during the snap-through of [0°/90°] laminate [27]. They
found that the snap-through occurs via two closely coupled bifurcations
rather than a single bifurcation. However, they did not examine the
nature of these two bifurcations in detail. Pirrera et al. compared the
performance of higher-order polynomials in predicting the snap-through
behaviors [29]. Their experiment involved four loads at the corners of a
freely supported square laminate to measure the force-displacement
relationship during snap-through. They then attempted to theoreti-
cally reproduce the experiment results by approximating the laminate
deformation using different polynomials functions, and concluded that
the polynomials had to be of a high order (eleventh in their study) to
produce a quantitative agreement with the FEA result.

All the studies of snap-through deformations mentioned above,
however, only involved symmetric loading to the laminate. Moreover,
several studies pointed out the importance of curvature change during
the snap-through [27,29], but none of them examined its role in detail.
Therefore, the objective of this paper is to 1) examine the transient
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snap-through deformations of bistable composite laminate under
asymmetric and localized point load, and 2) investigate the role of cur-
vature changes. More specifically, we fix a [0°/90°] square laminate at its
center and apply a transverse point load at different locations (either
along the laminate edge or in the interior). We measure the
force-displacement relationships corresponding to different loading
positions during snap-through and used the digital image correlation
(DIC) technique to track the laminate deformation and surface curvature
evolution in real-time. Finite element simulation is carried out in par-
allel to cross-validate the experimental observations. Our results show
that, as we change the loading positions, the bistable laminate exhibits
three uniquely different snap-through behaviors even though its
external shapes before and after snap-through remain the same. That is,
depending on its position, the point load can either complete the
snap-through with two consecutive steps or one step. However, at some
locations, the point load cannot induce a snap-through at all. The
localized distribution and propagation of curvature changes (or curva-
ture inversions) are directly related to these unique snap-through be-
haviors. Moreover, to assess the feasibility of theoretically predicting
these complex deformations, we conduct a comparative study based on
an extension of Hyer’s model with three different polynomial functions
that approximate the laminate deformation. Our results show that a
higher-order polynomial is necessary to reproduce the experiment and
finite element results qualitatively, but there are trade-offs and
limitations.

Since the bistable composites are increasingly popular in systems
that involve dynamic loading conditions (e.g., morphing applications),
it is crucial to understand their deformation characteristics under
complex external stimuli. On the most fundamental level, this study
establishes the behavioral trends and requirements for completing the
snap-through between two stable states. Therefore, our results on the
[0°/90°] bistable laminate under localized load can provide a compre-
hensive insight and actuation design guidelines for many upcoming
applications.

In what follows, Section 2 first explains the experiment and finite
element setup, and then details the unique snap-through behaviors
corresponding to different point load locations. Section 3 presents the
comparative study using the extended analytical model. Section 4 con-
cludes this paper with a summary and discussion.

2. Observations on snap-through and curvature evolution
2.1. Methods and materials

The bistable composite laminate samples in this study are 100 x 100

Camera 1

Camera.2

Fig. 1. The experimental and finite element simulation setup of this study. (a) The square-shaped bistable composite laminates consist of two fiber prepregs with a
[0°/90°] layout. (b) Finite element simulation result showing the shape of first stable state, the mesh size, the fixed center, and the six nodes selected for localized
point loading. (c) The experimental apparatus for measuring the reaction force-displacement relationships. (d) The experiment setup fitted with Digital Image
Correlation (DIC) equipment. (e) Two example images from the two cameras, highlighting the two different angles and manually sprayed speckled laminate.
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mm in size, made from DA409u 8552 unidirectional carbon fiber pre-
pregs having ply thickness of 0.15 mm. A layer of 0° prepreg was placed
on top of a 90° layer to develop the asymmetric [0°/90°] layout (Fig. 1
(a)), and then cured the assembly in an oven at 135°C to develop bi-
stability. Vacuum bagging techniques were used in the fabrication,
and interested readers can refer to the authors’ previous publication for
more details [38]. Table 1 summarizes the constituent material prop-
erties of the prepregs.

