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Shape Memory Alloy (SMA) actuation technology requires a thorough understanding of the failure
response of these alloys under loading that involves thermal variations, termed ‘‘actuation” loading. In
this paper, the experimental observation of stable crack growth in SMA compact tension specimens dur-
ing temperature changes under constant bias loads is reported for the first time. The intrinsic damage
mechanisms that promote crack advance are those reported in literature for nominally isothermal over-
load fracture, i.e., cleavage assisted by ductile void growth. Moreover, a numerical analysis is employed,
and the resulting simulations are compared with the experimental data with the purpose of building con-
fidence in the insight provided on the role of extrinsic mechanisms that further promote or impede crack
advance. It is concluded that phase transformation plays a dual role on the crack growth kinetics by pro-
moting crack growth when occurring in a fan in front of the crack tip and providing the toughness
enhancement that results in stable crack growth when left in the wake of the advancing crack. While
the latter is well known as transformation-induced toughness enhancement, the former has just been
recently observed experimentally and is characteristic of SMAs subjected to actuation loading conditions.

� 2020 Elsevier Ltd. All rights reserved.
1. Introduction

Shape Memory Alloys (SMAs) are a class of active materials
with the ability to undergo repeatable reversible macroscopic
shape change when subjected to thermal and/or mechanical stim-
uli, due to solid-to-solid diffusionless phase transformation
(Lagoudas, 2008). In these materials, transformation between the
parent austenite phase (high symmetry, stable at high tempera-
ture) and product martensite phase (low symmetry, stable at low
temperature) at the microstructural level gives rise to the unique
macroscopic properties of superelasticity (or pseudoelasticity)
and shape memory effect. In the former, macroscopic shape change
is typically accomplished by isothermal mechanical loading at high
temperature, whereas in the latter, shape change generally results
from nominally isobaric temperature change (Otsuka and
Wayman, 1999; Wayman et al., 1972; Miyazaki et al., 1986;
Shaw and Kyriakides, 1995). When SMA is subjected to a constant
load followed by cyclic temperature variation, the resulting shape
change can be utilized to perform mechanical work and the SMA
can be effectively used as a solid-state actuator (Kockar et al.,
2008; Atli et al., 2011; Karakoc et al., 2019; Benafan et al., 2014;
Nematollahi et al., 2018; Karakalas et al., 2019a, 2019b). Of the
many SMA compositions, nickel-titanium (NiTi) is the most com-
monly known and commercially available alloy system and is used
in a wide range of engineering applications (e.g., biomedical, auto-
motive, aerospace) due to its superior mechanical properties,
excellent corrosion resistance, and biocompatibility (Hartl and
Lagoudas, 2007; El Feninat et al., 2002; Nematollahi et al., 2019;
Jiang et al., 2016; Mohajeri et al., 2020; Jahadakbar et al., 2020).
The most extensive applications of NiTi SMAs since their discovery
have been in the biomedical industry as cardiovascular stents, and
orthodontic and orthopedic implants. Recently, however, there has
been an increasing interest in SMAs as solid-state actuators. Solid-
state actuators are preferable to conventional actuators (e.g.,
hydraulic or electromagnetic) in applications where reduction in
weight, volume or complexity is desired (Hartl and Lagoudas,
2007; Iwanaga et al., 1988). Moreover, due to their ability to exhi-
bit reversible and repetitive phase transformation under high
stress levels (up to 500 MPa) and with large recoverable strains,
SMA actuators have actuation energy density comparable to or
higher than that in existing actuation systems.
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Despite several demonstrations and flight tests of SMA actua-
tors, a lack of systematic understanding of SMA actuation fatigue
and fracture response has relegated these actuators to non-
critical/non-structural applications with severe overdesigning.
Thus, to utilize SMA actuators in practical engineering applications,
especially where their failure can cause property damage or casu-
alties, the fatigue and fracture properties of these materials under
actuation loading paths, i.e., under constant mechanical load and
thermal variations, must be thoroughly understood. It is therefore
critical to establish a fundamental scientific understanding and
generate sufficient experimental data regarding the actuation fati-
gue and fracture response of SMAs (Hartl and Lagoudas, 2007).

The available literature on the fracture response of NiTi SMAs
has been entirely within the purview of fracture under isothermal
mechanical loading (Baxevanis and Lagoudas, 2015). Stress-
induced martensitic phase transformation/detwinning in front of
the crack under nominally isothermal loading was observed using
synchrotron X-ray diffraction (Stankiewicz et al., 2007; Gollerthan
et al., 2009; Daymond et al., 2007), digital image correlation (DIC)
(Daly et al., 2007; Haghgouyan et al., 2016), optical microscopy
(Creuziger et al., 2008), and IR thermography (Gollerthan et al.,
2009). Crack growth in NiTi SMAs under quasi-static mechanical
load at nominally constant temperature has been experimentally
studied (Stankiewicz et al., 2007; Gollerthan et al., 2009;
Vaidyanathan et al., 2000; Robertson and Ritchie, 2007, 2008;
Gall et al., 2001) and nearly identical values of critical stress inten-
sity factor KIC �30 MPa�m1/2 for superelastic NiTi SMAs were calcu-
lated based on the applicability of Linear Elastic Fracture
Mechanics (LEFM). However, most of the specimens used were
not in accordance with ASTM E399 (ASTM E399-17, 2017) for
which the small-scale yielding criterion should be satisfied, which
in case of SMAs translates into the size of the nonlinear phase
transformation/detwinning zone close to the crack tip being smal-
ler than a fraction of the characteristic dimensions of the crack.
Recently, efforts have been made towards proposing a methodol-
ogy for measuring the fracture toughness of SMAs using J-
integral as the fracture criterion by Haghgouyan et al. (2019). This
methodology modifies ASTM E1820 (ASTM, 2013) to accommodate
the transformation/detwinning-induced changes in the apparent
elastic properties of SMAs. Fracture toughness experiments were
carried out using near-equiatomic NiTi compact tension (CT) spec-
imens and fracture toughness, JIC, was measured for the first time.
It is observed that the fracture toughness of near-equiatomic NiTi
is much higher than the value reported based on LEFM. Based on
the fracture toughness of SMAs measured in these experiments,
crack growth under mode-I isothermal loading was also studied
using finite element analysis (FEA) (Haghgouyan et al., 2019,
2018). Good agreement between the experimental and numerical
load–displacement responses and fracture toughening behavior,
associated with the energy dissipated by phase transformation,
was reported during crack extension.

