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A P P L I E D  P H Y S I C S

Relations between absorption, emission, and excited 
state chemical potentials from nanocrystal 2D spectra
Jisu Ryu1,2, Samuel D. Park1,3†, Dmitry Baranov1,4†, Iva Rreza5,  
Jonathan S. Owen5, David M. Jonas1*

For quantum-confined nanomaterials, size dispersion causes a static broadening of spectra that has been difficult 
to measure and invalidates all-optical methods for determining the maximum photovoltage that an excited state 
can generate. Using femtosecond two-dimensional (2D) spectroscopy to separate size dispersion broadening of 
absorption and emission spectra allows a test of single-molecule generalized Einstein relations between such spec-
tra for colloidal PbS quantum dots. We show that 2D spectra and these relations determine the thermodynamic 
standard chemical potential difference between the lowest excited and ground electronic states, which gives the 
maximum photovoltage. Further, we find that the static line broadening from many slightly different quantum 
dot structures allows single-molecule generalized Einstein relations to determine the average single-molecule 
linewidth from Stokes’ frequency shift between ensemble absorption and emission spectra.

INTRODUCTION
Electronically excited molecules and materials can store energy (1, 2), 
generate power (3, 4), or emit light (1, 4). For homogeneous mate-
rials such as bulk crystalline semiconductors, the thermodynamic 
maximum photovoltage can be determined from the rate constants 
for photon absorption and emission as a function of frequency (4). 
Determination uses a generalization of Einstein’s rate theory for ab-
sorption, stimulated emission, and spontaneous emission from gas-
phase line spectra (5) to thermalized, homogeneously broadened 
condensed-phase spectra (6–11). In condensed phases, thermalization 
shifts the emission spectrum to lower frequency than the absorp-
tion spectrum, this is known as Stokes’ shift. The homogeneous 
generalized Einstein relations connect the equilibrium Stokes’ shift 
to the linewidth. These also connect the rate constants for absorption 
and emission to the standard chemical potential that determines the 
maximum photovoltage. These relations are widely applicable to 
impurity ions in crystals (11) and bulk crystalline semiconductors 
(3, 4). In contrast, the relations have appeared to be inapplicable to 
molecular spectra (10); we suggest that distinct isomers (7, 12) or 
protonation states (7) in the ionic dye solutions used to test the re-
lations may contribute to both this apparent inapplicability (10) 
and the apparent inhomogeneity of some dyes in photon echo ex-
periments (12). The rate constant measurements needed to determine 
the standard chemical potential are not easy (4), and the approach 
is not valid if spectra are broadened by static inhomogeneities (10), 
such as the conformational heterogeneity of photosynthetic pro-
teins or the size distribution of quantum dots.

A quantum dot is a semiconductor nanocrystal large enough to 
have bulk lattice properties but small enough that three-dimensional 
(3D) quantum confinement increases its bandgap above the bulk 
bandgap (13). Nanocrystal applications benefit from narrow size 

and structure distributions (14). With particle-in-a-box quantum 
confinement, the size distribution from a synthesis generates a static 
bandgap distribution that is diagnostic for size dispersion. For 
polydisperse samples, the resulting broadening of the absorption 
spectrum has successfully guided synthetic efforts to reduce the size 
dispersion. But even with narrow size distributions a few atomic 
layers wide (15–18), colloidal nanocrystals have an astonishing va-
riety of atomic structures (14), emission spectra of single quantum 
dots differ from each other (18), and there is no homogeneous spec-
trum that is the same for every quantum dot. Instead, a quantum 
dot sample has a static inhomogeneous distribution of bandgaps 
and an average single-dot lineshape for each bandgap called the dy-
namical lineshape (19). The dynamical lineshape arises from the 
motions of electrons, holes, spins, ligands, and vibrations of the 
atomic lattice. Every homogeneous lineshape can be correctly called 
a dynamical lineshape, but dynamical lineshapes are not always ho-
mogeneous. For historical reasons, dynamical lineshapes have often 
been called homogeneous even when single-molecule spectroscopy 
has shown that the sample does not have a homogeneous lineshape. 
Unexpectedly, nonlinear spectroscopy has shown that the dynami-
cal emission linewidth can be modified by a capping shell (20). As a 
result, in contrast to previous assumption, the total static and dy-
namic linewidth is not a reliable gauge for comparing size disper-
sion between samples with narrow static size distributions.

This realization, together with the thousands of electron micro
scopy image analyses required to characterize a size distribution, 
has motivated use of nonlinear and single-molecule spectroscopies 
to characterize dynamical linewidths in quantum-confined nano-
materials (17–20). By comparison to size/shape distributions from 
electron microscopy, femtosecond 2D Fourier transform (2DFT) 
spectroscopy (Fig. 1) has been proven to accurately measure band-
gap inhomogeneity in quantum dot samples (19). With size/shape 
deviations on the order of an atomic layer, the bandgap distribution 
is quite accurately Gaussian (19). Because absorption and emission 
both contribute to 2D spectra (21–23), 2D separation of static in-
homogeneity provides a way to test relations between dynamical 
absorption and emission spectra and use dynamical spectra to mea-
sure the standard chemical potential of excited states in hetero-
geneous samples.
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Here, we formulate single-molecule generalized Einstein relations 
and present an equation for the 2D spectrum in terms of single-
molecule Einstein B coefficient spectra. We record high-accuracy 
macroscopic 2D spectra and transform them into these Einstein B 
coefficient 2D spectra by removing pulse and propagation effects. 
We test the generalized Einstein relations on PbS quantum dot en-
sembles from two different synthetic procedures by developing least 
squares fit algorithms for 2D spectra. Dynamical absorption and 
emission spectra from such 2D fits provide the result we sought, a 
determination of the standard chemical potential change.

We were surprised to find a second remarkable result from these 
2D fits. Quantum dot heterogeneity gives an ensemble-average Stokes’ 
shift equal to the Stokes’ shift for quantum dots with the average 
bandgap. This Stokes’ shift and the single-molecule generalized 
Einstein relations can determine the dynamical linewidth. Together, 
these two results prove that the dynamical linewidth and static hetero-
geneity can be determined from ensemble absorption and emission 

spectra. We validate this determination method using literature data 
from fluorescence correlation spectroscopy (17).

RESULTS
Single-molecule generalized Einstein relations
The Einstein coefficients are single-molecule rate coefficients that 
quantify strengths for transitions between two quantum mechanical 
levels (5, 24). Einstein implicitly assumed that degenerate quantum 
states within each level equilibrate rapidly. For broadened spectra, 
the frequency spectra of the Einstein coefficients are related after 
the excited band reaches internal thermal quasi-equilibrium, where 
equilibrium holds within each band but not necessarily between 
bands. For example, within a few picoseconds after absorption of 
light, quasi-Fermi levels are established for each electronic band in 
bulk semiconductors (4), and electronically excited molecules vibra-
tionally thermalize in condensed phases (25).

We begin by defining rate coefficients for three elementary rate 
processes with broadband spectra. The probability per unit time that 
a molecule j in the ground band 0 will absorb a photon and make a 
transition to the excited band X is

	​​ ​ j,0→X​​  = ​ ∫0​ 
∞

 ​​ ​b​ j,0→X​​(, p, T ) u( ) d​	 (1A)

where bj,0 → X(, p, T) is the Einstein absorption B coefficient spec-
trum (absorption-b), u() is the electromagnetic energy density per 
unit frequency , p is the pressure, and T is the absolute tempera-
ture. The probability per unit time that radiation will stimulate a 
molecule j in the excited band X to emit a photon into the same ra-
diation mode and make a transition to the ground band 0 is

	​​ ​j,X→0​ b  ​  = ​ ∫0​ 
∞

 ​​ ​b​ j,X→0​​(, p, T ) u( ) d​	 (1B)

where bj, X → 0(, p, T) is the Einstein stimulated emission B coefficient 
spectrum (emission-b). Last, in the absence of radiation, the proba-
bility per unit time that a molecule j in the excited band X will sponta-
neously emit a photon and make a transition to the ground band 0 is

	​​ ​j,X→0​ a  ​  = ​ ∫0​ 
∞

 ​​ ​a​ j,X→0​​(, p, T ) d​	 (1C)

where ai, X → 0(, p, T) is the Einstein spontaneous emission A co-
efficient spectrum (emission-a). The total probability per unit time 
that a molecule j in the excited band X will emit a photon and make 
a transition to the ground band 0 is ​​​ j,X→0​​  = ​ ​j,X→0​ a  ​ + ​​j,X→0​ b  ​​.

With the assumptions of Boltzmann statistics, thermal quasi-
equilibrium within each band, and a constant refractive index n, the 
generalized Einstein relations connect absorption and emission 
transitions between the same two bands

	​​ a​ j,X→0​​( ) = ​ 8h ​​​ 3​ ​n​​ 3​ ─ 
​c​​ 3​

 ​ ​ b​ j,X→0​​()​	 (2A)

​​​b​ j,X→0​​(, p, T ) = ​b​ j,0→X​​(, p, T ) exp​[​​−(h − ​​j,0→X​ o  ​(p, T ) ) / kT​]​​​​	 (2B)

where h is Planck’s constant, c is the speed of light in vacuum, k is 
Boltzmann’s constant, and ​​​j,0→X​ o  ​​ is the difference in thermody-
namic standard chemical potential between the excited band X and 
the ground band 0 for molecule j (9). ​​​j,0→X​ o  ​​ is an intrinsic proper-
ty of a single molecule and its environment, specified by solvent, 
pressure, and temperature; (26) it is independent of the standard 
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Fig. 1. The quantum dot size distribution diagonally elongates 2D spectra. 
(A) Transmission electron microscopy (TEM) images show the crystal lattices of 
three PbS dots from the ligand-covered ensemble. Maroon, orange, and yellow 
outline larger, average, and smaller dots, respectively. (B) Quantum dot energy 
bands (ground 0, exciton X, and bi-exciton XX) and optical transitions at thermal 
quasi-equilibrium. Exciton absorption has frequency 0 → X ; after a sufficient wait-
ing time Tw, exciton stimulated emission has frequency X → 0 = 0 → X − 2/h and 
exciton to bi-exciton absorption has frequency X → XX = 0 → X − XX/h. (C) The 2D 
pulse sequence uses two collinear pump pulses separated by an excitation delay 
, followed, after Tw, by a noncollinear probe pulse. The change in probe spectrum 
is detected by a spectrograph. (D) At fixed Tw, 2D spectra are obtained by Fourier 
transforming detected probe spectra with respect to excitation delay  and dis-
played as contour maps of optical density change as a function of excitation and 
detection frequency. 2D signals from three dot sizes are colored to match TEM 
image outlines (top). Smaller dots are excited and detected at higher frequencies, 
diagonally elongating the ensemble 2D spectrum (bottom).
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states. The first relation is derivable from quantum electrodynamics 
(27) by assuming kinetic rates for spontaneous and stimulated emis-
sion in a transparent and nondispersive medium. The second rela-
tion is derivable from the first by applying detailed balance [equal 
forward (absorption) and reverse (total emission) rates ​​N​j,0​ eq ​ ​​ j,0→X​​  = ​
N​j,X​ eq ​ ​​ j,X→0​​​] to single-molecule kinetics at thermal equilibrium. 
Equilibrium requires both a Planck blackbody radiation spectrum in-
side the refractive medium [equation 301 of (28)] and a Boltzmann pop-
ulation ratio (26) between bands, ​​​(​​ ​N ​j,X​ eq ​ / ​N ​j,0​ eq ​​)​​ = exp​(​​ − ​​j,0→X​ o  ​(p, T ) / kT​)​​​​. 
The vacuum Einstein relations are recovered with delta function lines 
bX→0() = BX→0( − X→0) and ​​​0→X​ o  ​  =  h ​​ X→0​​ − kTln(​g​ X​​ / ​g​ 0​​)​, 
where gX is the degeneracy of level X. Each Einstein coefficient is 
equal to the frequency integral of its spectrum.

Although the relationship between absorption and emission rate 
coefficients is obtained from a consideration of thermal equilibrium, 
it is valid whenever thermal quasi-equilibrium holds within each 
band. Lifetime broadening precludes thermal quasi-equilibrium, so 
Eq. 2B does not apply to lifetime broadened Lorentzian lineshapes 
in atoms. It can be violated if emission originates from two or more 
partially equilibrated bands (for example, excitons and defects) but 
the violation is diagnostically useful. The frequency-dependent ex-
ponential in Eq. 2B predicts that the quasi-equilibrium stimulated 
emission peak will always be shifted to a lower frequency than the 
absorption peak and that this shift becomes evident for linewidths 
comparable to the thermal energy kT (the Supplementary Materials 
illustrate this for Gaussian lineshapes); this frequency difference 
between peak maxima for b-spectra is Stokes’ shift.

The difference in standard chemical potential ​​​0→X​ o  ​(p, T)​ is the 
difference in standard Gibbs free energy per molecule; ​ ​G​0→X​ o  ​(p, T ) = ​
N​ A​​ ​​0→X​ o  ​(p, T)​ where NA is Avogadro’s number. In reactions that 
produce fuels, such as photosynthesis (1, 2), it gives the driving force 
for the chemical equilibrium constant. At constant pressure and 
temperature,

	​   =  u + pv − Ts​	 (3)

where u is the change in molecular internal energy, ​v​ is the change 
in molecular volume, and s is the change in molecular entropy (26). 
For photo-excitation, the pressure-volume term is usually negligible 
[based on the pressure dependence of PbS quantum dot absorption 
(29), changes in lattice spacing and compressibility give a shift of 
≈10−6 eV at atmospheric pressure]. Standard molecular entropy in-
creases arise from an increased number of electron/hole/spin con-
figurations and their intraband splittings, from changes in lattice 
and ligand vibrations, from changes in nanocrystal volume, and 
from the solvent. The difference in chemical potential depends on 
the difference in standard chemical potential and on the population 
ratio (26)

	​​ ​ 0→X​​  = ​ ​0→X​ o  ​(p, T ) + kTln(​N​ X​​ / ​N​ 0​​)​	 (4)

In solid state physics, 0 → X is the light-dependent difference 
between quasi-Fermi levels in the conduction and valence bands 
(4, 30). In photovoltaics, sustained nonequilibrium population of 
the excited state can generate a voltage V = 0 → X/e, where e is the 
elementary charge. At thermal equilibrium, 0 → X = 0 and the 
voltage is zero; the voltage that can be generated under saturating 
light (NX ∼ N0) is given by the difference in standard chemical 
potential.

Effects of a bandgap distribution on 1D and 2D spectra
The absorption and stimulated emission cross sections are proportional 
to the ensemble average of the corresponding B coefficient spectrum

	​​ ​ 0→X​​(, p, T ) = h ​〈 ​b​ j,0→X​​(, p, T ) 〉​ j​​ n / c​	 (5)

The ensemble average denoted by angle brackets is an average 
over quantum dots j with different sizes and shapes, which gives rise 
to static inhomogeneous broadening of the absorption and emission 
spectra. Equation 2B is valid for single quantum dots but does not 
hold for ensemble-averaged quantum dot spectra because quantum 
dots of different size have different chemical potentials. The previ-
ously known relation (8–11) between macroscopic stimulated emis-
sion and absorption cross sections with the same form as Eq. 2B 
holds only for homogeneous samples. The Beer’s law absorbance or 
optical density spectrum for an isolated electronic transition is pro-
portional to the absorption cross section

	​ OD(, p, T ) = ​N​ 0​​ [ ​​ 0→X​​(, p, T ) / ln(10 ) ] ℓ​	 (6)

where OD is the optical density, N0 is the molecular number density 
in band 0, and ℓ is the sample path length. The transformation of 
absorbance and photoluminescence (PL) spectra into absorption 
and emission 〈b〉 is shown below in Materials and Methods.

