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Abstract

A classical problem in causal inference is that ofnatching, where treatment units need
to be matched to control units based on covariate information. In this wotk, we propose a
method that computes high quality almost-exact matches for high-dimersional categorical
datasets. This method, calledFLAME (Fast Large-scale Almost Matching Exactly), learns
a distance metric for matching using a hold-out training data set. In order to perform
matching e ciently for large datasets, FLAME leverages techniques that are natural for
guery processing in the area of database management, and two implemextions of FLAME
are provided: the rst uses SQL queries and the second uses biteetor techniques. The
algorithm starts by constructing matches of the highest quality (exact matches on all covari-
ates), and successively eliminates variables in order to match exdgton as many variables
as possible, while still maintaining interpretable high-quality matches and balance between
treatment and control groups. We leverage these high quality matches to ®timate con-
ditional average treatment e ects (CATEs). Our experiments show that FLAME scales
to huge datasets with millions of observations where existing state-efhe-art methods fail,
and that it achieves signi cantly better performance than other matching methods.
Keywords: observational studies, distance metric learning, heterogeneous treatent ef-
fects, algorithms, databases

1. Introduction

Questions of robust causal inference, beyond simple correlations or rdel-based predictions,
are practically unavoidable in health, medicine, or social studies. Causal inference goes
beyond simpler correlation, association, or model-based predictivanalysis as it attempts
to estimate the causal e ects of a certain intervention.

Much of the available data in the clinical and social sciences is obseational. In such
situations individuals may be selected in a way that treatment assjnments depend on
outcomes: people who benet more from pain relievers tend to take then more often,
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individuals who are likely to succeed in higher education are more kely to enroll in it,
and so forth. Estimating causal e ects in an observational setting becores a problem of
representing the available data as if it were collected from a randonzied experiment in
which individuals are assigned to treatment independently of thei potential outcomes.

A natural approach to observational studies is matching treated and controlunits such
that underlying background covariates are balanced (Chapin, 1947; Greenvax, 1945). Un-
der the assumption of unconfoundedness, such matches allow the prébner to estimate
causal e ects. If we can match units exactly (or almost exactly) on raw cwariate values,
the practitioner can further interpret causal estimates within mat ched groups as conditional
average treatment e ects. Exact matching increases the interpreability and usefulness of
causal analyses in several ways: It is a tool for granular causal analysis thatan provide
crucial information on who bene ts from treatment most, where resources should be spent
for future treatments, and why some individuals are treated while others were not. It can
provide explanations for treatment e ect estimates in a way that pure modeling methods
(that do not use matching) cannot. It helps determine what type of additional data must be
collected to control for confounding. Interpretability is important: a recent empirical study
(Dorie et al., 2019) suggests that CATEs estimated by manually calibrated méods can be
better than CATESs estimated by black box models, even though the later can achieve good
performance if they are implemented with careful consideration of tke speci c application
(Hitsch and Misra, 2018). These statements are in agreement with other gemal obser-
vations that interpretable models do not necessarily lead to sacri @s in accuracy because
they allow humans to troubleshoot more e ectively (Rudin, 2019).

In this work, we propose an approach to matching under the potential outcones frame-
work with a binary treatment, for datasets with a possibly large number of discrete covari-
ates. Our method (FLAME { Fast, Large-scale, Almost Matching Exactly) cre ates matches
that are almost-exact meaning that it tries to match treatment and control units exactly
on important covariates. The main bene ts of FLAME are:

It learns a weighted Hamming distance for matching based on a hold-out training
set (rather than using a pre-speci ed distance). In particular, it successively drops
covariates, but always retains enough covariates for high quality CATE atimation
and balance between treatment and control groups.

It lends itself naturally to large datasets, even those that are too largeto t in mem-
ory. FLAME has two implementations. One implementation uses bit vectors, and is
extremely fast for data that has been preprocessed and ts in memoryThe other im-
plementation leverages database management systems (e.g., PostgreSQL, 201a)d
in particular, highly optimized built-in SQL group-by operators that can operate di-
rectly on the database, and can handle data sets that are too large to t in menory.
The use of database systems makes the matching algorithm suitable for patel ex-
ecutions. The database implementation is specialized to be e cient and only a few
lines of carefully constructed SQL code are needed to perform matahg.

FLAME improves over current coarsened exact matching, mixed integemprogramming
matching, and network ow methods in that it does not introduce a distance metric on
the covariate spacea priori, instead, it learns the distance metric. For this reason, it does
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not su er when irrelevant variables are introduced. It further im proves over regression,
propensity and their variable selection methods by not forcing a moeél form on either the
treatment or the outcome, instead it matches on covariates directly (ronparametrically).
Unlike other nonparametric methods, like black box machine learningapproaches, FLAME
is interpretable.

By successively dropping covariates to permit matches, FLAME inceases bias in order
to make predictions of conditional average treatment e ect. We can calclate FLAME's
bias directly in some cases, and its bias depends directly on how ingptant the dropped
covariates are to predicting the output. If only the irrelevant covariates are dropped, the
estimates are unbiased. In that case, FLAME's estimates and the gold staratd estimates
of exact matches are identical.

We discuss FLAME's relationship to prior work (Section 2) and introduce FLAME's
framework (Section 3). We present FLAME's algorithm and implementation (Section 4),
give theoretical suggestions of FLAME's statistical bias (Section 5), and povide experiments
(Section 6).

2. Relationship to Prior Work

Early approaches to matching considered exact matching on covariates tuickly ran into
issues of insu cient sample size when the number of covariates wasven moderately large.
In high dimensions, there simply are not enough treated and control unis with exactly the
same values of all the covariates. In the 1970's and 1980's, a large literature on dient
dimension reduction approaches to matching was developed (e.g., Ruhi 1973a,b, 1976;
Cochran and Rubin, 1973) with the extreme being work on propensity scorenatching, which
was later extended to work on penalized regression approaches that levage propensity
(Schneeweiss et al., 2009; Rassen and Schneeweiss, 2012; Belloni et al., 204#4gH, 2015).
The problem with propensity score methods (and other parametric mehods) is that they
require a proper speci cation of a model for the treatment assignmentprobability, which
can never be provided in practice. With doubly robust methods, anaysts can specify both
a model for the outcome and for the propensity score, with only one of thewo having to be
correct in order to obtain unbiased estimates; however, there is noeason to presume that
either of these models would always be speci ed correctly in praéte. These methods can
be augmented with variable selection procedures at either or both stgs of the estimation
procedure, which can improve estimation but leads to further qustions of uncertainty
guanti cation (Brookhart et al., 2006; Hahn, 2004).

Further, in these dimension reduction techniques (Schneewss$ et al., 2009), along with
more modern neural network-based dimension-reduction technique the reduced feature
spaces cease to be interpretable with respect to the original inpwariables, and the matches
are no longer meaningful. While these methods are uninterpretableit has recently been
shown (Farrell et al.,, 2018) that neural networks can achieve asymptoticalf consistent
treatment e ect estimates.

An important type of technique, coarsened exact matching (CEM), creaes matches
that attempt to preserve more covariate information. It bypasses the reed to t complicated
propensity score models by coarsening or discretizing covariates such a way that the newly
constructed covariates allow for exact matching (lacus et al., 2011a,b). Tis approach is
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appealing when there are many continuous covariates that are naturally ameable to binning
(Cattaneo and Farrell, 2011). However, when most or all of the covariates are cagorical,
which is the case we consider in this worka priori coarsening becomes impossible without
introducing a calculus on all of the covariates. This can be problemat in high dimensions,
and tends to have the same problem as nearest neighbor techniques, ieh are well-known
to perform poorly in high dimensions because they use manually chosetistance metrics.
Further, when categorical variables have two levels, coarsening isgeivalent to variable
selection. In this setting, coarsened exact matching would lead to th same matches as high
dimensional propensity score techniques with variable selection.

A similar problem exists with what is called optimal matching in the | iterature (Rosen-
baum, 2016). A distance metric over variables is de ned manually, whichintroduces a
calculus on the covariates. That distance metric is used as input to anetwork ow problem
which optimizes match quality. Despite the optimality of the soluti on network ow prob-
lem, the quality of the matches is questionable since, again, it reli® on a manually de ned
distance measure. Network ow problems also cannot directly handle castraints; the user
needs to manually manipulate the algorithm in order to obtain desired bahnce constraints
(Zubizarreta, 2012).

The problems with network ow optimization highlight an important conce rn about
non-exact matching methods generally, which is that they implicitly approximate the solu-
tion of a hard combinatorial optimization problem. It is possible that high g uality match
assignments exist, but the standard approximate methods of construtng matches, such as
network ow optimization, did not nd them. To handle the problem of n ding suboptimal
match assignments, some newer matching schemes use mixed integeogramming, which
is a exible framework that can accommodate linear balance constraints (Zibizarreta, 2012;
Zubizarreta et al., 2014; Zubizarreta and Keele, 2017; Resa and Zubizarret2016; Morucci
et al., 2018; Noor-E-Alam and Rudin, 2015). However, these methods have two nj@ar dis-
advantages: rst they cannot scale to large problems; second, they may btying to match
units on covariates that are not important in any way. In the simulations | ater, we show how
these issues with past work heavily a ect practical performance of tese methods, whereas
FLAME, which learns interpretable distances on the covariates, doesiot seem to have these
problems.