The aforementioned studies dedicated to isothermal mechani-
cal fracture of SMAs nonetheless provide a valuable foundation
for understanding fracture under more complex thermomechani-
cal loading paths, typically utilized in solid-state actuator applica-
tions. To the best of authors’ knowledge, in the only experimental
work attempting to understand fracture response of SMAs under
actuation loading, i.e., thermal variations under constant external
mechanical loading, Iliopoulos et al. (Iliopoulos et al., 2017) studied
fracture in thin double-notched NiTi specimens. The specimens,
initially in austenitic phase, were cooled under constant tensile
bias loads maintained at a fraction (as low as 50%) of the isother-
mal strength of the SMA in pure martensitic state. Unstable crack
growth was due to the sudden release of elastic energy stored once
a macroscopic crack was initiated. The initiation of crack growth is
due to the induced phase transformation during cooling.
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Analytical and numerical analysis of crack tip stress fields and
crack growth in SMAs subjected to actuation loading has unraveled
some of the factors responsible for the unusual thermomechanical
fracture response. Crack growth in polycrystalline NiTi SMAs under
mechanical and actuation loading has been investigated numeri-
cally by the authors (Jape et al., 2018; Baxevanis et al., 2016; Jape
et al., 2016a, 2016b; Baxevanis et al., 2014, 2013, 2012; Baxevanis
and Lagoudas, 2012) using the phenomenological constitutivemod-
els for SMAs (Boyd and Lagoudas, 1996; Lagoudas et al., 2012; Xu
et al., 2019, 2021; Karakalas et al., 2019). Baxevanis et al. (2016)
studied the near-tip mechanical fields in an infinite medium SMA
with a semi-infinite crack subjected to constant far-field tensile load
and repeated thermal cycling. Thedriving force for crackgrowthwas
shown to increase substantially during cooling as a result of crack tip
anti-shielding due to ‘‘global” forwardphase transformation in front
of the crack, i.e., due to large-scale transformation of a size compara-
ble to the specimen size. The obtained decrease in the driving force
during heating was ascribed to crack-tip shielding from reverse
phase transformation in front of the crack. Jape et al. (Jape et al.,
2016b, 2015, 2014) computationally examined stable crack growth
in infinitemediumSMAduring thermal cycling under constant load,
and attributed cracking to the enhancement in driving force for
crack growth engendered by global thermomechanically induced
phase transformation. Extension of this analysis demonstrated that
transformation induced plastic (TRIP) strains due to cyclic thermo-
mechanical loading in SMAs affect the driving force for crack growth
and the stable crack growth regime in a similar fashion to that of
transformation strains (Jape et al., 2016a, 2018). The effect of TRIP
on the overall fracture response of SMAs was shown to be dual in
nature: higher TRIP strainsnot only increase the temperature for ini-
tiation of crack growth during cooling but also lead to an apparent
fracture toughness enhancement due to irreversible strains behind
the moving crack tip.

To summarize, experimental studies on notched NiTi specimens
and numerical results from a prototype infinite medium problem
have highlighted the key characteristic of fracture of SMAs under
actuation loading. The main mechanism behind this response is
the increase in driving force for crack growth via stress redistribu-
tion due to global forward phase transformation, assisting crack
growth during cooling (Iliopoulos et al., 2017; Baxevanis et al.,
2016). Stable crack growth was observed in numerical simulations
and was attributed to the toughening effect produced by trans-
formed material left in the wake of the moving crack tip that did
not reverse transform (Jape et al., 2016a, 2016b). Crack driving
force and stable crack growth response was also shown to strongly
depend on thermomechanical material parameters and TRIP strain
generated during actuation cycles. The existing literature thus pro-
vides a fertile ground for further investigation in the area of SMA
fracture under actuation loading using systematic experimental
and simulation tools.

To this end, in the present work, we experimentally observe
stable crack growth in NiTi SMAs under actuation loading for the
first time and demonstrate the capability of an existing constitu-
tive model to quantitatively reproduce the experimental results
based on the recently measured accurate fracture toughness val-
ues. In particular, crack growth characteristics of CT specimens of
nearly equiatomic NiTi under actuation loading were first studied
experimentally. FEA was then performed on pre-cracked NiTi CT
specimens, considering the nonlinear hysteretic thermomechani-
cal constitutive behavior, and stable crack growth was simulated.
Numerical results were used to assist the interpretation of experi-
mental data. The experimental data, simulation results, and knowl-
edge base generated in this study is a step forward towards the
design and development of reliable solid-state SMA actuators.

The remainder of this paper is organized in the following man-
ner: Section 2 describes the material, specimen geometry and
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experimental setup used to conduct the experiments. Then, the
experimental results of the crack growth curves obtained from
the optical method and strain data from DIC are presented. In
Section 3, FEA of the pre-cracked SMA CT boundary value problem
is described and simulation results pertaining to crack growth are
presented. A discussion and synthesis of the experimental findings
and numerical results is then given in Section 4. Finally, the main
conclusions drawn from this work are outlined in Section 5.
2. Experiments

2.1. Materials and methods

The material used in this study, Ni49.5Ti50.5 (at. %) obtained from
ATI Metals Inc., was melted using the Vacuum Induction Melting/
Vacuum Arc Melting (VIM/VAR) method, and rotary forged at
800 �C followed by air cooling. For the sake of brevity, the material
composition will be reported as Ni50Ti50 in what follows. For
thermo-mechanical characterization, thermal cycling experiments
under constant tensile stress levels (i.e. isobaric thermal cycling)
were carried out using a servo-hydraulic MTS test machine. A
dog-bone sample was loaded under uniaxial tension to various
load levels and then thermally cycled under constant load (iso-
baric) conditions. A schematic of strain vs. temperature response
and how the transformation characteristics are determined from
isobaric tensile experiments is presented in Fig. 1a. Samples were
heated and cooled with a rate of 10 �C/min via thermal conduction
from the grips. The temperature was measured using a K-type
thermocouple directly attached to the gauge section while strain
was measured using an MTS high-temperature extensometer.
The results are presented in Fig. 1b.

For actuation crack growth experiments, the CT samples, fol-
lowing the ASTM standards as shown in Fig. 2a and b, were used.
Because the material was hot rotary forged and all specimens were
cut in the same orientation, no significant texture effects are
expected (Rodrigues et al., 2017). The samples were heated with
a Roy 1500 induction heater and cooled through assisted convec-
tion cooling through continuous air flow, all of which were con-
trolled by a Eurotherm 2200 PID temperature controller. The
temperature of the sample was measured by averaging the read-
ings from 6 K-type thermocouples spot welded onto the sample
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Fig. 1. (a) Schematic representation of strain vs. temperature response of a NiTi SMA
determined from thermal cycling experiments under constant stress levels; (b) Strain
shaped samples during thermal cycling under different tensile stress levels.
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as shown in Fig. 2b. The spread between the thermocouple mea-
surements was at most ±3 �C and the error for a standard grade
K-type thermocouple is ±2 �C. Crack growth experiments were car-
ried out in MTS-810 test machine. The applied force on the sample
and load point displacement were acquired and recorded through
the MTS Multi-Purpose Test Suite, and temperatures were
recorded in LabView through a Measurement Computing data
acquisition board.