The absorptive Einstein B coefficient 2D spectrum of the ensemble 
is an average of single-molecule 2D spectra (Fig. 1D), each of which 
is a 2D product of the excitation probability spectrum with the sum 
of transition probability spectra for the three detected transi-
tions in Fig. 1B

​​
​S​2D​ B  ​(​​ t​​, ​​ ​​; ​T​ W​​ ) = ​N​ X​​(​T​ W​​)

​  
                         ​〈 ​b​ j,0→X​​(​​ ​​ ) [​b​ j,0→X​​(​​ t​​ ) + ​b​ j,X→0​​(​​ t​​ ) − ​b​ j,X→XX​​(​​ t​​ ) ] 〉​ j​​

​​

(7)
where the pressure and temperature dependence has been sup-
pressed and NX is the number density of the excited band X, which 
depends on the waiting time Tw.  is the excitation frequency and 
t is the detection frequency. In Eq. 7, bj,0→X() is the absorption 
probability for the excitation step, which depletes the ground band 
0 and populates the single-exciton band X. Excitation changes the 
optical density of the sample in three ways: depleting 0 causes a re-
duction in 0 → X absorption [more detected photons, positive signal 
bj,0→X(t)]; populating X causes both X → 0 single exciton stimu-
lated emission [more detected photons, positive signal bj, X→0(t)] 
and X → XX exciton to bi-exciton absorption [fewer detected photons, 
negative signal bj, X→XX(t)] (23). 2D spectra from each single-molecule 
add together to give the ensemble 2D spectrum. Fig. 1 shows how 
2D spectra can separate the dynamical broadening perpendicular to 
the diagonal from the total broadening parallel to the diagonal, 
allowing a test of the generalized Einstein relation between B coefficient 
spectra. Furthermore, a single 2D spectrum also puts the dynamical 
absorption and emission b on the same intensity scale, allowing deter-
mination of the change in standard chemical potential upon excitation.

High-accuracy 2D spectra show stimulated emission 
and enable quantitative fitting
For 2D experiments, colloidal PbS quantum dots with a bandgap of 
1.07 eV were prepared by two different air and moisture free syn-
theses: one sample was synthesized from lead chloride and sulfur in 
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oleylamine (15) and capped with 3.1 oleate ligands/nm2 (covered 
sample); the second sample was synthesized from lead oleate and 
substituted thiourea (16) and capped with 1.1 oleate ligands/nm2  
(part-covered sample). Figure S1 shows electron microscopy images 
and histograms that reveal the size and shape distribution (table 
S1). The transformation of experimental absorbance and PL spectra 
into Einstein 〈b〉 transition probability lineshapes for absorption 
and stimulated emission is illustrated in Materials and Methods. 
Thermally equilibrated 2D spectra are measured for air and moisture-
free PbS quantum dots in a sealed, interferometrically stable spin-
ning sample cell (31) that rotates to a fresh sample for every laser 
shot, thus eliminating contamination of the 2D spectra by photo-
charging (32). Without the usual measures to reduce absorption 
or red-shift emission (33), this enables the observation of single-
exciton stimulated emission needed to test the generalized Einstein 
relations. For high accuracy, the 2D spectra are recorded using a 
set of excitation pulse pair delays obtained by step-scanning a 
Mach-Zehnder interferometer (fig. S2) that is actively stabilized to 
±0.6 nm pathlength difference at each step. As recorded, each 2D 
spectrum is attenuated by the pulse spectra and sample absorp-
tion. Materials and Methods shows the transformation to an Einstein 
B coefficient 2D spectrum through division by pulse spectra and 
propagation functions.

Figure 2A shows an experimental Einstein B coefficient 2D spec-
trum of PbS quantum dots with partial ligand coverage at Tw= 1 ps 
waiting time, after intraband relaxation (34, 35). The most notable 
aspects of the experimental 2D spectrum in Fig. 2A are the strong 
stimulated emission around the white cross and the absence of the 
usual region with net negative signal arising from absorption by the 
excited state (19). These features were revealed by air-free synthesis 
and elimination of repetitive excitation with the spinning sample 
cell (31). Since stimulated emission by itself can only shift the 2D 
maximum to lower detection frequency, as in Fig.  1D, the slight 
shift of the 2D maximum to higher detection frequency (see the 
contours around the white dot) indicates that exciton to bi-exciton 
absorption lies only slightly to lower detection frequency than the 
depleted ground state absorption. Partial cancelation between these 
two overlapping and oppositely signed signals makes stimulated 
emission appear stronger.

An algorithm was developed to least-squares fit the 2D spectra 
to a model containing the three signal contributions in Fig. 1B and 
Eq. 7. With size/shape deviations on the order of an atomic layer on 
each face, the bandgap distribution is quite accurately Gaussian, as 
shown by transmission electron microscopy and 2D spectroscopy 
(19). Starting from the ensemble absorption and emission, the algo-
rithm (flowchart in fig. S3) first finds dynamical absorption and 
emission by deconvolution with the static bandgap distribution 
[a Gaussian with standard deviation (SD) static]. The next step shifts 
(XX) and broadens (by convolution with a Gaussian of SD XX) the 
dynamical absorption to get the dynamical exciton to bi-exciton ab-
sorption. We use eq. S5 to sum these three terms with variable strengths 
for emission (wX → 0) and exciton to bi-exciton absorption (wX → XX) 
and use eq. S9 as an algorithmically convenient form for the 2D spec-
trum in Eq. 7. The product 2D spectrum in Eq. 7 is then ensemble-
averaged over the bandgap distribution, and all five parameters 
are optimized. This fit always matches the ensemble absorption 
and stimulated emission spectra exactly—only the 2D spectrum is 
treated as data to be fit. The fit (Fig. 2, B and C) has a reduced chi-
squared of 1.04. All five parameters are necessary (fig. S4), and the 
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Fig. 2. Comparison between experimental and fit Einstein B coefficient 2D 
spectra for the partially ligand-covered PbS quantum dot sample. The color bar 
at the top is used to show signal as a fraction of maximum signal. (A) Experimental 
2D spectra with black contours at 10 to 90% of maximum. The rectangle encloses 
the fitted region. The dashed line shows the diagonal, the white dot marks the 
absorption-〈b〉 maximum, and the white cross marks the emission-〈b〉 maximum. 
(B) Least squares fit to the 2D spectrum using eq. S9. (C) Overlaid 10 to 90% con-
tours of the experimental (2.4% noise) and fit (smooth) 2D spectra. (D) The net signal 
(black dotted curve) and three dynamical contributions for the most probable 
quantum dot size and bandgap (m): positive reduced exciton absorption (blue 
curve), positive exciton stimulated emission (red curve), and negative exciton to 
bi-exciton absorption (green curve).
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2D width (fig. S5) provides evidence for bi-exciton broadening (Fig. 2D). 
Table 1 has parameters and error bars for 2D spectra, including a 
later waiting time and the covered sample (fig. S6).

The ensemble linewidths are dominated by dynamical broadening. 
It has been reported that passivating ZnS shells can reduce the dy-
namical linewidths for CdSe quantum dots by up to one-third (20). 
We find that differences in shape and ligand coverage between samples 
change the dynamical broadening by about one-sixth of the dynamical 
linewidth, increasing the dynamical half width at half maximum from 
36 meV (part-covered) to 43 meV (fully covered). The two samples 
naturally differ in static size dispersion broadening, with static/e = 
24 versus 27 meV. All remaining parameters agree within error for both 
samples, which is consistent with intrinsic properties of PbS quantum dots.

Where comparison is possible, agreement with prior work is 
good. The shift XX/e = 7 meV of the exciton to bi-exciton transition 
agrees with a prior measurement using two-photon excitation (36). 
In bulk PbS, the valence and conduction bands both have an eight-
fold degeneracy when electronic momentum, angular momentum, 
and spin are included. The ground state, with a full valence band 
and empty conduction band, has only one electron-spin configuration. 
The exciton, with one hole in the valence band and one electron in 
the conduction band, has 64 = 8 × 8 electron-hole-spin configura-
tions (37, 38). According to a widely used degeneracy model (39) 
with electron-hole-spin configuration splittings that are small rela-
tive to the thermal energy kBT, the relative strengths of depleted ground 
state absorption, exciton to bi-exciton absorption, and stimulated 
emission should be w0 → X : wX → XX : wX → 0= 64:49:1 in PbS quantum 
dots. The ground to exciton and exciton to bi-exciton absorption 
strengths match the predicted 64:49 ratio.

Table 1 also presents internally consistent new results. Since the 
Stokes’ shift generally arises from a combination of electron-hole-
spin configuration splittings and exciton-phonon interactions (40), 

the degeneracy model must implicitly attribute the Stokes’ shift of 
~4kBT to exciton-phonon coupling. However, stimulated emission 
is about seven times stronger than predicted by the degeneracy 
model. This stronger emission indicates that relaxation down to ener-
gy levels that are lowered by electron-hole-spin configuration split-
ting and bright in emission plays an important role in red-shifting 
the emission by more than the thermal energy. The splittings are a 
property of the exciton and may depend on the atomic structure of 
an individual quantum dot (41). On the basis of the above explanation 
of the excess emission strength from electron-hole-spin configuration 
splittings, we expect broadening in PbS quantum dots because of 
the increase from 64 electron-hole-spin configurations in the exci-
ton band to 784 in the bi-exciton band. Such broadening of the ex-
citon to bi-exciton transition is known in quantum wells (42). The 
best fit bi-exciton broadening is (XX/e ~ 18 meV). The bi-exciton 
broadening is expected to be approximately the same as the broad-
ening of the exciton transition from electron-hole-spin configura-
tion splittings, so the overall dynamical linewidth is consistent with 
previously reported exciton-phonon couplings for vibrations of the 
nanocrystal lattice (35). Since the high-accuracy 2D spectra do not 
show a bare negative signal from the exciton to bi-exciton transi-
tion, these remarkably consistent bi-exciton parameters are a key 
result of the least squares fit algorithm developed here. The dynamical 
absorption and emission spectra are found to agree with the gener-
alized Einstein relations; each predicts the maximum for the other 
within 5 meV. At the most probable bandgap, the change in standard 
chemical potential is ​​​m,0→X​ o  ​ / e  =  0.97 ± 0.01​eV for both samples.

Tests of the generalized Einstein relations
A second fit of the 2D spectra (flowchart in fig. S7) enforced the 
generalized Einstein relations as a constraint. In this second fit, the 
dynamical absorption and stimulated emission spectra are related 

Table 1. Best fit parameters for 2D spectra of the two PbS quantum dot samples. Asymmetrical error bars are given in parentheses for each fit parameter 
and result. The change in standard chemical potential is given for quantum dots with the most probable bandgap, ​​​ m,0→X​​  = ​ ​0→X​ ens ​​. For reference, bi-exciton 
broadening increases the exciton to bi-exciton lineshape FWHM by 12.44 meV in the best fit for the covered sample at Tw = 1 ps. The half-width at half maximum 
(HWHM) is used to quantify the dynamical linewidth for the 1S-1S transition because its high frequency side is overlapped by transitions to higher energy states. 

Fit parameters Part-covered, Tw = 1 ps Covered, Tw = 1 ps Part-covered, Tw = 5 ps

static/e (meV) 23.9 (−0.5,+0.5) 27.4 (−0.7, +0.7) 23.8 (−0.5, +0.5)

XX/e (meV) 7.4 (−2.8, +3.7) 4.8 (−3.5, +9.3) 5.8 (−2.6, +3.5)

XX/e (meV) 19.7 (−3.4, +3.2) 16.3 (−7.3, +7.6) 15.6 (−2.7, +2.9)

wX → 0 6.9 (−1.9, +2.2) 7.2 (−4.4, +6.5) 5.2 (−2.0, +2.1)

wX → XX 49.9 (−2.8, +8.8) 49.4 (−9.6, +20.8) 52.5 (−5.0, +9.0)

Fit results

2 2901 6256 7864

​​​​ 2​​ 1.04 1.99 2.83

HWHMdyn/e(meV) 36.0 (−0.4, +0.4) 42.6 (−0.6, +0.5) 36.4 (−0.6, +0.7)

​​​m,0→X​ o  ​ / e​ (eV) 0.97 (−0.01, +0.01) 0.97 (−0.03, +0.02) 0.97 (−0.02, +0.01)

​h ​​0→X​ ens ​ / e​ (eV) 1.070 1.069 1.070

​h ​​X→0​ ens ​ / e​ (eV) 0.982 0.985 0.982
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by Eq. 2B, and the ensemble absorption lineshape, ensemble stimu-
lated emission lineshape, and 2D spectrum are all data to be fit. The 
results are shown in Fig. 3A for the center of the static distribution. 
The dynamical emission lineshape is quite asymmetric, with a strong 
high-energy shoulder. A similar asymmetry has been reported in 
single-molecule PbS/CdS core/shell quantum dot emission spectra 
and attributed to intraband splittings (38). Calculations (37) have 
predicted a corresponding asymmetry in absorption. The 2D spec-
tra reveal a weak low-energy shoulder in dynamical absorption that 
corresponds to the dynamical emission maximum and shows that 
the high-energy dynamical emission shoulder corresponds to the 
dynamical absorption maximum.

The change in standard chemical potential, ​​​0→X​ o  ​​, can be found 
from Eq. 2B as the photon energy at which dynamical absorption 
and emission have equal b. This determination in Fig. 3A is possible 
because 2D spectroscopy puts the dynamical absorption and emission 

spectra on a common intensity scale (eq. S10 gives the connection 
to the weights in Table 1). ​​​m,0→X​ o  ​​ = 0.98 eV from Fig. 3A is co-
incidentally equal to the dynamical emission maximum and agrees 
with the unconstrained fit result within error. As a point of refer-
ence, using a Gaussian linewidth with SD vib = 25 meV for the lattice 
vibrations or phonons and the three bright levels from the calcula-
tion in (38) to calculate the absorption and emission spectra of the 
bright exciton would give a lower emission weight of wX→0 ≈ 5 and 
put the standard chemical potential change about 20 meV below the 
emission maximum. Given the perfectly faceted quantum dots in 
(38), this is remarkable agreement. Compared to the photon energy 
at the absorption maximum, the standard chemical potential change 
for this three bright level model is lowered about 12 meV by lattice 
vibrations and ligand motions (an internal energy effect) and about 
80 meV by intraband relaxation (divided almost evenly between en-
ergetic and entropic effects) among the energetically split levels of 
the bright exciton.

The change in standard chemical potential also affects the spon-
taneous emission rate, as can be seen from Eqs. 1C and 2. Using the 
emission weight from the 2D spectra, the calculated radiative life-
time (see Materials and Methods) for the bright exciton is about 200 ns, 
consistent with an initial fast PL decay in figure 3D of (17). Without 
any changes in the emission spectrum, the spontaneous emission rate 
becomes slower as the bright exciton equilibrates with the nonradiating 
dark exciton. After 1 s, the PL decay has a single-exponential life-
time of about 2 s (17). This 2-s lifetime matches the radiative life-
time calculated for thermal quasi-equilibrium among all 64 exciton 
states (the levels from (38) give an emission weight wX→0 ≈ 0.7). 
This agreement indicates a parallel with the long radiative lifetime 
in PbSe quantum dots, which arises from quasi-equilibrium with dark 
states (37). Slowing of the radiative rate by a factor of 10 corresponds 
to lowering the standard chemical potential by about 50 meV as the bright 
exciton equilibrates with the dark exciton. In other words, the standard 
chemical potential of the quasi-equilibrated exciton is 50 meV lower 
than the standard chemical potential of the bright exciton measured here.

Using ensemble absorption and emission to  
determine inhomogeneity
The single-molecule generalized Einstein relations can be directly 
applied to ensemble spectra as a test for static inhomogeneity. 
Figure 3B illustrates ensemble-averaging with the bandgap distri-
bution in Fig. 3D. Figure 3C compares the ensemble absorption and 
emission 〈b〉 from this constrained fit to experiment. Figure 3C also 
shows the ensemble emission lineshape predicted under the hypoth-
esis of thermal quasi-equilibrium and homogeneity using Eq. 2B: 
〈bX→0()〉 ∝ 〈b0→X()〉 exp(−h/kT). For this hypothesis test, zero 
baseline levels are needed to avoid exponential amplification of 
background or noise over the signal. If the absorption and emission 
lineshapes are mutually incompatible with Eq. 2B, the incompatibility 
is diagnostic of partially equilibrated emission (for example, exciton 
emission faster than quasi-equilibrium with a defect or trap). On 
the other hand, if the lineshapes are compatible except for their Stokes’ 
shift, comparison between the hypothetical Stokes’ shift calculated 
from the ensemble spectra (2) and the experimental Stokes’ shift 
(2) can quantify the bandgap distribution of the ensemble. Figure 3C 
compares this hypothetical homogeneous emission lineshape to ex-
periment. Since the ensemble absorption is broader than dynamical 
absorption, this test overestimates the ensemble Stokes’ shift as 2. 
As can be seen by comparing Fig.  3  (A  and  C), the observed 
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Fig. 3. Einstein B coefficient spectra of part-covered PbS quantum dots obtained 
by simultaneously fitting absorption, emission, and 2D spectra with a Gaussian 
static bandgap distribution while enforcing the single-molecule generalized 
Einstein relations. (A) The dynamical absorption-b (blue curve) and stimulated 
emission-b (red curve) are plotted on the same scale for the most probable bandgap 
hm (orange tickmarks). Dynamical absorption and emission become equal at the 
most probable change in standard chemical potential (​ ​​m,0→X​ o  ​​) between ground 
and exciton bands. (B) The ensemble-averaged absorption spectrum (blue dashed 
curve ) and three probability-weighted dynamical absorption spectra (maroon, 
orange, and yellow curves) in the average. (C) The ensemble-averaged absorption 
(blue dashed curve) and generalized Einstein relations can test for static broaden-
ing by calculating a hypothetical homogeneous stimulated emission spectrum 
(purple dashed curve) that overestimates the Stokes’ shift (2). Comparison to the 
ensemble-averaged stimulated emission spectrum (red dashed curve) and Stokes’ 
shift (2) indicates static broadening. The black dotted curves show the ensemble-
averaged absorption and stimulated emission spectra calculated from the dynamical 
spectra, which have Stokes’ shift (2) marked above. (D) The Gaussian probability 
distribution of static bandgaps is centered on the most probable bandgap hm 
with variance ​​​static​ 2  ​  =  2( −  ) kT​. Dotted vertical lines mark static bandgaps for 
the three dynamical absorption spectra in (B). a.u., arbitrary units.
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ensemble Stokes’ shift matches the dynamical Stokes’ shift for the 
center of the bandgap distribution and is not appreciably altered by 
the static inhomogeneity. This overestimate of the Stokes’ shift pro-
vides an easily measurable, model-free signature of static inhomo-
geneity in an ensemble.