To measure the reaction force-deformation of the bistable patch
under localized load, a small hole was drilled at the center of a bistable
laminate and fixed it to a 3D-printed fixture with a bolt. This fixture has
a tall tower with the laminate on its top, and four legs with adjustable
screw holes for mounting on a universal testing machine (ADMET eXpert
5061) (Fig. 1(c)). This test setup fully constraints the translational and
rotational motions at the laminate center. To apply a localized load, an
eyebolt was fastened at the selected node on the laminate, and con-
nected it to the universal tester’s moving overhead with a nylon thread.
This thread was changed for every run and was ensured to be taught
before the start of snap-through experiment to minimise any slackness
errors or length variation errors. A controlled overhead displacement of
(0.5 mmy/s) is applied at the selected node until snap-through completes,
and the load cell (ADMET eXpert S-type 500 series) records the corre-
sponding reaction force.

Besides measuring the reaction force-deformation relationship, the
digital image correlation (DIC) was used to track the transient patch
deformation throughout the snap-through process (Fig. 1(d and e)). The
DIC test involves two high-speed cameras that focus from top of the
testing machine, adjusted to an optimum height in order to capture the
3D displacement field of the complete laminate accurately. The camera
frame rate was set at 30 fps, which turned out to be sufficient to capture
the rapid composite deformation in snap-through. The nodal co-
ordinates are extracted from the DIC data by Vic3D software (Correlated
Solutions) to calculate the distribution of surface mean curvatures at
different stages of loading.

The setup of finite element simulation (ABAQUS 6.14, Static Struc-
tural Solver) is the same as the experiment regarding the fiber laminate
design, constituent material properties, boundary conditions, and
localized loading. The laminate is modeled using the standard S4R ele-
ments with a mesh density of 41 x 41 nodal points. The simulation in-
volves two consecutive steps: The first step cures the laminate from its
initially flat configuration to a stable state. The second step snaps the
laminate to another stable state by applying sufficient displacement at
the selected node, one at a time.

During the first curing step, the laminate is fixed completely flat, as
in the vacuum bagging techniques [38]. Then, we applied simulated
heating at 135° C and cooling to room temperature at 20° C, allowing
internal thermal stress to develop. Once cured, the laminate is released
from its fixed condition and free to deform into one of the two stable
shapes. In the second snapping step, the laminate is constrained at its
center, as shown in Fig. 1(b). The middle node is fixed in the x— y
reference plane with no rotation allowed about the z-axis (i.e, Ul, U2,
UR3 = 0). The four nodes adjacent to the middle node are constrained
in the z-axis (U3 = 0). Then, we simulate a controlled displacement at
the selected node until snap-through completes. The simulation records
the reaction forces in all three directions (RF1, RF2, RF3) and

Table 1

Constituent material properties of DA409u 8552 carbon composite prepregs. E;
and Gy are the elastic modulus (unit of GPa). v is the Poisson’s ratio. a; are the
thermal coefficients of expansion (unit of °ch.

Property Value Property Value Property Value

E; 135 G2 5 an —2x1008
E, 9.5 Gis 7.17 a2 3x10°%
V12 0.3 Gas 3.97 as3 3x107%
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displacements (U1, U2, U3) at the selected node of loading, and then
calculate the total reaction force-nodal displacement relationship.

In this study, we focus on three different responses to examine the
transient snap-through behaviors of the bistable laminate under asym-
metric point load. They are the intermediate deformation, change in
curvature distribution, and the reaction force during the snap-through.
We discovered that as we move the point load location, the transient
behavior of the composite laminate fundamentally changes during the
snap-through irrespective of its two stable states before and after. The
subsections below discuss three representative cases in detail.

2.1.1. Point load at laminate corner (node #1)

When the point force is at node #1 (defined in Fig. 1(b)), snap-
through occurs in two consecutive steps, as indicated by the two sharp
drops in the force-displacement curves in Fig. 2(a). The variation in the
experimental response curves attributes to three different samples being
tested, the unavoidable errors in the fabrication process, and discrep-
ancy in the fixture holding torque. By carefully observing the patch
deformation both in the experiment and finite element simulations
(Fig. 2(b)), we find that the first step occurs when the initially straight
edge of the laminate (right edge in Fig. 2(b)) acquires a curved shape.
This relatively rapid change in the edge shape explains the first peak and
then dip in the force-displacement curve and marks the onset of shifting
from one state to the other. The second step occurs when the top,
initially curved edge of the laminate becomes straight. It is worth noting
that if we remove the point load before the second snap occurs, the
laminate would return to its original stable state. On the other hand,
after the second step occurs, the laminate would settle into a new stable
state if the point load is removed.

