Magnetic order and ballistic spin transport in a sine-Gordon spin chain
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We report the results of muon-spin spectroscopy (1 SR) measurements on the staggered molecular
spin chain [pym-Cu(NOs3)2(H20)2] (pym = pyrimidine), a material previously described using sine-
Gordon field theory. Zero-field SR reveals a long range magnetically-ordered ground state below
a transition temperature Tx = 0.22(1) K. Using longitudinal-field (LF) TSR we investigate the
dynamic response in applied magnetic fields 0 < B < 500 mT and find evidence for ballistic
spin transport. Our LF p™SR measurements on the chiral spin chain [Cu(pym)(H20)4]SiFs-H20,
instead demonstrate one-dimensional spin diffusion and the distinct spin transport in these two
systems suggests that additional anisotropic interactions play an important role in determining the
nature of spin transport in S = 1/2 Heisenberg antiferromagnetic chains.

At low temperatures, the one-dimensional (1D) anti-
ferromagnetic (AF) spin chain hosts a range of exotic
magnetic phenomena including quantum-critical fluctua-
tions, emergent energy gaps and topological excitations.
The ideal S = 1/2 AF Heisenberg chain has a gap-
less excitation spectrum, but is highly sensitive to small
modifications. A particularly dramatic effect results
from the spins enjoying an alternating local environment,
which is achieved in a so-called staggered spin chain
[1]. This system hosts a magnetic field-induced gapped
phase described by sine-Gordon (SG) quantum-field the-
ory, which predicts a complex excitation spectrum includ-
ing solitons, antisolitons and soliton-antisoliton bound
states, known as breathers. Generalized hydrodynamic
approaches show that transport in the SG field theory
is ballistic, except in certain limits (including low tem-
perature), where the semiclassical result predicting ei-
ther ballistic or diffusive transport is recovered [2]. How-
ever, owing to the scarcity of model material systems, the
nature of the spin transport has not been firmly estab-
lished in experimental realizations of this model. In this
Letter, we investigate the staggered spin chain material
[pym-Cu(NO3)2(H20)3] (pym = pyrimidine = C4Hy4N3),
hereafter Cu-PM, using muon-spin spectroscopy (pSR).
Cu-PM is one of relatively few experimental realizations
of a staggered spin chain that is well-described by SG
theory [3, 4] and here we reveal the material’s ground
state and the character of its spin transport.

In Cu-PM, the Cu?* ions form chains, with the pri-
mary magnetic exchange [J = 36.3(5) K [5]] being me-
diated by linking pym ligands [6]. It has been shown
theoretically [7] that the material’s staggered local g ten-
sor of neighboring Cu?* ions produces an effective stag-
gered internal magnetic field transverse but proportional

in magnitude to the applied magnetic field. This in-
ternal field, which can also be produced by alternat-
ing Dzyaloshinskii-Moriya (DM) interactions along the
chain, results in a magnetic field-induced gap A, which
has been experimentally observed for Cu-PM [4, 5]. In
addition, signatures of the three lowest breathers and a
soliton predicted by SG theory have been observed with
electron-spin resonance (ESR) [8]. In the perturbative
spinon regime, A < T < J, the soliton-breather super-
structure is suppressed and the anisotropic contribution
to the Hamiltonian due to the staggered g tensors and
DM interactions can be treated as a perturbation. This
perturbation is predicted to result in a field shift and
broadening of the ESR lineshape [9], and the measured
ESR parameters for Cu-PM show excellent quantitative
agreement with these predictions [10].