Simple quantitative relationships are specific to the common 
case of Gaussian lineshapes. For a Gaussian dynamical absorption 
lineshape with variance ​​​dyn​ 2 ​​  (so that dyn is its SD), the dynamical 
stimulated emission will have a Gaussian lineshape with the same 
width and a Stokes’ shift of 2 that obey

	​​ ​dyn​ 2 ​   =  2kT​	 (8)

Equation 8 is a consequence of the generalized Einstein relations 
for any Gaussian dynamical lineshape and says that larger dy-
namical linewidths necessarily arise from larger Stokes’ shifts. 
Neglecting variation in the Stokes’ shift with bandgap, convolution with 
a Gaussian static lineshape with variance ​​​static​ 

2 ​​  gives Gaussian en-
semble absorption and emission lineshapes with the same increased 
variance

	​​ ​ens​ 
2 ​   = ​ ​dyn​ 2 ​  + ​​static​ 

2 ​​	  (9)

Because the high-frequency side of the lowest exciton absorption 
typically has an asymmetrical shape caused by transitions to higher 
exciton states, the ensemble full width at half maximum (FWHM) 
for emission gives the more reliable ​​​ ens​​  = ​ FWHM​ ens​​ / [2 ​√ 

_
 2ln(2) ​]​. 

The experimental Stokes’ shift of 2 can be used to calculate the 
dynamical lineshape variance ​​​dyn​ 2 ​​  from Eq. 8. Together, the ensem-
ble and dynamical variances determine the static line broadening 
using Eq. 9.

Alternatively, the static line broadening can be determined from

	​​ ​static​ 
2 ​   =  2( −  ) kT​	 (10)

as illustrated in Fig. 3D, which relies on Gaussian convolution in a 
different way. Eqs. 8 to 10 independently determine all three line-
widths and can be combined to act as a consistency check for Gaussian 
line broadening. The variance, FWHM and Stokes’ shift also increase 
or decrease together for other lineshapes. Practically, Eq. 9 is useful 
for ensemble absorption and emission lineshapes that approximate 
Gaussians with the same linewidth in between their maxima, 
while Eq. 10 requires that 2 be calculated by applying Eq. 2B to a 
high signal to noise lineshape. For the PbS quantum dots studied 
here, the latter route determines (2 )/e = 112 meV, so that Eq. 10 
gives static/e = 24 meV, which agrees with the 2D estimate 
within error.

We have tested these relationships using Gaussian dynamical 
emission spectra from the literature. The test for photon-correla-
tion Fourier spectroscopy of PbS quantum dots (17) is shown in fig. 
S8, and tables S2 and S3 list the data points plotted in fig. S8. For the 
four smaller PbS quantum dot sizes with dynamically broadened 
emission spectra (17), the ensemble Stokes’ shift and ensemble 
emission linewidth exemplify the generalized Einstein relation re-
sult for homogeneous Gaussian lineshapes in Eq. 8. The generalized 
Einstein relations also reveal that four ensembles of larger size PbS 
quantum dots, for which photon correlation Fourier spectra were 
not reported in (17), have previously unrecognized static size distri-
bution broadening.

DISCUSSION
Outlook for using the Stokes’ shift to quantify static 
and dynamic linewidths
For the two different PbS quantum dot samples with the same band-
gap studied here, the dynamical linewidths account for over 90% 
(dyn/ens) of the ensemble emission linewidths. However, the dy-
namical linewidths differ by more than 15% between the ligand-covered 
and part-covered samples. This comparison shows that ensemble 
linewidths cannot be used to assess size distributions with a width 
of a few atomic layers, so new methods are needed.

The single-molecule generalized Einstein relations between ab-
sorption and thermalized emission spectra of the same transition 
relate the Stokes’ shift between Einstein b lineshapes to the dynamical 
linewidth. Use of the ensemble-averaged Stokes’ shift to determine 
the dynamical linewidth in heterogeneous semiconductor nanomaterials 
is likely to be widely practical for five reasons: First, bulk semi-
conductors typically attain the required thermal quasi-equilibrium 
within a few picoseconds; second, nanomaterial emission lifetimes 
are usually long enough that the measured time-integrated PL is domi-
nated by emission at thermal quasi-equilibrium; third, quantum-
confined nanomaterial Stokes’ shifts are usually small enough that 
the overlap between absorption and emission spectra is dominated 
by the same transition so that the generalized Einstein relations apply; 
fourth, with these smaller Stokes’ shifts, static ensemble broadening 
increases the absorption-emission overlap to permit numerically 
reliable cross-estimates of ensemble absorption and emission maxima 
from the generalized Einstein relation as a test of the homogeneity 
hypothesis; fifth, the semi-infinite variety of nanomaterial struc-
tures generates inhomogeneous distributions of the static bandgap 
that are nearly Gaussian for the same reasons the central limit theorem 
generates Gaussian distributions, simplifying the ensemble-dynamical-
static lineshape relationship.

This conclusion does not contradict the well-known principle that 
a nonlinear spectroscopic measurement is required to differentiate 
homogeneous and inhomogeneous broadening. The required non-
linear spectroscopic measurement in the generalized Einstein relation/
Stokes’ shift method presented here is measurement of the emission 
spectrum. PL is a two-photon process with the great advantage that 
it can be easily measured on commercial spectrofluorometers.

Outlook for excited state chemical potentials
The change in standard chemical potential for creation of a bright 
exciton is an intrinsic property of the quantum dot, independent of 
surface coverage to within 10-meV experimental uncertainty. Such 
independence is expected for the bulk (13) but seems remarkable 
for a 4-nm diameter quantum dot in which about one-third of the 
atoms lie on the surface. With picosecond thermalization, this chem-
ical potential controls exciton dynamics. Figure 1B illustrates a non-
equilibrium decrease in the internal energy of the bright exciton as 
it relaxes to thermal quasi-equilibrium during the waiting time.

Within a picosecond, the 2D spectra become stationary, indicating 
that energetic relaxation among bright levels is complete. On the 
same time scale, the decay of the cross-polarized transient grating 
signal (34, 35) indicates complete exciton-spin relaxation for the 
bright levels. Together, these two observations show that the bright 
exciton is at internal thermal quasi-equilibrium within a picosecond, 
but they are silent about the dark exciton. The standard chemical 
potential change (or the closely related stimulated emission strength) 
shows that the bright exciton has not yet appreciably equilibrated 
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with the dark exciton levels. Bright-dark exciton equilibration re-
quires separate electron and hole angular momentum/spin relaxation. 
In CdSe quantum dots, electron-spin flips are reported to be over an 
order of magnitude slower than exciton-spin flips (43). It is not yet 
clear whether separate electron or hole total angular momentum 
relaxation in PbS quantum dots is slow enough to explain the few 
hundred nanosecond relaxation from the bright exciton to a more 
slowly emitting mixture of bright and dark excitons in thermal 
quasi-equilibrium with each other [in principle, defect (17) or trap 
states could also play a role]. However, relaxation between bright 
and dark excitons must be much slower than picoseconds to explain 
the stronger than expected single exciton emission in the 2D spec-
tra, which arises from the bright exciton. During bright-dark equil-
ibration, the 2D spectra would measure a nonequilibrium chemical 
potential; at longer waiting times, the 2D spectra would measure the 
standard chemical potential change for creating an exciton.

The standard chemical potential change for creation of an exciton 
generalizes electronic degeneracy factors to incorporate intraband 
splittings from quantum-confined electron-hole-spin interactions 
(even if greater than the thermal energy), changes in phonons, ligand, 
and solvent rearrangement. Although changes in quantum dot vol-
ume can affect all three terms in Eq. 3, these volume-change contri-
butions cancel in the chemical potential (the change in chemical 
potential equals the maximum nonexpansion work). As can be seen 
from Eqs. 1C and 2, the change in standard chemical potential alters 
the spontaneous emission rate, which will alter thermalized (44) ex-
citation energy transport.

2D spectroscopy allows measurement of the standard chemical 
potential for transient excited species present at a particular waiting 
time of interest. Thermalized excitation energy transport in quan-
tum dot arrays can take place over tens of picoseconds (44), which 
is after the bright exciton has reached thermal quasi-equilibrium but 
before bright exciton relaxation toward equilibrium with the dark 
exciton. In these circumstances, the appropriate description of exci-
tation energy transport uses the standard chemical potential for cre-
ation of a bright exciton.

Since the work of Förster on excited state proton transfer (45) 
and of Marcus on excited state charge transfer (46), photochemical 
equilibria have been treated using approximate estimates of stan-
dard internal energy changes from spectra. For understanding such 
photochemical equilibria, the necessary quantity has always been the 
standard free energy change, which is given by the standard chemi-
cal potential change. The use of 2D spectra to measure excited state 
thermodynamics through the standard chemical potential solves 
the previously known inhomogeneity roadblock to use of the gener-
alized Einstein relations. It has also revealed a previously unknown 
problem for their use that arises from time-dependent nonequilibrium 
mixtures of metastable species. As seen here for PbS quantum dots, 
such nonequilibrium mixtures can have time-varying radiative rates 
that would frustrate attempts to measure their thermodynamics 
through spontaneous emission. 2D spectroscopy can solve this prob-
lem by measuring stimulated emission at specified waiting times. 
After quantum decoherence, nonequilibrium statistical mechanics 
and irreversible thermodynamics (47) govern reactions. 2D spec-
troscopic sensitivity to entropy opens up study of photochemical 
thermodynamics and relaxation in heterogeneous systems such as 
nanomaterials, polymers, glasses, and proteins. Just as femtosecond 
2D spectroscopy enabled study of quantum coherent dynamics in 
heterogeneous systems (48–50), the Einstein B coefficient 2D spectra 

and single-molecule generalized Einstein relations presented here 
enable study of the quasi-equilibrium thermodynamics that govern 
the efficiency of photovoltaics and light-emitting diodes in hetero-
geneous materials.

Limitations
The equations presented here do not include a wavelength-dependent 
refractive index or allow for appreciable absorption over distances 
on the order of one wavelength (as occurs in metals). A quantitative 
determination of static inhomogeneous broadening from 1D spec-
tra using Eqs. 8 and 9 requires a single electronic transition with 
Gaussian lineshapes. This excludes poly-disperse samples in which 
the lowest exciton peak is only a shoulder. A smaller size dispersion 
that is still large enough to cause a systematic increase in the Stokes’ 
shift with bandgap broadens ensemble absorption more than en-
semble emission (the Supplementary Materials provide an estimate 
of this effect); in such cases, replacing convolution with a linear in-
tegral equation might improve accuracy. Because errors are ampli-
fied by the exponential, directly testing a homogeneity hypothesis 
with Eqs. 2B and 10 requires accurate background subtraction that 
yields a zero baseline for frequencies below the absorption band. 
This method can usefully predict an emission peak for samples in 
which the lowest exciton transition is only a shoulder in absorption. 
Eqs. 2B and 10 rely on absorbance and PL spectra that overlap each 
other with all emitting bands in mutual quasi-equilibrium. For 
example, partial equilibration between the exciton and a defect or 
trap state with overlapping emission can cause a diagnostically useful 
failure to capture one lineshape from the other, as can an inhomo-
geneous departure from proportionality between the ensemble-
averaged spontaneous emission rate spectrum and the time-integrated 
PL spectrum (see the Supplementary Materials). Briefly, the 1D gen-
eralized Einstein relation/ensemble Stokes’ shift method can deter-
mine dynamical and static line broadening for high-quality samples 
with small size dispersion, where simply comparing the width of the 
first exciton peak fails. 2D spectra can resolve inhomogeneities to 
recover asymmetrical dynamical lineshapes and static bandgap dis-
tributions so long as the waiting time exceeds the time required 
to attain thermal quasi-equilibrium. Determination of the standard 
chemical potential of the excited band requires a 2D spectrum 
without cumulative excitation effects to characterize single-exciton 
stimulated emission.

Conclusions
Using 2D spectra to test single-molecule generalized Einstein relations 
led to two methods for characterizing heterogeneous materials. Single-
molecule generalized Einstein relations between absorption and 
emission show that the Stokes’ shift between ensemble absorption 
and emission spectra can quantify dynamical linewidths and static 
disorder in heterogeneous materials. Here, differences in shape and 
ligand coverage can alter the intrinsic dynamical linewidth by more 
than the static size dispersion alters the ensemble linewidths. 
As a result, the Stokes’ shift estimates should replace use of the 
ensemble-averaged absorption linewidth for estimating size dispersion 
broadening. Further, the single-molecule generalized Einstein rela-
tions can be used to measure the chemical potential of excited bands 
by 2D spectroscopy. This measurement was made possible by using 
air-free quantum dot synthesis and shot-to-shot sample exchange, 
which led to strong stimulated emission in the 2D spectra. For de-
termining the chemical potential, 2D experiments replace separate 
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absolute measurements of absorption and emission, which are 
restricted to homogeneous materials. 2D spectra probe both ab-
sorption and emission in a single measurement that resolves in-
homogeneity and is thus applicable to disordered materials. The 
relative absorption and emission strengths in 2D spectra provide 
a contact-free determination of the standard chemical potential, 
which gives the maximum photovoltage a disordered material 
can generate.

MATERIALS AND METHODS
Materials
Low bandgap PbS nanocrystals were chosen so that a reported de-
fect state (17) lies above the lowest exciton and is not involved in the 
experiment. The ligand-covered sample of lead sulfide (PbS) nano-
crystals with lowest electronic absorption peak at 1.074 eV was syn-
thesized by hot injection of elemental sulfur in oleylamine into lead 
(II) chloride in oleylamine (15) with a modified washing procedure 
(51). For literature comparison, the usual assumption of spherical 
nanocrystals gives a nominal oleate ligand surface coverage of ~3.1/nm2. 
Chloride also passivates these nanocrystal surfaces. The partially 
ligand-covered sample of lead sulfide (PbS) nanocrystals with the 
lowest electronic absorbance peak at 1.072 eV was synthesized from 
lead oleate and a thiourea (16). Some oleate capping ligands were 
removed with 1,2-bis(dimethylphosphino)ethane in toluene solution 
for a nominal oleate surface coverage of ~1.09/nm2. Annular dark 
field–scanning transmission electron microscopy images of both 
“covered” and “part-covered” samples show faceted nanocrystals 
(fig. S1). Table S1 lists similar average area equivalent circular di-
ameters of 4.29(11) and 4.27(9) nm, respectively. The covered sam-
ple has a smaller major/minor axis projection ratio (~1.14) than the 
part-covered sample (~1.26). Optical experiments were performed 
on clear solutions of colloidal nanocrystals in tetrachloroethylene.

Methods
Absorbance spectra and conversion to Einstein  
absorption B spectra
Linear absorbance spectra (52) of covered and part-covered PbS 
nanocrystals were recorded in both the spinning sample cell used 
for 2D spectroscopy (0.27-mm pathlength) and the cuvette (10-mm 
pathlength) used for PL spectroscopy. The 400 to 1500 nm wave-
length range was scanned with a 1-nm wavelength sampling inter-
val. Accurate calculation of hypothetically homogeneous emission 
from absorbance requires that the ensemble absorption lineshape 
decay to zero baseline at frequencies below the peak. Figure 4 shows 
the transformation from absorption and PL spectra as a function of 
wavelength to absorption and stimulated emission Einstein B coef-
ficient lineshapes for the part-covered sample.