To grow sharp cracks, the samples were cycled between Pmin

and Pmax with a force ratio R = Pmin/Pmax = 0.1, resulting in an initial
stress intensity factor range of DK = 9 MPa�m1/2. The pre-cracks
were grown until the total crack length (notch length plus fatigue
pre-crack) reached �6 mm. After fatigue pre-cracking, the samples
were heated to 170 �C under zero force to fully transform the
material into austenite, then loaded to a predetermined force level
that was held constant throughout the test. The bias loads resulted
in three initial J-integral values of J0 = 11.25, 2.81, and 1.25 KJ/m2.
These correspond to K0 values of 30, 15, and 10 MP

p
m, respec-

tively. As discussed in a recent work (Haghgouyan et al., 2019),
to account for the martensitic transformation/martensite
orientation-induced changes in the apparent elastic properties of
SMAs, the J-integral can be calculated as the sum of elastic and
inelastic components as J = Jel + Jin, where Jel = gelAel/Bb, and Jin = -
ginAin/Bb. This differs from the standard method developed for
conventional elastic–plastic materials where the elastic compo-
nent of J is calculated using stress intensity factor and Young’s
modulus. Here B is the specimen thickness, b is the length of the
unbroken ligament (b = W-a, where W and a are the specimen
width and crack size, respectively); Ael and Ain are the elastic and
inelastic components of the area under the load–displacement
curve, respectively; gel and gin are geometry-dependent factors
(Haghgouyan et al., 2019). For the applied bias load levels, Jin = 0
since the stress-induced transformation is restricted to a small
region close to the crack tip, i.e., small-scale transformation condi-
tions and in turn LEFM prevail. Thus, the initial J-values are equal to
G-values (energy release rate) and can be translated to K-values
(stress-intensity factor) by employing well-known formulas.

The temperature was cycled with 10 min of heating to the
Upper Cycle Temperature (UCT) of 170 �C, followed by a 2-
minute hold, then 10 min of cooling to the Lower Cycle Temper-
ature (LCT) of 35 �C, followed by an 8-minute hold. UCT was cho-
sen to ensure complete transformation because transformation
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Fig. 2. (a) The experimental setup utilized in this study showing the compact tension (CT) specimen with induction coils around it. Thermocouples were spot welded to the
backside of the specimen and can be seen on the right. The speckle-pattern was applied on the specimen surface in order to measure strains using Digital Image Correlation
(DIC); (b) schematic of thermocouple positions and the in-plane dimensions of the CT samples with a thickness B of 3 mm and pin hole diameters of 5 mm. A pre-crack
starting from the end of the machined crack length is shown (5.5 mm < a0 < 7.5 mm). Thermocouple locations are marked with red Xs. (For interpretation of the references to
colour in this figure legend, the reader is referred to the web version of this article.)
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temperatures increase with applied stress, according to the
Clausius-Clapeyron relationship. Images from the crack face were
recorded during the experiments with a DSLR camera with an
optical resolution of 0.02 mm/pixel. Crack length was determined
by taking the straight-line distance between the end of the
machined notch and the end of the visible crack tip and adding
that to the distance between the end of the machined notch
and the load line. It should be noted that the crack length
appeared to decrease upon heating which was due to the closure
of the crack. The uncertainty in open crack length measurements
is expected to be less than 10 times the optical resolution, i.e., less
than ±0.2 mm. A schematic of the sample and the crack tip at cer-
tain temperatures is shown in Fig. 3. Note that during cooling, the
transformation zone region close to the crack tip expands and
LEFM eventually do not hold.
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2.2. Experimental results

2.2.1. Stable crack growth
In this section, the experimental results from the crack growth

measurements in the CT specimens under constant mechanical
loading and varying temperatures are presented. Three J0 values
were considered on six samples as shown in Table 1. First, a con-
stant tensile load corresponding to J0 of 11.25 KJ/m2 was applied
while the material was in the austenitic phase, followed by thermal
cycling between UCT and LCT. With this initial loading condition,
crack growth was triggered when the temperature of the sample
reached �77 �C during cooling.

Stable crack growth was observed during first cooling cycle in
all cases where, once crack growth was triggered, further cooling
was required to extend the crack. Steady-state crack growth was
a b a bc

a

c

1008060
erature (°C)

Hea�ng

1

3

3 2121

erature across reversible martensitic transformation during a thermal cycle and
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rtens to point 3.



Table 1
List of all tested Ni50Ti50 hot extruded, polycrystalline compact tension samples.
Three different bias load levels corresponding to J0 are listed, as well as the number of
complete temperature cycles (Upper Cycle Temperature to Lower Cycle Temperature
and back) and the average crack growth rate in mm/cycle.

Sample J0 (KJ/m2) Cycles to Failure Crack Growth Rate (mm/cycle)

1 11.25 <1 N/A
2 11.25 <1 N/A
3 2.81 6 0.86
4 2.81 5 1.14
5 1.25 17 0.34
6 1.25 16 0.39
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also observed followed by ultimate failure of the samples due to
unstable crack growth. Experimentally measured crack lengths as
a function of temperature for all three different J0 cases can be seen
in Fig. 4a, b, c, left column, while accompanying Fig. 4d, e, f, right
column, show the results from the corresponding numerical simu-
lations using finite element analysis (FEA). Simulation results clo-
sely match the experimental data and are introduced and
explained in greater detail in Section 4.

For lower constant bias loads and associated J0 levels, stable
crack growth was observed under multiple thermal cycles before
ultimate failure occurred. Samples 3 and 4 were tested under a
constant load corresponding to J0 = 2.81 KJ/m2 and crack extension
as a function of temperature for Sample 4 can be seen in Fig. 4b.
Once the sample reached a specific critical temperature during
cooling (�70 �C in this loading case), crack growth was triggered
and crack extended by ~0.2 mm in a stable manner until another
critical temperature was reached, where crack arrest occurred at
uniform temperature of about 60 �C. The sample was then cooled
to the LCT without any further crack extension. When the sample
was subsequently heated up to the UCT, partial crack closure
instead of crack growth was observed during heating. At UCT, the
sample was again cooled for a second thermal cycle and crack
growth was triggered during cooling. Subsequent stable crack
growth of 0.2 mm by the end of the second cooling cycle was fol-
lowed by crack closure during heating. As the sample was sub-
jected to subsequent thermal cycles, stable crack growth was
always observed during cooling. Moreover, crack growth was trig-
gered at a higher temperature during each cycle, owing to the pro-
gressive increase in initial crack length at the beginning of every
thermal cycle. The sample sustained stable crack growth through
6 complete thermal cycles followed by ultimate failure due to
unstable crack growth and a final reported crack extension of
approximately 5.5 mm (Fig. 4b). Accompanying plot in Fig. 4e
shows the results from the simulation, where overall fracture
behavior was similar to that observed in experiments, but crack
growth progressed through 8 thermal cycles before reaching ulti-
mate failure with a final crack extension of �6.5 mm.

