Journal of Computational Physics 445 (2021) 110621

Journal of
Computational
Physics

Contents lists available at ScienceDirect

Journal of Computational Physics

www.elsevier.com/locate/jcp

A convergent finite difference method for optimal transport |
on the sphere

Brittany Froese Hamfeldt ™', Axel G.R. Turnquist?

New Jersey Institute of Technology, 323 Martin Luther King Jr. Blvd., Newark, 07102, NJ, USA

ARTICLE INFO ABSTRACT
Article history: We introduce a convergent finite difference method for solving the optimal transportation
Available online 9 August 2021 problem on the sphere. The method applies to both the traditional squared geodesic cost

(arising in mesh generation) and a logarithmic cost (arising in the reflector antenna design

g‘z‘;ﬁ;ﬁramport problem). At each point on the sphere, we replace the surface PDE with a Generated
Sphere Jacobian equation posed on the local tangent plane using geodesic normal coordinates. The
Monge-Ampére equations discretization is inspired by recent monotone methods for the Monge-Ampeére equation,
Convergence but requires significant adaptations in order to correctly handle the mix of gradient and
Generalized finite difference methods Hessian terms appearing inside the nonlinear determinant operator, as well as the singular

logarithmic cost function. Numerical results demonstrate the success of this method
on a wide range of challenging problems involving both the squared geodesic and the
logarithmic cost functions.

© 2021 Elsevier Inc. All rights reserved.

We consider the problem of optimal transportation on the sphere. That is, given two prescribed density functions f; and
fa, we seek a mapping T : S — S? such that

T = argmin/c(x, T (x)) f1(x)dS(x). (1)
T#h:fzgz

Here c(x, y) is the cost of transporting a unit of mass from x to y and Ty f1 = f, indicates that

/f1(x)d5(x): / f2(y)dS(y)
A

T(A)

for every measurable A c S2.

In recent years, optimal transport has emerged as an important component in many different applications including
image registration [1], astrophysics (estimating the shape of the early universe) [2], meteorology [3], machine learning [4],
and geophysical inversion problems [5], among others. This has led to the development of a number of different numerical
methods and convergence results for solving the optimal transport problem in Euclidean geometries [6-14].
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A less well studied but equally important setting is optimal transport between density functions on the sphere. Perhaps
the simplest cost is the squared geodesic distance

1
cxy) = dg (x, )2,

where ds2(x, y) denotes the geodesic distance between x,y € S2. This cost function has recently been applied to the
problem of mesh generation on the sphere in the context of meteorology [15,16].
A second cost of particular interest is the log cost

cx,y)=—logllx—yl,

which arises in the reflector antenna design problem [17,18]. The notation ||-|| denotes the Euclidean distance in the ambient
space R3.

Recently, some progress has been made in the numerical solution of the Optimal Transport problem on the sphere in the
case of the squared geodesic cost. The work of [16] used a geometric interpretation of a Monge-Ampére type equation on
the sphere to produce the first such method. A finite element solution of this Monge-Ampére type equation was produced
in [15]. For problems posed on a subset of the sphere, the stereographic projection can be used to reframe the problem
as an optimal transport problem on the plane (with non-quadratic cost); this was the approach of [19]. The authors of
the present article recently introduced a simple framework for proving the convergence of numerical methods for optimal
transport on the sphere [20]. However, to date we are not aware of any methods that fit within this framework.

In this article, we produce the first convergent PDE-based method for solving the Optimal Transport problem on the
sphere. This method is based on an approximation of a Generated Jacobian equation on local tangent planes, using carefully
constructed local coordinates. The discretization is inspired by recent monotone methods that have been proposed for the
Monge-Ampére equation. However, a complicating factor is the presence of gradient terms mixed with the Hessian terms
inside of a nonlinear operator. This requires the introduction of new techniques for approximating both first- and second-
order terms in order to preserve both the consistency and the monotonicity of our scheme. Additionally, the logarithmic
cost function requires a careful regularization in order to preserve the well-posedness of the method. We produce an im-
plementation and present computational results that demonstrate the success of this method for both the squared geodesic
cost and the logarithmic cost.