Besides the reaction force, we further examine these transient snap-
through behaviors based on the distribution of mean curvature in the
bistable laminate. Fig. 2(c) and the supplemental video illustrates the
evolution of curvature distribution throughout the snap-through based
on finite element simulation and the DIC measurements. Before loading,
the curvature of the fiber laminate is relatively uniform and negative.
This is consistent from the findings of Portela et al. and reassures are
results [32]. When the point load starts, we observe a region of inverted
(positive) curvature that starts to initiate and grow from the loading
point and the fixed center. we refer to this region as “curvature inversion
zone” hereafter. As the node #1 displacement increases, the front of this
curvature inversion — which corresponds to the front of zero mean
curvature — begins to propagate. More importantly, when the curvature
inversion reaches the bottom edge of the bistable laminate, the first step
of the snap-through completes (iii). As the node #1 displacement con-
tinues to increase, the curvature inversion zone progresses slowly along
the top edge to the left. When it finally reaches the left edge, the second
snap occurs and laminate rapidly deforms to the new stable state with a
relatively uniform distribution of positive curvature.

It is worth noting that the experiment results agree with finite
element simulation reasonably well (regarding both the reaction force
from the universal tester in Fig. 2(a) and the curvature measurement
from DIC in Fig. 2(c)). Differences in the experimental results and FEA
simulations are due to the fact that the material properties of the pro-
totype might differ slightly from those used in the simulation. And the
manual fabrication error also plays a role. Based on the simulation, the
critical force required for the snap-through is 0.70 N (maximum reaction
force), and the critical displacement is 29.0 mm (at the occurrence of the
second step).

2.1.2. Point load at the mid-point of initially curve edge (node #2)

If the point load moves to the mid-point of initially curved edge
(node #2 in Fig. 1(b)), the bistable laminate snap-through occurs in only
one step. During the snap-through, the initially curved edge at which
node #2 is located and the adjacent straight edges (right and left edges)
change their shapes simultaneously. That is, the initially curved top edge
becomes straight and initially straight left/right edges becomes curved
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Fig. 2. The transient deformation during the snap-through when the point load is at the corner (Node #1). Different instants throughout this process are labeled from
(i) to (vi). (a) The reaction force-deformation relationship from finite element simulations and experiments. (b) Finite element simulations show the progressive
switches regarding the shape of the different laminate edges. (c) The mean curvature distribution shows a complicated evolution during the snap-through. These

curvature results come from finite element simulation.

at the same time. Therefore, the deformation occurs almost symmetri-
cally about the longitudinal axis passing through the fixed center, as
shown in Fig. 3(b)). Such symmetry in snap-through is also evident in
the distribution of mean curvature (Fig. 3(c) and supplemental video).
We observe that the fronts of curvature inversion zone progress sym-
metrically towards the top edge. When these fronts reach the respective
right and left edges, snap-through occurs, and the laminate deforms to
the new stable state rapidly. The corresponding critical force required
for completing the snap-through is 4.1 N based on finite element, and
the corresponding critical displacement is 16.7 mm.

2.1.3. Point load at the mid-point of initially straight edge (node #5)

If the point load is at the mid-point of the initially straight edge (node
#5 in Fig. 1(b)), snap-through never occurs regardless of the load
amplitude (Fig. 4). This unique observation has never been reported by
previous studies. By carefully observing the evolution of curvature dis-
tribution (Fig. 4(c) and supplemental video), we discover that the cur-
vature inversion zone never fully reaches the initially straight edge
where the point force locates, even though the inversion zone can reach
the initially curved edge (top and bottom edge in Fig. 4(c)).

2.1.4. Point load at other positions

When the point load is at node #3, snap-through also occurs in two
steps. After a careful observation of the finite element simulation and
experiment result, we found that the transient deformation and curva-
ture development are similar to those of node #1. However, unlike the
case for node #1, the distance between these two steps in terms of point

load displacement is minimal (Fig. 5 shows the zoom-in view at the point
of snap). When node #4 is under point load, the transient deformation is
similar to that of node #2. That is, the snap-through occurs in only one
step. However, the critical force requirement for snap-through increases
significantly, whereas the critical displacement reduces. These differ-
ences indicate that the laminate gives more resistance as the point load
moves closer to the fixed center. The curvature inversion development is
similar to the node #2 case in that two inversion fronts originate from
the center and progress towards the top and right edges. Finally, if the
point load is at node #6, snap-through never occurs regardless of the
load amplitude. For clarity, the critical force and displacement corre-
sponding to the six different point load locations are summarized in
Table 2.