Finally, samples 5 and 6 were tested at the lowest bias load with
J0 = 1.25 KJ/m2. Crack extension for sample 5 as a function of tem-
perature is plotted in Fig. 4c. In this loading condition, crack started
to grow during the first cooling cycle at a critical temperature of
�62.5 �C. Stable crack growth was again observed as the tempera-
ture decreased from approximately 62.5 �C to 55 �C, increasing the
crack size by approximately 1.25 mm. Similar to the previous load-
ing condition, crack arrest occurred once temperature reached
55 �C and cooling continued till LCT; heating from LCT to UCT
resulted in partial crack closure without any further crack exten-
sion. During subsequent thermal cycles, repeated crack growth
was observed: stable crack extension followed by crack arrest dur-
ing cooling and partial crack closure during heating. Crack
extended through 18 complete thermal cycles, and during the
19th cooling cycle, became unstable resulting in ultimate failure.
Fig. 4f shows crack extension as a function of temperature from
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the numerical simulations where the fracture response shows sim-
ilar features: crack growth was triggered and extended by a limited
amount during cooling, critical temperature for crack extension
increased with each cycle, and crack growth occurred through 19
complete thermal cycles before the specimen reached final failure
in the 20th thermal cycle. Further details of the finite element sim-
ulations are provided in Section 4.
2.2.2. Local strain fields using DIC
Digital Image Correlation (DIC) technique was used to measure

the 2D strain field during the experiments. The experimentally
measured contours of in-plane normal and shear strains are shown
in Fig. 5. For the sake of brevity, the cycle just before the failure in
J0 = 1.25 KJ/m2 case is considered. The results at four temperatures
(100, 85, 70, and 35 �C) are presented from DIC and FEA simula-
tions. At 100 �C, before extensive martensitic transformation has
begun in the entire sample, the high tensile eyy strain in the loading
direction at the crack tip is attributed to stress-induced martensitic
transformation due to the applied mechanical load and residual
strain from previous cycles. On the opposite end, where the spec-
imen experiences compression, a small region of compressive
strain is generated. The exx component in the crack growth direc-
tion, on the other hand, shows a relatively small value at 100 �C.

As the sample cooled down to 85 �C, the crack extended, and a
significant amount of tensile eyy strain is generated near the crack
tip. Additionally, as the temperature is lowered, the crack mouth
opening increases as compared to that at high temperature. Tensile
exx region at 85 �C shows modest increase as the crack tip experi-
ences increased loading due to forward phase transformation. On
the other hand, the absolute magnitude of the exy shear component
observed from DIC shows modest increase in the crack tip region
(<1% strain). With further decrease in temperature in the specimen
(70 �C), the region of near-tip tensile eyy strain increases in size due
to more material undergoing thermally induced forward phase
transformation, and the crack extends further. Moreover, the high
eyy strain region also extends towards the pinholes due to high con-
tact stresses between the sample and the pins. The exx tensile strain
at this point shows a significant increase in magnitude in a region
roughly parallel to the crack path, extending to the back of the
specimen. Compressive exx strains are generated at the top and bot-
tom faces of the specimen due to compressive loading experienced
by those regions. At 70 �C, the DIC images continue showing a
modest increase in the magnitude of the shear exy strain around
the crack tip region (�2%) in a classical ‘‘butterfly” shape where
the region above the crack tip shows positive values (up to +3%)
whereas the region below the crack tip shows negative values
(up to �3%). Subsequent decrease in temperature (35 �C) leads to
a significant increase in the size of high tensile eyy strain zone in
the near crack tip region driven by large scale phase transforma-
tion, that results in further crack extension, and is associated with
stable crack growth until the LCT was reached. Similar increase is
observed in the region of high tensile exx strain field both in front
of the crack tip and in the regions adjoining the crack faces. More-
over, the compressive exx region observed on the top and bottom
specimen faces at 70 �C extended considerably as the temperature
reached 35 �C. At this temperature, the region of prominent shear
strain exy (absolute magnitude > 4%) in DIC contours expands in
size when temperature decreases to 35 �C, maintaining a similar
distribution from higher temperatures. At this temperature even
with large tensile strains (exx and eyy) present at the crack tip, crack
growth is arrested because any further generation of transforma-
tion strain in the sample ceases and the driving force for crack
growth remains constant. Note that the crack growth arrest occurs
before reaching LCT at a slightly higher temperature (�40 �C), as
shown in Fig. 4c.
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Fig. 4. Crack extension as a function of temperature during thermal cycling of CT specimens under three different bias load levels. Experimental results: (a) Sample 1,
J0 = 11.25 KJ/m2, failed in the 1st cycle during cooling; (b) Sample 4, J0 = 2.81 KJ/m2, failed in the 7th cycle during heating; (c) Sample 5, J0 = 1.25 KJ/m2, failed in the 18th cycle
during heating. Numerical results: (d) J0 = 11.25 KJ/m2, failed in the 1st cycle during heating; (e) J0 = 2.81 KJ/m2, failed in the 9th cycle during heating; (f) J0 = 1.25 KJ/m2, failed
in the 20th cycle during heating.

S. Jape, B. Young, B. Haghgouyan et al. International Journal of Solids and Structures 221 (2021) 165–179

170



100°C 85°C 70°C 35°C

4

2

0

-2

-4

εxx (%)

6

4

2

0

-2

-4

-6

εyy (%)

(a)

(b)

(c)

(d)

(e)

(f)

εxy (%)

4

2

0

-2

-4

Fig. 5. In-plane strains (exx , eyy , exy) during the last thermal cycle before failure for J0 = 1.25 KJ/m2 case at 100 �C, 85 �C, 70 �C, and 35 �C obtained using DIC (a, c, e) and FEA
simulations (b, d, f).

S. Jape, B. Young, B. Haghgouyan et al. International Journal of Solids and Structures 221 (2021) 165–179
2.2.3. Fracture surface evolution
Micrographs were obtained using scanning electron microscopy

(SEM) to identify features on the fracture surface (Fig. 6). For the
sake of brevity, the images from one sample (Sample 3) are pre-
sented. Note that the overall fracture surface shows quasi-
cleavage features. There is also a difference in the types of fracture
surfaces of the fatigue pre-cracking and those of the actuation crack
171
growth. The fatigue pre-cracked region appears to have striations
coming in from the outside corners of the specimen and are much
smoother than the sections fractured by actuation. In contrast, the
actuation crack fracture surfaces seem much rougher and do not
have as clear of a defined crack growth direction, other than from
left to right. Higher magnification images show relatively flat frac-
ture surfaces, which is again indicative of quasi-cleavage fracture.



Fig. 6. Scanning electron microscopy (SEM) images of the fracture surface of Sample 3: (a) assembly of low magnification images to assess whole fracture surface; location of
higher magnification images and the end of the crack growth at each cycle are also marked; (b)- (d) higher magnification images taken at the points of the end of crack
growth.

crack-tip

25 mm

24 m
m

Fig. 7. Boundary value problem representing the NiTi CT specimen under exper-
imental investigation with location of the pre-crack and the predetermined
direction of crack propagation under mode-I loading.
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3. Finite element analysis

3.1. Formulation of the boundary value problem

The two-dimensional (2D) numerical boundary value problem
of a polycrystalline NiTi CT specimen with a pre-existing crack sub-
jected to thermal actuation loading, mimicking the experimental
setup in Section 2.1, has been formulated. Based on previous work
(Baxevanis et al., 2016; Jape et al., 2016a, 2016b), we used an ener-
getics based fracture criterion with the crack tip energy release
rate as a single parameter for fracture toughness. Abaqus FEA suite
was used to solve the numerical boundary value problem and to
simulate crack growth under constant mechanical load and ther-
mal actuation. The results obtained were compared with the
experimental data.

