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Polymeric flow through porous media is relevant in industrial applications such as

enhanced oil recovery, microbial mining, and groundwater remediation. Biological

processes such as drug delivery and the transport of cells and particles in the body

also depend on the viscoelastic flow through porous matrix. Large elastic stresses

induced due to confined geometries can lead to elastic instability for the viscoelastic

fluid flow through porous media. We have numerically studied viscoelastic flow

through a channel having two closely placed cylinders to investigate pore scale elastic

instabilities. We have discovered three distinct flow states in the region between the

cylinders. These flow states are closely coupled with the topology of the polymeric

stress field. The transition between the flow states can be identified with two critical

Weissenberg numbers (Wicr1 and Wicr2), where the Weissenberg number (Wi) is the

ratio of elastic to viscous forces. At Wi < Wicr1, the flow is stable, symmetric and

eddy free. For Wicr1 < Wi < Wicr2, eddies form in the region between the cylinders.

We have measured the area occupied by the eddies for different flow conditions and

fluid rheological parameters. At Wi > Wicr2, the eddy disappears and flow around

the cylinders becomes asymmetric. We have quantified the flow asymmetry around

the cylinders for different flow rates and fluid rheology. We have also studied the

effect of cylinders’ diameter and separation on eddies’ size (Wicr1 < Wi < Wicr2) and

flow asymmetry (Wi > Wicr2). We have also investigated the effect of fluid rheology

and cylinders’ diameter and separation on the value of critical Weissenberg numbers.

I. INTRODUCTION

Viscoelastic fluids exhibit a mechanical response between elastic solids and viscous fluids

due to the presence of polymeric chains or microscopic elastic filaments [1, 2]. The vis-

coelastic fluid flow through porous media has important industrial applications in enhanced
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oil recovery (EOR) [3], groundwater remediation [4, 5] and biofilm formation [6]. The ad-

dition of polymers in displacing fluids enhances crude oil recovery [7–12] through different

mechanisms [13–15]. Biofilms mechanically behave like viscoelastic materials [16, 17] and

the dynamics of biofilms in porous media has important applications in the fields of wa-

ter treatment, microbial mining, and bioremediation [18–20]. The flow of complex fluids

through porous media is also important in biological processes, like drug delivery [21, 22],

the transport of cells during mammalian reproduction [23] and the trapping of particles on

ciliary surfaces inside the body [24, 25]. The presence of polymers in fluid creates strong

elastic stresses in the confined geometries [26], which leads to strong spatiotemporal fluc-

tuations of the flow (i.e., elastic instability) in porous media above a critical Weissenberg

number even at negligible inertia [13, 27–29]. The Weissenberg number is a dimensionless

number, which characterizes the relative importance of elastic and viscous forces [30].

The porous matrix is made of large empty spaces (i.e., pore) surrounded by obstacles,

and these empty spaces are connected with each other through narrow throats. The study

of viscoelastic flow through isolated constriction and cross-slot geometries gives some in-

sight into the pore scale flow dynamics in the throat and the pore-body of porous media,

respectively [31]. Similarly, the flow around a confined cylinder sheds light on the flow

dynamics close to the solid grains and obstacles present in porous media [31, 32]. Elastic

instabilities often lead to the formation of unstable eddies upstream of the constriction to

relax the extensional stresses [26, 33–35]. The accumulation of elastic stresses leads to the

formation of multiple flow states inside cross-slot geometries [36–41]. The viscoelastic fluid

flow around a confined cylinder exhibits different flow behaviors depending on the blockage

ratio (BR), where BR is the ratio of cylinder diameter to channel width. At a large blockage

ratio (i.e., BR > 0.5), viscoelastic instability occurs upstream of the cylinder and unstable

eddies form similar to viscoelastic flow through the constriction [42–47]. Whereas at a small

blockage ratio, instability occurs downstream of the cylinder, and viscoelastic fluid exhibits

flow asymmetry around the cylinder due to the formation of long elastic wake [32, 48–52].