While the subject of zero-field (ZF) magnetic order has
been investigated in other SG spin chains, the magnetic
ground state of Cu-PM has not yet been established. De-
spite earlier claims that anomalies in the temperature
dependence of the ESR frequency [11] and magnetic sus-
ceptibility [3] of Cu-benzoate [Cu(CgD500)s - 3D20] at
T =~ 0.8 K were due to an AF phase transition, no ev-
idence for Néel ordering was found from neutron scat-
tering experiments [12], and it was later argued that the
ESR peak instead corresponds to an SG breather exci-
tation [9]. A subsequent p+SR study found no evidence
of long-range order (LRO) down to 20 mK [13]. On the
other hand, CuCly- 2DMSO (CDC) has been shown to
acquire zero-field LRO below Ty = 0.93 K [14]. The
interchain interactions responsible for this LRO lead to
significant deviations from the SG model predictions be-
low the B, = 3.9 T critical field for Néel order [15]. In
this study, we use TSR to show that the ground state



of Cu-PM is long-range ordered at temperatures below
Tn = 0.22(1) K. We determine muon stopping sites using
density functional theory (DFT) and use these to provide
further insight into the nature of the ordered moments.
We also use ¢SSR to explore spin transport above Ty in
the perturbative spinon regime and show that it is bal-
listic at all measured temperatures, and contrast these
results with measurements on the chiral staggered spin
chain [Cu(pym)(H20)4]SiFs-H20, which instead demon-
strate diffusive transport.

ZF 1SR measurements [16, 17] reveal a state of LRO
in Cu-PM below Ty = 0.22(1) K, indicated by the ap-
pearance of spontaneous oscillations at two frequencies
[see Fig. 1(a)]. The spectra for T' < 0.22 K were therefore
fitted to A(t) = Zle Aje= >t cos(2my;t) + Age=ot/2 4
Apge~ et where the components with amplitudes A;
and A, account for muons stopping in the sample at two
magnetically distinct sites and undergoing coherent spin
precession with frequencies v; and relaxation rates ;.
An additional component Az with Gaussian relaxation
arises from muons occupying a third distinct site that
are sensitive mainly to quasistatic nuclear fields. Muons
stopping outside of the sample or those with their spins
aligned parallel to the local field contribute to a slowly-
relaxing background with amplitude Ay and relaxation
rate Apg. The amplitudes A;, A, and Az are propor-
tional to the fraction of muons in each distinct magnetic
environment and these account for approximately 35%,
20% and 45% of the relaxing part of the asymmetry, re-
spectively. The frequencies v and v, were found to vary
in fixed proportion, so we fixed v = 0.47v1 in the fitting
procedure. The frequencies v;(T), shown in Fig. 1(b),
are proportional to the magnetic field at the muon site
and act as an order parameter for the system. A fit to
the critical scaling function vy (T) = v1(0)(1 — T/Tx)?,
appropriate near a second-order phase transition, yields
an estimate Ty = 0.22(1) K for the ordering temperature
and B = 0.35(1) for the critical exponent. The critical
exponent 3 obtained here is close to the value 0.367 of the
3D Heisenberg universality class and not far from 0.327 of
the 3D Ising universality class [18], suggesting that that
the ground-state LRO in Cu-PM is three-dimensional in
nature. The precession frequencies v1(0) = 3.0(1) MHz
and 12(0) = 1.41(5) MHz correspond to local magnetic
fields of magnitudes B;(0) = 22.1(7) mT and By(0) =
10.4(3) mT, respectively, for each of the magnetically dis-
tinct muon stopping sites. Above Ty, the spectra can be
described by the sum of an exponential and a Gaussian
relaxation, with a slowly relaxing background as before;
the exponential term is due to fluctuating disordered elec-
tronic moments. The magnetic ordering transition is also
detected through a drop in the initial asymmetry as an in-
creasing fraction of the muon-spin ensemble experiences
large internal magnetic fields and are rapidly dephased
from the spectra. The temperature-dependence of the
initial asymmetry is shown in Fig. 1(b) and exhibits a
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FIG. 1. (a) Example ZF spectra above and below the mag-
netic ordering temperature. (b) Temperature dependence of
the (left axis) precession frequencies and (right azis) initial
asymmetry.

narrow transition between two approximately constant
values, with a fit to a Fermi-like step function yielding
the same transition temperature as estimated above.