Therefore, we deduce that if the loading point is on the axis defined
by node #2 and laminate center, the corresponding snap-through in-
volves only one step. Also, there would be two fronts of curvature
inversion emerging out of the laminate centre and progressing towards
respective left and right edges, thus snap-through happens symmetri-
cally. If the point load is on the axis defined by node #5 and laminate
center, no snap-through will occur. Thus, a full curvature inversion
never occurs. Otherwise, the snap-through involves two steps and a
single front of curvature inversion develops and progresses through the
laminate asymmetrically. Moreover, we deduce that the snap-through is
complete only when the curvature inversion zone reaches both of the
initially straight edges. In the following subsection, we use the analytical
model to test these observations.
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Fig. 3. The transient deformation during the snap-through when the point load is at the center of initially curved edge (Node #2). Different instants throughout this
process are labeled from (i) to (vi) (a) The reaction force-deformation relationships show that, in this case, the snap-through consists of only one step. (b) Finite
element simulations show the simultaneous switches regarding the shape of the different laminate edges. (c) The mean curvature distribution shows a symmetric
evolution during the snap-through. At the beginning of snap-through (labeled by iii, iv), we also included the mean curvature based on DIC readings for validation.
Here, the curvature distribution at the first stable state (i) and second stable state (vi) are omitted since they are the same as those in Fig. 2(c).
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deformation relationships show that, in this case, no snap-through occurs. (b) Finite element simulations showing the deformed shape of the laminate. (c) The
mean curvature distribution based on finite element and DIC data.
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Fig. 5. The force-displacement relationships based on other loading positions. At node #3, the snap-through involves two steps, although the distance between the
two steps are very small. At node #4, snap-through involves only one step. At node #6, no snap-through occurs.

Table 2
Critical Displacement and Reaction forces for point loading at different nodes.
Node Method Critical Force Critical Displacement
1 Simulation 0.70N 29.0 mm
Experiments 0.63N =+ 14.3% 27.4 mm + 1.5%
% difference 12.8% 5.5%
2 Simulation 4.07N 16.7 mm
Experiments 4.19N =+ 3.8% 17.0 mm =+ 1.8%
% difference 2.9% 1.7%
3 Simulation 3.97N 11.7 mm
Experiments 2.68N + 4.5% 15.4 mm + 4.5%
% difference 32.4% 31.6%
4 Simulation 10.56N 9.9 mm
Experiments 7.24N £+ 11.7% 12.2 mm + 9%
% difference 31.4% 23.2%

3. Analytical investigation using an extended Hyer’s model

To approximate the shape and curvature changes during the snap-
through of the laminate and recreate the observations from above, we
formulated a comprehensive analytical model by extending the Hyer’s
model, a widely used method for analyzing bistable composite laminates
[21,25,33,36]. This model’s accuracy and capability hinge on the order
of polynomial functions that approximate the laminate’s deformation.
Hyer and Dano chose a second-order polynomial for the out-of-plane
displacement field. Hence the curvatures of the composite laminate
were constant and uniform [18]. Mattioni used a product of two para-
bolic equations in both x and y — directions [33]. As a result, the cor-
responding curvature distribution was a reduced second-order
polynomial.

However, the Hyer’s model and its variations are mostly used for
predicting the external shape at the stable states, few used this model to
estimate the transient deformation between stable states, let alone the
asymmetric loading in this study. Therefore, we want to explore the
feasibility of using the extension of Hyer’s model — by comparing the
results from third, fourth, and fifth-order polynomials functions — for
new insights.