The net absorption of light by a macroscopic sample is usually 
quantified with the decadic absorbance spectrum or optical density 
spectrum

	​​ I​ ℓ​​( ) = ​I​ 0​​( ) ​10​​ −OD()​​	 (11)

where I0() is the incident spectral irradiance, Iℓ() is the transmit-
ted spectral irradiance, and  is the vacuum wavelength [not to be 
confused with the Stokes’ shift (2) in Eqs. 8 and 10. Irradiance is 
sometimes called intensity. The optical density wavelength spectrum 

is calculated as OD() = − log10[Iℓ()/I0()]. The spectral irradiance 
conversion from vacuum wavelength to frequency is
	​ I( ) = − I( ) d / d  =  I( = c /  ) c / ​​​ 2​​	 (12)

The negative sign in the first equality arises from the reversal of 
axis direction between wavelength and frequency. For calculating 
the optical density frequency spectrum, the change of variables fac-
tor d/d common to the numerator and denominator in the irra-
diance ratio cancels, so that the optical density frequency spectrum is

	​ OD( ) = OD( = c / )​	 (13)

Slight changes in shape between Fig. 4 (A and B) arise solely 
from nonlinear distortion of the horizontal axis in the conversion 
from wavelength to frequency,  = c/. The quantum dot solutions 
are optically clear and assumed not to scatter light, so that attenua-
tion arises only from absorption. In the frequency range with only 
ground to exciton absorption, Eqs. 5 and 6 give

	​​ 〈 ​b​ j,0→X​​( ) 〉​ j​​  =  [ln(10 ) OD( ) / (​N​ 0​​ ℓ ) ] (c / nh)​	 (14)

where N0 is the number density of molecules in the ground band 0 
(units: molecules/volume), ℓ is the sample cell pathlength, c is the 
speed of light in vacuum, n is the refractive index of the sample 
medium, and h is Planck’s constant. Changes in shape between 
Fig. 4 (B and C) arise from the division by frequency when convert-
ing between optical density and absorption B coefficient spectrum 
in Eq. 14. For determination of the Stokes’ shift, it is not necessary 
to know the quantum dot concentration to obtain the Einstein 〈b〉 
lineshape. The lineshape can be normalized to its maximum peak 
height as in Fig. 4C. Alternatively, a lineshape normalized to unit 
area is needed to determine relative transition strengths from the 
2D spectrum (see the Supplementary Materials).

If other absorption transitions contribute to the optical density 
spectrum, the absorption for the photoluminescent transition can 
be obtained from the optical density spectrum using an experimen-
tal procedure from (53). At a minimum, experimental measurement 
of the ensemble Stokes’ shift (2) requires a maximum in this line-
shape, although determination of 2( − ) in Eq. 10 will be dis-
torted if the minimum on the high-frequency side is not separated 
from the maximum by the width of the static inhomogeneous lineshape. 
A zero baseline below the bandgap is required for use of Eq. 10.
PL spectra and conversion to Einstein stimulated  
emission B spectra
Steady-state PL spectra of covered and part-covered PbS nanocrystals 
were recorded on diluted nanocrystal solutions in tetrachloroethylene 
using an 850-nm excitation light source with 30-nm FWHM band-
width (54). The part-covered quantum dot samples were diluted in 
tetrachloroethylene to ODmax(1S ‐ 1S) = 0.27 at the bandgap in the 
10-mm cuvette (the covered sample had ODmax(1S ‐ 1S) = 0.20). PL 
quantum yields were 35% (ligand-covered) and 15% (part-covered). 
PL spectra were detected in a perpendicular or side-view geometry 
and recorded at a wavelength sampling interval of 5 nm; the spectrum 
from a nominally identical cuvette containing tetrachloroethylene 
was subtracted as a background.

After accounting for wavelength-dependent spectrograph sensi-
tivity, the time-integrated emission spectrum, Fdet(), has units of 
photons per wavelength. The PL spectrum is then corrected for the 
inner-filter, self-absorption, or reabsorption effect (52). Assuming a 
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narrow excitation beam in the center of the square cell, the perpen-
dicularly detected emission spectrum is related to the true emission 
spectrum by equation 37 of (55)

	​ F( ) = ​F​ det​​( ) ​10​​ +OD()/2​​	 (15)

Self-absorption red-shifts the detected PL maximum from its true 
position by ~4 to 5 meV. The corrected PL wavelength spectrum on 
the left-hand side of Eq. 15 is shown in Fig. 4D.

The time-integrated PL frequency spectrum is an irradiance spec-
trum and must be converted from wavelength to frequency using 
Eq. 12, so that

	​ F( ) = − F( = c /  ) d / d  =  F( = c /  ) c / ​​​ 2​​	 (16)

The PL spectrum on the left-hand side of Eq. 16 has units of pho-
tons per frequency. Changes in shape between Fig. 4 (D and E) arise 
from both the nonlinear distortion of the horizontal axis (which also 
occurs between Fig. 4, A and B) and the frequency-dependent change 
of variables factor between wavelength and frequency in Eq. 16.

For homogeneous materials, rapid thermal quasi-equilibrium im-
plies both that the emission spectrum is independent of the excitation 

wavelength (56) and that the Einstein A spontaneous emission spec-
trum is proportional to the time-integrated PL spectrum

	​​ a​ X→0​​(, p, T ) ∝ F()​	 (17)

The requirement of thermal quasi-equilibrium excludes partially 
equilibrated emission from excitons and defect states not at thermal 
quasi-equilibrium with each other, but quasi-equilibrium emission 
from either state alone will obey a generalized Einstein relation with its 
absorption. Heterogeneous materials require different considerations, 
addressed in the Supplementary Material, to guarantee that the en-
semble average is undistorted in the time-integrated spectrum so that 
〈aj, X → 0(, p, T)〉j ∝ F(), which combined with Eq. 2A gives

	​​ 〈 ​b​ j,X→0​​(, p, T ) 〉​ j​​  ∝  F( ) / ​​​ 3​​	 (18)

Equation 2A shows that the shape of a spontaneous emission spec-
trum is distorted by a 3 factor that does not appear in stimulated 
emission spectra. Changes in shape between Fig. 4 (E and F) arise 
from the resulting frequency-dependent conversion from sponta-
neous to stimulated emission lineshapes in Eq. 18. A zero baseline is 
needed on the high-frequency side of this lineshape if it is used in 
the generalized Einstein relation to predict the absorption lineshape.
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Fig. 4. Transformation of ensemble absorbance and PL spectra as a function of wavelength into absorption and stimulated emission Einstein B coefficient 
lineshapes as a function of frequency. The 1S-1S maximum and FWHM are marked in each panel. (A) Optical density (= decadic absorbance) spectrum as a function of 
wavelength. (B) Optical density spectrum as a function of frequency. (C) Einstein B absorption coefficient lineshape. (D) PL (= spontaneous emission) spectrum as a func-
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The radiative lifetime
The spontaneous emission rate is given by Eq. 1C. Substituting the 
stimulated emission b-spectrum for the spontaneous emission a-spectrum 
using Eq. 2A gives

	​​ ​j,X→0​ a  ​  = ​ ∫0​ 
∞

 ​​ ​ 8h ​​​ 3​ ​n​​ 3​ ─ 
​c​​ 3​

 ​ ​ b​ j,X→0​​( ) d​	 (19)

(The pressure and temperature arguments are suppressed in this 
subsection). Using the integrated Einstein B coefficient and area nor-
malized lineshape ​​b​ j,X→0​​( ) = ​B​j,X→0​ 

  ​ ​g​ j,X→0​​()​, Eq. 19 can be rewritten as

​​​j,X→0​ a  ​ = ​ 8 ​hn​​ 3​ ─ 
​c​​ 3​

 ​ ​ B​j,X→0​   ​ ​∫0​ 
∞

 ​​ ​​​ 3​ ​g​ j,X→0​​( ) d ≈ ​ 
8 ​hn​​ 3​ ​​X→0​ 3 ​

 ─ 
​c​​ 3​

 ​ ​ B​j,X→0​   ​​	 (20)

Using Eq. 5, the integrated Einstein B coefficient can be rewritten as

​​​B​j,X→0​   ​  = ​ [​​ ​ 
​B​j,X→0​   ​

 ─ 
​B​j,0→X​   ​

 ​​]​​ ​B​j,0→X​   ​ ≃ ​[​​ ​ 
​B​j,X→0​   ​

 ─ 
​B​j,0→X​   ​

 ​​]​​​∫0​ 
∞

 ​​ ​ ​​ 0→X​​( ) c ─ hn ​  d  

                        ≈ ​[​​ ​ 
​B​X→0​   ​

 ─ 
​B​0→X​   ​

 ​​]​​ ​ 
​​0→X​ max ​  ​​ 0→X​​ c

  ─ h ​​ 0→X​​ n  ​​​	 (21)

where 0 → X is the absorption linewidth and ​​​0→X​ max ​​ is the absorption 
cross section maximum at 0 → X. The first approximation becomes 
an equality for homogeneously broadened spectra, in which case 
inserting Eq. 21 into Eq. 20 generalizes the Strickler-Berg relation 
(7) by eliminating the Condon approximation. Using both approx-
imations gives a simple estimate of the radiative rate

	​​​ ​j,X→0​ a  ​  ≈ ​ [​​ ​ ​w​ X→0​​ ─ ​w​ 0→X​​ ​​]​​ ​ 8 ​n​​ 2​ ─ 
​c​​ 2​

 ​ ​ 
​​X→0​ 3 ​

 ─ ​​ 0→X​​ ​ ​​0→X​ max ​  ​​ 0→X​​​​	 (22)

where the ratio of B coefficients in Eq. 21 has been replaced by the 
corresponding ratio of weights from Table 1. Using the absorption 
linewidth from Fig. 4C, ​​​0→X​ max ​​ = 4.18 × 10−20 m2 calculated from the 
molar extinction coefficient in (57), a solvent refractive index of 
n = 1.5, and the frequencies from Table 1, the simple estimate gives 
a radiative lifetime of ​1 / ​​j,X→0​ a  ​  ≈​ 2 × 10−7 s for the bright exciton at 
internal thermal quasi-equilibrium. The ratio in brackets, which is 
not included in the Strickler-Berg relation (7), extends the radiative 
lifetime by about an order of magnitude. The actual lifetime can be 
shortened through quenching or lengthened through equilibrium 
with unquenched dark states.
2D spectra and conversion to Einstein B 2D spectra
A femtosecond Ti:sapphire regenerative amplifier operating at 1-kHz 
repetition rate pumps a noncollinear optical parametric amplifier 
(58) to generate the femtosecond short-wave infrared pulses used 
for 2D spectroscopy. The pulses are compressed down to ~16 fs by 
a deformable mirror grating compressor using an adaptive algorithm 
(58, 59). The pulses used for this experiment have energies of 3.6 J 
with a stability better than 0.4%. 2DFT spectra were recorded using 
the pump-probe geometry with the 2D spectrometer shown in fig. 
S2. The 2D spectrometer incorporates an actively stabilized Mach-
Zehnder interferometer to generate the excitation pump-pulse pair 
(pulses a and b) with a delay, . The interferometer achieves a path-
length difference stability of less than ±0.6 nm. A noncollinear de-
tection probe pulse c is used to measure the change in absorption 
after a waiting time Tw (60–62). The signal is modulated only in 

amplitude as a function of the time delay between the pump-pulse 
pair , which results in purely absorptive 2D spectra.

Nonlinear optical experiments on the sample of PbS nanocrystals 
were performed using a custom-built spinning sample cell (31). The 
sample temperature was 291 K under the ~84 kPa ambient atmo-
spheric pressure in Boulder, CO. The optical density of the sample 
solutions was adjusted to around 0.3 in ~270-m pathlength. The 
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Fig. 5. Transformation of experimental attenuated 2D spectra into Einstein B 
2D spectra. (A) Probe or detection pulse spectrum measured with the InGaAs spec-
trograph. (B) Real-valued 2D correlation spectrum of the part-covered sample at 
1-ps waiting time. This attenuated 2D spectrum ​​S​2D​ − ​​ is filtered by the pulse spectra 
and distorted by sample absorption. (C) Einstein B 2D spectrum from Eq. 23 using 
division by the probe pulse spectrum along both frequency axes. (D) Transmitted 
probe pulse spectrum with frequency sampling points corresponding to sampling 
points of the 2D spectrum marked as circles. (E) Einstein B 2D spectrum ​​S​2D​ B  ​​ from Eq. 23 
using division by the spectrograph probe pulse spectrum along the detection axis 
and the interferogram-detected pump pulse-pair spectrum along the excitation 
axis. (F) Excitation pulse-pair spectrum from the Fourier transform of the excitation 
pulse-pair interferogram collected during the 2D experiment – frequency sampling 
points (circles) match the sampling points of the 2D spectrum. White dots on 2D 
spectra mark the 1S-1S absorption lineshape maximum; white diagonal crosses 
mark the 1S-1S stimulated emission lineshape maximum. Black contours are at 
10% intervals and color changes are at 1% intervals (color bar at top right).
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spinning sample cell keeps the sample air-free with ultra high vacu-
um compatible seals and completely exchanges the sample between 
laser shots. Using the beam diameter of 100 m, pulse energy of 
10.2 nJ for each pump pulse in the pump pulse pair, pulse energy of 
10.2 nJ for the probe pulse at the sample position, pulse spectrum, and 
the estimated frequency-dependent extinction coefficient (57), 
the average excitation probability was calculated to be ~9%, so over 
90% of the signal arises from singly excited quantum dots.

The pump pulse-pair interferogram is recorded during the 2D 
scan and Fourier transformed to retrieve the pump pulse-pair spec-
trum Iab() (the absolute value of the complex-valued Fourier trans-
form) and the spectral phase offset between pump pulses (its phase) 
(63). This also allows phase correction of the 2D spectra for both the 
Mach-Zehnder interferometer phase difference and the delay sam-
pling offset without any adjustable parameters (see below). For each 
2D spectrum, the waiting time Tw between the probe pulse c and the 
last pulse of the pump-pulse pair (a or b) is fixed. The probe pulse, 
c, and the signal are coupled into a single-mode fiber entering a spectro-
graph with an InGaAs detector array. The interference between the 
signal and probe pulse c is directly recorded as a function of the de-
tection wavelength t. The probe + signal interference spectrum is 
corrected for the wavelength sensitivity of the spectrograph to generate 
spectra with units of photons per pixel. The change of variables 
transformation in Eq. 12 generates probe + signal interference fre-
quency spectra with units of photons per frequency. The excitation 
frequency () axis is indirectly obtained by Fourier transforming 
the array of directly detected probe spectrum over a two-sided scan 
from positive to negative  (60, 64). By using the 1D procedure for 
two-sided interferograms (63) at each detection frequency, the 2D 
spectrum is phase-corrected with the excitation frequency-dependent 
spectral phase offset between pump pulses obtained from the pump 
pulse-pair interferogram.

2D spectra of PbS quantum dots at waiting times from Tw = 0 to 
500 fs evolve rapidly as a function of the waiting time. In particular, 
the stimulated emission Stokes’ shift develops during this range of 
waiting times. Waiting times of 1 and 5 ps were chosen for this study 
because the shape of the 2D spectrum appeared stationary and be-
cause a 1-ps waiting time exceeds the reported exciton-spin relax-
ation times for similarly sized PbS quantum dots (34, 35), so the bright 
exciton was expected to be in thermal quasi-equilibrium.