1. Background
1.1. Optimal transport on the sphere

We consider points x, y lying on a unit sphere S? centered at the origin. We are interested in two different cost functions
c(x,y): the squared geodesic distance on the sphere,

2
cx,y) = %dSZ(X, y)? = % (2 sin”! (M;J)) , (2)

and the log-cost arising in the reflector antenna problem,

cx,y)=—loglx—yl. (3)

The optimal map corresponding to each cost function is determined from the conditions

{VSZ,XC(x,T(x, p)=-p, xeS* peTy ()

T(x,p) € S?

where 7, denotes the tangent plane at x. These mappings can be found explicitly for the cost functions we are interested
in. In the case of the squared geodesic cost [15], the map is

. p
T(x,p)=cos(||p||)X+sm(||p||)m. (5)
In the case of the logarithmic cost [20], the map is

Ipl* —1/4 p

T(x,p)=x— -— : (6)
Ipl©+1/4 lpll©+1/4

The solution to the optimal transport problem then satisfies
F (x, Vsau(x), Dézu(x)) =0 (7)
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where

F(x, p, M) =—det(M + A(x, p)) + H(x, p). (8)

Here
A(x, p) = D%, € (%, T(x, p))

H(x, p) = |det D, , ¢ (x. T(x. p))| f1(0/ f2 (T(x. p))

and the PDE now describes a nonlinear relationship between the surface gradient and Hessian on the sphere.
In order to ensure existence of a unique solution that coincides with the correct solution of the optimal transport
problem, it is necessary to require the solution u to satisfy a generalized notion of convexity known as c-convexity.

Definition 1 (c-convexity). A function u: S? — R is c-convex if for every xo € S? there exists some yg € S? such that

u(x) > u(xo) + c(xo, yo) — c(x, yo)
for every x € S2.

This definition indicates that a c-convex function u must everywhere be supported by a function whose shape is de-
termined by the negative cost function —c(x, yg). We remark that in Euclidean space with the cost c(x, y) = —x - y, this
recovers the usual notion that a convex function should everywhere have a supporting hyperplane.

The second-order optimality conditions corresponding to Definition 1 leads to the following constraint, which is sufficient
to ensure ellipticity (and well-posedness) of the PDE (8).

DZ,u(x) + A(x, Vgau(x)) > 0. 9)

The PDE (8) belongs to the class of Generated Jacobian equations [21], and places constraints on the Jacobian of the
mapping T (x, Vu(x)) in order to force the density f; to be transported into the density fo. It is similar to the Monge-
Ampére equation that is seen in optimal transport in Euclidean space (with quadratic cost c(x, y) = %Hx — y|I?). However,
the introduction of more complicated geometries and cost functions now leads to a mix of gradient and Hessian terms
inside of the nonlinear determinant operator.

This problem was studied by Loeper [22], who showed that under mild regularity requirements on the data, the optimal
transport problem on the sphere admits a smooth (C3) solution u.

Hypothesis 2 (Conditions on data). We require problem data to satisfy the following conditions:

There exists some m > 0 such that f,(x) >m for all x € S
The mass balance condition holds, g fi(x)dx= [ f2(y)dy.

The cost function is either c(x, y) = %dgz(X, )2 or c(x, y) = —log|lx — yll.
The data satisfies the regularity requirements fi, f, € C11(S?).

C

(a
(b
(

(d

Z — D

Weak (C1) solutions are also possible for discontinuous density functions that are only in LP (1 < p < co). Moreover, the
solution is unique up to additive constants.

1.2. Approximation of elliptic PDEs

The PDE operators we consider in this work are degenerate elliptic.

F (x,u(x), Viu(x), Dzu(x)> =0, xeS% (10)

Definition 3 (Degenerate elliptic). The operator F: S? x R x S — R is degenerate elliptic if

F(x,u,X) <F(x,v,Y)

whenever u <v and X >Y.

The PDE operators that we consider in this work are degenerate elliptic if they are non-decreasing functions of the
argument u and non-increasing functions of all subsequent arguments (which involve second directional derivatives).