To quantify the ordered moments and any structural
distortions due to the presence of a muon, we have carried
out density functional theory (DFT) calculations of the
muon stopping sites [17] using the plane-wave basis-set
electronic structure code CASTEP [19]. We identify three
distinct classes of muon stopping site and show these in
Fig. 2. Sites where muon sits around 1 A from an O atom
in a nitrate group [Fig. 2(a)] or HyO ligand [Fig. 2(b)] are
the lowest and second lowest-energy class of sites, respec-
tively. We also find candidate sites where the muon sits
1.0 A from an N atom in a pym ligand [Fig. 2(c)], which
are substantially higher in energy and result in larger lo-
cal distortions to the crystal structure. These sites can
be mapped to features in the ZF spectra by considering
the dipolar fields resulting from candidate AF magnetic
structures. From our dipolar field calculations [17] we
obtain fields of 9-40 mT/ucy, for the nitrate site, 57—
63 mT/pcy for the HoO site and 93-99 mT/pcy, for the
N(pym) site, where pcy is the ordered moment of the
Cu?" ions in Bohr magnetons. We note that the rela-
tive size of the calculated fields for the HoO and nitrate
sites is consistent with the ratio between frequencies v,
and vy, respectively. This assignment gives an estimate
peu =~ 0.37up for the ordered moment. This moment size
would give a precession frequency of around 5 MHz for
the N(pym) site, which should be resolvable. However,
given the fact that this site is 0.4 eV higher in energy
than the other two, it is probably not realized in prac-
tice, suggesting that the actual muon sites are associated
with only small local distortions of the structure.

Although the ideal 1D S = 1/2 quantum Heisenberg
AF is not expected to show long-range ordering for 7' > 0
[20], experimental realizations of this model are found
to order at low, but non-zero temperature due to the
presence of interactions between chains. A useful figure
of merit for the degree to which low-dimensionality is
achieved is the ratio Tx/J, as this quantity should be



FIG. 2. Low-energy muon sites in [pym-Cu(NO3)2(H20)2]. Lighter spheres represent the ionic positions in the unit cell without
the muon. H atoms have been omitted for clarity where appropriate. (a) The nitrate site. (b) The H3O site. (c) the N(pym)
site.

TABLE 1. Ordering temperature Tnx and intrachain ex-
change J for a series of Cu-chain compounds. Note that
Cu(pyz)(NO3)2 is a linear chain, whereas the rest are stag-
gered chains.

T~ (K) J(K) In/J
Cu(pyz)(NO3)2 [23, 24] 0.105(2) 10.3(1) 1.0 x 1072
Cu-benzoate [3, 13] <0.02 18.2(1) <1073
CDC [14] 0.93 16.9(1) 5.5x 1072
[Cu(pym)(H20)4]SiFs-H20 [25] < 0.02 42(1) <5x107*
Cu-PM [4, 5] 0.22(1) 36.3(5) 6.1 x 1073

zero for the ideal case and close to unity for an isotropic
material. This quantity can also be used to estimate
the interchain coupling .J’ using a formula obtained from
the results of Quantum Monte Carlo calculations on AF
chains [21]. For Cu-PM we obtain Tx/J = 6.1 x 1073,
J' ~ 0.09 K and |J'/J| = 2.5 x 1073, though we note
that additional terms present in the Hamiltonian for a
staggered spin chain are likely to lower Tx below the
value expected for a simple 1D AF chain and therefore
this estimate of J’ serves as a lower bound. We can also
use these parameters to estimate the size of the ordered
moment, using the formula m = 2.034|J’/.J|'/? obtained
from a model of weakly coupled AF spin chains [22]. For
Cu-PM this yields m = 0.1ug, demonstrating that the
ordered moment is heavily renormalized due to enhanced
quantum fluctuations in this low-dimensional system, an
effect that is also seen, to a lesser extent, in our estimate
teu =~ 0.37up obtained by considering the dipolar field
at the muon sites.