From the Hyer’s model, the total strain energy of the bistable lami-
nate is formulated using the following equation

o e )
~Lej2 J-1,/ 22 £ B D]|«x

where the mid-plane strains ¢, and curvatures k of the laminates are

— —[&o ]{M,} dy dx, 1)
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In Equation (1), different terms in the “stiffness” matrices are

k=n
Ak
Aij: Qij (Zk—Zk—1)§Bij:
k=1 k=1 k=1

Q(]k) (Zi - Zi, 1 )
3

where the index k represents the different layers in the laminate (in this
study, k =1, 2). The in-plane thermal resultant forces (N;) and moments
(M,) induced by the curing are,

_ 1 &=
Q VT (zk — 2-1) M’_E ; Zi—l)' (C)]

k=

The vector of thermal expansion coefficient is expressed as a, =
(o ay axy}T. In the above Equations (3) and (4), Q(k) is the stiffness of the
k™ fiber prepreg layer, transformed from the material coordinate system

to the geometry coordinate system. The matrix Q in the material coor-
dinate system is

E, vk, 0

I —vpvy 1 —vpuy
0= vk E; 0 5)

I —vipvy 1 —vppuy

0 0 Gy

From Q, on can calculate Q of every layer in that Q(k) =T1QklT-

where the transformation matrix T is

cos’0 sin’@ sin26
T = | sin’0 cos’f —sin20 | . (6)

—sinfcosf sinfcosf cos260

The most critical part of this analytical approach is the estimation of
strains, curvatures, and hence the displacements of the bistable com-
posites. The in-plane tensile strains are estimated using complete second
order polynomials in that

2 2
y y Xy
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where c; are constants to be determined. It is worth highlighting that,
unlike the previous studies [18,33], the linear terms in the strain esti-
mation must be included. They were considered insignificant and thus
omitted previously. However, these terms’ influences are significant in
this study due to the localized deformation in the laminate. Moreover,
we normalize every term in the polynomials, i.e. divide by the lami-
nate’s size in either x or y — dimension with the same power as that
particular term. This normalization can increase the computational ef-
ficiency of numerical solver.

We estimate the out-of-plane displacement field of the laminate (in
z— axis) using complete third-order, fourth-order, and fifth-order poly-
nomial functions. Accordingly, the assumed curvatures (which are
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second-order differentials of out-of-plane displacement) are linear,
second-order, and third-order polynomials. The z — displacement poly-
nomials are listed below,
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The in-plane displacements of the laminate (U, V,) are determined

by using the strain formulations,
_ 6WO 6W0
0= [[eo-3(%) Jox+ o095 vo= [[ea3(%0) Jav s 0
1D

Here, g(y) and h(x) serve to complete the in-plane displacements and
eliminate the rigid-body rotations:

3 S 3 5

T h()*h, +h2 +h; : 12)

y Y
T 83 I ;

g(y) = s IE

To make sure the rigid body rotation is eliminated, g; has to equal to
h;. Finally, the in-plane shear strain is

_0Uo Vo Wy OWy
To0 =50 T o T Tox oy

The analytical model has twelve undetermined constants from the
strain estimations, five from the in-plane displacement estimations, and
more from the out-of-plane displacement estimation (W,) depending on
the order of the polynomials. The total number of undetermined con-
stants for third-order polynomial is 24, for fourth-order polynomial its
29, and fifth-order polynomial it is 35.

Here, we obtain the solution by minimizing the strain energy (Eq.
(1)) using the MATLAB fmincon function, which is a constrained multi-
variable optimizer for highly non-linear problems. To reduce the
computational time, we used the “interior-point” algorithm and
explicitly derived the gradients of strain energy with respect to the un-
determined constants.

Like the experiment and finite element, solving the analytical model
involves two steps: curing and snapping. In the first step, we use the
same temperature (i.e., VT = 20°C — 135°C) to calculate the laminate
shape right after curing. Moreover, no constraints are enforced in this
step so that the undetermined constants can take any real values. In the
second step of snapping the laminate from one stable state to another,
we apply the localized loading (controlled displacement) by using the
equality constraints from fmincon in a novel way. Denote x = Xjyqq and
¥ = Yioad as the loading position and d;q; as the calculated out-of-plane
displacement of this position after the first curing step, we assign an
equality constraint during optimization in that

13)

Wo (X = Xioad> ¥ = Yioaa) = dinitias + 6d, 14)
where &d is the increment displacement loading. We increase §d until the
laminate shifts to the other state. In this way, we can observe the lam-
inate’s intermediate shapes during loading and calculate the strain
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energy corresponding to every &d increment. This could be understood
as way of solving the problem using a quasi-static approach, in which
every intermediate step is calculated to quasi-stable shape by mini-
mizing the potential function of the laminate when it is held at that
increment displacement loading. Now, the reaction force becomes
dI1
F= ——. 15
d(sd) (15)

As we have three different polynomials to estimate the out-of-plane

displacement field, we derive results from all of them for each case.