The presence of successive interconnected and closely spaced pores and obstacles in re-

alistic porous media strongly affects the flow dynamics [14, 29, 53–65]. For the flow of

polymeric fluids through dense pores, polymeric chains do not have enough time to relax

before reaching the next pore due to faster advection than relaxation. The Deborah number

(De) is used to represent the ratio of polymeric chains’ relaxation to the advection time scale,
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and viscoelastic interaction between two pores is expected for De ≥ 1. To study viscoelastic

interaction among the pores and obstacles of porous media, the channels consist of a series

of expansions-constrictions [26, 31, 66–68] or the array of cylinders [49, 69–72] are generally

used as a 1D model of porous geometry [53]. An experimental study of polymeric flow

through the channel consisting of two closely placed cylinders with a small blockage ratio

(BR = 0.12) exhibits a bistable flow state, where the formation of eddies occurs in the region

between the cylinders above a critical Weissenberg number [70]. The flow of polymeric fluid

through a channel consisting of multiple converging and diverging constraints (BR = 0.8) ex-

hibits bistability, where each pore switches stochastically between eddy dominated to eddy

free flow state [35]. The detailed numerical analysis of viscoelastic flow through converging-

diverging channel uncovers that the accumulation of elastic stresses as the polymers advect

through successive pores creates streaks of high polymeric stress [26]. These streaks resist

the flow crossing the region of high polymeric stress and act as a membrane which induces

flow separation. The flow separation inside the pore leads to the formation of eddies in the

different parts of the pore, which induces multiple persistent flow states (i.e., multistability)

inside the pores [26].

Here, we have numerically studied the elastic instabilities in a channel having a pair

of closely placed cylinders and uncovered the mechanism of forming multiple stable flow

states. We have calculated the local polymeric stress field and discovered a close coupling

between the flow state and the topology of the polymeric stress field. Further, we have

calculated the local value of Pakdel-McKinley (M) number [73, 74], which gives the location

of the sensitive zone inside the channel, where the elastic instability is likely to occur. We

have investigated the effect of fluid rheology, blockage ratio, and the separation between the

cylinders on the instabilities. We have also measured the transverse transport of fluid in the

region between the cylinders, which helps to explain the enhanced transverse dispersion in

porous media [63, 64]. This paper has been written in celebration of Prof. Robert Byron

Bird’s extraordinary contributions on dynamics of polymeric liquids.

II. PROBLEM SETUP AND GOVERNING EQUATIONS

In this work, we have numerically studied the viscoelastic flow through a channel with a

pair of closely placed cylinders and investigated the elastic instabilities in the region between
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FIG. 1: The schematic of geometry used for numerical simulations. d = 160µm is the

diameter of the cylinder and ls = 2d is the center to center distance between cylinders.

w = 0.4 mm and l = 4 mm are width and length of the channel, respectively.

two cylinders. The schematic of the geometry used in the simulations has been shown in

Fig. 1. The cylinders are located at the center of the channel, and the length of the channel

(l) is much larger than the channel’s width (w) and cylinders’ diameter (d).

The transient flow field of incompressible polymeric solutions through the channel can be

described by the conservation of mass and momentum:

∇ · u = 0, (1)

ρ

(
∂u

∂t
+ u · ∇u

)
= −∇p+∇ · τ , (2)

where ρ, u and p are fluid density, flow field and pressure field, respectively. τ denotes the

total stress tensor, which has the solvent contribution τs and the polymer contribution τp,

τ = τs + τp. The solvent stress tensor, τs, for Newtonian solvents can be calculated as

τs = ηs(∇u+∇uT ), where ηs is the solvent viscosity. Here, we choose FENE-P constitutive

model to describe the extra stresses due to the presence of polymeric chains (τp) as FENE-P

captures both elasticity and shear-thinning behaviors and includes the finite stretching of

the polymeric chains [26, 59, 75–77]. The FENE-P constitutive equation can be given as:

τp +
λ

f

∇
τ p =

aηp
f

(∇u +∇uT )− D

Dt

(
1

f

)
[λτp + aηpI], (3)

where λ and I are the relaxation time of the polymer and identity tensor, respectively.