A schematic of the numerical boundary value problem formu-
lated to simulate the crack growth experiments is shown in
Fig. 7, where the geometry and overall dimensions of the CT spec-
imen are adopted from the fracture experiments. Thermoelastic
and phase transformation material properties of the NiTi SMA
are calibrated from uniaxial tensile tests on dog bone specimens
of the NiTi material used for the fracture experiments (Fig. 1). Ther-
momechanical constitutive behavior of the NiTi SMA is described
by the phenomenological model developed for polycrystalline
SMAs undergoing diffusionless solid-state phase transformations
based on a continuum thermodynamics framework (Boyd and
Lagoudas, 1996; Lagoudas et al., 2012). This material model is
implemented in the Abaqus implicit finite element solver using a
user-defined material subroutine (Abaqus Analysis User’s
Manual, 2017). Details of this model are presented in an appendix
to the paper and the material parameters used to calibrate the
model are presented in Table 2. The computational domain is sym-
metric across the fatigue pre-crack and the two crack faces are
bonded in the region representing the unbroken ligament where
crack propagation is expected to occur, and separated in the region
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where the specimen is pre-cracked (Fig. 7). Virtual crack closure
technique (VCCT), based on Irwin’s crack closure integral
(Krueger, 2004; Rybicki and Kanninen, 1977; Irwin et al., 1958),
is utilized to model mode-I crack propagation under combined
thermo-mechanical loading. Crack tip energy release rate is used
as the driving force for crack growth and is calculated from nodal
forces and displacements using VCCT (Krueger, 2004). Note that
while the simulations are performed under actuation loading path,



Table 2
Material parameters used in finite element simulations.

Parameter Value Parameter Value

EA 80 GPa Ms 67 �C
EM 62 GPa Mf 58 �C
mA 0.33 As 94 �C
mM 0.33 Af 106 �C
Hsat 6% CA 8 MPa/�C
k 0.026 MPa�1 CM 15 MPa/�C
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Fig. 8. Evolution of the crack tip energy release rate for a stationary crack obtained
from FEA simulations during complete thermo-mechanical cycling between the
lower cycle and upper cycle temperatures for J0 = 11.25, 2.81, 1.25 KJ/m2.
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the material-specific critical fracture parameter was obtained from
nominally isothermal fracture toughness experiments
(Haghgouyan et al., 2019). This assumption can be justified by rec-
ognizing that the microstructure close to the crack tip, that of ‘‘ori-
ented” martensite, either due to detwinning or stress-induced
martensite transformation, is very similar in both cases. Consider-
ing elastically deforming martensite at the crack tip, the critical
energy release rate is assumed to be equal to fracture toughness
of martensite JIc = 136 KJ/m2. Given that the crack grows in an
‘‘opening mode” under tensile load in a CT specimen, the crack
path is assumed to be parallel to the crack plane and orthogonal
to the specimen thickness. To accurately capture the crack tip
mechanical fields, a highly refined mesh is generated near the pre-
determined crack path with 2D linear, quadrilateral, plane stress
finite elements with reduced integration (CPS4R in Abaqus) and
stiffness-based hourglass stiffness. It is also worthwhile to point
out that nonlinear geometric effects due to large rotations of the
CT specimen are accounted for in the finite element model using
the NLGEOM option in Abaqus that utilizes a large displacement/
large rotation formulation (Abaqus Analysis User’s Manual,
2017). During thermomechanical loading, as the energy release
rate at the crack tip node increases during loading and reaches
the material-specific critical value, node debonding occurs and
the crack extends incrementally by the length of one crack tip ele-
ment in the predetermined direction. Further increase in the crack
driving force results in subsequent separation of crack tip nodes
and incremental propagation of the crack until there is no further
increase in the driving force.

A quasi-static analysis of thermomechanical loading of the SMA
CT sample is conducted. First, to ensure that the material is in pure
austenitic phase, a uniform temperature field of 170 �C is pre-
scribed at every material point in the CT specimen. To simulate
mode-I tensile loading condition, a constant load is applied at
one pin location and the other pin location is assumed to undergo
no displacement along any direction but is allowed to freely rotate
(Fig. 7). Pin locations represent the center of the loading pins in the
experimental setup and the top and bottom hole surfaces are kine-
matically constrained to follow the movement of these pins. Due to
the applied bias load, faces of the pre-crack open and the crack tip
experiences an elevated stress state, resulting in a small region of
stress-induced martensitic transformation (SIM). Following the
application of a constant bias load, the entire SMA specimen is sub-
jected to a temperature change from UCT (170 �C) to LCT (35 �C) at
a thermal rate low enough to maintain a uniform temperature field
in the material. Cooling of the specimen to LCT is then followed by
uniform heating back to UCT. Repeated thermal cycling between
UCT and LCT is carried out until specimen undergoes catastrophic
failure, and crack growth during each cycle is calculated. This anal-
ysis is performed for three different bias load levels corresponding
to the J0 described in the experimental section and the results are
presented in Section 4.

3.2. FE results

In the finite element simulation of crack growth, when the CT
specimen is uniformly cooled, forward phase transition gives rise
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to transformation strains in front of the crack tip which tend to
amplify crack opening and increase the driving force for crack
growth (Fig. 8). The increase in the crack tip opening displacement
during cooling and under constant force has already been reported
for NiTi in numerical simulations (Baxevanis et al., 2016) and
experiments (LePage, 2018). Large-scale phase transformation thus
increases the driving force and when it reaches a material specific
critical value, crack growth occurs (Jape et al., 2016a, 2016b).
Moreover, since crack growth occurs in regions of stress induced
martensite, fracture toughness of pure martensite, which has been
experimentally evaluated to be �136 KJ/m2 (Haghgouyan et al.,
2019); is utilized as the material specific critical value for crack
growth under actuation loading conditions. It is important to note
that crack growth is triggered during cooling in every loading case
and proceeds through single or multiple thermal cycles, depending
on the initial bias load.
3.2.1. Stable crack growth
Crack extension is plotted with respect to the uniform temper-