We do not recommend using FLAME on continuous covariates unless theresi some
substantive knowledge that allows the user to bin the covariates ina way that would not
hinder downstream causal estimation. An example of such knowledge ihat the outcome
and covariates vary smoothly with the continuous variable and that the bins are su ciently
small to model that variation. While our work considers large scale problens with mainly
discrete or categorical covariates, its extensions have adapted its maiideas to handle
continuous covariates by learning either adaptive stretch metricParikh et al., 2018; Parikh
et al., 2019) or adaptive hyperboxes (AHB) (Morucci et al., 2020), both of which ug distance
metrics that are di erent than the adaptive Hamming distance that FLAME u ses. FLAME
can be used alongside these methods, for instance, to eliminate a largamber of irrelevant
categorical variables to attain a smaller dataset on which MALTS or AHB can operateon
both continuous and categorical variables.
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3. The FLAME Framework

SupposeS r X;Y;Tsis the data tablewith n units. X isn d,Y andT aren 1, where
each row corresponds to aunit (called atuple in database management). The columns of
X correspond tovariables (also known ascovariates, features or, attributes). Data must
be categorical in order for exact matches to occur with non-zero probabily; the match is
approximate with binned real-valued data. Treatment assignment varialle T takes binary
values 1 (for treatment) and O (for control). YPdand Y™9 are then 1 vectors of potential
outcomes.

In real-world eld studies, researchers tend to collect as many caariates as possible,
including irrelevant covariates. Throughout the remaining expositon, we divide the co-
variates into relevant covariates: X REL and irrelevant covariates: X 'RR and make the fol-
lowing standard assumptions: (1) Stable Unit Treatment Value (Rubin, 2005); (2) overlap
of support (of the treated population and the control population); (3) Strong ignorability
(Rosenbaum and Rubin, 1983):Y P19 Y PAK T |X REL  (4) Further, for irrelevant covariates
X 'RR we assume thatY P19, YOI X IRR - and TKX 'RR |X REL | Based on our assumptions,
our estimand is EryPld YPqXRELg  EryPld  yPqX g Within each matched group,
we use the dierence between the average outcome of the treated ursitand the average
outcome of the control units to estimate CATE given the covariate valuesassociated with
that group. Note that the matching does not produce estimation, it produces partition of
the covariate space, based on which we can estimate CATEs

FLAME learns an interpretable weighted Hamming distance on discrete dah. This al-
lows it to match on the important covariates, without necessarily matching on unimportant
covariates. In the following subsection we discuss the importancef learning a distance
metric.

3.1 Why Learn a Distance Metric for Matching?

In exact matching schemes, we would ideally match on as many covariates gessible. How-
ever, exact matching on as many covariates as possible leads to a seriogsue, namely the
toenail problem The toenail problem is where irrelevant covariates dominate the dstance
metric for matching. Irrelevant covariates are related neither to treatment assignment or
outcome, such as length of toenails when considering heart attack outcorse The researcher
typically chooses a distance metric in the high dimensional covaria space (Hamming dis-
tance, or squared distance perhaps) in matching without examining outome variables. The
researcher might weigh each covariate equally in the de nition of the dstance metric. By
this choice of distance metric, the irrelevant covariates could domiate the distance measure;
adding many covariates that are random noise would make the matches closeptrandom
matches. The matches become essentially meaningless and resultiagtimated CATEs are
therefore meaningless. The problem becomes worse as more irrelevamvariates are in-
cluded in the distance metric.

Irrelevant covariates should be irrelevant to the outcome of matching. However, if the
distance metric is chosen without consideration of the importance of cariates, in the
most extreme case, irrelevant covariates could be chosen adversarialso that the matching
method could produce any given unreasonable match assignment. In Propitien 1 below,
we show how any unreasonable match assignment can appear to be reasonable;ading
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to a xed (not-learned) Hamming distance, if we are permitted to append a set of irrelevant
variables to our dataset.

A match assignment (MA assigns an integer to each unit, and units with the same
integer value are in the samematched group A reasonable match assignmeni{MA) is
one in which each unit in a matched group is at most distanceD yax from any other unit
assigned to the same match group, using, for example, Euclidean distanca Hamming
distance. For any two units, with vector of covariates x; and X», in a matched group
created by MAthe matching assignment is reasonable if distang®1; X2q @ Dmax. Similarly,
an unreasonable match assignmentMA4,) is one in which there exists at least one treatment-
control pair, with covariates respectively x; and X2, in the same matched group where
distancepx1; X29 i Dmax -

Proposition 1  Consider any matching method \Match" that creates reasonable match as-
signments for datasett X; T u. Match is constrained so that if treatment unit x; and control
unit X2 obey Hammingdistancepx; X2q @ Dmax , and there are no other treatment or control
units that are able to be matched wittx; and x», then x; and X, will be assigned to the same
matched group. Consider any unreasonable match assignmeltq, for datasettX;T u. If
distancep; qis normalized by the number of covariates then it is possible to append a set
of covariates A to X that: (i) can be chosen without knowledge oK, (ii) can be chosen
without knowledge ofT, (iii) matching on the appended dataset,MatchptrX; A s Tuq will
make the match assignmenMA4,, reasonable (which is undesirable).

Proof Consider unreasonable matchx, and x, in MA,. Then, create appended feature set
A to have more features thanX, such that units x5 and x would have identical rows ofA.
These identical rows can be chosen without knowledge of the values thin x5 and x;,. This
forcesx, and xp, to be matched. This would be repeated for every matched group iMA.
This forces all matches inMA, to occur. [ |

This completely adversarial setting is unlikely to occur in reality, however, situations
where matches are disrupted by irrelevant covariates are realistic The more irrelevant
covariates are included, the more the matched groups tend to disintgrate in quality for
most matching methods. A reasonable sanity check is that irrelevant ovariates should be
able to be eliminated automatically by the matching method.

As we discuss below, FLAME does not use a pre-determined distancerf matching. It
learns a distance for matching from a hold-out training set. In particular, it approximately
solves the Full-AME problem formalized in the next subsection.

3.2 Full Almost-Matching-Exactly (Full-AME) Problem

While matching using irrelevant covariates is problematic (as we h&e shown), matching
on too few relevant covariates is also problematic.We would like to ensure that each unit
is matched using at least a set of covariates that is su cient to preict outcomes well

Conversely, if a unit is matched using a set of covariates that do not pedict outcomes
su ciently well, we would not trust the results from its matched gr oup. Let us formalize
the problem of matching each unit on a set of covariates that together prettt outcomes
well.
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We will use P t0; 1 to denote the variable selection indicator vector for a subset of
covariates to match on. Throughout the following discussion, we consier a unit to be a
triplet of (covariate value x, observed outcomey, treatment indicator t), unless otherwise
stated. Given datasetS, de ne the matched groupfor unit i with respect to covariates
selected by as the units in S that match i exactly on the covariates :

MGip ;Sq ti'PS:xjz Xj U

Here we usex; and x;: to denote the covariate values for uniti and i®respectively. Taking
the union over all units, we also de ne the matched units for a selection indicator as the
collection of units that are matched on covariates de ned by selection mdicator

MGp;Sq tiPS:D il st xp Xi u (1)

The value of a set of covariates is determined by how well these covariates can be used
together to predict outcomes. Speci cally, the prediction error Pk, p g is de ned with
respect to a class of function : t f :t0;1K N Ru(1 = k a d) as:

PE,,pq min Ef™px g yflt 1s min Ed™x q yqt Os
fpquF) Yo fpquF) Yo
(2)

where the expectation is taken overx and y, when}}, is the count of nonzero elements of
the vector. Thatis, PE-, , is the smallest prediction error we can get on both treatment and
control populations using the features speci ed by . Consider a separate training dataset
S'. Let S§ be the subset (ofS") of control units pX'; Y" qwith T" 0, and let SI' be

the subset (of S') of treated units pX " ; Y" gqwith T 1. The empirical counterpart of

PE:} Yo is de ned as:

.ot - 1
IﬂE:} 1o P ;S'q fplgg::n IS o g yicf
V0 1 Tk yiapsy

min

tr

teoapFy o [Sg |

% g vyt ?3)
X ;i GRSy

Given a matching dataset S™ and a training dataset S, the best selection indicator we
could achieve for a nontrivial matched group that contains treatment unit i would be:

i.sma Pargmin F”‘E;) 1P :S"gs.t. D PMGp ;S™qgs.t. t+ 0

wheret- is the treatment indicator of unit *. This constraint says that the matched group
contains at least one control unit. The covariates selected by ;. sma are those that predict
the outcome best, provided that at least one control unit has the same exdaovariate values
asi on the covariates selected by ;. gma -

The main matched groupfor i is then de ned as MG ip ; gma ; S™q The goal of the
Full-AME problem is to calculate the main matched groupMG ip ; gma ; S™q for as many
units i as possible.Once the problem is solved, the main matched groups can be used to
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estimate treatment e ects, by considering the di erence in outcomes between treatment
and control units in each group, and possibly smoothing the estimates tim the matched
groups if desired, to prevent over tting of treatment e ect esti mates.

We now present a worst-case bound on the bias induced by matching utsiin an almost-
exact framework, and using the created matched groups to estimate CATE. We will see
subsequently that the FLAME procedure directly targets minimization of this bias.

3.3 Bias Bound in the Full-AME Problem

If we do not match on all relevant covariates, a bias is induced on the tratment e ect

estimates. As shown before, solving the Full-AME problem ensureshat this bias is as
small as possible, and zero if the covariates excluded are all irrelent. Here we present a
simple worst-case bound on the in-sample estimation bias when a CATEsiestimated with
units matched according to a chosen subset of covariates (de ned by). This bound is
worst-case in that it holds for any subset of relevant covariates. Thismplies that the bias
resulting from Full-AME will be much smaller than the bound given here in most cases.