D
Dt

= ∂
∂t

+u·∇ represents the material derivative of the field. ηp is the polymeric contribution

to zero-shear rate viscosity, η = ηs+ηp, where η is the total viscosity of the solution at zero-
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shear rate. Function f can be written as:

f(τp) =
L2 + λ

aηp
tr(τp)

L2 − 3
, (4)

where a = L2/(L2− 3). The extensibility parameter, L2 = 3R2
0/R

2
e, measures the maximum

stretching of the polymer chains, where R0 and Re are the maximum allowable length and

the equilibrium length of the polymeric chain, respectively [75–78]. The FENE-P model

reduces into an Oldroyd-B constitutive model in the limit of L2 →∞, which is an excellent

model of constant viscosity highly elastic fluids (i.e., Boger fluid[79]) in shear flows [80]. A

typical value of the parameter L2 found in the literature for FENE-P model is in the range

of 10-1000 [26, 59, 75, 81, 82]. The hat operator (∇) used in equation 3 denotes the upper

convective time derivative and is given by:

∇
τ p =

Dτp
Dt
− τp · ∇u−∇uT · τp. (5)

The numerical simulations are performed using an open-source framework OpenFOAM

[83] integrated with viscoelastic solver RheoTool [84]. The equations are discretized in

OpenFOAM [83] using the finite volume method. The log-conformation method has been

used to calculate the polymeric stress tensor with higher accuracy and robustness, where

the equations are solved for the logarithm of conformation tensor (Θ) instead of τp [84, 85].

The log-conformation approach ensures the positive definiteness of the conformation tensor,

which is essential for the numerical stability at high Weissenberg numbers [86, 87]. The

polymeric stress tensor (τp) can be calculated using the log-conformation tensor (Θ) as:

τp =
ηp
λ

(feΘ − aI). (6)

The details of the numerical implementations and the code validations are given in the

previous studies [84, 88]. This tool has been successfully used to study viscoelastic insta-

bilities in different geometries [26, 59, 89]. Here, we perform two-dimensional numerical

simulations assuming an incompressible and isotropic polymeric fluid. A uniform profile of

velocity, null value of polymeric stress tensor (τp) and zero-gradient of pressure have been

imposed as boundary conditions at the inlet of the channel. For the boundary conditions at

the walls and the surface of cylinders, we use no-slip and no-penetration boundary condition

for velocity, linear-extrapolation for polymeric stresses and zero normal gradient for pres-

sure [84]. At the outlet, a zero-gradient boundary condition has been used for velocity and
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polymeric stress, whereas a constant value has been prescribed for pressure (p = 0). The

effect of inlet and outlet boundary conditions on the cylinders is not expected as cylinders

are at the center of a long channel.

The Reynolds number (Re) and Weissenberg number (Wi) are relevant dimensionless

numbers in this study. The Reynolds number represents the relative importance of inertial

and viscous forces, and can be given as Re = ρUind/η, where Uin is the inlet velocity. The

effect of inertia is negligible in this study as Re < 0.006 (Table I). The Weissenberg number

represents the ratio of elastic to viscous forces and following the literature related to the

study of cylinder, we define it as Wi = λUin/d [32, 48, 70]. The range of Wi considered

in this study is Wi = 0− 5 (Table I). The elasticity number (El) represents the ratio of

elastic to inertial forces and can be given as El = Wi/Re = λη/ρd2. El is independent of the

flow condition and only depends on the fluid properties and geometry length scale. In the

present study, elastic forces dominate over the inertial forces as El ≈ 780 >> 1 (Table I).

The Deborah number (De = λUin/ls) can be defined to represent the ratio of relaxation to

the advection time scale of polymeric chains in between the cylinders, and its value lies in the

range of De = 0.3− 3 (Table I) in this study. We define β = ηs/(ηs + ηp) to characterize the

strength of shear thinning of the fluid. We have used λ as the characteristic time scale and

Uin as the characteristic velocity scale to normalize time (t) and velocity (u) throughout the

study. We have normalized the polymeric stress and pressure with the viscous stress scale

(ηUin/d). We have used the pressure drop across the channel as a simple metric to estimate

the start-up transient time of the simulation [26] (see Appendix). Fully developed elastic

instability occurs for dimensionless time t > 5 (Appendix). We have performed simulations

for the maximum dimensionless time tmax = 20 and time interval t = 10 − 20 to calculate

the statistics. tmax used in the simulations is sufficient for the convergence of the statistics.