In the partially collinear geometry shown in Fig. 1C, the experi-
mentally measured 2DFT spectra with units of photons per (frequency)2 
are attenuated 2D spectra, denoted by ​​S​2D​ − ​ (​​ t​​, ​​ ​​; ​T​ W​​)​ in (65). Atten-
uated 2D spectra are distorted by the photon number spectra of the 
excitation and detection pulses as they propagate through and are 
absorbed by the sample. After all coherence has decayed, the exper-
imental 2D spectra can be exactly transformed to a dimensionless 
Einstein B representation that eliminates the propagation and ab-
sorptive distortions and the distortions from the pulse spectra

	
​​

​S​2D​ B  ​(​ν​ t​​, ​ν​ τ​​; ​T​ W​​) = ​  ln(10 ) OD(​ν​ τ​​)  ────────────────────   ​I​ ab​​(​ν​ τ​​) [1 − exp(− ln(10 ) OD(​ν​ τ​​) ) ] ​

​                     ⋅ ​  1  ────────────────   ​I​ c​​(​ν​ t​​) exp(− ln(10) OD(​ν​ t​​) ) ​​  

⋅ ​S​2D​ − ​ (​ν​ t​​, ​ν​ τ​​; ​T​ W​​)

 ​​	  (23)

where OD() is the linear optical density (decadic absorbance) spec-
trum of the sample from Eq. 13, and Iab and Ic are pulse photon number 
spectra for the pump pulse-pair and the probe pulse, respectively 

(dimensions = photons per frequency) at the sample entrance. The 
term on the first line of the right-hand side of Eq. 23 transforms the 
2D spectrum along the excitation frequency axis to remove the fil-
tering effect of the pump pulse spectrum, including the attenuation 
of the pump pulse as it propagates through the sample. This attenu-
ation factor is precisely division by the average of the pump pulse 
spectrum over the sample length (64–66). The term on the second 
line of the right-hand side of Eq. 23 transforms the 2D spectrum 
along the detection frequency axis to remove the combined filtering 
effect of the probe pulse spectrum, probe attenuation, and signal 
attenuation along the detection axis. Since attenuation of the probe 
has the same effect as attenuation of the signal, this attenuation fac-
tor is precisely division by the transmitted probe spectrum (64–66). 
[An equivalent last step for processing 2D spectra recorded with the 
fully noncollinear geometry would require division by the electric 
field spectra of separate pulses c (probe) and d (detection)—most 
2D spectra are shown with only the latter division and thus depend 
on both the pulse spectra and the sample properties.] The resulting 
2D spectrum on the left-hand side of Eq. 23 is called the Einstein B 
coefficient representation and goes beyond the ideal representation 
of 2D spectra (66) in dividing the ideal 2D spectrum by the pulse 
spectra at the sample entrance. Like the 1D absorption cross section 
or molar extinction coefficient, the Einstein B 2D spectrum is a microscopic 
property of the sample that is independent of the macroscopic pulse 
spectra and sample absorbance used to record it.

After this transformation, the 2D spectra can be modeled using 
only the Einstein b spectra in Eq. 7. An example 2D spectrum before 
and after conversion to the Einstein B representation is shown in 
Fig.  5. Division by the low-amplitude wings of the pulse spectra 
eventually diverges, so the data can only be fit within the region where 
the noise does not blow up appreciably. For the excitation frequency, 
the boundaries of this region are chosen as the half maxima of the 
pump pulse spectrum. For the detection frequency, the boundaries 
are chosen as the high-energy half maximum and the low-energy 
quarter maximum of the probe pulse spectrum. This unequal boundary 
(marked in Fig. 2) is due to the differences in resolution between the 
two axes and the contribution of emission signals along only the 
detection axis. The Einstein B 2D spectra are filtered outside this 
boundary region to minimize visual distraction in Figs. 2 and 5.

The pulse spectrum associated with each axis must be used when 
converting the attenuated representation of the 2D spectrum into 
the Einstein B 2D photon number spectrum. The excitation fre-
quency axis is indirectly measured through the Fourier transform, 
whereas the detection frequency axis is directly resolved using the 
spectrograph. Unlike the excitation axis intensities, which only de-
pend on accurate time delay control of the pump pulse pair, the 
detection axis intensities depend on coupling into the single-mode 
fiber in a consistent manner. Fine differences between pump and 
probe paths in the 2D interferometer make their pulse spectra slightly 
different. The spectra also differ slightly between the two pump arms 
of the Mach-Zehnder interferometer, as discussed in (67). Using probe 
pulse spectra to approximate pump spectra in Eq. 23 can generate 
artifacts in the Einstein B representation of the experimental 2D spec-
trum. As shown in Fig. 5C, this approximation causes an apparent 
kink across the 2D spectrum near (h/e)= 1.116 eV excitation. Figure 5E 
shows the Einstein B 2D photon number spectrum calculated using 
the pump pulse-pair spectrum Iab() from the Fourier transform of the 
pump pulse-pair interferogram measured during the 2D scan. 
The 2D spectrum is obviously smoother when the pump pulse-pair 

 on M
ay 28, 2021

http://advances.sciencem
ag.org/

D
ow

nloaded from
 

http://advances.sciencemag.org/


Ryu et al., Sci. Adv. 2021; 7 : eabf4741     28 May 2021

S C I E N C E  A D V A N C E S  |  R E S E A R C H  A R T I C L E

13 of 14

spectrum is used for division along the excitation frequency axis. 
This smoother 2D spectrum also leads to a quantitatively better 
model fit; the optimal reduced chi squared is ​​​​ 

2​​ =1.56 when approx-
imating the pump pulse-pair spectrum by the probe pulse spectrum 
versus 1.04 when using the pump pulse-pair spectrum.

SUPPLEMENTARY MATERIALS
Supplementary material for this article is available at http://advances.sciencemag.org/cgi/
content/full/7/22/eabf4741/DC1
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Materials 
Ligand-Covered Nanocrystal Synthesis 

The sample of lead sulfide (PbS) nanocrystals with lowest electronic absorption peak at 
1.074 eV (1154 nm) was synthesized from lead (II) chloride and elemental sulfur in oleylamine 
following the hot injection procedure reported by the Tisdale group(15) with modifications in the 
washing procedure, as described previously in detail.(51)  Briefly, the synthesis was carried out 
by injecting 2 mL of sulfur solution in oleylamine (6 mg/ml concentration) into a saturated 
solution/suspension of lead (II) chloride (0.840 g) and oleylamine (7.5 mL) at 90.5 oC. Three 
minutes after the injection, the dark-brown reaction mixture was quenched by swiftly injecting 
room temperature anhydrous toluene followed by transferring the flask into an ice-filled water 
bath. Further post-synthetic handling, which included addition of oleic acid to the nanocrystals 
and their washing with anhydrous acetonitrile, were performed inside the argon-filled glovebox. 
1H NMR in deuterated benzene (C6D6) with an added internal standard ferrocene was used to 
determine total concentration of the ligands (free/bound oleic acid, oleate anion, and residual 
oleylamine) present in the nanocrystal sample.(68) The sizing curve and a molar extinction 
coefficient of PbS from ref. (57) were used to estimate the nanocrystal volume and 
concentration. Assuming a spherical nanocrystal shape, the nominal ligand surface coverage was 
found to be ~3.1/nm2. 
Part-covered nanocrystal synthesis 

The sample of lead sulfide (PbS) nanocrystals with the lowest electronic absorbance peak 
at 1.072 eV (1157 nm) was synthesized according to a previously published procedure.(16) 
Briefly, a solution of N-(3,5-bistrifluoromethyl)Phenyl-N’-dodecyl thiourea (4.17 mmol) and 
diglyme (5ml) is injected into a solution of lead oleate (6.27 mmol) dissolved in 1-octene (134 
mL) at 120 °C. The reaction is stirred for 30 seconds, cooled and purified by several rounds of 
precipitation/centrifugation/redispersion using toluene and methyl acetate. Partial removal of the 
oleate capping ligand was accomplished with 1,2-bis(dimethylphosphino)ethane. 1,2-
bis(dimethylphosphino)ethane (1 mL) is added to a toluene solution of lead sulfide nanocrystals 
(2.5 mL, 220 µM) and stirred for 10 minutes. After this time, the nanocrystals were precipitated 
by adding methyl acetate (15 mL) and the nanocrystals isolated by centrifugation. The pellet is 
then dissolved in tetrachloroethylene (2mL) and precipitated with methyl acetate (6ml) and the 
precipitate separated by centrifugation. The resulting nanocrystals were dissolved in pentane, 
transferred to a vial for storage, thoroughly dried under vacuum, and redissolved in anhydrous 
toluene to make a stock solution. The concentration of nanocrystals and ligands in this stock 
solution was determined by removing a known volume using a microliter syringe, drying it under 
vacuum before quantitative dilution in tetrachloroethylene for UV-Vis-NIR analysis or benzene-
d6 for NMR analysis in a similar way as for the covered sample. Assuming a spherical 
nanocrystal shape, the nominal oleate surface coverage was found to be ~1.09/nm2. 

 
Electron microscopy analysis  

Figure S1 shows Annular Dark Field – Scanning Transmission Electron Microscopy 
(ADF-STEM) images of “covered” and “part-covered” samples side by side.  The results of 
ImageJ thresholding analysis(19, 69) are correlated for individual particles using histograms in 
Fig. S1 and summarized in Table S1. The average area equivalent circular diameter is very 
similar between two samples – 4.27(9) and 4.29(11) nm for part-covered and covered samples, 
respectively – but the standard deviation is ~30% larger for the covered sample. In the case of 



 
 

the ellipse fit to the nanoparticle projections, the part-covered sample’s major/minor axis 
projection ratio is larger (~1.26) than that of the covered sample (~1.14) with similar standard 
deviations of major and minor projections for both samples. Imaged nanocrystals in both samples 
are faceted and non-spherical. The conventional treatment of their projections as circles is not 
applicable and overestimates the standard deviation for the covered sample but is included here 
for comparison to literature results. Elliptical projection analysis in Fig. S1 shows the standard 
deviation for each dimension is similar across the two samples. 
 
1D linear absorption and emission lineshapes 

Linear absorption spectra of covered and part-covered PbS nanocrystals were recorded 
over the 400-1500 nm wavelength range with a 1 nm wavelength sampling interval using a Cary 
5000 UV/Vis/NIR spectrophotometer.  Absorbance(52) was measured in both the spinning 
sample cell used for 2D spectroscopy (0.27 mm pathlength) and the cuvette (10 mm pathlength) 
used for photoluminescence (PL) spectroscopy.  For ligand-covered quantum dots, a small 
portion of dry nanocrystals was dissolved in tetrachloroethylene (Aldrich, anhydrous, ≥  99%) 
and transferred into an air-tight cell for these measurements.  A nominally identical sample cell 
(spinning or cuvette) was filled with tetrachloroethylene as a reference (absorption blank or PL 
background).  The part-covered quantum dot solution was diluted in tetrachloroethylene for PL 
measurements.  For deconvolution and application of the generalized Einstein relations, scans 
were repeated and averaged in order to improve the signal to noise ratio. Absorption and PL 
spectra can be distorted by sample aging from oxidation or photothermal instability.(70)  To 
minimize this effect, the PL, absorption, and 2D Fourier Transform (2DFT) experiments should 
be performed consecutively.  For the part-covered sample, the 2DFT and absorption 
measurements were taken on the same day, and the PL spectrum was measured 8 days later. 
After 8 days, the absorbance peak had red-shifted by 4 meV and its ensemble FWHM had 
narrowed by 2 meV; these changes fit into a longer term trend. 

Steady-state PL spectra of covered and part-covered PbS nanocrystals were recorded on 
diluted nanocrystal solutions in tetrachloroethylene at the National Renewable Energy 
Laboratory.  The customized Horiba spectrofluorometer used an 850 nm excitation light source 
with 30 nm FWHM bandwidth (Thorlabs M850L3 LED).(54)  For these measurements, 10 mm 
square cuvettes with 4 polished faces made of Suprasil 300 fused silica (Starna cells) were 
modified to add an air-tight seal. The part-covered quantum dot samples were diluted in 
tetrchloroethylene to OD (1S-1S)max  = 0.27 at the bandgap in the 10 mm cuvette (the covered 
sample had OD (1S-1S)max  = 0.20).  PL quantum yields were 35% (ligand covered) and 15% 
(part-covered).  PL spectra were detected in a side-view geometry and recorded at a wavelength 
sampling interval of 5 nm; the spectrum from a nominally identical cuvette containing 
tetrachloroethylene was subtracted as a background.  The wavelength-dependent refractive index 
of tetrachloroethylene solvent(71) is constant to within 1% over the 1S-1S absorption/emission 
wavelength range, so refractive index correction of the PL spectra(55) is not needed.  After 
correction for wavelength dependent spectrograph sensitivity, the time-integrated emission 
spectrum, det ( )F λ , has units of photons/wavelength.  

Eq. (16) assumes a PL spectrum with dimensions of photons/wavelength;  dimensions of 
energy/wavelength (or power/wavelength), require additional division by the energy per photon 
hν , yielding an overall 6ν − [instead of 5ν −  from Eq. (16)-(18)].  A sensitivity calibration curve 
yielding a spectrum F proportional to detected photocurrent (or the photovoltage that the 



 
 

photocurrent generates across an impedance) would require overall multiplication by ν-5 as in Eq. 
(16).  Alternatively, a sensitivity calibration curve yielding a spectrum proportional to incident 
power (or incident energy over a time interval) would require an overall multiplication by  ν-6 to 
generate an Einstein B coefficient lineshape.  As a point of reference, the different factors have 
lineshape maxima shifted by 2 meV for the sample studied here. The number of photons per unit 
wavelength in the lower left panel of Fig. 4 was estimated from the shot noise on the 
photoluminescence spectrum in order to illustrate the change of variables transformation to 
photons per unit frequency in the lower middle panel.  Any multiplicative error in this estimate 
would not affect the normalized stimulated emission lineshape. 

Three criteria must be satisfied for proportionality between the ensemble-averaged 
spontaneous emission rate spectrum and the time-integrated photoluminescence spectrum 
underlying Eq. (18): size-selective excitation of quantum dots(72) must be avoided by 
appropriate choice of excitation wavelength; excitation energy transfer(52) between dots must be 
avoided by measuring PL at low quantum dot concentration; and the quantum dot sample must 
not have a systematic correlation between photoluminescence quantum yield and bandgap.  If the 
quantum yield varies appreciably, this third possibility can impact Eq. (18) without affecting the 
generalized Einstein relations in Eq. (2).  The effect of such quantum yield inhomogeneity may 
or may not be compatible with misinterpretation as size-dispersion inhomogeneity.  It can be 
detected by measuring the stimulated emission spectrum or the rate of spontaneous emission as a 
function of the frequency of the emitted light [for example, by time-resolved fluorescence 
upconversion].   

For a heterogeneous ensemble, Förster resonance energy transfer (FRET) contributes 
another possible distortion of the PL spectrum.(52) FRET is a non-radiative transfer of excitation 
energy that proceeds through near-field virtual donor emission and acceptor absorption.(73, 74)  
Long range FRET is most probable when the donor emission spectrum overlaps the acceptor 
absorption spectrum.  Significant FRET would red-shift the ensemble PL spectra in a PbS QD 
sample with bandgap inhomogeneities.  In the limit of fast FRET compared to the exciton 
lifetime, excitations would equilibrate across quantum dots in the ensemble, so that ensemble 
absorption and emission would obey the homogeneous generalized Einstein relations. 

The calculation below estimates an upper bound on the fraction of excited quantum dots 
that undergo FRET before spontaneous emission.  This conventional estimate of the FRET rate 
does not include reduction of the exciton emission rate from degeneracy or the exciton chemical 
potential.  For the part-covered sample with ODmax = 0.27 at the 1S-1S peak, pathlength of 
10 mm, average nanocrystal diameter of 4.3 nm, and the literature molar decadic extinction 
coefficient maximum of max (1S-1S)ε =  1.09×105/(M·cm) from ref. (57) ( max

0 Xσ →  = 4.18×10-16 
cm2), the nanocrystal concentration is C =  2.48×10-6 M  ( 0N  = 1.49×1015/cm3).  Using Eq. (5) 
of ref. (75), the perfect spectral overlap integral for Gaussian spectra is 

max( / ) (1S-1S) / ( )J ε ν= ≈41 2   1.56×10-8 cm6/mol (for ν =  8389 cm-1).  Taking the orientational 
factor κ =2 1  (isotropic absorbers), the emission quantum yield DΦ = 1 , and the quantum dot 
solution refractive index n =  1.5, Eq. (4) of ref. (75) gives the Förster critical radius as R ≈6

0  
2.70×10-36 cm6.  In dilute solutions, one must account for the much higher rate of FRET to the 
randomly located nearest neighbor, and the Förster critical concentration is a more important 
parameter.(73)  The Förster critical concentration given by Eq. (20) of ref. (73) is C ≈0

2.41×10-4 M.  At concentrations well below the critical concentration, the PL quantum yield is 



 
 

equal to the PL quantum yield at infinite dilution, and Förster’s dimensionless concentration 
parameter [Eq. (22) of ref. (73)] becomes /C Cγ = ≈0 0.010.  For γ 1 , Eq. (23) of ref. (73), 
which gives the fraction of PL from the primary absorber, can be simplified to ( / )γ π− ⋅ ≈1 2 2  
0.99.  Thus, with a quantum dot concentration less than 1% of the Förster critical concentration, 
FRET contributes only a small distortion of less than 1% to the ensemble PL spectrum. 