Proposition 2  Let g™9xq and g®%xq represent nonrandom potential outcomes at arbi-

trarily chosen covariate valuex P t0; 1tP, so that g™9x;q: yiIolq and g™9xq : yiIooq are
the potential outcomes in a sample oh units. Fix a value of the covariatesx P t0; 1,

and a value of P t0;1u. Let MG; ;S™q t i PS™M : x; X U be the set of
units in the sample that haye value equal ta on the covariates sglected by. De ne ad-
ditionally: n¢px; ;S™q iPMG px: :smaq 1i and nepx; ;SMq ipvG pc; smagPl  Tig

Let &g ¢g™9xq g™xq be the CATE estimand of interest. For a weighted Ham-
ming distance with positive weight vectorw of lengthp, and 0 } w}, 8 , dene

ptq ptq
M maXy.xipo1p %ﬁ’mq' and assumeM 8 . We have, for any P tO; 1(P:
tPto;1u P xa

1 . 1 :
S — Yili  ——— e vipk Tig g
ntp(, ’SmaqipMGp(; ;Smaq nCp(v ’SmaquMGpX; ;Smaq

o 2Mw'pl g (4)

As asserted by Proposition 2, we should select to minimize w' pl gin order to
minimize FLAME's bias. In real problems, we should think about w as a non-uniform
vector that has some small entries. FLAME would tend to remove those enies so that
the bias is minimized for the remaining covariates that are used for mathing. A proof of
Proposition 2 can be found in Appendix A. This bound provides guidance indesigning the
FLAME procedure as it suggests that the amount of bias, in estimating treatment e ects
with almost-exact matching, depends heavily on : FLAME will try to match on sets of
covariates that minimize such bias.

3.4 FLAME's Backward Procedure to Full-AME

While solving the Full-AME problem is ideal, computational challengesprevent its usage on
large datasets. We thus resort to an approximated solution. In determiring which covari-
ates are important, FLAME leverages the classic Efroymson's backward sf@wvise regression
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(Efroymson, 1960; McCornack, 1970), which is widely adopted by practitiones in regu-
lar regression tasks. This procedure starts with all covariates in tle model, and greedily
removes one covariate at a time, according to thePEand BF criteria, de ned below. By
using this backward procedure, FLAME is able to strike a good balance btween using
more units and using more covariates. As evidenced in Section 6, this gpoximate solution
outperforms existing methods on tasks of interest.

Speci cally, FLAME performs the following procedure: for iteration i 1, ;d,
FLAME selects a set of covariates indicated by ' according to a certain criterion, and
stops when a stopping condition is met. We restrict FLAME to perform a greedy se-
lection, namely we require ' © ' 1 for all i. Here © is the element-wise comparison.
During this procedure, FLAME produces a sequence of selection dicators t 0. 1. - dy
( " P t0; 1u%), where ' denotes the selection indicator on iterationi.

The Prediction Error (PB and Balancing Factor (BB Criteria

As stated in Proposition 2, the bias of almost-matching-exactly estimates épends on which
covariates are selected for matching: matching on irrelevant covariate at the expense of
relevant ones will increase bias. FLAME uses theé?ECriterion (Eq. 2, 3) to choose which
covariates should be considered irrelevant and ignored when matchingFLAME further
encourages larger and more balanced matched groups by using tBalancing Factor (BB.
The BFis de ned with respect to the selection indicators , and can be computed as follows:

# control in MG p ;S™q # treated in MG p ;S™q
# available control # available treated '

BRIMG p ; S™qq (5)
Maximizing BFencourages a large fraction of both treatment and control units to be used
for the matched groups. This implies that more units would be matched n earlier iterations;
as we know, it is better to match units in earlier iterations becausethe matches made in
earlier iterations depend on more variables and are thus higher quality.

FLAME's Procedure

FLAME's backward selection criterion is a combination of PEand BFE More speci cally, at
each iteration i 01,2 :p, given a training dataset S" and matching dataset S™@,
FLAME nds a selection indicator such that

' Pargmax  PE,, p;S"q C BRMGp ;S™qq
st "Pto;1u} Y d i P T L (6)

Here ™ is for element-wise comparison, andC is a hyperparameter that trades o PEand
BF

Similarly to a general backward method, FLAME retains a threshold that prevents
the algorithm from eliminating too many covariates. That is, FLAME retain s a stopping
criterion that ensures every matched group is matched exactly on a set of covariates that,
together, can predict outcomes well(sacri cing no more than training accuracy on the
hold-out training set). Let us rst de ne feasible covariate sets for treatment unit u as
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Algorithm 1 : FLAME Algorithm
Inputs Input data S™ p X;Y;Tqfor matching; training set S p X';Y";T'q

model classed-1;F»; ;Fyg; stopping threshold ; tradeo parameter C.
Outputs A sequence of selection indicators %; ; 9, and a set of matched groups
tMGp ' S'quy 1. ™Sl is de ned in the algorithm.

1: Initialize S SM p X;Y;Tqg © 14 ;1 1;run  True.
™ [ is the index for iterations.
2: Compute exact matched groupsMG p °; S°gas de ned in (1).
™ The detailed implementation is in Section 4.
3: while run  True do
4: Compute ' using (6) on training set S, using Fq | and tradeo parameter C.
™ Determine which covariates to match on for this iteration.
5:  Compute matched groupsMG p ! 1:S' 1gas de ned in (1).
™The detailed implementation is in Section 4.

6 S' s'lzmgp! LS 1g ™ These matched units are done.
7. if PE, p'iS'qi PE,plg 1;S"q OR S' H then

8 run False ™ Prediction error is too high to continue matching.
9: I 11

10: Output t ""MGp ';S'quy;.

those covariate sets that predict well on the hold-out training set (ard lead to a valid
matched group for u):

feasible P to’ 1ud : PE) }Op ;Stl’ qo PEdpld 1; Str q

To incorporate this feasible set constraint, we simply add the requiement ' P feasible tg
(6).

In Algorithm 1, we summarize the FLAME procedure. The core task of the algorthm
is to determine a sequence of variable selection indicators °; 1;  : 9u. Matches can be
easily determined given the sequence of variable selection indiaais. In order to formally
state the matching procedure, we use&s™® p X;Y; T qto denote the triplet of (covariates,
outcomes, treatment indicators) of the units for matching, S* p X';Y":T" gqto denote
the same for units in the training set.

The algorithm starts by initializing the selection indicator to incl ude all covariates (Line
1). Exact matches are made when possible at Line 2. At each iteration of the wile loop,
FLAME computes the selection indicator for that iteration by minimizin g the objective
de ned in (6) (Line 4) and matches units exactly on the covariates seleted by the newly
found selector (Line 5). Matched units are then excluded from the lgbver data (Line 6),
and the procedure is repeated until either prediction error inceases too much from removing
an additional covariate, or all the data are matched (Line 7).

FLAME's implementation performs matching without replacement, but can be adjusted
to perform matching with replacement.

An estimate of the ATE is straightforward to compute once the treatment e ects in each
group (conditional average treatment e ects { CATES) are computed as di erences in out-

10
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come means between treatment and control units. For better CATE estinates, smoothing
(e.g., regression) can be performed on the raw matched CATE estimates

4. Implementing Matched Groups in FLAME

The workhorse behind FLAME's database implementation is its matching sibroutine of
nding MG 's. We implement this procedure using the following two methals.

4.1 Implementation using Database (SQL) Queries

Exact matching is highly related to the GROUP BYerator used in database (SQL) queries,
which computes aggregate functions (sum, count, etc) on groups of rows intavo-dimensional
table having the same values of a subset of columns speci ed in the guy. SQL queries can
be run on any standard commercial or open-source relational database managemesytstem
(e.g., Microsoft SQL Server, Oracle, IBM DB2, Postgres, etc.). These databse systems are
highly optimized and robust for SQL queries, can be easily integrated th other languages
(we used python and SQL), and scale to datasets with a large number of row@) or columns
(p) that may not t in the available main memory. In addition, SQL queries declaratively
specify complex operations (we only specify "'what' we want to achieydike matched groups
on the same values of variables, and not "how' to achieve theni.e., no algorithm has to be
speci ed), and are therefore succinct. In our work, SQL enables usa execute a matching
step in a single query as we discuss below. In this implementatigrwe keep track of matched
units globally by keeping an extra column calledis _matched in the input database S™?@
(containing the data triplet S™® p X;Y;Tgdescribed in Section 3). For every unit, the
value of is _-matched =" if the unit was matched in a valid main matched group with at
least one treated and one control unit in iteration ~ of Algorithm 1, and is _-matched = 0
if the unit is still unmatched. For notational simplicity, let A1; ; Ax be the names of the
covariates selected by ,andS S™&. The SQL query for the matching procedure without
replacement on datasetSis given below.