ρ λ ηs ηp Uin L2

1000 kg/m3 1 s 1 mPa.s 4− 39 mPa.s 0.1− 0.75 mm/s 100-1000

TABLE I: The value of different parameters used in the present study.
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FIG. 2: Streamlines and the magnitude of the velocity field at (a) Wi = 0.62, (b)

Wi = 1.88 (Multimedia view) and (c) Wi = 3.12 for the viscoelastic fluid flow through a

channel having two cylinders. (d-f) The trace of polymeric stress tensor for the flow states

shown in the top panel. Other parameters are β = 0.05, L2 = 1000 and t = 17.5. The flow

achieves steady state for Wi = 0.62.

III. RESULTS AND DISCUSSION

We have studied different flow states induced by elastic instabilities for viscoelastic fluid

flow in a channel containing two cylinders aligned with the incident flow direction (Fig. 2).

The viscoelastic fluid flow exhibits three distinct states between two cylinders, which can

be distinguished by two critical Weissenberg numbers (Wicr1 and Wicr2). At Wi < Wicr1,

the flow is stable, symmetric and eddy free due to negligible inertia and inadequate elastic

stress (flow state type-1) (Fig. 2a). For Wicr1 < Wi < Wicr2, the eddies appear between two

cylinders (type-2) (Fig. 2b (Multimedia view)). This flow state has also been reported in a

previous experimental study [70]. At Wi > Wicr2, the eddy between the cylinders disappears

however the flow becomes asymmetric (type-3) (Fig. 2c). The flow states between the

cylinders are closely coupled with the polymeric stress field [26]. The trace of polymeric

stress tensor (tr(τp)) physically represents the stretching of the polymeric chains. The streak

of high tr(τp) resists the flow crossing the high stress region and leads to flow separation [26].

The flow of polymeric fluid around the cylinder creates an elastic wake behind the cylinder
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[32, 48]. At Wi > Wicr1 for the channel of closely placed cylinders, the elastic wake produced

by the front cylinder interacts with the second cylinder (Fig. 2). For Wicr1 < Wi < Wicr2,

the elastic wake behind the front cylinder bifurcates and creates two symmetric branches,

which extend up to the rear cylinder and encircle the space between the cylinders (Fig.

2e). The region encircled by the streaks of tr(τp) is disconnected from the primary flow,

which leads to the flow separation and the formation of eddies in between the cylinders

(Fig. 2b). At Wi < Wicr1, the streak of high tr(τp) does not form (Fig. 2d). Therefore, the

flow separation and the formation of eddy between the cylinders do not occur (Fig. 2a). At

Wi > Wicr2, the streak of high tr(τp) is asymmetric and it has a single branch connecting the

cylinders (Fig. 2f). This leads to asymmetric flow around the cylinders, and the formation

of eddy between the cylinders does not occur (Fig. 2c).

FIG. 3: The contours of (a) tensile stress along the streamline (τ11), (b) streamline

curvature (κ), (c) velocity field (U) and (d) shear rate (γ̇) at Wi = 1.25 for β = 0.05 and

L2 = 1000. τ11, κ, U and γ̇ are normalized with ηUin/d, 2/d, Uin and Uin/d, respectively.

These contours correspond to steady state (t = 17.5).

The Pakdel-McKinley (M) condition [73, 74] is a successfully used criterion to infer the

insight of geometry dependent elastic instabilities [29, 41, 48, 90]. The Pakdel-McKinley

(M) number is the square root of the product of relevant Weissenberg number and Deborah

number, and the criterion of purely elastic instability has been characterized as [73, 74]:
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FIG. 4: The contours of Pakdel-McKinley (M) parameter at (a) Wi = 0.62 and (b)

Wi = 1.25 for β = 0.05, L2 = 1000 and t = 17.5. White circles indicate the region of

maximum value of M (Mmax). The reported value of Mmax is the mean and standard

deviation obtained over 3× 3 (≈ 2.44 µm2) pixel area centered at the point of maximum

value of M [41]. The values of Mmax are Mmax = 5.28± 1.64 for Wi = 0.62 and

Mmax = 6.6± 2.61 for Wi = 1.25.