ature in the NiTi CT specimen during cooling in Fig. 4d-f. At
J0 = 11.25 KJ/m2 (Fig. 4d), crack growth is triggered when the tem-
perature in the specimen reaches �74 �C during cooling, and sub-
sequent cooling is required to further extend the crack. Stable
crack growth behavior can be attributed to toughness enhance-
ment resulting from transformation strains left in the wake of
the crack (Jape et al., 2016a, 2016b). Overall crack extension in
the stable crack growth regime is approximately 3 mm. Following
stable crack growth steady state is attained when uniform temper-
ature in the specimen reaches �69 �C and ultimate failure of the
specimen due to unstable crack growth occurs. When the external
bias load is J0 = 2.81 KJ/m2, the crack extension is triggered in the
first cooling cycle when temperature in the specimen reaches
approximately 69 �C (Fig. 4e). Stable crack growth is observed as
the specimen is further cooled and crack arrest occurs at 63 �C after
the crack tip has moved by a small distance (about 0.25 mm). Crack
arrest can be attributed to the saturation in driving force for crack
growth due to completion of forward phase transformation in front
of the crack tip, and subsequent initiation of phase transformation
behind the crack tip. Further cooling to LCT occurs without any
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change in state of the crack tip. As the entire specimen is then
heated to UCT, large scale reverse transformation into austenite
occurs, and no crack growth is observed during heating. During
the second cooling cycle, crack grows by approximately 1 mm
and crack growth cessation similar to that in the first thermal cycle
is observed. Specimen is again heated from LCT to UCT leading to
recovery of the transformation strains without any further crack
extension. Throughout the simulation, crack propagates through
8 complete thermal cycles, always during cooling, until final failure
due to unstable crack growth occurs in the 9th heating cycle.
Throughout the stable crack growth regime, crack extends by
approximately 6 mm. Two main features of the crack growth
response are noted: (i) the event of triggering of crack growth
occurs at a higher critical temperature, primarily due to an
enlarged initial crack at the beginning of each subsequent cycle
(Fig. 9), and (ii) the amount of crack extension in the stable growth
regime increases with each cycle.

Finally, the external bias load is further reduced to the lowest
level used in this study such that J0 = 1.25 KJ/m2. At the lowest J0,
as shown in Fig. 4f, crack growth is first triggered at �63 �C and
the crack tip moves by <1 mm during the first cooling cycle. In
the subsequent thermal cycles, crack propagates through 19 com-
plete cycles to a final length of approximately 8 mm, until failure
occurs in the 20th heating cycle. The characteristics of crack
growth response in this loading case are qualitatively similar to
that of J0 = 2.81 KJ/m2, including the trends in critical temperature
for triggering of crack extension and the amount of stable crack
growth in each cycle.
3.2.2. Strain field and martensite volume fraction
Contour plots of the in-plane normal and shear strains for the

case of constant bias load for J0 = 1.25 KJ/m2 are shown in Fig. 5.
Crack opening, as a result of the anti-shielding effect due to phase
transformation strains in front of the crack tip, is seen at low tem-
perature. Significant tensile eyy strain (6–8%) is generated in the
near crack tip area in the classical plane stress shape where the ini-
tially austenitic material undergoes stress induced martensitic
Fig. 9. Evolution of the crack growth start and finish temperatures for all three
cases. The critical crack growth start temperatures tend to increase with each cycle,
primarily due to an enlarged initial crack at the beginning of each subsequent cycle.
The critical crack growth finish temperature does not have as pronounce of an
increase in either the J0 = 1.25 or 2.81 kJ/m2 cases.
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transformation. On the opposite side of the specimen, compressive
strains are generated due to the phase transformation occurring
under a compressive stress state. These results match with those
obtained from the experimental data from DIC for all loading cases,
including for J0 = 11.25 KJ/m2 and 2.81 KJ/m2 which are not shown
for the sake of succinctness. The exx strain component shows no sig-
nificant value earlier in the cycle at 100 �C but increases to �2%
when the temperature falls to 85 �C. Further cooling of the sample
to 70 �C and then to 35 �C shows an increase in the absolute magni-
tude (�4%) and extent of the exx strain field. At lower temperatures,
due to tensile loading on the crack faces, exx shows a high magni-
tude (4%) on the crack faces, in the region close to the crack tip,
and at the opposite side of the specimen. Moreover, prominent
compressive exx strain (-4%) is observed on the top and bottom faces
of the specimen due to compressive loading in that region. These
FEA results also follow the trends observed in DIC measurements
discussed earlier. At 100 �C, FEA contours show a small concen-
trated region of exy shear component with high absolute magnitude
(>4%) near the crack tip. As the temperature reduces to 85 �C, this
region of high magnitude shear strain expands gradually behind
the crack tip, with positive values (>4%) developing below the crack
plane and negative values (<-4%) developing above the crack plane.
At 70 �C, this distribution of shear strains behind the crack tip fur-
ther expands in size. Additionally, at this point, a positive shear
strain above the crack plane and a negative shear strain below the
crack plane develop in front of the crack tip, mimicking the exper-
imental observations. Further decreasing the temperature to 35 �C
results in significant expansion of the high shear strain in front
and behind the crack tip as seen in the figure. It should be noted that
FEA results at all temperatures show significantly higher shear
strain magnitudes when compared with DIC results.

The distribution of the martensite volume fraction (n) is plotted
at the corresponding points of high (100 �C, beginning of crack
growth), intermediate (85 �C, 70 �C stable crack growth) and low
(35 �C, steady state crack growth) temperatures, in Fig. 10. Marten-
site volume fraction goes from 0 (pure austenite, blue) to 1(pure
martensite, red) when SMA undergoes forward phase transforma-
tion, and vice versa during reverse phase transformation. Transfor-
mation zone due to SIM is initially limited to a small region near
the crack tip; its size varies in each case and is proportional to
the initial bias load (Fig. 10a, b, c at 100 �C). During further cooling,
regions in front of the crack tip transform from austenite to
martensite (Fig. 10a, b, c at 85 �C). Depending on the extent of
the growing transformation zone during cooling, crack driving
force is elevated and drives further crack extension. As the crack
grows with decreasing temperature in the specimen, transformed
material is left in the wake of the crack and provides the apparent
toughening effect manifested in the form of stable crack growth
(Fig. 10a, b, c at 70 �C). Finally, when all of the material has trans-
formed into martensite, crack arrest occurs, and no crack growth is
observed until the beginning of the next cooling cycle (Fig. 10a, b, c
at 35 �C). Compressive stress at the opposite end of the specimen
also result in martensitic transformation and is shown in terms
of high values of n. It is thus obvious that the initial bias load has
a strong influence on the crack growth response and the total num-
ber of thermal cycles required to reach steady state crack growth.
Lower initial bias load results in relatively smaller zones of fully
transformed material in front of the crack tip, resulting in nomi-
nally ‘‘sub-critical” crack growth. In each thermal cycle, as cooling
of the specimen drives forward phase transformation, the crack
only grows in small increments due to insufficient increase in
the driving force, and crack propagates through multiple thermal
cycles. The contours of martensite volume fraction denoting the
zones of phase transformation show a characteristic behavior dur-
ing crack propagation and are qualitatively similar in all loading
cases examined.
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Fig. 10. The contour maps of the martensite volume fraction n (n ¼ 0 represents pure martensite phase, n ¼ 1 represents pure austenite phase, and0 < n < 1represents the
mixed phase) obtained from FEA simulations during the last cooling cycle at various temperatures in the NiTi CT specimens for: (a) J0 = 1.25 kJ/m2, (b) J0 = 2.81 kJ/m2, and (c)
J0 = 11.25 kJ/m2.