WITH tempgroups AS
(SELECTA;; Ag; i Ax
--(matched groups will be identified by their covariate values)
FROM S
WHERE isnatched 0
--(use data that are not yet matched)
GROUP BAXj; Ay; 7 Ak
--(create matched groups with identical values of covariates)
HAVING SUM(T) > 0 AND SUM(T) < COUNT(*)
--(groups have at least one treated and one control unit)
)

UPDATE S
SET is_matched
WHERE isnatched 0 AND
EXISTS
(SELECT @1; QAz;  ; QA
FROM tempgroups AS Q
--(set of covariate values for valid groups)
WHERE &) SA; AND @, SA, AND AND @ SAk)

11
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The WITH clause computes a temporary relation tempgroupsthat computes the com-
bination of values of the covariates forming “valid groups' {.e., groups with at least one
treatment and at least one control unit) on unmatched units. The HAVING clause of the
SQL query discards groups that do not satisfy this property { since treatment T takes binary
values (0 or 1), for any valid group, the sum of T values will be strictly greater than 0 and
strictly less than the total number of units in the group. Then we update the population
table S, where the values of the covariates of the existing units match withthose of a valid
group in tempgroups Several optimizations of this basic query are possible and are used in
our implementation. Setting the is _matched value to level ~ (instead of a constant value
like 1) helps us compute the CATE for each matched group e ciently. (Note that for each
value of *, there might be more than one matched group, with di erent values of cowariates
being used for matching.)

4.2 Implementation using Bit Vectors

In an alternative bit-vector implementation, for binary covariates, we encode the com-
bination of the to-match-on covariates of unit i as a binary number l3; we also encode
the to-match-on covariates, appended with the treatment indicator as the least signi cant

digit, to form a binary number b . A unit i with ordered to-match-on variable values
Paid;@id 1; o &:1qwith & P tO; 1u and treatment indicator t; P tO; 1u is associated with
numbers b 4 ax2 landh d ax2 t. Two units i andj have the same
covariate values if and only if b by. For each unit i, we count how many timesh and

b appear (in the whole dataset), and denote the counts ag; and ¢, respectively. A unit

i is matched if and only if ¢ ¢, , since the two counts dier if and only if the same
b appears both as a treated instance and a control instance. This propertysi summa-
rized in Proposition 3. For non-binary categorical data, if the k-th covariate is hy-ary, we

rst rearrange the d covariates such thathyq @ hg 1gfQralll @ ko d 1. Thus each
unit Paj.q; 8id 1; ; & 1quniquely represents the number ﬂ 1 @ik h';kql. From here we can
apply the above method for the binary case.

Proposition 3 A unit u is matched if and only ifc, ¢, since the two countsh, and b,
di er if and only if the same combination of covariate values appea both as a treated unit
and a control unit.

An example of this procedure is illustrated in Table 1. We assume in tiis population the
rst variable is binary and the second variable is ternary. In this example, the number by
for the rstunitis0 2° 2 3! 6; the number b, including its treatment indicator is
0 0 2' 2 3?2 18. Similarly, we can compute all the numbershy; b, ;cy;c,, and the
matching results are listed in the last column in Table 1.

4.3 Comparison

The bit vector implementation typically outperforms the SQL imple mentation when the
data ts in memory, but for large data and more covariates, SQL performs bdter. A detailed
comparison is deferred to Section 6. Another limitation of the bit vector implementation
is that the magnitude of the numeric representation grows exponentidyy and can cause

12
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| rstvariable [ secondvariable | T [h [ b [a [ ¢ [is matched? |
0 2 06|18 |1 1 No
1 1 0|4 |11 2 1 Yes
1 0 1,13 1 1 No
1 1 14|12 2 1 Yes

Table 1: Example population table illustrating the bit-vector implementation. Here the
second unit and the fourth unit are matched to each other while the rst and third units
are left unmatched.

over ow problems. This is another reason to use FLAME-db when the nunber of covariates
or total number of categories is large.

5. Bias Calculations

In this section we provide two types of bias calculation. One (Theorens 4, 5, 6) provides a
bias calculation with oracle covariate importance information, while the other (Proposition
7) serves as the empirical counterpart of Proposition 2.

5.1 Exact Bias Computations for Oracle FLAME

FLAME trades o statistical bias for computational speed. Here we provide insight into the

bias that an oracle version of FLAME without replacement (de ned below) induces when
estimating heterogeneous causal e ects as well as its unbiased perfoamce when estimating
an average causal e ect. To evaluate the theoretical behavior of the algorttim we consider

the outcome model
d d
Yi o iXi o oli T  Xij
i1 i1
as a data generation process that corresponds to a treatment e ect; being associated
with every covariate x; for individual i. Herey; is the observed outcome andT; is the
observed treatment indicator. We are interested in the bias of FLAME for this simple non-
noisy outcome model. We de ne the Oracle FLAME algorithm as a simpli ed version of

Algorithm 1 that knows the correct order of importance for the covariates. Without loss of

the bias of the FLAME estimates for various combinations of covariates.

To compute the overall bias of Oracle FLAME, in theory we would enumerateall possible
covariate allocations and run Oracle FLAME on each of those. For example, in tk two-
covariate setting with possible attribute values 0 and 1, there are 2 22 16 possible
covariate allocations for treatment and for control units leading to 16 16 256 total
possible allocations. Since we are interested only in the bias inded by the algorithm
itself, we consider only treatment-control allocations where our pra@edure yields an estimate
for each covariate combination. In cases where we do not have an estimate tBatment
e ect for each covariate combination, we cannot calculate the bias of the algathm for any
distribution that has support over the full covariate space; Oracle HLAME's bias estimates
would not be de ned on part of the covariate space in these cases. Note thathis is

13
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di erent than the standard overlap assumption made in most theory for causal inference as
this calculates the bias when there is overlap asome pointduring the FLAME procedure. !
For example, in the two covariate setting, the allocation of a total of one treated and one
control unit with both having x; x2 0 would not be considered in our bias calculation
since the exact matching procedure would obtain an estimate for that ceariate combination
only and not for the other three. An allocation consists of a set of covariate &lues, and
treatment indicators. (The number of units in each covariate bin does not matter, what
matters is that there is at least one treatment and one control in the bin, so that we can
compute the bin's treatment e ect.) For instance, one of the valid allocations would have at
least one treatment and one control unit in each bin (a bin is a combinationof covariates).
Another valid allocation would have treatment and control units in most (b ut not all) bins,
but when the bins are collapsed according to Oracle FLAME, each bin stll receives an
estimate. We perform these computations for two and three binary covaiates and use the
results to provide intuition for when we have arbitrarily many covariates. The main results
are as follows.

Theorem 4 (Two covariates) (i) There are 59 valid allocations. (i) Under a uniform
distribution over valid allocations, the biases (taking expectatiorover the allocations) are
given by:

bias p expected TE under FLAMEQ pactual TEQ

X2 0 X2 1
20 1 412 , 20 1 412

20 1> H1p2 20 1 H1(2
1 2 1 2
xg 1 59 59

X1 0

Theorem 5 (Three covariates) (i) There are 38070 valid allocations. (ii) Under a uni-
form distribution over valid allocations the biases (taking expectabn over the allocations)
are given hy:

X2 0
O PB976 34{105q 1 p 7854 61{210q , 11658 5

38070
X1 1 p 5976 34{105q ; p 7854 61{210q » 11658 3 ' X3 0
38070
X2 1
0 pl2755 6{7q 1 p 16513 4{21q » 19035 3
X1 38070 X3 0
1 p 12755 6{7q 1 p 16513 4{21q » 19035 3 !
38070
X2 0
0 pl2755 6{7q 1 p 16513 4{21q » 19035 3
X1 38070 X3 1
1 p 12755 6{7q 1 p 16513 4{21q » 19035 3 !

38070

1. We note that under the standard overlap assumptions, as those used in Section 5.2, all units would be
matched in the rst step.
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X2 1
O PB976 34{105q 1 p 7854 61{210q » 11658 5

38070
{ P5976 3410501 p 7854 61{210q , 11658 ;
38070

X1 , X3 L

A proof is available in the appendix.

As these theorem show, the FLAME estimates are biased only by fractions ahe treat-
ment e ects associated with the covariates (j for j j 0) rather than any baseline infor-
mation (the 's) or a universal treatment e ect ( (). This is an appealing quality as it
suggests thatrare covariates that have large e ects on baseline outcomes are unlikelto
have undue in uence on the bias of the treatment e ect estimatesThis result can be made
more concrete for an arbitrary number of covariates:

Theorem 6 The bias of estimating heterogeneous causal e ects due to Oracle FLAMES
not a function of ¢;:::; 4.

A proof of this theorem is available in the appendix.

Theorems 4, 5, and 6 further mean that in cases where the causal e ect isommogeneous
(thatis, ; O forj j 0), this e ect can be estimated without any bias. In that sense,
FLAME provides an advantage over matching methods that target average treament e ect
(such as propensity score matching) since FLAME handles potential hetengeneity at no
additional cost.

5.2 Empirical Bound for FLAME Bias

In this section, we discuss an empirical counterpart to Proposition 2that provides a bias
bound in terms of the PE(and BF values during the FLAME procedure (Algorithm 1).