Since degenerate elliptic equations need not have classical solutions, solutions may need to be interpreted in a weak
sense. Moreover, even when smooth solutions exist, the use of weak solutions often provides an easier path to convergent
numerical methods for fully nonlinear elliptic equations. The numerical methods developed in this article are guided by the
very powerful concept of the viscosity solution [23].
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Definition 4 (Upper and lower semi-continuous envelopes). The upper and lower semi-continuous envelopes of a function u(x) are
defined, respectively, by

u*(x) =limsupu(y), u.(x)=Iliminfu(y).
y—>X y—x

Definition 5 (Viscosity solution). An upper (lower) semi-continuous function u is a viscosity subsolution (supersolution) of (10)
if for every ¢ € C%($2), whenever u — ¢ has a local maximum (minimum) at x € €2, then

F (x, u(x), Ve (x), D?p (X)) < (=)0.
A continuous function u is a viscosity solution of (10) if it is both a subsolution and a supersolution.
The first steps towards constructing convergent methods for fully nonlinear elliptic equations where provided by a pow-

erful framework introduced by Barles and Souganidis [24] and further developed by Oberman [25].
We consider finite difference schemes that have the form

F' (¢, u(x), u(x) —u(-)) =0 (11)

where h is a small parameter relating to the grid resolution. The value of these approximation schemes depends on the
spatial location x € S2, the value of the function u at this reference point x, and differences of the form u(x) — u(y) where
y is chosen from one or more other points in the domain. The notation u(-) is used to indicate this dependence on the
values of u at one or more different points in the domain.

The convergence framework requires notions of consistency, monotonicity and stability.

Definition 6 (Consistency). The scheme (11) is consistent with the equation (10) if for any smooth function ¢ and x € €,

limsup ~ F"(y,¢(¥) + &, 61 — p()) < F* (X, ¢(x), Vo (), D*p(x)),

h—0t y—>x,—>0

liminf OFh V. ¢ +& W) — () = Fu(x, (X), Vo (x), D*p (x)).

h—0t,y—>x,6—
Definition 7 (Monotonicity). The scheme (11) is monotone if F" is a non-decreasing function of its final two arguments.

Definition 8 (Stability). The scheme (11) is stable if there exists some M € R such that if u” is any solution of (11) then
14" lloo < M.

To consistent schemes, we can also associate a local truncation error.

Definition 9 (Truncation error). The truncation error 7(h) > 0 of the scheme (11) is a quantity chosen so that for every
smooth function ¢

I |Fh(X, (), p(x) — () — F(x, Vo (x), D?¢ (x))|
im sup max < 0.
h—0 xeGh z(h)

Schemes that satisfy these three properties respect the notion of the viscosity solution at the discrete level. In particular,
these schemes preserve the maximum principle and are guaranteed to converge to the solution of the underlying PDE if
that equation satisfies a comparison principle.

Definition 10 (Comparison principle). A PDE has a comparison principle if whenever u is an upper semi-continuous subsolution
and v a lower semi-continuous supersolution of the equation, then u <v on Q.

Theorem 11 (Convergence [25]). Let u be the unique viscosity solution of the PDE (10), where F is a degenerate elliptic operator with
a comparison principle. Let the approximation F" be consistent, monotone, and stable and u" any solution of the scheme (11). Then u”
converges uniformly to u as h — 0.

1.3. Convergence results for optimal transport on the sphere

The nonlinear PDE (8) that we are interested in does not satisfy a comparison principle, and thus the Barles-Souganidis
convergence results do not immediately apply. However, the authors of this article have recently demonstrated that this
framework could be extended to (8) through a careful consideration of the geometry and the introduction of a term that
enforces a strong form of stability [20].
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1.3.1. Reformulation of PDE
The first step in constructing convergent methods is to translate the surface PDE (8) at the point xo € S? to an equation
posed on the local tangent plane 7y,. This requires introducing local coordinates on the tangent plane. In general, local
coordinates will introduce distortions to the Hessian that require the introduction of additional gradient terms. However,
this problem can be avoided with the use of geodesic normal coordinates, which preserve distance from the reference point
Xo. An explicit expression for these coordinates vy, : S\ {—xg} — Tx, is given by
Vxo (%) = X0 (1 — ds2 (X0, %) cotdgz (X0, X)) + x (dg2 (xo, X) cscdgz (X, X)) . (12)
For each point xg € S? we can now define a function iy, (z) on the relevant tangent plane 7, in a neighborhood of xq
by
Iy () =u(vy (2). (13)
This choice of coordinates allows us to express the PDE (8) at the point xo € S? as a generalized Monge-Ampére equation

F(xo. Vil (Xo). D?ii(xo)) = — det (Dzﬁ(xo) + Axo, Vﬂ(xo))) + H(xo, Vii(x0)) =0, (14)

where all derivatives are now interpreted in the usual sense on a two-dimensional plane.