Other distortions of emission spectra are known to arise from the static size distribution 
of quantum dots.  These effects are greatly reduced when the static broadening is comparable to 
or smaller than the dynamical linewidth.  Size-selective excitation is avoided by exciting above 
the 1S-1S exciton transition.(72)  For PbS quantum dots, the absorption cross section is 
approximately proportional to nanocrystal volume;(57) this generates size-bias in the excitation 
probability that can distort the ensemble PL spectrum.(40) The size distributions studied here 
have a ±10% size-bias in the excitation probability, which generates negligible changes in width 
and decreases the Stokes’ shift by 1 meV. Based on Eq. (8), the ±10% variation in Stokes’ shift 
with bandgap (deduced from Fig. S8) leads to a 5% variation in dynamical linewidth with 
bandgap, which also has a small effect on the ensemble emission spectrum.  However, under a 
Gaussian approximation for absorption, the variation in Stokes’ shift with bandgap is calculated 
to narrow the ensemble emission spectrum by ~6% without shifting it.  Qualitatively, this 
narrowing is readily understood because larger bandgap dots have larger Stokes’ shifts, which 
move their emission towards line center, yet smaller bandgap dots have smaller Stokes’ shifts, 
which also move their emission towards line center.  Although size-dependent intra-band 
splittings would be needed for a quantitative calculation in PbS quantum dots, the Gaussian 
approximation suggests this may account for the slight ensemble linewidth discrepancy between 
fit and experiment in Fig. 3B.   

 

Methods 
Sample preparation for 2D experiments 

Nonlinear optical experiments on the sample of PbS nanocrystals were performed using a 
spinning sample cell that was custom built in our laboratory.(31) The spinning sample cell 
consists of an air-tight copper gasket sealed enclosure carrying a 4200 rpm, 2.5” hard drive disk 
motor and a reusable glass sandwich cell. Inside the glovebox, the glass sandwich cell was filled 
with the solution of PbS nanocrystals in tetrachloroethylene using a mechanical pipette and 
sealed in the airtight enclosure. The optical density of the sample solution was adjusted to around 
0.3 [ OD (1S-1S)max  =0.35 at 1154 nm for the part-covered sample and OD (1S-1S)max  = 0.31 for 
the ligand-covered sample].  The pathlength of the glass sandwich cell was measured to be ~270 
μm with <5% min-max internal pathlength variation. The spinning sample cell keeps the sample 
air-free with ultra high vacuum compatible seals and completely exchanges the sample between 
laser shots. The re-sampling time is 0.9 s under illumination at 1 kHz because the laser and spin 
frequencies, measured with a common sampling clock, have no prime factor in common at the 
0.01 Hz level. Cumulative centrifugation is prevented by stopping spinning every 20 minutes, 
allowing mixing by an inert gas bubble.(31)  

2D spectroscopy experiments 
2DFT spectra were recorded using the pump-probe geometry. In this partially collinear 

geometry, pump pulses a and b travel collinearly to create a spatially uniform frequency 
dependent excitation and the probe pulse c detects the change in absorption after the waiting 



 
 

time.(60-62) The signal is modulated only in amplitude as a function of the time delay between 
the pump-pulse pair τ, which results in purely absorptive 2D spectra. Since a Fourier transform is 
a linear operation, the total 2D spectrum of an inhomogeneously broadened sample is a 
summation of the individual homogeneous 2D spectra. 

A femtosecond Ti:sapphire regenerative amplifier operating at 1 kHz repetition rate 
(Spectra-Physics Spitfire Pro) pumps a non-collinear optical parametric amplifier (NOPA) to 
generate the femtosecond short-wave infrared (SWIR) pulses used for 2D spectroscopy. The 
NOPA is based on the design of Cerullo and co-workers,(58) and uses quasi-phase matching in a 
periodically poled stoichiometric lithium tantalate crystal to generate pulses over the 1 – 2 µm 
range. The pulses used for this experiment have energies of 3.6 μJ with a stability better than 
0.4% directly out of the NOPA. The pulse spectra in the bottom panel of Fig. 2 have half 
maxima at 0:98 eV and 1:14 eV. The pulses are compressed down to ~16 fs at the sample 
position in the 2D interferometer by using a deformable mirror grating compressor and an 
adaptive algorithm(58, 59) to maximize the intensity of the second harmonic generation.  The 
second harmonic is generated in a 20 µm thick Type I BBO crystal cut at 20 degrees with respect 
to its optical axis. To match dispersion, a window identical to the front window of the spinning 
sample cell is inserted before the BBO crystal. 
 The 2D spectrometer is shown in Figure S2. The 2D spectrometer consists of an actively 
stabilized Mach-Zehnder interferometer for generating the pump-pulse pair (pulses a and b) with 
a delay, τ. A piezoelectric transducer attached to the lightweight dihedral retroreflector(76) in 
arm b of the interferometer finely adjusts and stabilizes the delay with feedback(76, 77) from a 
linearly polarized, continuous wave, red HeNe laser. A linearly polarized, continuous wave, 
yellow HeNe laser is also used to provide an out-of-loop check on stabilization. The 
interferometer achieves a pathlength difference stability of at least ±0.6 nm. The loop filter was 
modified to change the polarity of the locking position to lock at both positive and negative slope 
zero-crossings of the red HeNe interferometer output. The positive and negative slope lock time 
series are each evenly spaced, but interleaving them would generate a slightly unequal spacing 
between alternate data points. This problem is solved by using the interlaced Fourier transform, 
which requires precise knowledge of the time offset between the positive and negative slope lock 
time series.(67, 78) The offset is determined to be 1.054 ± 0.001 fs by fitting the two aliased 
yellow HeNe interferograms. As a result, the two individual aliased spectra are combined into a 
single spectrum with twice the bandwidth.  The pump-pulse pair and probe pulse are vertically 
displaced before focusing onto the sample. After transmission through the sample, the pump-
pulse pair is picked off and directed onto a photodiode to record the pump pulse-pair 
interferogram during the 2D scan.  

RMS noise estimates for the 2D spectra 
Two methods were used to estimate noise and errors in the 2D spectrum.  Excitation 

pulse fluctuations and the detector array generate random noise. This random noise is estimated 
from the residual imaginary component of a 2D spectrum. Since 2D spectra measured with the 
pump-probe geometry should be purely real in the absence of noise, the Fourier amplitude in the 
imaginary 2D spectrum can be attributed to noise. The root mean square imaginary component 
within the rectangular fit region was, as a fraction of the maximum real 2D amplitude, 1.9% for 
the part-covered sample at Tw = 1 ps, 2.4% for the part-covered sample at Tw= 5 ps, and 4.1% for 
the ligand-covered sample at Tw =1 ps. The error estimate is derived from the difference between 
two 2D spectra at long Tw, which should have the same shape. Each 2D experiment was set up 
independently. This requires 3 resets: pump-probe time zero, pulse spatial overlap, and probe 



 
 

beam coupling into the single-mode fiber to the spectrograph. This difference includes potential 
sources of systematic error. Comparing the difference between the real part of the 2D spectra for 
the part-covered sample at Tw = 1 ps and 5 ps over the rectangular fit region gives a 2.4% root 
mean square error. 

Equations for fitting 2D spectra 

The strategy for simulating 2D spectra at long waiting times relies on the fact that the 2D 
spectrum for an ensemble is the sum of 2D spectra for the members of the ensemble. This  
diagonally elongates the 2D spectrum. For an isolated transition, the ellipticity of the 2D 
peakshape is widely used to separate static and dynamical broadening - static broadening is 
measured after spectral diffusion is complete.(79) The ellipticity is useful but not quantitative for 
overlapping 2D peaks. Here, an algorithm was developed to least-squares fit the 2D spectra to a 
model containing the three signal contributions in Fig. 1B.  The algorithm (flowchart in Fig. S3) 
finds dynamical lineshapes in Eq. (7) by deconvolving the ensemble absorption and emission 
lineshapes with a trial Gaussian static bandgap distribution with standard deviation static∆ .(19) 
Deconvolution neglects changes in the Stokes’ shift, dynamical linewidth, and absorption cross 
section with bandgap, which are small if the bandgap distribution is narrow.  This deconvolution 
starts with ensemble absorption and emission lineshapes. 

The ensemble averaged Einstein B coefficient is 
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where “below” is some frequency below the onset of 0→X absorption and X"max" ensν →= 0  is the 
frequency of the first maximum in the ensemble-averaged absorption- b .   The approximation 
on the second line can be useful if the high frequency side of the absorption is overlapped by 
other transitions (see below). The ensemble absorption lineshape is given by 

 X , X , X( ) ( )ens
j jj j

g b Bνν ν→ → →=0 0 0  .       S(2)a 

The ensemble stimulated emission lineshape is defined by analogy to the ensemble absorption 
lineshape 
 X ,X ,X( ) ( )ens

j jj j
g b Bνν ν→ → →=0 0 0 .       S(2)b 

Proportionality constants in Eq. (17) and (18) cancel, and there is usually no difficulty 
integrating over the entire ensemble emission spectrum.  A zero baseline is needed on both sides 
of this lineshape if it is used in the generalized Einstein relation to predict the absorption 
lineshape. 

For each of the three processes that contribute to the 2D spectrum in Fig. 1 and Eq. (7), 
the dynamical 2D spectrum is calculated as a product of 1D dynamical lineshapes and convolved 
with a 2D static inhomogeneous lineshape to generate the ensemble 2D spectrum for that 
process. To determine the different strengths of these three contributions to the 2D spectrum, the 
ensemble 2D spectra for the three processes (0 X, X 0, X XX)→ → →  are added with adjustable 



 
 

strengths to simulate the 2D spectrum.  This approach requires that we rewrite Eq. (7) as a 2D 
convolution. To do this, we begin by expressing the 1D dynamical lineshapes in a form suitable 
for convolution. The absorption and emission spectra of single quantum dots are expected to 
depend not only on their size, but also upon their shape, facets, etc.(41) Dynamical absorption 
and emission spectra are defined as restricted averages of the Einstein b-spectra over molecules 
j’ that have the same change in standard chemical potential upon photo-excitation.  The group of 
molecules j’ with a given change in standard chemical potential X

oµ →∆ 0  has a frequency of 
maximum absorption X

dynν →0 , so its dynamical absorption b spectrum may be written 

X X ',X X
o

'
( ; ) ( ; )dyn dyn

j j
b bν ν µν→ → → →= ∆0 0 0 0 ,       S(3) 

where the pressure and temperature dependence have been suppressed.  On each side of Eq. S(3), 
the semicolon separates a given quantity that specifies the group of molecules j’.  For each 
change in standard chemical potential, the generalized Einstein relations in Eq. (2) hold between 
the dynamical spectra. The dynamical absorption lineshape X

dyng →0  is the area-normalized average 
of the Einstein b spectrum for molecules with a given change in standard chemical potential 
upon excitation from X→0 . Approximating the shape of the b-spectrum as independent of 

X
dynν →0  (which is justified for the small bandgap distribution probed here), we can define a 

normalized dynamical absorption lineshape 

X X X X X( ) ( ; ) /dyn dyn dyn dyng b Bνν ν νν→ → → → →− =0 0 0 0 0 ,      S(4) 

where X X ( )dynB b dν ν ν→ →

∞
= ∫0 00

 is the integrated Einstein B coefficient [which depends on the 

frequency units, as indicated by its right superscript – see ref. (24)]. This assumption that the 
dynamical absorption lineshape is independent of the frequency of maximum absorption allows 
both deconvolution of the linear spectra and convolution of the 2D spectra.  It implies that the 
Stokes’ shift is independent of the frequency of maximum absorption. 

The change in dynamical absorption lineshape caused by X→0  excitation is a sum of 
three contributions given by 

X X X X X X XX X XX XX X( ) ( ) ( ) ( )dyn dyn dyndyn
t t t

dyn dyn dyn dyn
tg w g w g w gν ν νν ν νν ν→ → → → → → → →→ →∆ − = − + − − −0 0 000 0 0 0 ,  S(5) 

where the Mw  are relative intensity strengths for the three subscripted transitions shown in Fig. 
1B.  These strengths are used in a linear least squares stage of the fitting procedure (see below).  
As a practical matter, the dynamical lineshape X

dyng →0  for excited state emission is readily area 
normalized, but the absorption transitions merge with transitions to higher excitons, so all three 
dynamical lineshapes ( 0 X

dyng →   for reduced ground state absorption, X
dyng →0 , and X XX

dyng →  for excited 
state absorption) are each normalized to twice the area below their 1S-1S absorption maximum. 
The emission lineshape suggests that errors in the fitted absorption strengths from this 



 
 

approximation are on the order of 6%.  With this normalization, the Einstein b spectra in Eq. (7) 
are all related to their corresponding products in Eq. S(4) and S(5) by the same proportionality 
constant /v

M MB wβ = . Since the products dyn
M Mw g  are unaffected by this lineshape normalization 

choice, the determination of the change in standard chemical potential does not depend on this 
lineshape normalization. For nanocrystals with excitonic absorption maximum at mν , their 
change in standard chemical potential o

,0 Xmµ →∆  equals the photon energy hν  at which 

XX XX ( ) ( )dyn dyn
m mw g w gν νν ν→→ →→ − = −0 00 0 ; this criterion is equivalent to finding the photon energy 

at which ,0,X X0 ( , , ) ( , , )m mb p T b p Tν ν→ →=  in Eq. (2)b. 

 The individual dynamical lineshapes in Eq. S(5) are obtained from the experimental 
ensemble absorption and emission lineshapes in Eq. S(2).  The key relationship is 
convolution:(78) 

 X X X X X X( ) ( )* ( ) ( ) ( )ens dyn dyn d
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∞ →−
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In fitting, the static distribution of dynamical absorption maxima is assumed to be Gaussian, 
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with center and most probable frequency mν  and standard deviation /static h∆ .  An asymmetrical 
dynamical lineshape g can shift the ensemble absorption maximum ( X

ensν →0 ) off the center 
frequency.  Deconvolution can be used to obtain the dynamical absorption and emission 
lineshapes from the ensemble absorption and emission lineshapes.  The dynamical lineshape for 
the excited state absorption transition from exciton to bi-exciton is obtained from the dynamical 
absorption lineshape by both shifting it and broadening it through convolution: 

  X XX X X XXX XX( ) ( )* ( ( ))dyn dyn dyn dyng f gν νν ν ν δ→ → → →− −− =0 0 0      S(6)c 

where, assuming Gaussian bi-exciton broadening, 
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The approximation of Gaussian bi-exciton broadening was based on the approximately Gaussian 
shape of the ensemble 1S-1S absorption. 

In fitting, the ensemble absorption and emission lineshapes are deconvolved with a trial 
static probability distribution of absorption maxima to generate trial dynamical absorption and 
emission lineshapes. The 2D spectra are simulated with a diagonal convolution of dynamical 2D 
spectra using the same static probability distribution: 

W X w X X X X X( , ;T ) (T ) ( ) ( ) ( )B dyn dyn dyn dyndyn
t stat

dyn
D t icN g g P dS τ τν ν ν ν ν νν ν

+∞

→ →−∞ → → →= − ∆ −∫2 0 0 0 0 0   S(9) 



 
 

where τν  is the excitation frequency, tν  is the detection frequency, and X( )static
dynP ν →0  is the static 

probability distribution of quantum dot 1S-1S dynamical absorption maxima X
dynν →0 .  X w(T )N  is 

the waiting time dependent transient population of the exciton band X, which is assumed to be 
the same as the population decrease of the ground band 0.  (Although they are initially equal, the 
transient population of X can become less than the population decrease of 0 if the population of 
X decays through a trap or defect.)  The static distribution of dynamical absorption maxima is 
assumed to be Gaussian with standard deviation static∆ .  As shown in Fig. 1, this static 
distribution of bandgaps elongates the 2D spectrum along the diagonal.  Compared to Eq. (7), 
Eq. S(9) is specialized for the assumptions that allow Eq. (7) to be expressed as a 2D 
convolution.  Both equations assume thermal quasi-equilibrium within each band. 

Chi-squared 2D fitting routine 

Fitting of the 2D spectra uses only the ensemble absorption and emission lineshapes from Eq. 
S(2) and five physically-motivated parameters: 

static∆  - the standard deviation of the inhomogeneous static bandgap distribution in Eq. S(7); 

XXδ  - the red-shift of the exciton to bi-exciton absorption transition in Eq. S(6)c; 

XX∆  - the standard deviation for exciton to bi-exciton absorption broadening in Eq. S(8); 

X XXw →  - the strength of exciton to bi-exciton absorption in Eq. S(5); 

X 0w →  - the strength of single-exciton stimulated emission in Eq. S(5); 

In reporting results, the strength of ground band 0 to exciton band X absorption is defined as 
0 X 64w → ≡ and the other strengths are reported relative to it.  All five parameters are determined 

independently for each 2D spectrum. 