Proposition 7 Let pgpX q and p1pX g be the covariate density functions for the control
group and the treated group. Assumethat for any k P t1;2;  ;du, there exists a constant
k i O such that the marginalspp pX X Qg¥ gandppX X Qq¥ g forany
x and with } }, k. For a datasetS™ p X;Y;Tq let Si™® be the subset of control
units: pX;Y qwith T 0, and let S"® be the subset of treated unit9X;Y qwith T 1.
For a dataset S™@, we overload notation by usingx P S™ and px;yq PS™? to refer to a
covariate record in S™ and a (covariate,outcome) pair record in S™ . Also, for a dataset

S™Ma (or Sy, S"?), let

np; ;S™q: 0 Lrx; X S
X PSma

be the number of points that agree witkx on the covariates de ned by . Forany f PFy 4 ,
t P t0; 1u, and datasetsSg'@, S{"2, write

ATEXESMEf q: max [fx g yl:
PGy aRSy

2. Note that this is equivalent to the standard assumption tha t the density of the covariates is bounded
away from 0 (e.g., Imbens and Rubin, 2015).
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Let gpx; ;ST"@q (resp. gx; ;Si'@0g) be the plain estimator of the treated (resp. control)
outcome for covariate valuesx

! ’ Vi 1rx X sand
Inpx; ;SMaq| P
NP STl oy grspe

l 5
Inp; ; SP2q|

ox; ;SMq:

op<; 5 Sp?aq: yi 1rX; X S

i yi gPsg™

Assume that the outcomes are noiseless and there arerelevant covariates. Then for any
xed , fP4fPAPFE, , | with probability at least

IS¢ | ST | IMG p ;Sg™ al IMG p ;S1™ q

11 4y 1 3y 1y 1 4y
(7)

we have
opx; ;SIMq  g™%xq e 2 st P9 g and
ox; ;S0?q  g™%xq o 2" sy Y g (8)

whereS§ (resp. SI') is the collection of control (resp. treated) units in the holdout set, and
g is the true treatment outcome de ned as in Proposition 2.

Proof of this proposition is available in the appendix. During a FLAME run, part of
FLAME's criterion is to minimize PEand therefore the corresponding ®* values are con-
trolled. This is because ™**pS™;f; q: } ¢ y}g, wherey is the vector formed by
labels from S™@ and ¢ is the vector formed by predictions of instances inS™® using f .
Since PEis proportional to the square of the L, norm of the same vector on the train-
ing set, minimizing PE on the training set tends to control A" on the matching set.
Also, part of FLAME's criterion maximizes the BF values, which implicitly maximizes
np; ;SYygnm; ;Sgnmx; ;SIq and npx; ;S"™qg This in turn suggests the proba-
bility in (7) is large.

Proposition 7 can be linked to the almost-exact-matching problem in tre following way:
whenr ! p,and pzikq we havepl 4 b d" being small for small} }, and largen.
The implication of this is that, in a FLAME run with r ! p, when many irrelevant covariates
are eliminated,} }, becomes small andS{ |;|SY |; IMG p ; S§ qf IMG p ; SI" g|become large.
In this case the probability in (7) is large. This serves as a type of jus cation for the
FLAME procedure, since FLAME aims to be able to handle problems wherer ! p. As a
result of r I p, we need only concentrate on matches (on) with } },! p.

6. Experiments

In this section, we study the quality and scalability of FLAME on synthetic and real
data. The real datasets we use are the US Census 1990 dataset from the UCI Machin
Learning Repository (Lichman, 2013) and the US 2010 Natality data (National Center for
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Health Statistics, NCHS, 2010). The bit-vector and SQL implementations arereferred to as
FLAME-bit and FLAME-db respectively. FLAME-bit was implemented using Python
2.7.13 and FLAME-db using Python, SQL, and Microsoft SQL Server 2016. We compaiet
FLAME with several other (matching and non-matching) methods including: (1) one-
to-one Propensity Score Nearest Neighbor Matching (1-PSNNM) (Ross et al.,
2015), (2) 1-PSNNM with oracle variable selection, (3)Genetic Matching  (GenMatch)
(Diamond and Sekhon, 2013), (4)Causal Forest (Wager and Athey, 2018), (5) Maha-
lanobis Matching , (6) double linear regression , (7) BART (Chipman et al., 2010)
and (8) CTMLE (Van Der Laan and Rubin, 2006). For 1-PSNNM with oracle variable
selection, we reveal to the propensity score matcher thérue important covariates for out-
comes and/or the important covariates for propensity score, which coves the ideal case for
propensity scare matching with variable reweighting (Schneewess et al., 2009). In double
linear regression and BART, we t two regressions, one for the treatmentgroup and one for
the control group; the estimate of treatment e ect is given by the di e rence of the predic-
tions of the two regressors. (Unlike the matching methods, the doul# regression method
assumes a model for the outcome making it sensitive to misspeci cain. Here we correctly
specify the linear terms of the generative model in the synthetiddata experiments.) We also
ran tests with Coarsened Exact Matching  (CEM) (lacus et al., 2011a) and Cardinality
Match (Zubizarreta, 2012; Zubizarreta et al., 2014). CEM is not well suited for catgorical
data and the R package does not automatically handle more than 15 covariates. Cdinality
match does not scale to the setting of our problem, since it tries to glve a computationally
demanding mixed integer programming problem. In all experiments wih synthetic data,
the training set is generated with exactly the same setting as the dadset used for matching,
unless otherwise speci ed. The computation time results are in Take 2a. The experiments
were conducted on a Windows 10 machine with Intel(R) Core(TM) i7-6700 U processor
(4 cores, 3.40GHz, 8M) and 32GB RAM.

6.1 Experiments with Synthetic Data

Since the true treatment e ect cannot be obtained from real data, we crated simulated data
with speci ¢ characteristics and known treatment e ects. Note that both FLAME-db and
FLAME-bit always return the same treatment e ects. Four of the simul ated experiments
use data generated from special cases of the following (treatmefit P t0O; 1u):

10 10
y ixi T ixi T U XiX 9)
i1 i1 lai ©ob
Here, N plOs; 1q with s Uniformt 1;1u, N pl:5;0:15q U is a constant and

N p0; 0:1g This contains linear baseline e ects and treatment e ects, and a quadratic
treatment e ect term.

Below we present the main comparison of our approach to state-of-the-artausal meth-
ods. Section 6.1.1 provides evidence of signi cant improvementsiiterms of estimation of
causal e ects while Section 6.1.2 demonstrates the scalability of the ethod. Additional re-
sults on the e ects of model misspeci cation on regression methodsscalability comparison
of FLAME-bit and FLAME-db, the decay of performance for FLAME as less important
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variables are eliminated, and the e ect of the tuning parameterC are available in Appendix
C.

6.1.1 Most matching methods cannot handle irrelevant varia bles

Most matching methods do not make a distinction between important and unimportant
variables, and may try to match on all the variables, including irrelevant ones. Therefore,
many matching methods may perform poorly in the presence of many irlevant variables.

We consider 20,000 units (10,000 control and 10,000 treated) generated with (9) whe
U 1. We also introduce 20 irrelevant covariates for which i 0, but the covariates
are in the database. We generatex;  Bernoullipd:5q for 1 = i & 10. For 10 i = 30,
Xi  BernoullipD:1gin the control group and x;  Bernoullipd:9qin the treatment group.

During the execution of FLAME, irrelevant variables are successivel dropped before
the important variables. We should stop FLAME before eliminating import ant variables
when the PEdrops to an unacceptable value. In this experiment, however, we atsallowed
FLAME to continue to drop variables until 28 variables were dropped and there were no
remaining possible matches. Figure 1 compares estimated and true taément e ects for
FLAME (Early Stopping), FLAME (Run Until No More Matches) and other methods .
In this experiment, Figure la is generated by stopping when thePEdrops (starting from
values within [-2, -1]) to below -20, resulting in more than 15,000 matche®ut of 20,000
units. FLAME achieves substantially better performance than other mehods, shown in
Figure 1.

This experiment illustrates the main issues with classes of methds for causal inference:
propensity score matching (of any kind) projects the data to one dimasion, and thus
cannot be used for CATE estimation. GenMatch has similar problems, and annot be
used for reliable CATE estimation. Regression and other modeling métods are subject to
misspeci cation. Most methods do not produce interpretable matctes, and those that do
cannot scale to datasets of the sizes we consider, as we will soon see.

6.1.2 Scalability evaluation

We compare the execution time of FLAME-bit and FLAME-db with the other me thods.
FLAME-bit is faster than most of the other approaches (including FLAME-db ) for the
synthetic data considered in this experiment. However, for largerdataset, FLAME-db is
much faster than FLAME-bit and all other methods. Table 2a compares the runtime when
using the the US Census 1990 dataset (Lichman, 2013) with more than 1.2 million nits
and 59 covariates. Table 2b summarizes the runtime of all methods whensing synthetic
data.

6.1.3 Upper bound on CATE sample variance

While the main thrust of the methodology is in reducing the bias of estimating a CATE,

the methodology naturally lends itself for estimating an upper bound onthe variance of the
CATE. Here we brie y discuss the conditional variance of the estimation in the setting of
Figure 1. We note that asymptotic variance estimates for ATEs may also be otained with

the methods outlined in Abadie and Imbens (2012).
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Figure 1: Scatter plots of true treatment effect and estimated treatment effect on matched
units. For FLAME-early (1a), we extract the results before the PE drops from [-2, -1] to
below -20, and we call this early stopping. Before early stopping, we lose less than 2%
in PE by removing covariates. In contrast, FLAME-NoMore (1b) is the result for running
FLAME until there are no more matches. We do not recommend running FLAME past
its stopping criteria but we did this for demonstration purposes. CTMLE uses BART as
its base predictor. Oracle 1-PSNNM, runs 1-PSNNM with important covariates (the 10
covariates in Eq. 9), and Oracle 1-PSNNM,;, runs 1-PSNNM with unimportant covariates
(all of the 20 covariates that do not contribute to outcomes but influence the propensity
score). The latter setting covers the ideal scenario for the propensity score matching with
variable reweighting/selection based on propensity scores (e.g., Schneeweiss et al., 2009),
since all variables that affect the propensity score are included in the model.
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Method | Time (hours) | | Method | Time (seconds) |
FLAME-bit Crashed FLAME-bit 2230 0:37
FLAME-db 1.33 FLAME-db 59.68 0:24
Causal Forest Crashed Causal Forest 5265 041
1-PSNNM i 10 1-PSNNM 1388 0:14
Mahalanobis i 10 Mahalanobis 5578 0:14
GenMatch i 10 GenMatch i 150

Cardinality Match i 10 Cardinality Match i 150

(@) Timing results of dierent methods
on the US Census 1990 dataset (Lichman,
2013).