Remark 12. From this point on, we will refer to the surface PDE (8) and the tangent plane representation (14) interchange-
ably, with the implicit understanding that coordinates in the tangent plane are given by the geodesic local coordinates.

The problem of approximating the Optimal Transport PDE on the sphere can be further simplified by embedding the c-
convexity (ellipticity) constraint into the equation. This is accomplished through the introduction of a modified determinant
operator satisfying

>
det™ (M) = det(M), M>0 . (15)
<0, otherwise.

Then we can absorb the constraint into the PDE (14) through the modification

Ft(x, Vu(x), D*u(x)) = —det™ (D?u(x) + A(x, Vu(x))) + H(x, Vu(x)) = 0. (16)

Finally, the solutions of the Optimal Transport PDE satisfy a priori Lipschitz bounds ||Vu| < R for any R > m (squared
geodesic cost) or R > C (logarithmic cost; see [22, Proposition 6.1] for details). These bounds can be explicitly built into the
PDE through a further modification

G(x, Vu(x), D*u(x)) = max [F+(x, Vux), D*u), [Vu®)| — R] —o0. (17)

While this modification enforces a condition that is automatically satisfied by solutions at the continuous level, it also
improves the stability of approximation schemes.

1.3.2. Convergence results
The convergence results of [20] require a mesh or point cloud G" c S? on the sphere that satisfies very mild structural
regularity conditions. We define the discretization parameter h as

h = sup minds2 (x, ). (18)
xeS2 yegh
In particular, this guarantees that any ball of radius h on the sphere will contain at least one discretization point.
Then we require a grid that admits a triangulation without any long, skinny triangles. Specifically:

Hypothesis 13 (Conditions on point cloud). There exists a triangulation T" of G" with the following properties:

(a) The diameter of the triangulation, defined as

diam(Th) = maxdiam(t), (19)
teTh
satisfies diam(T") — 0 as h — 0.
(b) There exists some y < 7 (independent of h) such that whenever 6 is an interior angle of any triangle t € Th then
0<vy.
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Fig. 1. (a) The sphere S? and tangent plane Ty,. (b) A point cloud discretizing one octant of the unit sphere (-), the point Xp (0), and the projections z of
neighboring nodes onto 7x, (x).

We remark that there is no need to construct this triangulation in practice, it need only exist in theory.
We also associate to each point cloud G" a search radius r(h) chosen to satisfy

r(h) — 0, r(h—h) —0ash—0, diam(T") < r(h). (20)

Next, we project nearby grid points onto the local tangent plan 7x,, which is spanned by the orthonormal vectors <é , q3)
For all points x; € G" N B (xo, r(h)), we define their projection onto the tangent plane through geodesic normal coordinates
via

zi = xo (1 — ds2 (X0, X;) cotdsa (X0, Xi)) + X; (dsz (X0, X;) cscdgz (X0, X7)) - (21)

Let Z"(xg) C Tx, be the resulting collection of points. See Fig. 1.

These are now the discretization points available to use for the approximation of (17) at xo; recall that this PDE is posed
on the two-dimensional tangent plane. The convergence result of [20] proposed a specific, simple discretization E" of the
Eikonal term ||Vu(xp)|l that is valid on any grid or point cloud.

u(z) —u
EMz uz) —u()) = max & ZHUW) (22)
yezhzy llz—=yll

Then letting F" be an approximation of the convexified PDE (16), we can define an approximation of the modified
PDE (17) by

GMz. u(2) —u()) = max{Fh(z, U@ —u)), E"z u@) — u() — R} . zegh (23)

Fixing a point x* € S and a sequence Xp € G" — x*, we arrive at the following two-step approach for obtaining a
numerical solution u” of the Optimal Transport problem on the sphere.

1. Solve the discrete system
Gh (z, viz) — v"(-)) +tvi(@z)=0, zeg" (24)

for the grid function vh.

2. Define the candidate solution
u(2) = v'(z) — vh(x;), zegh. (25)

Under appropriate assumptions on the density functions fi, f, and the approximation scheme F", this is guaranteed to
converge to the solution of the Optimal Transport problem on the sphere.

Theorem 14 (Convergence of approximation [20]). Under the assumptions of Hypothesis 2, let u € C3(S?) be the unique solution of (8)
satisfying u(x*) = 0. Let G" be a grid satisfying Hypothesis 13 and let F" be any consistent, monotone approximation of (17). Then for
each sufficiently small h > 0, the grid function u" defined in (25) is uniquely defined. Moreover, ul' converges uniformly to u as h — 0.