The fitting procedure involves iteration of 4 processes, as summarized in Figure S3.  Initially, 
a 3-dimensional grid is generated for the 3 parameters on which the 2D spectra have a non-linear 
dependence: static∆ , XXδ , and XX∆ . At each grid point, each of the three dynamical lineshapes is 
normalized so that the red half of the 1S-1S transition has an area of 1/2.  In the first process, the 
ensemble absorption and emission lineshapes are used together with XX XX( , , )static δ∆ ∆  to 
calculate the dynamical absorption, emission, and excited state absorption lineshapes from Eq. 
S(6) at every 3D grid point. In the second process, at each point of the 3D grid, the three additive 
contributions to the 2D spectrum (0 X, X 0, X XX)→ → →  are calculated separately for each 
combination of the three non-linear parameters. Using Eq. S(9) and S(5), a linear least-squares fit 
of these three 2D contributions to the Einstein B 2D spectrum gives the three strengths and χ 2  at 
each 3D grid point.  In the third process, calculated values of 𝜒2 on the 3D grid are used to 
estimate the 3 parameters at the 𝜒2 minimum. If the parameters of the estimated minimum not 
are enclosed within the 3D grid, the fourth process shifts the 3D grid.  If 3D grid encloses the χ 2   
minimum, but the parameters are not yet converged, the fourth process refines the location and 
resolution of the 3D grid.  The above four processes are iterated until the 𝜒2 hypersurface is 
centered on and roughly parabolic around the minimum in each of the 3 nonlinear parameters. 



 
 

The subroutine “Convert 1D lineshapes” in the above algorithm inverts the convolutions 
in Eq. S(6)a and S(6)b. Since the static lineshape width is a fit parameter, automated fitting 
requires accurate automated deconvolution. A van Cittert deconvolution algorithm(80) was used.  
For each static linewidth, the lowest van Cittert index ( k ≈ −10 15 ) that reproduced the FWHM 
obtained by analytic deconvolution of a multiple Gaussian fit to the ensemble absorption 
lineshape was automatically chosen (see Ref. (67) for details). This deconvolution procedure in 
the first subroutine allows an experimental test of the generalized Einstein relations.  After 
presenting fit results using the deconvolution procedure, an alternative procedure based on the 
assumption that the generalized Einstein relations hold will be described below as an additional 

νχ
2  test. 

Justification for exciton to bi-exciton absorption parameters in the simulation 
Figure S4 summarizes the quantitative νχ

2  justification for including excited state absorption 
transitions from the exciton to bi-exciton state.  Without it (first column), the best fit is visually 
poor on the low detection frequency side of the diagonal and has a large error with a reduced chi 
squared of over 6. When bi-exciton broadening XX∆  is added without a bi-exciton shift (second 
column), the fit is visually reasonable at the level of overlaid contours except upon fine 
inspection of the low detection frequency side and 𝜒𝜈2 is significantly reduced but still exceeds 3. 
When a bi-exciton red-shift XXδ  is included without bi-exciton broadening (third column), the fit 
improves visually and 𝜒𝜈2 is lowered significantly but the fine details of the 2D peakshape near 
the bandgap maximum are not captured.  However, when both XX∆  and XXδ  are included, the fit 
retrieves fine details on both the low detection frequency side and around the 2D maximum; 𝜒𝜈2 
indicates the 2D spectrum is fit within experimental error.  Compared to including only the bi-
exciton red-shift parameter, inclusion of both broadening and shift results in a significant 
reduction of 𝜒2 by ~400. 

The need to include excited state absorption transitions from the exciton to bi-exciton band 
was qualitatively indicated by the OD∆  spectrum obtained from the measured 2D spectra by 
integrating over the excitation frequencies (see Figure S5).  Relative to the absorption lineshape, 
the narrowing and blue-shift of the positive peaks in the OD∆  spectrum are signatures of excited 
state absorption. There has been a previous report of excited state absorption broadening in PbS 
QDs, however, the mechanism was suggested to be a multiphoton-excitation-induced transient 
Stark shift because the reported broadening depended on excitation photon energy and the 
excitation probability(81). With bandgap excitation and excitation probability of ~9%, we 
calculate less than 1 meV contribution from the previously reported multi-photon absorption 
broadening effect. An intrinsic exciton to bi-exciton broadening mechanism has been reported in 
quantum wells(42), in which the bi-exciton broadening was reported to be inversely related to 
the localization or the width of quantum wells. A similar intrinsic mechanism is required to 
explain the exciton to bi-exciton absorption broadening found here. 

Fit parameter error bars 

The goodness of fit is evaluated inside a rectangular region (shown in Fig. 2 and S6) that 
does not have significant noise amplification. For independent data points with Gaussian noise, 
the closed 𝜒2 hypersurface that corresponds to 𝜒min2 + 1 represents the boundary that contains 



 
 

one standard deviation error for fit parameters.(82) For each parameter, its maximum and 
minimum within the closed surface give the +𝜎 and −𝜎 error bars, respectively. However, in the 
2D spectrum, the sampling interval along the detection axis is very fine compared to that along 
the excitation axis. For each excitation frequency, neighboring points along the detection axis are 
highly correlated. In practice, this very fine sampling along one axis means that one could extract 
some number, N, of adequately sampled replicas of the 2D spectrum. The situation is thus 
analogous to fitting a set of 𝑁 identical 2D spectra, which would increase 𝜒2 by a factor of 𝑁. In 
this circumstance, the 𝜒2 error bar boundary is redefined to be enclosed within 𝜒min2 + 𝑁. Since 
data points along 𝜔𝜏 are just adequately sampled, N is determined by the approximate number of 
data points along 𝜔𝑡 required to represent the 2D spectrum without loss of information. 
Therefore, we chose 𝑁 = 𝑁𝑡/𝑁𝜏, where 𝑁𝑡 and 𝑁𝜏 are the number of grid points in the 
rectangular region for the 𝜔𝑡 and 𝜔𝜏 frequency axes, respectively. The ratio usually gives 𝑁 ~20 
here.  

Procedure for fitting 2D spectra with the generalized Einstein relations as a constraint 

The 2D spectra were subsequently fit with a procedure that imposed the generalized 
Einstein relations as a constraint on the dynamical absorption and emission lineshapes.  This 
procedure simultaneously fit the ensemble absorption, emission and 2D spectrum to an 
underlying pair of dynamical b-spectra.  This involved a modification of the subroutine “Convert 
1D lineshapes’ in the fitting algorithm of Fig. S3.  A flowchart for this modified subroutine is 
shown in Fig. S7. 

The dynamical absorption and emission lineshapes that result from converged fitting of 
the 2D spectra need not obey the generalized Einstein relations exactly.  The key to incorporating 
the generalized Einstein relations as a constraint is to recognize that there is a single function 
underlying the dynamical absorption and emission spectra, but that it is poorly determined from 
regions of low signal (red edge of absorption, blue edge of emission).  To determine this single 
function, Eq. (2)b is rewritten as  

 oX
X 0 X X

X

( ) ( ) exp[ ( ) / ]dyn dynwg g h kT
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ν ν ν µ→
→ → →

→

= − −∆0
0 0

0
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Starting from the input data from the prior 2D fitting iteration, there are four initialization 
steps before nonlinear least squares fitting is used to find the best fit dynamical absorption 
lineshape.  First, the standard chemical potential change o

Xµ →∆ 0  is found from Eq. S(10) as the 
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dynamical absorption and emission lineshapes from the prior 2D fitting iteration are both used to 
generate an initial guess for the dynamical absorption lineshape 

  
oX

X X X
X

X

( ) [ switch( )] ( ) exp[ ( ) / ]

switch( ) ( ),

dyn dyn

dyn

w g h kT
w

g

γ ν ν ν ν µ

ν ν

→
→ → →

→

→

= − + −∆

+

0
0 0 0

0

0

1
    S(11) 

where switch is a function that smoothly transitions from 0 to 1 between the emission and 
absorption maxima.  Third, the initial guess for corresponding generalized Einstein relation 
constrained dynamical emission lineshape X ( )dynγ ν→0   is calculated by inserting X ( )dynγ ν→0  from the 



 
 

left hand side of Eq. S(11) into the right hand side of Eq. S(10).  Fourth, the initial guesses for 
the dynamical absorption and emission lineshapes are then convolved with the prior best fit static 
bandgap distribution o

static∆  using Eq. S(6)ab to obtain corresponding initial guesses for the 
ensemble absorption and emission lineshapes. 

Starting from these 4 guesses, a weighted sum of the 4 rms errors for the dynamical 
absorption and emission (each compared to the best fit lineshape from the prior iteration of the 
2D fit) and ensemble absorption and emission (each compared to the experimental lineshape) is 
then minimized by independently varying the dynamical absorption lineshape at every point on a 
frequency grid.  Absorption lineshape errors were weighted 9x more than emission lineshape 
errors.  To ensure a non-negative dynamical absorption lineshape, the parameters varied are the 
square roots of the dynamical absorption lineshape.  This nonlinear least squares fit (NLLSQ fit 
to dynamical and ensemble 1D spectra) uses Powell’s method.  The converged result is a set of 4 
lineshapes ( )γ ν   in which the dynamical absorption and emission b-spectra obey the generalized 
Einstein relation exactly and the ensemble lineshapes are obtained from the dynamical lineshapes 
by numerically exact convolution.  In this constrained fit, the residuals are now spread over both 
the 2D spectra and the ensemble 1D spectra.  In contrast, the unconstrained procedure that uses 
only van Cittert deconvolution for the “Convert 1D spectra” subroutine in Fig. S3 effectively 
forces an exact fit to the 1D spectra. Both procedures assume a Gaussian static broadening. 

The pair of converged ensemble absorption and emission lineshapes are then used in 
place of the experimental ensemble lineshapes for van Cittert deconvolution with the trial 
inhomogeneities static∆  on the 3D grid.  When implementing the fit with this more involved 
subroutine, the initial parameters were taken from the prior best fit in which this subroutine 
consisted only of van Cittert deconvolution of the experimental ensemble lineshapes. A range of 
inhomogeneities on the 3D grid somewhat smaller than the error bars was sufficient to verify the 
local minimum was hardly unchanged and converged within three iterations of 2D fitting, which 
gave νχ =2  1.05 (using the same number of degrees of freedom as the unconstrained fit) and 
parameters that agreed within the error bars from the unconstrained fit. 

The converged dynamical and ensemble lineshapes from the NLLSQ fit are shown in Fig. 
3A.  Using converged dynamical lineshapes taken directly from the NLLSQ fit, which exactly 
obey the generalized Einstein relations, to fit the 2D spectra also gave νχ =2 1.05 and no 
significant change in fit parameters.  The slight errors in the fitting the experimental ensemble 
emission lineshape in Fig. 3B are probably due to slight deviations from Gaussian static 
inhomogeneous broadening of the type demonstrated in. ref. (19).  The generalized Einstein 
relations hold within the accuracy of the 2D spectra for this sample. 

 

Data extraction for Figure S8 
Tables S2 and S3 show absorption maxima, linewidths, and Stokes’ shifts extracted from 

the graph in Figure 1b and directly from the spectra in Figure 2d of ref. (17).  In both tables, data 
in roman font were obtained by magnifying the figures and making measurements with a ruler; 
this had a precision of about 2 meV.  Comparison to numbers stated in the paper suggests errors 
of ~10 meV.  Each of the two PbS quantum dot samples in Figure 2d has extracted parameters 
that match a sample in Figure 1b within this error estimate. In Table S2, dynamical emission 
FWHM at 300K are calculated from the generalized Einstein relation using Eq. (8) for Gaussian 



 
 

spectra by multiplying the ensemble Stokes’ shift (2λ)/e in the third column by (kT/e) ~25.85 
meV, taking the square root to find the standard deviation of the lineshape ∆/e, and then 
multiplying by 2√(2ln2) ~2.3548 to find the FWHM.  Data were also extracted from Fig. 2d 
using WebPlotDigitizer.(83)  This extraction allowed conversion to Einstein B coefficient 
lineshapes in order to assess the impact of the lineshape conversion.  If the absorption spectra 
shown are OD(ν) and the photoluminescence spectra shown are F(ν), converting to Einstein B 
coefficient lineshapes could increase the Stokes’ shift by up to 5 meV, with negligible effect on 
the linewidths.  The numbers reported in Table S3 are those obtained from Figure 2d without this 
lineshape conversion. 

 

Supplementary Text 
Derivation of the extended Einstein b relationships for inhomogeneous Gaussian spectra 

The stimulated emission spectrum from the generalized Einstein relation is red-shifted 
from the absorption spectrum.  The red-shift is called the Stokes’ shift.  More precise 
consequences of the generalized Einstein relation, Eq. (2)b, for the Stokes’ shift and integrated 
Einstein B coefficients can be illustrated by considering a homogeneous Gaussian absorption 
lineshape: 

2 2 2
0 X 0 X 0 X 0 X( ; ) exp[ ( ) / 2 ]

2
dyn dyn dyn

dyn
dyn

hb B hνν ν ν ν
π→ → → →= ⋅ − − ∆

∆
   S(12)a 

where X
dynν →0  is the frequency of maximum absorption, /dyn h∆  is the standard deviation that 

quantifies the Gaussian linewidth (the subscript indicates the dynamical origin of a homogeneous 
lineshape), and 0 X 0 X0

( )dynB b dν ν ν
∞

→ →= ∫  is the integrated Einstein B coefficient.  The superscript on 

B indicates units appropriate for cyclic frequencies (Hz).(24)  The pressure and temperature 
dependence of both b and B have been suppressed.  The generalized Einstein relation Eq. (2)b 
gives the stimulated emission b-spectrum 
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The frequency of maximum emission and integrated Einstein B coefficient for stimulated 
emission can be found by completing the square inside the exponential on the second line. This 
gives the frequency of maximum emission 

 2
X 0 0 X /dyn dyn

dynh h kTν ν→ →= −∆  , 

so the Stokes’ shift for homogeneous Gaussian absorption and emission transitions is 
2

0 X X 02 /dyn dyn
dyn Bh h k Tλ ν ν→ →≡ − = ∆       S(13) 

which may be rewritten as 

 2 2dyn kTλ∆ = .         (8) 



 
 

Eq. (8) appears in molecular electronic spectra(84) and electron transfer,(46) but is a 
consequence of the generalized Einstein relations for any homogeneous Gaussian spectrum.  For 
a homogeneous Gaussian absorption lineshape, the stimulated emission lineshape is a Gaussian 
with the same width, but a red-shifted emission maximum; fundamentally, this Stokes’ shift 
determines the width of both the absorption and stimulated emission spectra.  We now address 
the relationship between integrated Einstein B coefficients.  We define 0 0 X X 0( ) / 2dyn dyn dynν ν ν→ →= +  
so that it lies halfway between the dynamical absorption and emission maxima. This gives the 
stimulated emission b-spectrum as 
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so that the integrated Einstein B coefficient for stimulated emission is 
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Any given quantum dot sample will have a static distribution of changes in standard 
chemical potential upon photo-excitation; the ensemble lineshapes are averaged over this static 
distribution and will not obey the generalized Einstein relations.  In the treatment below, each 
pair of dynamical lineshapes will be characterized by its frequency of maximum absorption as in 
Eq. S(3).  Quantum dot absorption spectra usually have an overlap between the blue edge of the 
lowest exciton transition (1S-1S) and transitions to higher exciton states so that there is a 
nonzero minimum on the high energy side of the first maximum (see Fig. 3).  Provided the 
lowest exciton transition is wide enough and the temperature is low enough, this blue edge is 
heavily attenuated by the exp( / )h kTν−  factor and has almost no effect on the emission 
spectrum predicted by the generalized Einstein relations.  If the red edge of the dynamical 
absorption spectrum has the Gaussian lineshape of Eq. S(12)a, then the dynamical emission 
spectrum has the Gaussian lineshape of Eq. S(12)b.  Convolution of the dynamical lineshapes 
defined through Eq. S(4) with the static bandgap distribution centered at 0 X

ens
mν ν →=  in Eq. S(7) 

gives the ensemble spectra 
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where the variance of the ensemble-averaged spectra has increased to 
2 2 2
ens dyn static∆ = ∆ + ∆ ,         (9) 

yet the Stokes’ shift is still given by Eq. (8). The ensemble Stokes’ shift can be distorted if the 
bandgap distribution is wide enough to sample a nonlinear variation of the Stokes’ shift with 
bandgap.  The ensemble Stokes’ shift can also be different from the dynamical Stokes’ shift if 
the bandgap distribution is wide enough to shift higher exciton transitions on top of the lowest 



 
 

exciton absorption maximum. By applying the generalized Einstein relations directly to either 
ensemble spectrum as a test for static inhomogeneity, the Stokes’ shift would be over-estimated 
as 22 /ens kTΛ = ∆ . If the red edge of the ensemble absorption spectrum is Gaussian and the 
ensemble emission spectrum is Gaussian with the same width, this justifies using the ensemble 
Stokes’ shift 2λ  to determine the variance of the dynamical linewidth 2

dyn∆  through Eq. (8).  
This lack of distortion for narrow bandgap distributions justifies use of the ensemble Stokes’ 
shift to determine the dynamical linewidth.  When the ensemble lineshape is near Gaussian 
(which is not the case for the PbS quantum dots studied here), these circumstances allow 
algebraic estimates of static and dynamical linewidths to be made from ensemble absorption and 
emission spectra alone, without numerical deconvolution or specialized nonlinear optical 
spectroscopy apparatus.   