S. Jape, B. Young, B. Haghgouyan et al. International Journal of Solids and Structures 221 (2021) 165–179
4. Experimental data vs simulations and discussion

According to the experimental data and numerical results pre-
sented in the preceding sections, nearly-equiatomic NiTi speci-
mens undergo crack extension and failure during thermal cycling
within a temperature interval sufficient for reversible phase trans-
formation under a constant tensile load. Interestingly, this load
level is only a fraction of the corresponding isothermal load needed
for fracture at the higher temperature of this interval, with crack
advance taking place from the very first cooling. Thus, the observed
response may be viewed as an interrupted overload fracture rather
than fatigue and as such there is no need for an empirical relation,
such as Paris equation, to simulate crack growth. As outlined in our
previous works (Iliopoulos et al., 2017; Jape et al., 2018, 2016a,
2016b; Baxevanis et al., 2016), this material response is unex-
pected as thermal contraction during cooling, coupled with the
observed fracture toughness enhancement associated with phase
transformation under isothermal loading (Young et al., 2019), is
expected to provide crack shielding as opposed to promoting crack
extension. Crack growth is always triggered during cooling under
every bias load and the crack remains static upon further cooling
once phase transformation is completed. Furthermore, the crack
grows in every cycle following the initiation of crack advance. As
already discussed in Haghgouyan et al. (2019), the mismatch
between austenite and martensite elastic stiffness and the associ-
ated difference between their measured fracture toughness of
approximately 15% should be ruled out as the major factors con-
tributing to the observed response. Moreover, the temperature
dependence of the plastic deformation properties—the difference
between the yield strength of martensite and austenite is about
20–30%— is not sufficient to explain the low bias load levels
needed for crack advance in comparison to the isothermal load
level needed for crack growth at the beginning of cooling.
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The correlation between the experimental data and numerical
results obtained from FEA, when the overall fracture response of
the NiTi CT specimens is considered, provides confidence in the
insight gained from the constitutive response alone in our previous
numerical investigations (Jape et al., 2018, 2016a, 2016b;
Baxevanis et al., 2016). Based on those studies, cooling under
dead-load condition leads to large scale phase transformation in
front of the crack which is the main reason for the substantial
increase in the driving force for crack growth. It is only during for-
ward phase transformation that the driving force can reach a crit-
ical level and promote crack growth. Interestingly, this
phenomenon of rising crack driving force during cooling occurs
as transformation strains in front of a stationary or growing crack
experience an increase due to thermal or mechanical loading.
However, what distinguishes a growing crack tip from a stationary
crack is the toughening effect the growing crack experiences due to
transformation strains behind the crack tip, resulting in stable
crack growth. The observed stable crack growth can thus be attrib-
uted to the shielding effect of the transformed material left in the
wake of the growing crack, which results in a situation where fur-
ther cooling is required for crack extension. The shielding effect of
the transformed material in the wake of the crack is lost when the
material is heated back to austenite and, thus, subsequent cooling
results in further crack growth due to the larger crack length as
compared with the previous cycle, which explains why the crack
grows in every cycle following the initiation of crack advance. It
should be noted that as the transformation strains are recovered
during heating, both in front and behind the crack tip, the corre-
sponding shielding and anti-shielding effects, respectively, are
both progressively lost. However, the shielding is completely lost
within a smaller temperature range than that required for the com-
plete loss of anti-shielding; smaller load levels in general behind
the crack tip. Thus, even if crack growth is triggered during heating,
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as observed numerically in past analyses (Baxevanis et al., 2016;
Jape et al., 2016a, 2016b), it is very limited.

The bias load, as expected, has a significant effect on the crack
growth response of SMAs. The lower the bias load, higher the num-
ber of cycles the CT specimenundergoes before final failure and thus
lower the rate of crack growth. Numerical simulations show that the
number of cycles to final failure (9 and 20 full thermal cycles to fail-
ure for J0 = 2.81 KJ/m2 and 1.25 KJ/m2, respectively) are close to that
observed in experiments for the corresponding load levels. The
macroscopic displacement versus temperature responses are also
close, as seen in Fig. 11. Upon complete heating, it can be seen that
the load point displacement in numerical simulation returns to its
starting value whereas the load point displacement in experiments
does not. This should be attributed to TRIP strains, which are not
accounted for in the simulations but can be observed in the uniaxial
isobaric heating–cooling results in Fig. 1b. Crack extension with
respect to the cycle number is plotted in Fig. 12, both from the
experimental data and the simulation results. The crack extension
per cycle from experiments was obtained by measuring the crack
length at the LCT and subtracting the initial crack length. In
Fig. 12 a, it can be seen that themajority of the crack extensionwhen
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Fig. 12. Crack extension as a function of number of cycles for the NiTi CT samples that sh
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J0 = 2.81 KJ/m2 is linear, with a nonlinearity occurring at the very
end of the experiments, which corresponds to unstable crack
growth and ultimate failure. For the stable crack growth regime,
the average experimental crack growth rate is 0.86 mm/cycle and
the average simulation crack growth is 0.6 mm/cycle, both calcu-
lated by taking the slope of the linear portion of the crack growth
curve. For J0 = 1.25 KJ/m2 (Fig. 12b), again, it can be seen that most
of the crack growth per cycle is linear, with a deviation towards
the end, corresponding to unstable crack growth. The average
experimental crack growth rate is calculated as 0.34 mm/cycle
whereas the numerical growth rate is 0.26 mm/cycle. Experimental
data and simulation resultsmatchwell, especiallywhen J0 = 1.25 KJ/
m2 and the crack growth data is collected over a larger number of
cycles. It is important to note that if an empirical law for the crack
growth rates with respect to J0 in the austenite phase was to be cal-
ibrated, it would have been configuration dependent since the level
of increase of the driving force for crack growth due to phase trans-
formation depends on the crack geometry. Furthermore, a compar-
ison with empirical laws for fatigue crack growth under isothermal
conditions that depend on the amplitude of the driving force for
crack growth would not have been possible.
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A notable feature of the two low-bias-load cases in both the
experiments and simulations (Fig. 4) is that the final catastrophic
failure occurs during heating (7th/9th and18th/20th heating cycles
in the experiment and simulation, respectively) after stable crack
growth proceeds through multiple cooling cycles. One possible
explanation for this peculiar behavior is that the loss of beneficial
shielding during heating-induced reverse phase transformation
that begins behind the crack tip promotes crack growth and failure
(Jape et al., 2015). As discussed previously, recovered transforma-
tion strains in the wake of the crack tip result in an anti-
shielding effect on the crack and tend to open it. This anti-
shielding effect results from the slight increase in the crack driving
force observed during heating of infinite medium SMAs with a cen-
ter crack (Jape et al., 2016a, 2016b), although the driving force for
SMA CT specimen with an initial crack (Fig. 8) does not show this
increase during heating. It is, however, likely that after the crack
has grown substantially (by 8–9 mm, in this case), stress redistri-
bution near the crack tip during heating leads to sudden increase
in the crack driving force and subsequent anti-shielding effect
causes the catastrophic failure. From an experimental point of
view, other effects arising from sharp temperature gradients, mate-
rial processing defects, or structural instabilities are also some
likely causes for the unusual failure of the specimen. On the other
hand, from a numerical perspective, a sudden increase in crack
driving force beyond the specified tolerance due to stress redistri-
bution during heating can result in numerical instabilities and fail-
ure. To properly characterize the catastrophic failure of SMAs
subjected to thermomechanical loading, this phenomenon needs
further attention from both experimental and simulation efforts
and will be addressed in follow-up studies.
5. Summary and conclusions