Remark 15. The above convergence theorem can be extended to weak (C!) solutions by additionally requiring the approxi-
mation scheme to underestimate the value of the PDE.
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2. Formulation of the PDE

The PDE (8)-(9) can be formulated in different equivalent ways. We begin by briefly describing a reformulation that lends
itself to the construction of a discretization that fits within the framework of Theorem 14.

2.1. Regularization of logarithmic cost

One modification of the PDE that we find is necessary to build monotone schemes is to make the logarithmic cost
Lipschitz by using a cutoff function. We recall (as discussed in subsubsection 1.3.1) that the solution u to the optimal
transport satisfies an a priori Lipschitz bound [22] ||Vu| < R, which also yields the following lower bound on the distance
mass can be transported.

R p——— (26)
JR+1/3
when y =T (x, Vu(x)) is the exact transport map.

However, the process of solving a discrete version of (8) may evolve through values of u (and consequently y) that do not
satisfy this bound. This loss of Lipschitz continuity can lead to a breakdown in monotonicity. We thus propose the following
C3 regularization of the logarithmic cost function, which agrees with the true logarithmic cost when the bound (26) is
satisfied.

1

—logllx—yl, lx—yl>-——
Exy) = R/ (27)
W(llx—ylD, lx =yl < W
1
where z, = —————— and

VRZ+1/4

1 1 1
U(z)=—1 ——(z— —(z—2z)%— —
(2) 0g(z4) Z (z—2z) + 222 (z—2z4) 323

Because this regularization does not change the solutions of the PDE, the analysis of [20] and the ultimate convergence
result (Theorem 14) will also apply to discretizations involving this smoother cost function.

(z—z)%.

Lemma 16 (Equivalence of solution for modified cost function). Under the assumptions of Hypothesis 2, a function u € C3(S?) is a
solution of (8) with the logarithmic cost (3) if and only if it is a solution of (8) with the regularized cost (27).

Proof. First let u be a solution using the original cost function c(x, y) = —log||x — y||. Because of the a priori bounds on the
gradient, this automatically satisfies the PDE (8) with the regularized cost function.

Next let v be any solution of (8) using the regularized cost function ¢(x, y) from (27). Notice that for ||x — y| > 1

VR2+1/4’
we have
c(x,y)=—log <2 sin <%d§2 (x, y))) . (28)

It is easily verified via differentiation that this is convex in dg2(x, y) for [|x —y| < , and the original logarithmic

1
VRZ+1/4
cost is also convex in ds2(x, y). The modified cost is C3, so verifying that the second derivative in the variable ds2(x, y)
is everywhere positive is sufficient to guarantee convexity in this variable. Since this new cost function is Lipschitz and
convex in the Riemannian distance, the ¢-convex solution of (8) for the regularized cost ¢(x, y) is guaranteed to be unique
by McCann as noted in [26]. Since the solution u of the original equation solves this modified equation, uniqueness requires
that v=u. O

Remark 17. Because this regularization transforms the Optimal Transport problem with a singular cost function into an
Optimal Transport problem with a smooth cost function, the techniques of [20] (which were introduced for the squared
geodesic cost) can be extended to show that weak (C%1) solutions of this modified problem are also unique. This assump-
tion of uniqueness of C%! viscosity solutions was needed to prove convergence even in the smooth setting. With minor
modification, Theorem 14 can also be extended to handle convergence to weak solutions under much milder regularity
requirements on the data; see [20, Theorem 36]. These modifications are addressed in subsection 4.5.

In the development and analysis of our numerical method in the following sections, we will often refer to the cost
function ¢. In the case of the logarithmic cost, this refers to the regularized cost (27). In the case of the squared geodesic
cost, ¢ will refer to the original cost function ¢, which is automatically smooth.