M =

[
τ11
ηγ̇
λUκ

]1/2
>Mcrit, (7)

where τ11 and γ̇ are the local tensile stress along the streamline direction and the magnitude

of the shear rate, respectively. U is the magnitude of the local velocity field and κ is the

local curvature of streamline. τ11 can be given as, τ11 = t · τ · t, where t is the unit tangent

vector along the streamline. The details of calculation of τ11 and κ can be found in previous

papers [41, 90]. The contours of different components of M parameter have been shown in

Fig. 3 . There are multiple streaks of small values of curvature and points of small values

of shear rate. We plot the contours of M parameter at Wi < Wicr1 in Fig. 4. The streaks of

small values of M correspond to the small value of nominator (τ11, κ,U), whereas the regions

of high M value coincide with the small value of denominator (γ̇). The maximum value
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of M (Mmax) occurs in the top region of the rear cylinder at Wi = 0.62 < Wicr1 (Fig. 4a).

However, the location of Mmax at Wi = 1.25 < Wicr1 has shifted to the region in between

the cylinders (Fig. 4b). This indicates that the region in between the cylinders is critical

and sensitive to elastic instability at Wi = Wicr1. Therefore, the formation of new flow state

(type-2) at Wicr1 < Wi < Wicr2 occurs due to elastic instability in the region between the

cylinders. We plot Mmax at different Wi (< Wicr1) in Fig. 5. The reported value of Mmax

is the mean value of M over a square of 3 × 3 (≈ 2.44µm2) pixel area centered at the point

of the maximum value of M [41]. The location of Mmax abruptly changes from the side of

rear cylinder to the region between the cylinders at WiM = 1.02± 0.08. The change of the

location of Mmax also causes the non-monotonic trend of Mmax as Wi increases (Fig. 5).

FIG. 5: The value of Mmax for different Wi (< Wicr1) at β = 0.05, L2 = 1000 and t = 17.5.

We have measured the area occupied by the eddies in between the cylinders (i.e., Fig.

2b) for different flow rates and fluid rheological parameters. Fig. 6a depicts the probability

density function (PDF) of normalized eddies’ area (Aeddy) for different Wi for a given fluid

rheology, where dls has been used to normalize Aeddy. For Wi < Wicr1 or Wi > Wicr2, the

formation of eddy between the cylinders does not occur, therefore Aeddy ≈ 0 (Fig. 6a).

The probability distribution of Aeddy for Wicr1 < Wi < Wicr2 shows that the mean and the

standard deviation of Aeddy increase as Wi increases. The power spectral density (PSD)

of Aeddy is higher for larger Wi (Fig. 6b), which shows that the strength of the temporal

fluctuation of Aeddy increases with Wi. To quantify the value of critical Wi of the flow state
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(a) (b)

(c)

FIG. 6: (a) Probability density function of normalized eddies’ area (Aeddy) between the

cylinders for different Wi for β = 0.05 and L2 = 1000. (b) Power spectral density of Aeddy

for β = 0.05 and L2 = 1000. (c) Mean of normalized eddies’ area for different fluid

rheological parameters. The standard deviations of Aeddy have been shown using error bars

at the data points. The area occupied by eddies has been normalized with dls.

transition, we have plotted the mean of Aeddy in Fig. 6c. The critical Wi of the transition

of the flow states can be identified based on the onset of increase/decrease of Aeddy. The

critical points of the transition of flow states for the fluid of rheological properties β = 0.05

and L2 = 1000 are Wicr1 = 1.4± 0.16 and Wicr2 = 2.34± 0.16. We also explore the effect of

fluid rheology on the critical Wi. There is no significant effect of fluid rheology on Wicr1.
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However, the value of Wicr2 increases as the value of L decreases or β increases (Fig. 6c).

In fact, we do not see the second transition of the flow state (i.e., Wicr2) at β = 0.2 and

L2 = 1000 for the range of Wi explored in this study. The second transition of the flow

state (i.e., Wicr2) depends on the stability of symmetric branches of elastic wake (Fig. 2e).

Strong shear-thinning (low β) destabilizes the elastic wake and hence the eddies between the

cylinders. Therefore, Wicr2 decreases as the strength of shear-thinning of fluid increases (i.e.,

β decreases). The destabilizing effect of shear-thinning has also been seen for a viscoelastic

flow around a single confined cylinder [48]. The maximum stretching of polymeric chains

increases as L increases, which implies a higher elastic stress at large L. Elastic stress has

destabilizing effect on the flow, therefore, Wicr2 decreases as L increases.