In this paper, stable crack growth in SMAs, thermally cycled
under a constant bias load (i.e., so-called actuation loading), is
observed for the first time. The observed response is multiple-
cycle actuation-induced overload crack growth rather than actua-
tion fatigue crack growth. In all experiments, the bias loads are
chosen so that crack advances during the very first cooling cycle.
For every thermal cycle, crack growth occurs during cooling once
the sample reaches a specific temperature. Crack growth then
ceases at a lower temperature and the crack remains static upon
further cooling. In some experiments crack growth was also
observed during heating just before failure.

Numerical simulations based on the recently measured fracture
toughness of NiTi show good agreement with the experimental
results and provide confidence on the insight provided in the actu-
ation fracture response of SMAs on the basis of the constitutive
model. As the material is progressively cooled, pronounced phase
transformation in front of the crack tip results in elevated driving
force that triggers crack advance. Stable crack growth results from
the shielding effect provided by the transformed material left in
the wake of the growing crack (due to the Clausius-Clapeyron rela-
tion, the material in front of the crack transforms first during cool-
ing). Thus, phase transformation plays a dual role on the crack
growth kinetics by raising the driving force for crack growth when
occurring in a fan in front of the crack tip and providing a shielding
effect when occurring behind this fan.
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Appendix

SMA constitutive model

The phenomenological constitutive model used for the analysis
in this paper captures the behavior of stabilized diffusionless solid-
to-solid phase transformation in polycrystalline SMA materials
(Boyd and Lagoudas, 1996; Lagoudas et al., 2012). This model is
developed within the framework of continuum thermodynamics
adopting a classical small-strain rate independent formulation for
the evolution of transformation strains and an isotropic elastic
response. The derivation of this model begins with the choice of
a thermodynamic free energy potential (Gibbs free energy is cho-
sen for this model) and complementary independent internal and
external state variables (see (Lagoudas et al., 2012) for more
details). Some relevant features of the constitutive model are pre-
sented here.

The incremental total strain tensor, deij, is given as follows:

deij ¼ Sijkldkl þ dSijklrkl þ detij;

where rij and etij are the Cartesian components of the stress tensor
and the transformation strain tensor, respectively, and Sijkl are the
components of the current elastic compliance tensor. The depen-
dence of this current compliance tensor on the martensite volume
fraction n is given as,

Sijkl ¼ 1� nð ÞSAijkl þ nSMijkl;

where SAijkl and SMijkl are the components for the austenite and
martensite compliance tensors. Due to the assumption of elastic
anisotropy for the pure austenite and martensite phases, the
expression for the individual compliance tensors can be written as,

Saijkl ¼ 1þ mað Þ=2ma dildjk þ dikdjl
� �� va=Eað Þdijdkl;

where a stands for A when austenite and M when martensite, Ea
and ma are the Young’s modulus and Poisson’s ratio, and dij is the
Kronecker’s delta. The evolution equation for the transformation
strain can now be defined as a function of n as,

detij ¼ Kijdn

where Kij ¼ Kfwd
ij for forward phase transformation or dn > 0; and

Kij ¼ Krev
ij for reverse phase transformation or dn < 0. The compo-

nents of the direction tensor Kij are defined as,

Kfwd
ij ¼ 3

2
Hcur r

0

r

Krev
ij ¼ etij

n
sij

where Hcur is the uniaxial transformation strain magnitude at com-

plete phase transformation, r ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3
2r

0 : r0
q

is the von Mises equiva-

lent stress, and r
0 is the deviatoric part of the stress tensor. During

forward transformation, the orientation of the transformation strain
is determined by the direction of the applied stress, which moti-
vates the selected J2 form of the direction tensor (Lagoudas et al.,
2012). On the other hand, during reverse phase transformation,
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the direction and magnitude of the transformation strain is gov-
erned by the average orientation of the martensite at the cessation
of partial or full transformation.

Since SMAs do not exhibit a constant maximum transformation
strain at all stress levels, the current level of the transformation
strain Hcur can be described as a decaying exponential function
dependent on the minimum transformation strain Hmin, the ulti-
mate transformation strain magnitude at high stress levels Hsat , a
critical stress level rcrit , and a rate parameter k:

Hcur rð Þ ¼
Hmin; r � rcrit;

Hmin þ Hsat�Hminð Þ 1� e�k r�rcritð Þ� �
; r > rcrit

(

During phase transformation, not unlike J2 plasticity, the trans-
formation surface is defined as follows:

U ¼ 0;U ¼ Ufwd ¼ pfwd � Y0;dn > 0;
Urev ¼ �prev � Y0; dn < 0;

(

where pfwd and prevare the thermodynamic driving forces for for-
ward and reverse phase transformation, respectively, and Y0 is the
critical thermodynamic force for transformation. The driving forces
during forward and reverse transformation can be written as:

pfwd ¼ rijK
fwd
ij þ 1

2
DSijklrijrkl þ qDs0T � qDu0 � f fwd

prev ¼ rijK
rev
ij þ 1

2
DSijklrijrkl þ qDs0T � qDu0 � f rev

where

f fwd ¼ 1
2
a1 1þ nn1 � 1� nð Þn2� �þ a3

f rev ¼ 1
2
a2 1þ nn3 � 1� nð Þn4� �� a3

The functions f fwd and f rev describe the hardening behavior dur-
ing forward and reverse phase transformation, respectively, s0 is
the specific entropy, u0 is the specific internal energy, q is the den-
sity, and D denotes the difference in properties betweenmartensite
and austenite states, and n1;n2;n3;n4 are modeling parameters
with real number values in the interval (0,1] and are determined
from experimental measurements.

Given these SMA material constitutive relations, the following
model parameters need to be calibrated from experimental mea-
surements: (a) the elastic parameters of austenite and martensite
(EA, EM , tA, tM), (b) parameters for the functional form of the trans-
formation strain Hcurðk;HsatÞ, and (c) six parameters that character-
ize the martensitic phase transformation (qDs0;qDu0,
a1;a2;a3;Y0). This also results in the calibrated parameters: Ms,
Mf , As, Af being the martensite-start, martensite-finish, austenite-
start, and austenite-finish transformation temperatures, respec-
tively, and CM , CA being the forward and reverse transformation
slopes on the stress–temperature phase diagram. Once properly
calibrated, the constitutive model can then be utilized to model
the behavior of SMAs under a range of thermomechanical loading
conditions.
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