(b) Timing results of FLAME compared with
other methods on the synthetic data generated
by the same procedure as in Figure 1, in the for-
mat of \average time"  \standard deviation."
It summarizes 3 runs.

Table 2: Timing results for FLAME.

While the covariance between the potential outcomes is not able to beatculated directly,
we can upper bound it using the Cauchy-Schwarz inequality to give us

yelxq @ pStdpye[xq  Stdpyc|xqqd :

We note that if it is reasonable to assume that the potential outcomes are notnegatively
correlated, a tighter upper bound is possible as the cross-term can bignored. We then
use the sample variance to estimate Stoy;|xqand Stdpy.|xq for each group. A simulated
study of variance upper bound is shown in Figure 2, where the simulatin data is generated
using Eqg. 9 (with 25,000 treated units, 25,000 control units, 20 irrelevantcovariates, vari-
ance of Gaussian noise being 1, second order coe ciert 1, and all other parameters
as default). Each box plot in the gure summarizes the standard deviatons of groups in
a single iteration of the while loop. They are arranged according to the order in which
the variables are dropped. This method estimates a small standard deation for the rst
few levels as no relevant covariates have been eliminated. The stdard deviation increases
abruptly once a relevant covariate is dropped since this introduce variability in the treat-
ment e ects observed within each group. A sharp increase in the stanard deviations thus
likely corresponds to the dropping of important covariates and a decayn the match quality.
This suggests another heuristic for the early stopping of FLAME, which b to stop when a
sharp increase is observed.

Varpy; (10)

6.2 Experiments with Real Data

Here we use FLAME to obtain estimates of treatment e ects for an important societal
guestion: the e ect of prenatal smoking on the health of the newborn chid.

There is a large literature studying the e ects of maternal smoking during pregnancy on
neonatal health outcomes. For example, recent work by Kondracki (2020) showa signi cant
e ect of \extreme smoking" (de ned as smoking at least 10 cigarettes dailythroughout the
pregnancy) on the odds of an infant requiring a Neonatal Intensive Care Uri (NICU)
stay. In this section we employ FLAME to yield a more granular understanding of such
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Figure 2: This figure plots the standard deviation upper bound estimates, i.e., empirical
samples of square root of right-hand-side of Eq. 10. The box plots summarize the estimated
standard deviation upper bounds of the groups created as covariates are eliminated. The
orange lines in the boxes are medians. The lower and upper boundaries of the boxes are
the first quartile and the third quartile of the distribution, while the lower and upper black
bar correspond to 5th and 95th percentile, respectively.
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Figure 3: Scatter plots of estimated treatment effect (on newborn’s weight in grams) against
group size. Only matched groups with more than 30 control units and 10 treatment units
are shown. The red line plots treatment effect being 0.

claims—endeavoring to understand whether heterogeneous effects might be present. To do
this, we study the 2010 US Natality dataset from the National Vital Statistics System of
the National Center for Health Statistics, NCHS (2010). As done by Kondracki (2020),
we restrict ourselves to standard term (374 weeks) singular (i.e., not twins, triplets, etc.)
births. Treatment is defined as smoking at least 10 cigarettes per day for the duration
of the pregnancy and our comparison group consists of those women who did not smoke
at all during pregnancy (Kondracki, 2019). The demographic and medical variables we
consider can be found in Table 4 in the appendix. The data we were provided with includes
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discretized mother's and father's age variables, binned at ve year ikrements, that we
use for analysis. An alternative left for follow up work can leverage tools dr continuous
variables such as MALTS (Parikh et al., 2019) in conjunction with FLAME to analy ze the
raw data, including the raw age.

We study two topics: NICU admissions and child's low birth weight Both demonstrate
the strength of our approach in providing granular causal analyses, but in derent ways.
After eliminating units whose outcomes and/or treatment indicators are missing, there were

2.1M units, among which 75K units are treated units. We rst estimate an overall odds
ratio (by averaging odds ratio across matched groups) of NICU admission of appximately
2.6 which is in line with the literature (Adams et al., 2002). The power of our methodology
is the ability to perform a deeper dive into the data. We identify multiple large groups
with odds ratios that are substantially below 1, shown in Figure 10 in the appendix, which
suggests thatthe available data are not su cient for granular analysis, or any strong con-
clusion on NICU admissions since it is unlikely that there is a protective e ect of smoking
on NICU admissions (Abrevaya, 2006; Honein et al., 2001). These results can poteally be
explained by the diverse set of reasons that individuals might be adntied into the NICU
that are not accounted for in these data (Mahendra et al., 2020). Such issuewith these
data have not (as far as we know) previously been identi ed despite he fact that they
impact the trustworthiness of results on this important topic (Adams et al., 2002), where
this same dataset is often used as the trusted source for studying thitopic.

On the other hand, our analysis of the e ect of \extreme smoking” on low birth weight
leads to substantially clearer conclusions: The estimated average éatment e ect of \ex-
treme smoking” on birth weight is 248 grams of infant's weight, and the CATEs are
presented for the high quality matched groups in Figure 3. We note that the estimates
for the largest matched groups are most reliable and are also consistent vhitthe literature
(Kataoka et al., 2018; Kondracki, 2020). Importantly, this plot suggests little t o no hetero-
geneity in the conditional treatment e ects of smoking on birth weight ; most of the extreme
values are observed among small matched groups for which estimation is modt cult.

In summary, FLAME's ability to perform granular analysis is a determiner of trust: in
some cases (e.g., smoking causing NICU admissions) we might questionetlesults from
other types of methods, e.g., those from methods that output an overallATE. In other
cases, FLAME might solidify our trust in the results (e.g., smoking cauwsing lower birth
weight). FLAME's results on NICU admission calls for (1) further medical study on the
causal e ect of prenatal smoking on NICU admission with a ner segmentation of the
population, and (2) consideration of socio-economical causes (e.g., NICU camay not be
a ordable/available in certain circumstances) in order to obtain a cleaner medical causal re-
lation between smoking and NICU admissions. Without the granular analysisthat FLAME
provides, it is possible that, in this analysis, as well as in many othe analyses in other
elds, incorrect/untrustworthy conclusions may not be noticed or in vestigated.

7. Conclusion

FLAME produces interpretable, high-quality matches. The de ning aspects of FLAME are
that it (i) learns an interpretable distance for matching by leveraging a training set, and
(if) uses an algorithm that eliminates successively less-relevartovariates, and permits SQL
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and bit-vector operations to scale to millions of observations { these aredatasets so large
that they may not t into main memory. We were able to theoretically ev aluate the bias
of FLAME under di erent distributions of the covariates. Through appli cation to both

simulated and real-world datasets, we were able to show that FLAME eithe ties with or

outperforms existing matching methods in terms of estimation error and provides a bene t
in interpretability.

There are several natural extensions to the FLAME procedure: First,the less greedy
approach of the Dynamic Almost Matching Exactly (DAME) algorithm (Dieng et al., 2019)
extends the work in this paper by providing a solution to the FULL-AME p roblem, without
backwards selection. However, DAME comes with a substantial computatinal burden as
compared to FLAME and so can only be realistically applied to moderately &ed prob-
lems. Dieng et al. (2019) demonstrate that in many practical settings FLAME and DAME
achieve approximately the same accuracy for CATE estimation, and suggegshat FLAME's
backwards selection procedure be used until the number of covariat is small enough for a
solution to DAME to be practical.

An obvious shortcoming of the FLAME framework is that it operates on categorical
covariates. If we are given substantive information on what changes to theovariates would
not in uence outcomes, one can rst coarsen continuous covariates (as in EM), but such
information is not always available. One solution for mixed continuous/discrete data is to
use interpretable \stretch” matrices as distance metrics, and matt to nearest neighbors
using this stretched distance metric. This idea is the foundaton for the MALTS algorithm
(Parikh et al., 2018; Parikh et al., 2019). MALTS builds on FLAME by using a traini ng set
to learn the distance for matching. In doing this, Parikh et al. (2018) suggetto combine
FLAME's learned Hamming distance for discrete data with MALTS' interp retable stretch
metric for real-valued data. A further extension of FLAME, called Adaptiv e Hyperboxes
(AHB), learns an interpretable box individually (and nonparametricall y) around each data
point (Morucci et al., 2020). Units within the box are matched. AHB relies on an underlying
black box model to determine the distance metric, which is a keydi erence from FLAME
and MALTS.

FLAME has been extended to handle network interference (Awan et al., 2020)and
instrumental variable analysis (Awan et al., 2019).