(a) (b)

FIG. 7: Mean (µ) and standard deviation (SD, σ) of Aeddy at Wi = 1.88 for different values

of (a) β and (b) L.

Further, we have explored the effect of β and L on Aeddy (Fig. 7a and 7b). As the

polymeric contribution in the fluid’s zero-shear viscosity (η) increases (i.e., β decreases), the

mean of Aeddy decreases, whereas the standard deviation of Aeddy increases (Fig. 7a). This

indicates that the presence of large proportion of polymer destabilizes the eddies in between

the cylinders. Therefore, the value of Wicr2 increases as β increases ( Fig. 6c). Fig. 7b

depicts that both the standard deviation and the mean of Aeddy increase as the value of L

increases, which also supports the increase of the value of Wicr2 as L decreases (Fig. 6c).

As depicted in Fig. 2c, the flow passing the cylinders becomes asymmetric for Wi > Wicr2.
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(a) (b)

FIG. 8: (a) Flow asymmetry parameter of front cylinder (I1) for different Wi and fluid

rheological parameters. (b) Difference between the asymmetry parameter of front and rear

cylinders (I1 − I2) for different Wi and fluid rheological parameters.

To quantify this flow asymmetry, we define the asymmetry parameter (I) as:

I = (Qupper −Qlower)/(Qupper +Qlower), (8)

where Qupper (Qlower) is the flow rate through the gap between the cylinder and upper

(lower) wall. The value of I varies from I = 0 for perfectly symmetric flow to I = ±1 for the

flow passing through either upper or lower gap only. We have calculated the value of the

asymmetry parameter (I1) for the front cylinder for different flow rates and fluid rheological

parameters (Fig. 8a). The flow becomes asymmetric for Wi > Wicr2, and the majority of

the fluid passes through either top or bottom gap. For β = 0.2 and L2 = 1000, the second

transition does not happen, therefore asymmetry parameter remains I1 ≈ 0. In Fig. 2c, we

also notice that a small fraction of fluid crosses the region between the cylinders and leads

to transverse transport of the fluid. We have plotted the difference between the asymmetry

parameter of the front and rear cylinders (I1 − I2) to quantify the transverse transport of

the fluid in the region between the cylinders (Fig. 8b). There is a net transverse transport

of fluid in between the cylinders for asymmetric flows, which can explain the increase of

transverse dispersion reported in the experiments for polymeric flows through ordered porous

media [63, 64]. For β = 0.05 and L2 = 400, we do not see a sharp increase of I1 or I1 − I2,

because there is a range of Wi in which the transition from the flow state of type-2 to
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type-3 occurs and in this transition range, both flow states can coexist. We have plotted

streamlines at different instances for Wi = 3.12, β = 0.05 and L2 = 400 in Fig. 9. The flow

around the cylinders remains symmetric for the formation of eddies between the cylinders

(Fig. 9a). However, the formation of smaller eddies in between the cylinders may occur for

slightly asymmetric flow around the cylinders (Fig. 9b). Thus, the flow state at Wi = 3.12,

β = 0.05 and L2 = 400 (Fig. 9) is transient, where the flow state shown in Fig. 9b is the

fusion of type-2 and type-3 flow state. For β = 0.2 and L2 = 1000, the nonzero values of

I1 − I2 are the result of the formation of amalgam flow state of type-2 and type-3 (Fig. 9b).

This is also responsible for a larger standard deviation of Aeddy in Fig. 6c for some fluids.

FIG. 9: The streamlines and the magnitude of velocity field at different time instances for

Wi = 3.12, β = 0.05 and L2 = 400. (a) Symmetric flow around the cylinders and the eddy

formation in between the cylinders (type-2 flow state). (b) Asymmetric flow around the

cylinders along with the eddy formation in between the cylinders.