7
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2.2. Variational formulation of the determinant of a Hessian

Since our PDE involves computing the determinant of a Hessian, here we show how to do this so as to later build a
monotone discretization of the second derivatives. As utilized in [27], Hadamard’s inequality allows the determinant of a
positive definite matrix M to be computed via the minimization problem

d
M = mi TMv; 2
det \IPGIEEVI Vi (29)

where V is the set of all orthogonal bases for R4,
We require a formulation satisfying (15), which modifies this formulation to ensure that no negative terms appear when
the symmetric matrix M is not positive definite. A simple approach is to use
d
det+M:min1_[max{viTMv,-,0]. (30)

vieV ?
i=1

If our matrix M = D2?¢(x) is a Hessian matrix, this becomes:

2
det"(D?¢(x)) = min_{ []v](D2p()v;.0
j=1

v1,0eV
2
. ¢
= min max{ —,0;.
v, eV 1 Jv2
j=1 ]

In particular, this allows us to replace the determinant in (8) with

2 2u(x)  9%c(x,y)
dett(D%u(x) + A(x, Vu(x))) = min l_[max + . N (31)
Vi,peV 4 a2 a2
j=1 J J y=T(x,Vu(x))

2.3. Mixed Hessian

The framework developed by the authors of this article in [20] only requires the construction of consistent approxima-
tions of derivatives with respect to x, expressed in the geodesic normal coordinate system. For the mixed Hessian term,
det D,z(yc(x, y) it is not immediately clear how to do this. In fact, the relative simplicity of the notation obfuscates the actual
complexity of the object. In [26], Loeper outlines a clearer representation of this quantity in curved geometries and for
different cost functions.

We recall that the optimal map T(x, p) (also known as the c-exponential map) satisfies (4) and can be constructed
explicitly for the cost function of interest to us via (5)-(6). Then from [26], the mixed Hessian satisfies

[D,z(yc]’1 =—DpT (X, P)lx,p=—Vyc(x,y)- (62)

This representation formula (32) shows that the inverse of the mixed Hessian is simply the Jacobian of the map T (x, p)
with respect to p. Since we will be taking the determinant, this is actually a change of area formula for the transformation
T(x, p). See Fig. 2.

We will compute this change of area by computing the linear differential map dT for both cost functions. That is, the
change in area will be computed using orthogonal perturbations Ap1, Ap, (so Api - Apz =0) in the tangent plane 7.

|det (D,T(x, p))| =

T(x,p+ Ap1) —T(x, p) . T(x,p+ Apz) —T(x, p)
im x lim .
lAp1]—0 ADp1ll | Ap2]l—0 |Ap2|l

In general, the area element on a manifold is a function of the wedge product of two covectors, which need not be
orthogonal. This has the interpretation of the area of a parallelogram on the manifold. However, in the special case where
the vectors are orthogonal (or are orthogonal to leading order), this reduces to an ordinary product. This is indeed the
case for both the squared geodesic and logarithmic cost functions. Thus the change of area formula reduces to the simpler
expression
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Fig. 2. The determinant of the mixed Hessian is the change in area formula from the set T(x, E) on the sphere to the set E on the local tangent plane.

|det (DT (x, p))| =
lim ds2 (T(x,p), T(x,p+ Ap1))ds> (T(x, p), T(x, p + Ap2))
APt Ap2l—0,Ap1-Ap2=0 IAp1llIIAp2|l
and the determinant of the mixed Hessian is given by

1
|det(DZcx y)| = ——— (33)
|DpT x. p)| p=—Vxc(x.y)
This can be computed explicitly for both the squared geodesic cost,
Ipll
|det(DZcx yn| = = L1, (34)
sin|[p||
and for the logarithmic cost,
2 2 2
|det(D3,cex, y»)| = (IpI2 +1/4)". (35)

See Appendix A for details.
We note also that these formulas coincide with the formulas that can be derived via standard change of variables
formulas by requiring

/ ds:/|det(DpT(x, p)|dp

T(x,E) E

for every measurable E € 7 (x).
3. Numerical method

We now explain how we actually construct an approximation scheme for (8) at a point x € S2. In section 4, we will
demonstrate that this method does converge to the true solution of the optimal transport problem.

3.1. Construction of finite difference stencils

We begin with a point cloud G € S? that discretizes the sphere; we assume only the minimal regularity required by
Hypothesis 13.

We begin by considering a fixed point x; € G and establishing a computational neighborhood N(i) about this point. For
any fixed C > 0, we define

N(i)={j|xj €G, ds2(xi, xj) < Cv/h}. (36)

Once N(i) is established, the points x; € N(i) are projected on to the local tangent plane 7y, via a geodesic normal
coordinate projection (12).
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Tangent Plane Projection

1.8
! o3 Sk ‘Iﬂ%%‘& Al °4°fo // /°/f’
e
o ' W . !
0
\,\\\ /\////\/ e _1
0 \)(//,/«\// 0 -0.5
1 1 0.5

Fig. 3. Projection onto the tangent plane via geodesic normal coordinates. The points in G are indicated with small black squares, the computational point
x; is indicated as a red star, and the projection of the neighborhood N(i) to the local tangent plane is indicated with blue circles. (For interpretation of the
colors in the figure(s), the reader is referred to the web version of this article.)