The code for FLAME is available at https://cran.r-project.org/web/packages/
FLAME/index.html (in R), and https://www.github.com/almost-matching-exactly/ (in
Python). An introduction to the project with links to the code is also found at https:
/falmost-matching-exactly.github.io/ . Gupta et al. (2021) provides a short overview
of the FLAME-DAME software package.
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Appendix

A. Proof of Proposition 2

For a set ofi  1;:::;n units, consider potential outcomesg™9x;q with covariates x P
t0; 1P and treatment indicator t P t0; 1u. Observed treatments are denoted by the random
variable T; for all units i, and observed outcomes are denoted by,  Tig"™%wx;q p1
Tig™xiq Let 1 x1q be a vector that is one at positionj if x; le and 0 everywhere
else. LetWTlpx x1q be the (positive) weighted Hamming distance betweerx and xwith a
vector of weights of lengthp, denoted byw, where each entry ofw is a positive real number,
and such that 0 } w}, 8 . De ne the matched group for a valuex as MG x; ;S™q
tXi; i I:::;n st X X u, i.e., the set of units in.the sample that have
value x of the covariates selected by . De ne also n¢px; ;S™q xiPMG px: :smaq1i and
nepx; ;S™q xiPMG p: smagPl  Tig Let:

P P
M max 19 Xxg g p<q|;

x:x 1Pt0; 1P WTlp(l xq
tPt0;1u

and assume thatM 8 . Then, for all x;x*P t0; 1P and t P t0; 1u, by the de nition of M
above, we have:|g"9xq g™%x’gle MwT 1,1 qand

o"%xg Mw 1y yiqo o™%x’go g™ixq Mw' 1y iy (11)

Now we pick an arbitrary pair of x and and consider the term WTlp( x1g for any x1P
MG x; ;S™q

wily g W, 1o xiq (xj (resp. x{) is the j -th entry of x (resp. x%)
i1
P
wipl ol xiq (Sincex'PMG x; ;S™aq)
j 1
P
o wpl g w'pl g (12)

i1

where 1 is a vector of length p that is one in all entries. The second line follows be-
causex! P MG x; ;S™aqimplies that x! must match exactly with x on the covariates

selected by . We want to use the estimator "o 0 so—tsmg x PG p; ismaqYiTi
nmceswG xipMe o smq Vil Tiqto estimate g g™9xq  g™xq for some xed
x and . We can construct an upper bound on the estimation error of this estimatoras
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follows:
l 5 1 5
RS oG i smag PGS, MG e sma g
1
Pld~y . AT
— g i gr;
e ’SmaquPMG px; ;SMagq
1
- PO, . : pla POq,
e, SMag g'igd  Tig pgtXq gvxdq (13)

Xi PMG px; ;Smaq

where we useY; Tg™%xiq pl Tiqg™xiq and Ti2 Tiand TipL Tiqg O for anyi.
Then from (11) we get:

1

Mary: oT-
— g~ i dT;
n¢x; ,SmaquPMG o 1Sma g
1
— o™xigd  Tig pg™ixg g™¥mxqq
nCp(’ lS q L.
Xi PMG px; ;S™maq
1 5
plq T .
R — rg=mg Mw 1y ST
e, ’SmaqxiPMG px; ;Sma g
l 5
pOg T .
— rg™mxg Mw 1, xsd  Tig
Mo ST, pg s sm g
g g (14)
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Next, we combine (13) and (14) to get:

1 s 1 s
— aman YT ———mn Yipl Tig mXq
NepX, ’SmaqxiPMG px; ;SMaq N, ’SmaqxiPMG px; ;SMaq
l B
& <. Smag rgP9xg MwT 1y xosTi
s UxipmG pe; ssma g
1 > T
hep S™g PP MWl st Tid

Xi PMG px; ;SMmaq
0™xq  g™%xq

1 s
plq .
0 'XG——cman Ti
n¢px; ,SmaquPMGpX; sma g
1 5
QWQWW L Tig ¢™ixq g™mxq
bt 9% PMG p; 1S g
T 1 T,
Mw'1, ! i
px Xiq .. .
X;PMG px; ;SMmaq ntp(’ ’Smaq nCp(l 1Smaq
MwT1, ! i
X Xiq A -
xi PMG px; ;S™Maq ngpx; ;SMaq  nepx; ;SMaq
a MWTpl q . '_ - !
XiPMG x; ;Smaq ngx; ;STAQ  nepx; S™MAq
2Mw'pl g

where the inequality in the second to last line follows from Equation(12). Using the same
set of steps we can construct a lower bound on the estimation error:

1 > 1 :
S YiTli  —— s vipk Tiq g
NP 3 S™A, ove & iSMa g Mo 1 S™0, e ; iS™ g
1 5
¥W rgP9ma Mw ' Lpc xosTi
T XiPMG x; ;S™maq
1 > T
hp S O MW et Tio

XiPMG px; ;S™Maq
™Ixq  g™ixq
. T, 1 T
¥ MwTpl g ! -
XiPMG px; ;SMa g ng; ;S™q nepx; ;SMaq
2Mw'pl g

Putting together these two bounds we obtain the statement in the proposition.
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B. Proof of Theorems in Section 5

Proof of Theorems 4 and 5: The proofs of these theorems are computer programs.
They calculate the bias analytically (rather than numerically). They enumerate all possible
covariate allocations. For each allocation, the program checks if the allaation is valid and
then runs Oracle FLAME to compute the conditional average treatment e ect in each bin.
Subtracting these estimate from the true CATE values and averaging (niformly) over bins
yields the bias for that allocation. The theorems report the average ovevalid allocations. B

Proof of Theorem 6: The results follows from the symmetry in the assignment of treat-
ments and controls to valid allocations. Note that if an allocation to n units T, p t1;:::;thq
is a valid allocation then so is 1 T,. If the estimate of a CATE under the assignment
Tois | p j j then necessarily the estimate of the same CATE under 1 T, is
i j j for some ;. Thus the contribution of baseline covariatej to the esti-

mation of the CATE is necessarily identical underT, and 1 T, since it does not depend
on the treatment value of any unit. Let us de ne dATEx pThq as the conditional average
treatment e ect for covariate combination X under assignmentT,. Note that the bias of
estimating any CATE can be written as

! | dATE |

= x PTnd dATExprnq CATEx

Tnh:unit 1 treated Th :unit 1 control

where the summations are over all possible assignments. For every agsiment T, in the
rstsummand, 1 T, must appear in the second summand, thus canceling the contribution
of all ; to the bias. |

Proof of Proposition 7:  We focus on the treated case, and the control counterpart follows
naturally using the same argument. Sincep;pX q ¥ 43, the probability of the error
maximizing pointof a xed fP4PF, , notin S isatmostpl 4, d¥CP ST Al Thisis
true because the max error for a giverf P19 only depends on the covariates selected by and

the r relevant covariates that contribute to the outcome (in the noiselesssetting). Similarly,
the probability that the error maximizing point notin - S{ is at mostpl ;4¢P Sy dl,

Thus with probability at least 1 p1 3, 51 p1 , g¥CPSI*d, the error
maximizing point for f P9 s in both MG p ; SI' gand S"®. When this happens, we have

opG ;SM™g g™xg e 0p; SMMg fP% g P9 g ¢™%xq  (15)

o PSR g ATpS] TR g (16)
2§ sy P g (17)
where (16) and (17) are due to that both A& pSma: f Plg qand A" psSi'; f P4 qin this

case are true max error forf P19,
[ |
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C. Additional Experiment Details
C.1 Regression cannot handle model misspecification

We generated 20,000 observations from (9), with 10,000 treatment units and 10,000 control
units, where U=10 and xZT a:? ~ Bernoulli(0.5). The nonlinear terms will cause problems
for the (misspecified) linear regression models, but matching methods generally should not
have trouble with nonlinearity. We ran FLAME, and all points were matched exactly on
the first iteration yielding perfect CATEs. Scatter plots from FLAME and regression are
in Figure 4. The axes of the plots are predicted versus true treatment effects, and it is
clear that the nonlinear terms negatively impact the estimates of treatment effects from the
regression models, whereas FLAME does not have problems estimating treatment effects
under nonlinearity.

o 1201 . Treatment Effect - 1201
d —— 45 degree line 3 100 {
E 1001 E
] + 80 1
T 801 @
15 E 601
© ©
60
: o
qu 401 E, 204
£ £
5 209 2 o1 # . Treatment Effect
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True Treatment Effect True Treatment Effect
(a) FLAME (b) Double linear regressors

Figure 4: Scatter plots of true treatment effect versus estimated treatment effect on every
unit in the synthetic data. The regression model is misspecified, and performs poorly.

C.2 Scalability Comparison between FLAME-bit and FLAME-db

In this part, we evaluate scalability of both implementations of FLAME (FLAME-db and
FLAME-bit) in a more complete manner. We generate synthetic datasets using the method
described in (9) for different values of n and/or p. As in the previous settings, ZE?
Bernoulli(0.1) and z7 ~ Bernoulli(0.9) for i > 10.

We compare the run time of FLAME-bit and FLAME-db as functions of p in Figure ba
(with n fixed to 100,000), and of n in Figure 5b (with p fixed to 15). In Figure 5, each
dot represents the average runtime over a set of 4 experiments with the same settings; the
vertical error bars represent the standard deviations in the corresponding set of experiments
(we omit the very small error bars). The plots suggest that FLAME-db scales better with
the number of covariates (though that happens more often when the number of covariates
is large, beyond what we show here), whereas FLAME-bit scales better with the number of

~
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units, since pre-processing and matrix operations used in FLAME-bit are expensive when
the number of columns is large.

A major advantage of FLAME-db is that it can be used on datasets that are too large
to fit in memory, whereas FLAME-bit cannot be used for such large datasets.