3.1. Two-step snap at node #1

Fig. 6 summarizes the analytical prediction when the point load is at
Node #1. We observe that the third-order polynomial estimation (aka.
linear mean curvature distribution) gives a clear indication that the
snap-through process involves two different steps (Fig. 6(a)). The
response curve from the fourth order polynomial — although also con-
veys that the overall snap-through has two-step — does not match
experimental or FEA results well. The fifth order polynomial results
(aka. cubic distribution of mean curvatures) successfully capture the
trend qualitatively when compared to FEA and experimental results. We
see that the reaction force increases and reaches its critical force at point
(ii), where the initially straight edge at the right deforms into a curved
shape ((ii)-(iii) in Fig. 6(b)). Then the reaction force decreases to a local
minimum and increases again, a trend similar to finite element and
experiment results. The increase in the reaction force from this local
minima is relatively gradual and, at the critical displacement, the
laminate snaps completely to its second stable state in that the top edge
changes from a curved shape to straight. Moreover, the reaction force at
the occurrence of second step ((v) in Fig. 6(a)) is less than the critical
force at point (ii). This phenomenon of right edge snapping first and then
top edge (hence the lag between two peaks) is captured satisfactorily by
the fifth order polynomial model and correlates well to the FEA and
experiment results. Here, its worth noting that some modifications were
found necessary in-order to get the correct results. That is, ca, cs, c9, and
c10 are set to zero. The physical principle underpinning this modification
will be the subject of future study.

The fifth order polynomial approximation of the out-of-plane
displacement give a cubic distribution of mean curvature, which gives
a fair representation of the curvature inversion (CI) evolution (Fig. 6(c)).
We observe that the CI front develops at the top corner point where the
load is applied and then progresses throughout the laminate. It reaches
the bottom edge first, snapping the right edge to deformed curve shape.
Then it progresses towards the top left corner. At the critical configu-
ration (Fig. 6(c)(v)), the curvature inversion reaches the left edge and
hence, the laminate snaps rapidly to a new stable state.

3.2. No-snap at node #5

Similar to what we observe from the FEA and experimental results,
the laminate does not snap if the load is applied at node #5 in the
analytical model. This is true for all of the three polynomial estimations
for out-of-plane displacement field. Fig. 7(b) shows the sequence of in-
termediate shapes of laminate during the point load application. We
observe that the right edge changes to a curved shape for a short while
but quickly shifts back straight, indicated by the small dip in the force-
reaction curve. This phenomenon was also observed in the experiment.

Similar to the curvature results we obtained from FEA and DIC,
curvature inversion does not occur completely in the laminate. We
observe that the initial negative curvature of the laminate starts to invert
from the centre towards the opposite top and bottom edges. And then
slowly progresses in the laminate but never reaches the right or left
edges. This is the reason due to which the laminate never snaps.
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Fig. 6. Analytical prediction of the transient deformation during the snap-through when the point load is at the corner (Node #1). (a) The reaction force-deformation
relationships based on three polynomial functions with different orders. (b) Simulated patch deformation based on the fifth order polynomial fit. (c) The mean
curvature distribution based on fifth order polynomial fit. The colormap in this case is the same as Fig. 2(c).

(@50, (b)

10.0

8.0

6.0}

4.0

Reaction force (N)

2.0f

0.0}

10 ' 20 ‘ 25
© Nodal displacement (mm)

_-Point load

4x10°

2x10°

(=]

-2x10°

-4x10°

Fig. 7. Analytical prediction of the transient deformation during the snap-through when the point load is at middle of initially straight edge (Node #5). (a) The
reaction force-deformation relationships based on three polynomial functions with different orders. (b) Simulated patch deformation based on the fifth order
polynomial fit. (¢) The mean curvature distribution based on fifth order polynomial fit.