The values of Tx/J (Table I) suggest that the degree of
isolation of the Cu?* chains in Cu-PM is similar to that
found in the well-isolated 1D AF linear spin chain copper
pyrazine dinitrate [Cu(pyz)(NO3)2] [23]. In CDC, which,
like Cu-PM, exhibits alternating g tensors and DM inter-
actions, the ground state in zero-field is a collinear AF
below Tx = 0.93 K, with a moment 0.44(5)up along an
Ising-like easy axis [14]. The higher transition tempera-
ture in CDC may be due to the lower DM energy in this

system [14], which is an order of magnitude smaller rela-
tive to J than the values established for Cu-PM [4] and
Cu-benzoate [7]. A more recent example of a staggered
chain is the chiral chain [Cu(pym)(H20)4]SiFs-H20, in
which the environments of adjacent Cu?* ions are related
by 41 screw symmetry [26]. At zero field, its magnetism
is well described as a 1D S = 1/2 Heisenberg AF, with
intrachain exchange J = 42(1) K and no magnetic order
detected down to 20 mK [25]. The suppression of LRO
in this system may be due to a uniform DM interaction
that alternates in sign from chain to chain, which has
been shown theoretically to effectively result in a cancel-
lation of the interchain interaction [27].
Longitudinal-field (LF) pTSR is often used to inves-
tigate low-energy dynamics in 1D materials, including
spin chains [28] and ladders [29]. The principle of these
measurements is to work at a temperature 7' in the 1D
regime, Ty < T' < J (i.e. above any ordering temper-
ature, and below the energy scale of the spin exchange
along the chain), where collective low-dimensional behav-
ior of the spins is expected. In cases where the isotropic
hyperfine coupling A dominates over the dipolar cou-
pling, the field-dependence of the muon-spin relaxation
rate \ is given by A\(B) = (A?/4)f(w.), where f(w) is
the spectral density and the probe frequency we, = 7B,
where 7, is the electron gyromagnetic ratio [30]. Field-
dependent measurements [28, 31] can be used to dis-
tinguish between the two main types of spin transport
possible in a 1D chain, namely spin diffusion or ballistic
transport, since their spin autocorrelation functions have
different associated spectral densities: f(w) oc w™/2 for
diffusive transport and f(w) o In(eJ/w) for ballistic mo-
tion, where c is a constant of order unity. We have carried
out LF p SR measurements on Cu-PM to study the spin
dynamics in this system. The data were fitted to

At) = A GET (A, B)e ™™ + Ay, (1)

which includes the contribution of the quasistatic nu-
clear moments through the LF Kubo-Toyabe function
GXT(A, B), where A is the width of the resulting field
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FIG. 3. (a) Field dependence of the LF relaxation rate

in Cu-PM at T = 1.6 K with fits appropriate for either
diffusive or ballistic spin transport. (b) Field dependence
of relaxation rate and fits describing ballistic spin trans-
port at three different temperatures, plotted on a linear—
log scale. Field dependence of the LF relaxation rate for
[Cu(pym)(H20)4]SiFs-H20 at (¢) T =5 K, (d) T = 10 K
and (e) T'= 100 K.

distribution, and the relaxation due to dynamics with
relaxation rate .

The field-dependence of the relaxation rate A is shown
in Fig. 3. In Fig. 3(a) we show A\(B) at T'= 1.6 K, along-
side fits obtained from three different models. A fit to a
function of the form A\ o< B™"™, appropriate for diffusive
spin transport, yields n = 0.2, which is much smaller
than the theoretically predicted value of n = 0.5 for one-
dimensional diffusion. As seen in Fig. 3(a), a function
of this form with n = 0.5 does not describe the data.
However, a function of the form A\(B) = aln(cJ/B), ap-
propriate for ballistic transport, provides a good fit to
the data with ¢ = 0.16 and outperforms the (unphysi-
cal) A o« B=%2 power-law model at higher fields, where
A(B) obtained from a power-law does not drop off quickly
enough with increasing field. In Fig. 3(b), we show the
results of fitting the ballistic model to the data measured
at several different temperatures; the model provides a
good fit to the data at all of the measured temperatures
and even up to T =~ 2J.