6000 ¢ FLAME-bit A 125 ¢ FLAME-bit A
@ 4 FLAME-db ) v a 4 FLAME-db _J,—"
° Ve © 100 B
S 4000 / § &
Lq’i ";7 E’J’, 75 A
e
& 2000 - g 50«
[= & T —. .
& 251 e o= &
01 =z 0" ad
20 40 60 80 100 200K 400K 600K 800K M
Number of covariates Number of units
(a) n = 100,000 (b)p=15

Figure 5: This figure shows how the runtime scales with the number of units and number
of covariates for FLAME-db and FLAME-bit. In general, FLAME-bit is faster when the
number of covariates is relatively small so that the multiplication of the bit vectors is not
too expensive. On the other hand, FLAME-db is faster when the number of variables is
relatively large. In both subfigures, the size of holdout sets is fixed to 100,000 (50,000
control and 50,000 treated).

C.3 Effect of the C parameter on the behavior FLAME

This experiment aims to understand how the parameter C would affect the estimation
quality. Since the parameter C trades off the Prediction Error (PE) and Balancing Factor
(BF), we create a setting where variables that are more important to outcome prediction are
less balanced. More specifically, we created 15,000 control units and 15,000 treated units
with the outcomes given by

20 1
yzi;;m—FlOT—I—e (18)

where z; ~ Bernoulli (0.1 + S(f;01)> for the control group and z; ~ Bernoulli ( 0.9 — 3(f5;()1)

for the treatment group, T € {0, 1} is the treatment indicator, and ¢ ~ A(0,0.1). Based
on (6), we expect that the larger the parameter C, the earlier the algorithm eliminates
covariates of higher balancing factor.

As we can see from Figure 6 and 7, larger C values encourage FLAME to sacrifice some
prediction quality in return for more matches; and vice versa. Better prediction quality leads
to less biased estimates while a larger balancing factor leads to more matched units. This is a
form of bias-variance tradeoff. Figure 8 summarizes Figures 6 and 7 by plotting the vertical
axis of Figure 6 against the vertical axis of Figure 7. Since the percent of units matched
in Figure 6 is cumulative, the horizontal axis in Figure 8 also (nonlinearly) corresponds to
the dropping of covariates. In Figure 7, each blue dot on the figures represents a matched
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group. The bias-variance tradeoff between estimation quality versus more matched groups
is apparent; the left figure shows fewer but high quality (low bias) matches, whereas the
right figure shows more matches that are lower quality (higher bias).
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Figure 6: This figure shows the percentage of units matched as FLAME eliminates variables
with C' being 0.1, 0.5 and 1. More units are matched when the value of C is large. The
counts in these subfigures are cumulative. The vertical axis denotes the percentage of units
matched.
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Figure 7: This figure shows how estimation quality changes as FLAME eliminates variables
with C being 0.1, 0.5 and 1. The bias is smaller when the value of C' is small. Here the size
of the dots represents the number of units corresponding to that dot.

C.4 Decay of performance as less important variables are eliminated

To better understand the behavior of FLAME as it eliminates variables, we create a setting
where the variables are all assigned non-zero importance. In this case, 20 covariates are
used. As FLAME drops variables, prediction quality smoothly degrades. This is meant
to represent problems where the importance of the variables decreases according to an
exponential or a power-law, as is arguably true in realistic settings. Accordingly, we create
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Table 3: Covariates dropping order of a FLAME run on the natality data when th e outcome
is NICU admission. Covariates dropped earlier are listed closer to theéop. In the table, we
usethe Manual to refer to the Natality Data Manual (National Center for Health Statistics,
NCHS, 2010).

covariate \ additional remarks
Father's Age | Father's Age Recode 11 column in the manual.
Weekday | Weekday column in the manual.

Mother's Education
Total Birth Order
Live Birth Order
Father's Race
Mother's Race
Mother's Age
Chronic Hypertension
Previous Cesarean Deliveries
Mother's Marital Status
Prepregnancy Diabetes
Prepregnancy Hypertension
Previous Preterm Birth
Birth Place
Sex of Infant

Mother's Education column in the manual.

Total Birth Order Recode column in the manual.
Live Birth Order Recode column in the manual.
Father's Bridged Race column in the manual.
Mother's Bridged Race column in the manual.
Mother's Age Recode 9 column in the manual.
Chronic Hypertension column in the manual.
Previous Cesarean Deliveries column in the manual.
Mother's Marital Status column in the manual.
Prepregnancy Diabetes column in the manual.
Prepregnancy Hypertension column in the manual.
Previous Preterm Birth column in the manual.
Birth Place Recode column in the manual.

Sex of Infant column in the manual.

15,000 (high income). This binarization gives 564,755 low-income people and 656,12igm
income people. The marital state is binarized with 1 for being marriedand 0 for unmarried
(including divorced, widowed and separated). This preprocessig gives 722,688 treated
units (married) and 498,194 control units (unmarried). We randomly sampled 10% of
these units (122,089 units) as the training set. As a real dataset with a lage number
of rows and columns, the US Census Data is mainly used for scalability elation. For
the estimated treatment e ect, in agreement with the literature ( Zagorsky, 2005), FLAME
suggests marriage contributes positively to income.

Running time comparison: Methods in Table 2a other than FLAME-db either did
not nish within 10 hours or crashed, whereas FLAME-db took 1.33 hours. In this case,
FLAME-bit encounters a over ow problem.

D. Causal Forest is Not a Matching Method

The causal forest algorithm (Wager and Athey, 2018; Athey et al., 2019) is a methodhat
learns both a model for the counterfactuals and one for the propensity. Wile causal forests
are used to estimate CATEs, the method should not be interpreted as matching method.
Matching methods match a small subset of units to estimate CATEs. h practice, matching
methods are essentially subgroup analysis methods. One top desidga of a matching
method is that one unit should not be matched to too many other units. If a unit is
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Table 4: Covariates dropping order of a FLAME run on the natality data when th e outcome
is infant's birth weight. Covariates dropped earlier are listed clogr to the top. In the
table, we usethe Manual to refer to the Natality Data Manual (National Center for Health
Statistics, NCHS, 2010).

covariate \ additional remarks

Father's Age

Mother's Education
Weekday

Mother's Age

Father's Race

Mother's Marital Status
Prepregnancy Diabetes
Previous Cesarean Deliveries

Total Birth Order
Prepregnancy Hypertension
Chronic Hypertension

Live Birth Order

Previous Preterm Birth
Sex of Infant

Mother's Race

Birth Place

Father's Age Recode 11 column in the manual.
Mother's Education column in the manual.
Weekday column in the manual.

Mother's Age Recode 9 column in the manual.
Father's Bridged Race column in the manual.
Mother's Marital Status column in the manual.
Prepregnancy Diabetes column in the manual.
Previous Cesarean Deliveries column in the manual.
Total Birth Order Recode column in the manual.
Prepregnancy Hypertension column in the manual.
Chronic Hypertension column in the manual.

Live Birth Order Recode column in the manual.
Previous Preterm Birth column in the manual.

Sex of Infant column in the manual.

Mother's Bridged Race column in the manual.
Birth Place Recode column in the manual.

matched to too many others, then the match will cease to be interpréable, which does not
easily permit case-based reasoning.

In order to interpret causal forests as a matching method, one would ned to de ne a
match to be the number of points sharing at least one leaf of one tree in théorest with a
given unit. However, with causal forests, this number increases ragly with the number of
trees in the forest. For instance, using the data generation processom Section 6 (repeated
below), if one runs causal forest for 1000 iterations, the average number ainits matched
to any given unit is 450. After 5000 iterations, the average number of units mathed to a
given unit is over 1000. Let us demonstrate this:

We use the same model as in Section 6 to generate synthetic data, for eaahit i:

Xij Xi 5
i i1 By
where i indexes units andj indexes covariates, j is a baseline e ect of each covariate,
j is the treatment e ect conditional on covariate j. The model also includes a nonlinear
interaction e ect between covariates: xjx , where each covariate interacts with all the
covariates that succeeds it. This term is weighted by the coe cient U. We simulate data
from a model with 10,000 treatment and 10,000 control units, and 30 covariates, ith 10

important and 20 unimportant (i.e., such that j; ;  0). We implement causal forests
with 200 trees and 1000 training samples per tree.
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Thus, causal forests cannot be interpreted as a matching method for th following rea-
sons:

The size of the matched groups depends on the runtime of the method. Aus it is not
clear where one would stop to de ne it as a matching method or as a non-mating
method.

If one were to try to obtain interpretable matched groups from causal foret, one
would need to stop after only a few trees, which is not recommended bWager and
Athey (2018); Athey et al. (2019) because it would hurt performance.

Causal forest was not designed to be a matching method. Examining iterge matched
groups would not necessarily achieve the main goals of case-based reasoninghsas
troubleshooting variable quality or investigating the possibility of missing confounders.

41



	Introduction
	Relationship to Prior Work
	The FLAME Framework
	Why Learn a Distance Metric for Matching?
	Full Almost-Matching-Exactly (Full-AME) Problem
	Bias Bound in the Full-AME Problem
	FLAME's Backward Procedure to Full-AME
	Implementing Matched Groups in FLAME
	Implementation using Database (SQL) Queries
	Implementation using Bit Vectors
	Comparison

	Bias Calculations
	Exact Bias Computations for Oracle FLAME
	Empirical Bound for FLAME Bias

	Experiments
	Experiments with Synthetic Data
	Most matching methods cannot handle irrelevant variables
	Scalability evaluation
	Upper bound on CATE sample variance

	Experiments with Real Data

	Conclusion
	Proof of Proposition 2
	Proof of Theorems in Section 5