3.3. One-step snap at node #2

The analytical model used above can reproduce the results of two-
step snap and no-snap behaviors gracefully; however, it appears to fail
for the one-step snap when the point load is at node #2. As observed
from the FEA and experiment results (Fig. 3), there are two fronts of
curvature inversion emerging from the center of the laminate. Even the
fifth-order polynomial approximation of the out-of-plane displacement
(10) is found incapable of capturing such complex mean curvature
changes during the snap-through. To reproduce the results of the one-

step snap-through, we would probably need a much higher-order poly-
nomial. which would drastically increase the number of unknown con-
stants, computation time, numerical error, and the overall analytical
model’s complexity. This is against our analytical study’s original aim:
to explore the feasibility of using the computationally inexpensive
Hyer’s model to qualitatively predict the different snap-through be-
haviors based on point load positions with reasonable accuracy.
Therefore, the extended Hyer’s model with a fifth-order polynomial
approximation has both success and limitations. It gives a good
approximation of the transient deformation and curvature distribution
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in the two-step snap-through and no snap-through scenarios. However,
it fails to capture the complexity in the one-step snap-through. A critical
insight from this study is that, for any reduced-order analytical model to
be successful in approximating the transient snap-through behavior, it
must approximate the corresponding curvature changes with reasonable
accuracy.

4. Summary and conclusion

Via experimental measurements, finite element simulations, and
analytical modeling, this study thoroughly examines the transient snap-
through deformation of a [0°/90°] bistable composite laminate sub-
jected to an asymmetric point load. The results show three unique types
of snap-through behaviors, depending on the point load location. When
the point load is on the axis defined by the middle point of the initially
curved edge (Node #2) and the fixed laminate center, the laminate snap-
through occurs in a single step. If the point load on a line joining the
middle of the initially straight edge (Node #5) and the laminate center,
snap-through never occurs regardless of the point load magnitude. For
all other point load locations, the laminate snap-through occurs in two
consecutive steps.

Moreover, the evolution of laminate surface curvature distribution
directly correlates to the occurrence of the snap-through. As the point
load increases, a localized zone of inverted curvature would initiate
from the fixed center and grow towards the point load position. The
different steps of snap-through occur when the curvature inversion zone
reaches different edges of the bistable laminate. In particular, the snap-
through completes only when the curvature inversion reaches both of the
initially straight edges (aka. left and right edge). In the two-step snap,
the curvature inversion reaches these two edges consecutively; in the
one-step snap, the inversion reaches two edges simultaneously; and
finally in the no-snap scenario, the inversion never reaches the left edge.

Finally, this study explores the feasibility of using an extended Hyer’s
model to predict the complicated snap-through behaviors qualitatively.
This model uses a third, fourth, and fifth-order polynomial functions to
approximate the laminate out-of-plane displacements. Using a novel
way to constrain the potential function, we were able to solve the snap-
through process by using quasi-static approach. The results show that,
depending on the complexity of curvature inversion distribution, the
extended model has a mix of success and limitation. In particular, the
fifth-order polynomial approximation of the displacement field (aka.
cubic curvature distribution) can satisfactorily predict the two-step snap
(with some model modification) and no-snap scenarios. However, it fails
to capture the complex curvature inversions in the one-step snap sce-
nario. Predicting this one-step snap-through would require a much
higher order polynomial function with a much higher computational
cost.

Regardless, this study’s results can offer valuable insights into the
fundamental mechanics of snap-through behaviors and the actuation
locations associated with the bistable composite laminates. The out-of-
plane actuation used in this study has unique advantages compared to
in-plane actuators, such as embedded piezoelectric patches, because the
latter could hinder bistability due to their additional stiffness [39]. And
this study’s result could serve as a guide, allowing the user to choose the
actuation force’s location based on the snap-through mechanics. One
could first examine the characteristics of different snap-through pro-
cesses and then select the actuator’s position according to its capability.
For example, if the [0°/90°] patch is selected and the actuator has a high
block force but low stroke (e.g., piezoelectric actuators), one can place
the actuator at any point along the axis joining the Node #2 and center.
This is because the corresponding snap-through involves a single step
with minimal displacement requirement. On the other hand, if the
actuator has a high stroke but low block force (e.g., shape memory
polymers), Node #1 is the favorable actuating location as the critical
force requirement is the least.
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