A recent study [25] on the chiral staggered spin chain
[Cu(pym)(H20)4]SiF6-H20 found staggered g tensors, a
staggered susceptibility and a spin gap that opens on
the application of a magnetic field, all of which are rem-
iniscent of phenomena observed in non-chiral staggered
chains. We therefore carried out LF p+SR measurements
on this system to compare its spin dynamics with those
measured for Cu-PM. For B > 10 mT the spectra are
well-described by exponential relaxation and we show the

field-dependent relaxation rates A in Figs. 3(c-e) (details
on the fitting at lower fields can be found in the Supple-
mental Material [17]). As seen in Fig. 3(c), the relax-
ation rate A(B) is approximately constant for fields up to
around 50 mT at "= 5 K. We account for this behavior
using a model for anisotropic spin diffusion, where the
spectral density has the form

fw) = 1 <1+\/1+(w/2DL)2> @

1/2D||DL 2[1+ (w/2D1)?]

with D and D, being the intrachain and interchain
diffusion rates, respectively [32]. This function shows
a transition from a constant low frequency value to a
power-law behavior f(w) oc w™™ at a crossover frequency
proportional to D, . (This model does not work well for
Cu-PM, as there A(B) is not approximately constant at
low fields.) Fitting the data measured at 5 K to this
model we obtain D; = 10! s7! and n = 0.46(12).
This value of n is in good agreement with the theoret-
ical prediction n = 0.5. As the temperature is raised
we observe a shift in the crossover to lower fields [see
Figs. 3(d,e)], corresponding to a decrease in D, and we
also find that D increases with increasing temperature.
We note that the fits to the data at 10 K [Fig. 3(d)] and
100 K [Fig. 3(e)] yield values of n closer to 0.3, which, al-
though noticeably smaller than theoretically predicted,
are not too dissimilar from the value n =~ 0.35 mea-
sured for the linear chain DEOCC-TCNQF, [31]. Fur-
thermore, we would expect the model in Eq. (2) to be
most accurate at T = 5 K because, as the temperature
approaches (or exceeds) T ~ J, the muons are respond-
ing not only to delocalized spin excitations but also to
the quasi-independent spin flips introduced by thermal
fluctuations.

Both ballistic [33, 34] and diffusive [28, 31, 35] spin
transport have previously been observed experimentally
in § = 1/2 AF spin chains, although the latter is far
more common. The nature of spin transport in these sys-
tems remains controversial, with recent theoretical work
suggesting that, in the presence of a periodic lattice po-
tential, diffusion can coexist with ballistic transport [36].
For the vast majority of the data measured for Cu-PM
we are within the perturbative spinon regime, where the
soliton and breather modes are suppressed [10], leav-
ing spinons as the excitations most likely responsible
for the observed spin transport. The anisotropic term
in the Hamiltonian due to the staggered g tensor and
DM interaction is likely to modify the spectral density
of the spin excitations compared with those found in
non-staggered S = 1/2 AF spin chains and could there-
fore be responsible for their distinct transport. There
is evidence for other excitations, such as interbreather
transitions [37], in this intermediate temperature regime,
which could also influence the spin transport. The trans-
port in [Cu(pym)(H20)4]SiFg-H20 is very different, de-



spite both systems being expected to occupy a simi-
lar regime of behavior (i.e where the temperature ex-
ceeds the spin gap, but is smaller than the exchange
strength J). However, we note that the size of the gap
in [Cu(pym)(H20)4]SiFs-HoO and its linear field depen-
dence do not fit with the predictions of the SG model [25].
These differences have been attributed to additional in-
teractions arising from the fourfold periodic chiral struc-
ture [25], and our results here suggest that these interac-
tions also lead to spin transport distinct from that found
in a traditional staggered chain.

In conclusion, we have demonstrated the existence
of long-range magnetic order in the staggered spin
chain compound [pym-Cu(NO3)2(H20)s] with Ty =
0.22(1) K. Our LF p™SR measurements show that
the transport of the spin excitations detected by the
muon is ballistic in the perturbative spinon regime,
A < T < J, whereas the transport in the chiral spin
chain [Cu(pym)(H20)4]SiFg-H2O is shown to be diffu-
sive. These results demonstrate the crucial role played
by additional anisotropic terms in the Hamiltonian in
determining the nature of the spin transport in S = 1/2
AF spin chains. Establishing the sensitivity of the muon
to the magnetic excitations in these systems paves the
way for 4 TSR measurements at higher magnetic fields,
where implanted muons could provide insight into the
soliton-breather regime T' < A.
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