Next, we study the effect of cylinder diameter (d) and the separation between the cylin-

ders (ls) on the elastic instability. In Fig. 10a, successively we have changed the diameter

and the separation between the cylinders and have plotted Aeddy for different Wi. First

we have changed the diameter of cylinders (d̄ = d/w = 0.2), while keeping the ratio be-

tween the cylinders’ separation (ls) and diameter (d) unchanged (ls = 2d). Wicr1 is not

affected by the change in cylinder diameter, whereas the value of Wicr2 has increased from

Wicr2 = 2.34± 0.16 to Wicr2 = 3.28± 0.16. The value of Aeddy also increases as the diameter

of cylinders decreases. As the diameter of cylinders decreases the absolute value of ls also de-

creases, because ls = 2d. A smaller separation between the cylinders stabilizes the streaks of

tr(τp), therefore Aeddy and Wicr2 increases as the separation between cylinders decreases (i.e.,

d decreases) (Fig. 10a). The value of critical Wi required for the flow asymmetry around
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(a)

(b) (c)

FIG. 10: Mean of (a) Aeddy, (b) I1 and (c) I1 − I2 for different Wi for varying diameter and

separation of cylinders. Other parameters are β = 0.05 and L2 = 1000. Cylinder diameter

in the legend has been normalized with the channel width (d̄ = d/w).

a single confined cylinder also increases as the cylinder diameter decreases [48]. Next, we

change only the separation between the cylinders (ls = 3d) and keep cylinders’ diameter

unchanged (d̄ = 0.4). Here, we notice the transition of flow state directly from type-1 to

type-3 and type-2 flow state does not exist. The streaks of tr(τp) become unstable as the
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separation between cylinders increases and the formation of stable symmetric branches of

tr(τp) in between the cylinders (Fig. 2e) does not occur. Therefore, the eddy formation in

between the cylinders does not occur. We have plotted the streamlines and the contours

of velocity field for ls = 3d in Appendix. We have also explored the effect of diameter and

separation of cylinders on I1 (Fig. 10b) and I1 − I2 (Fig. 10c). The transverse transport

(I1 − I2) of fluid in between the cylinders increases as the separation between the cylinders

increases (Fig. 10c).

IV. CONCLUSIONS

The viscoelastic fluid flow through porous media is essential for enhanced oil recovery

and groundwater remediation. We have numerically studied viscoelastic flow through a

channel consisting of a pair of closely placed cylinders to shed light on the pore scale elastic

instability in porous media. Viscoelastic instabilities induce three distinct flow states in the

region between the cylinders, which can be classified by two critical Weissenberg numbers

(Wicr1 and Wicr2), where Weissenberg number (Wi) represents the ratio of elastic to viscous

stresses. The formation of streaks of high polymeric stresses induces different flow states in

the region between the cylinders. At Wi < Wicr1, the flow is steady and symmetric due to

negligible inertia. For Wicr1 < Wi < Wicr2, the eddy formation occurs in the region between

the cylinders and the area occupied by eddies (Aeddy) increases as Wi increases. The mean

of Aeddy decreases as the shear thinning effect increases (i.e., β = ηs/(ηs + ηp) decreases),

whereas the standard deviation of Aeddy increases with increasing the strength of shear

thinning effect. At Wi > Wicr2, the flow around the cylinders becomes asymmetric, and

there is a net transverse transport of fluid in the region between the cylinders. We do not

find any significant effect of fluid rheology on Wicr1, whereas the value of Wicr2 increases as

the shear-thinning strength or the extensibility of polymeric chains decreases. The value of

Wicr2 also increases as the separation between the cylinders decreases.
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VI. APPENDIX

A. Start up transient regime

The simulation’s start up transient behavior occurs for t < 5 and the instability becomes

fully developed for t > 5 as the pressure drop across the channel fluctuates around a well

defined mean (Fig. 11).

FIG. 11: Dimensionless pressure difference across the channel at Wi = 1.88 for β = 0.05

and L2 = 1000.

B. The streamlines and velocity field at cylinders’ separation ls = 3d

The stability of eddies decreases as the separation between cylinders increases and hence

the viscoelatic flow exhibits only two flow states at ls = 3d (Fig. 12)
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FIG. 12: (a,b) The streamlines and the magnitude of velocity field for different Wi for

ls = 3d. (c,d) The trace of polymeric stress tensor for the flow states shown in the top

panel. Other parameters are β = 0.05, L2 = 1000 and t = 17.5.

VII. DATA AVAILABILITY

The data that supports the findings of this study are available within the article and its

supplementary material.
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