For the PbS quantum dot samples studied by 2D spectroscopy here, the dynamical 
lineshapes are not Gaussian (see Fig. 3, which also shows that the ensemble absorption and 
emission lineshapes have different widths).  For the part-covered PbS quantum dots, the 
measured Stokes’ shift is ( ) / eλ =2  88 meV, for which Eq. (8) gives /dyn e∆ =  48 meV at 298 K.  
The ensemble emission ( ) /ensFWHM e  is 119 meV, corresponding to a Gaussian standard 
deviation of /ens e∆ =  52 meV.   Eq. (9) then gives /static e∆ =  20 meV, a significant 
underestimate.  One can avoid assuming that the dynamical or ensemble lineshapes are Gaussian 
by mis-applying the generalized Einstein relations to calculate an ensemble emission spectrum 
directly from the ensemble absorption spectrum (as in Fig. 3C) to determine ( ) /eΛ =2 112 meV.   
Calculating ( )static kTλ∆ = Λ −2 2  gives /static e∆ =  24 meV, which agrees with the 2D estimate 
within error.   The broader applicability of this approach remains to be investigated. 
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Fig. S1. Electron microscopy images of PbS nanocrystals and histograms of their major-
minor axis projections.  ADF-STEM images of (upper left) ligand-covered PbS nanocrystals 
and (upper right) part-covered PbS nanocrystals. Images were collected on FEI Titan at 300 kV 
accelerating voltage (instrumental spatial resolution 0.14 nm) by a trained technician at the 
CAMCOR materials characterization facility at the University of Oregon in Eugene, Oregon. 
Images have contrast of ~0.5, and a signal to noise ratio of ~5:1. A scale bar is drawn on the 
lower right corner of each image.  2D histogram of major versus minor projections from 
threshold-fitted ellipses on ADF-STEM images (image spatial resolution 0.14 nm) for covered 
(lower left) and part-covered (lower right) PbS nanocrystal samples. The magenta background 
for each histogram represents counts of zero particles, and the grayscale bar is used to represent 
the number of counts at each 2D histogram. Each histogram is normalized to the highest count in 
its distribution. The pixel pitch for each ADF-STEM image is indicated on the right-hand corner 
of each histogram.  



 
 

 
 

 
 
 
Fig. S2. Partially collinear 2D spectrometer. Pulses a and b, separated by delay τ, exit the 
Mach-Zehnder interferometer’s bright output. The signal and pulse c are fiber coupled to an IR 
spectrograph for interference detection. Each of pulses a, b, and c passes through two metallic 
beam splitters at oppositely signed Brewster’s angles for matched dispersion and spatial 
compensation. Continuous wave (CW) lasers (beam paths marked with red and yellow lines) are 
used to stabilize the delay τ and travel a path below the pulsed laser beam. BS: inconel-coated 
beam splitter, CB: compensating window, CM: curved silver mirror, f = 125 mm, RR: dihedral 
retroreflector, RR’: trihedral retroreflector, VND: variable neutral density filter, BFR: red band-
pass filter (632.8 ± 5 nm), BFY: yellow bandpass filter (600 ± 5 nm), PD: photodiode for yellow 
CW, PD1: photodiode for pump-pulse pair interference, DPD: differential photodiode for active 
stabilization, PZT: piezoelectric transducer, BB: beam block, L1: CaF2 plano-convex lens for re-
collimating the beams, f = 125 mm, L: plano-convex lens, f = 50 mm. Protected silver mirrors 
are unlabeled. 
  



 
 

 
 
 
Fig. S3. Flow chart of the chi-squared fitting procedure 
The flowchart describes the fitting procedure, which involves cycles of 4 steps. Before starting 
each cycle, a 3D grid of static bandgap inhomogeneities static∆ , exciton to bi-exciton red-shifts 

XXδ , and exciton to bi-exciton broadenings XX∆  is generated. In the first subroutine, 1D 
ensemble lineshapes are converted to 1D dynamical lineshapes for each static∆ .  In the second  
process, the three contribution to the 2D spectrum are calculated for each point on the 3D grid 
and linear least squares fit to the experimental 2D spectra by optimizing their relative strengths 

0 X X X XX( , , )w w w→ → →0 . 𝝌𝟐 is calculated for each fitted 2D spectrum, resulting in 3D grid of 𝝌𝟐 
values. In the third process, a 3D paraboloid is fit to the 𝝌𝟐 hypersurface to estimate where the 
minimum 𝝌𝟐 lies.  The fourth process either shifts the grid (if the minimum 𝝌𝟐 is not within the 
grid) or refines the grid (if the best parameter estimated from the 3D paraboloid fit is not 
centered on the grid or the hypersurface is not yet accurately represented by a 3D paraboloid 
over the grid range). Once the 3D grid and fit have converged, the fit parameter errors are 
obtained from the boundary corresponding to 𝝌min

𝟐 + 𝑵𝒕/𝑵𝝉.  
  



 
 

 

 
Fig. S4. The effect of exciton to bi-exciton absorption parameters on simulations 
The effect of exciton to bi-exciton excited state absorption (ESA) parameters on simulations is 
shown. In each column, the top row shows the simulation, the middle row shows simulation 
overlaid with the experimental data, and the bottom row shows their difference (simulation − 
experiment) multiplied by 10. Contours are drawn from 10% at 10% interval. When only 
depletion of ground to exciton absorption (ground state bleaching - GSB) and exciton to ground 
band stimulated emission (excited state emission – ESE) are included (first column), the fit does 
not agree within error, and the maximum error (purple dot) occurs within the fit region. With 
ESA added but only the broadening parameter (second column), 𝝌𝝂𝟐 is significantly reduced but 
the fit still does not agree within experimental error. The inclusion of ESA with a red-shift but 
without broadening (third column) nearly fits the data to within error, but fine details of the fit 
are not captured near the maximum of the 2D signal. Addition of both ESA effects (right 
column) fits the data capturing the fine details near the part-covered sample’s bandgap.  
  



 
 

 
 
 
Fig. S5. Comparison of absorption lineshape with differential transmittance spectrum 
Normalized differential transmittance spectra ∆T are obtained from projections of the Einstein B 
coefficient 2D spectra onto the detection axis at waiting time TW = 1 ps.  All 3 projections are 
obtained by integrating the 2D spectrum over the excitation frequency from /h eτν =  0.91 to 1.14 
eV (which extends beyond the fitting box in Fig. 2).  The ensemble linear absorption Einstein B 
coefficient lineshape of the part-covered PbS QDs (blue) is overlaid and normalized at the peak. 
The experimental projection (black) is narrower and shifted to higher frequency.  Since emission 
can only broaden the ∆T spectrum, the narrower width of the experimental ∆T spectrum 
compared to b  indicates that excited state absorption is necessary to reproduce the shift and 
narrowing of the ∆T lineshape. The peak normalized ∆T spectrum from the simulation that 
includes shifted excited state absorption without broadening cannot quite capture the 
experimental ΔT width.  The peak normalized ∆T spectrum from the simulation (orange) that 
includes shifted and broadened excited state absorption captures this shift and narrowing.  This 
qualitative visual demonstration supports the reduced chi-squared analysis (column 3 vs. column 
4 in Fig. S4) indicating that the excited state absorption signal is broadened. 
  



 
 

 
 
 
Fig. S6. 2D spectra of covered PbS quantum dots at Tw=1 ps, part-covered PbS quantum 
dots at Tw=5 ps and their best fits 
Contour levels are drawn from -20% to 100% in 10% increments. (Top) 2D relaxation spectra 
after division to correct for pulse spectra and propagation effects. Noise is 3.90% and 2.44% 
inside the box. (Middle) Fit using absorption, stimulated emission, and shifted, broadened 
excited state absorption (𝝌𝝂𝟐 = 1.99 and 2.83). A white dot on each experimental and fit 2D 
spectrum indicates the 1S–1S peak maximum from the linear absorption lineshape, and a white 
cross marks the 2D coordinates for maximum 1S-1S stimulated emission. (Bottom) Experiment 
and fit overlaid at 10% contours. The RMS error of the fit is 7.90% and 6.84%. The maximum 
error of the fit is 43% and 17%, which occurs at the position indicated by the magenta dot (upper 
right corner of the box). Best fit parameters are given in Table 1.  
  



 
 

 
 
Fig. S7. Converting 1D lineshapes with generalized Einstein relations as a constraint 
This constrained process inserts additional steps before the automated van Cittert deconvolution 
used to calculate the dynamical spectra for each 3D grid point.  The single optimum set of 
dynamical 1D lineshapes, strengths, and static inhomogeneity o

static∆   from the prior 2D fitting 
iteration (left result) are used to impose the generalized Einstein relations as a constraint.  The 
dynamical emission spectrum is calculated from the dynamical absorption spectrum using Eq. 
S(10) and the ensemble 1D spectra are calculated from the dynamical spectra using Eq. S(6)ab 
for the optimum static inhomogeneity o

static∆ .  The non-linear least squares (NLLSQ) fit process 
adjusts the underlying dynamical absorption lineshape X ( )dynγ ν→0  to minimize a weighted sum of 
the rms errors for the input dynamical absorption and emission lineshapes (from the prior 2D 
fitting iteration) and the ensemble absorption and emission lineshapes (from experiment).  The 
best fit 1D ensemble lineshapes X ( )ensγ ν→0  and X 0 ( )ensγ ν→  for o

static∆  (right parallelogram) are then 
used in place of the experimental ensemble lineshapes for van Cittert deconvolution at each 3D 
grid point.  The resulting set of three dynamical lineshapes is then used as an input to the “LLSQ 
fit 2D spectrum” process of Fig. S3.  
  



 
 

 

 
Fig. S8. Comparison of generalized Einstein relation prediction to photon-correlation 
Fourier spectroscopy 
Ensemble Stokes’ shift (red dots), ensemble emission FWHM (blue dots), and photon-correlation 
Fourier spectroscopy determined emission FWHM (green dots) for PbS nanocrystals (prepared 
by different syntheses from either used here) were extracted from Figure 1(b) and 2(d) of ref. 
(17) with estimated graphical extraction errors of 3 meV or less. Dynamical emission FWHM 
(black cross) values are calculated from the ensemble Stokes’ shift using Eq. (7) of the main text. 
For all samples in which the dynamical emission FWHM was measured by photon correlation 
Fourier spectroscopy, the emission FWHM calculated from the generalized Einstein relation lies 
between the ensemble and dynamical emission FWHM. Since ref. (17) concludes these PbS 
nanocrystals are homogeneously broadened, this is taken as agreement within experimental error 
(~10 meV). All PbS nanocrystals with 1S-1S absorption peaks above 1.2 eV show agreement 
between the measured ensemble emission FWHM and the FWHM calculated from the 
homogeneous generalized Einstein relation. This indicates that the ensemble linewidth for the 
smaller nanocrystals is dominated by dynamical broadening, not static inhomogeneous 
broadening due to their size distribution. In ref. (17), photon correlation spectra were not 
reported for four larger PbS quantum dot sizes with bandgaps below 1.2 eV.  For these larger 
dots, the ensemble Stokes’ shift and generalized Einstein relations predict narrower dynamical 
emission FWHM than the reported ensemble emission FWHM. This indicates significant 
inhomogeneous broadening of the ensemble spectra from the static size distribution.  



 
 

 
  area equivalent circle ellipse projections 

 
diameter 𝜎 (diameter) major 𝜎 (major) minor 𝜎 (minor) 

covered † 4.29(11) 0.32(8) 4.58(13) 0.38(8) 4.01(9) 0.33(9) 
part-covered* 4.27(9) 0.23(2) 4.81(9) 0.37(4) 3.80(12) 0.28(1) 
 
Table S1. Particle size analyses from ADF-STEM (threshold) [dimensions in nm (error bars)]. 
*563 particles (5 images, 0.0424 nm/pixel); †279 particles (10 images, 0.0424 nm/pixel). 
  



 
 

 
 
 
Absorption Peak 

(eV) 
Ensemble 

Emission FWHM 
(meV) 

Ensemble Stokes' 
Shift (meV) 

Dynamical 
emission FWHM 
from GER (meV) 

0.921 97 28 63 
1.026 130 55 89 
1.061 123 61 93 
1.258 134 122 132 
1.360 147 134 139 
1.459 165 200 169 
1.684 194 264 195 
1.736 195 289 204 
1.968 216 354 225 

 
Table S2. Ensemble absorption maximum, ensemble emission FWHM, and Stokes’ shift 
extracted from Figure 1b of Ref. (17) for PbS quantum dots.  Parameters were not extracted for 
the sample with the second lowest bandgap, which has an obscured ensemble emission FWHM 
in Figure 1b. Dynamical emission FWHM are calculated from the Stokes’ shift and generalized 
Einstein relation for Gaussian spectra using a temperature of 300K. 
  



 
 

 
 
Sample Type Absorption 

Peak (eV) 
Ensemble 
Emission 

FWHM (meV) 

PCFS 
Emission 

FWHM (meV) 

Ensemble 
Stokes' Shift 

(meV) 
PbS (2) 1.676 205 vs. 192 173 vs.173 253 

PbS/CdS (2) 1.721 220 vs. 209 185 vs. 184 259 
PbS (1) 1.733 205 vs. 193 185 vs. 184 292 

 
Table S3. Ensemble and dynamical linewidth parameters extracted from ensemble and photon-
correlation Fourier spectroscopy (PCFS) spectra of PbS and PbS/CdS core/shell quantum dots in 
Figure 2d of Ref. (17).  The numerical emission FWHM in italics are stated in Figure 2d and are 
included for reference.  Parameters are not extracted for the two samples in which the absorption 
spectrum does not show a maximum. 
  



 
 

Data Set S1. Data files for 1D absorption spectra, 1D emission spectra, and 2D spectra. 
(absorbance_spectrum.txt) 1D ensemble decadic absorbance or optical density spectra for both 
covered and part-covered PbS quantum dot samples as a function of wavelength in air at 
atmospheric pressure in Boulder.  The first column is air wavelength in nm and the second 
column is optical density (dimensionless).  For the part-covered sample, the wavelength in air 
was transformed to wavelength in vacuum before plotting the absorbance spectrum shown in Fig. 
4A.  (abs_lineshape.txt) The ensemble absorption lineshape calculated from Eq. (14).  The first 
column contains the photon energy in eV and the second column contains the peak normalized 
lineshape; the lineshapes are shown in Fig. 4C for both samples.  (pl_spectrum.txt) 1D 
ensemble photoluminescence spectra as a function of wavelength in air at atmospheric pressure 
in Boulder, corrected for the inner filter effect and wavelength dependent spectrograph 
sensitivity to photons/nm.  The first column is air wavelength in nm and the second column is 
corrected photoluminescence (proportional to photons/nm).  For the part-covered sample, the 
wavelength in air was transformed to wavelength in vacuum before plotting the corrected 
photoluminescence spectrum in Fig. 4D.  (ems_lineshape.txt) The ensemble stimulated 
emission lineshapes calculated from Eq. (16)-(18).  The first column contains the photon energy 
in eV and the second column contains the peak normalized lineshape;  the lineshapes are shown 
in Fig. 4F for both samples.  (GER_lineshape.txt) The dynamical absorption and stimulated 
emission lineshapes that result from using the generalized Einstein relation as a constraint when 
fitting the 1D and 2D spectra for the part-covered sample at T_w=1 ps.  These dynamical 
lineshapes are shown in Fig. 3A.  (pl_spectrum_to_lineshape_factors.txt)  the first column 
gives the multiplier for transformation of wavelengths in air at atmospheric pressure in Boulder 
to wavelengths in vacuum(76); the second column is proportional to the multiplier for 
transformation [combining Eq. (16) and Eq. (18)] of the corrected photoluminescence spectrum 
(photons/nm) to Einstein B coefficient stimulated emission lineshape b(ν).  (TWOD_exp.txt and 
TWOD_sim.txt) Experimental and simulated 2D spectra in the Einstein B representation.  These 
2D spectra are shown in Fig. 2 and Fig. S6.  (README.txt) explains file formats and provides 
the directory structure used to distinguish spectra for different samples and different 2D waiting 
times. 
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