>y
,"”
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Fig. 4. Choice of computational points x, ; in the local tangent plane.

Zj = Vy (Xj).

We denote the resulting point cloud on the tangent plane by

N(@@)={zj|jeN@D} CTy-

Fig. 3 shows an exaggerated example of this tangent plane projection.

Next we suppose that we are interested in resolving behavior along some direction v € R?. Following a slight modifica-
tion of [28], we select four points x, ; € /(i) that are well-aligned with the direction v. See Fig. 4(a).

We introduce the following notation:

e = C+/h is the search radius used to define the neighborhood N(i). For all x,, ; € A/(i) we have that [|x, j — x;|| <T.
e 0y j is the angle between x,, j — x; and the direction v.
e df, j is the minimal absolute angle between x,, j — x; and the direction v

2h
e d6 is the overall angular resolution of the stencil, which is related to the search radius through d6 = - + O =
O(/h); see [28].

10
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e Each x, j can be represented in polar coordinates as (h, j, 6, ;) using the coordinate system where x; is the origin and
the coordinate directions v, v+ are orthogonal.
e Components of x,, ; can be expressed using the shorthand notation

Cy j=hy jcosb, j, Sy j=h, jsinb, ;.

The following lemma follows immediately from the proof of [28, Lemma 11]. Fig. 4(b) illustrates the four small balls
where each of these four neighbors is required to exist.

Lemma 18 (Properties of neighbors). For every x; € G and v € R?, four neighbors x,,. j € N(i) exist satisfying the following properties:

e X, j resides in the jth quadrant.
e The angular component of x, ; satisfies d6 < db, j < 2d6.
o The radial component of x, j satisfiest —2h <h, ; <r.

These additional requirements on stencil will be critical to developing monotone approximations of functions of the
gradient.

3.2. Approximation of second derivatives

Our overall approximation of (8) will hinge on the construction of (negative) monotone schemes for second directional
2

derivatives 8_\)(2 We introduce approximations of the form

4
Do (i) =Y _av j () — p(x1)). (37)

j=1

As in [28], consistency and negative monotonicity can be achieved by finding a solution of the system

> ay, jhy jcosf, ;=0
Zav,]’hv,]’ Sil‘l@uyj =0

38
> gav jh? jcos?6, j=1 (38)
Ay, j >0
An explicit solution is given by

a _ 25\),4(Cv,3sv,2 - Cv,2sv,3)
v det(A)

ay o= ZSU,B(Cv,lst - Cu,4sv,1)
v det(A) (39)

a _ —25u,2(Cv,1 Su,4 - Cv,45u,1)
3= det(A)

a4 = —25y,1(Cy3Sv2 — €y 2501,3)
AT det(A)

where
det(A) =(Cy,3Sv.2 — Cv.251.3)(C2 1 Sv.a — C2 4Sv.1) (40)

— (Cv,1Sv,4 — CvaSy,1)(CE5Su2 — CE 550 3).
3.3. Approximation of functions of the gradient

The PDE (8) involves several terms of the form g(Vu). Importantly, either automatically or through appropriate regu-
larization (see subsection 2.1), each of these functions g has a bounded Lipschitz constant Lg. This allows us to pursue a
generalized Lax-Friedrichs type discretization of the form

11
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4
F@pa) =g Y. v buj(pGn ) —ox)

ve{(1,0).(0.1)}  j=1

4
FTeg Y Y ai(¢( ) —x)).

ve{(1,0),(0,1)} j=1

Above, the coefficients a, ; are identical to the coefficients that arise in the approximation of second directional derivatives.
This introduces a Laplacian regularization term, which is carefully chosen to enforce monotonicity (or negative monotonicity)
even if the coefficients b, j do not on their own produce a monotone scheme.

We first require coefficients b, ; that ensure that

4
Do (i)=Y by j (¢, j) — ¢ (X))
j=1
3‘/’("1’).

is a consistent approximation of the first directional derivative 3
v

Taylor expanding, we obtain

4
9 (xi) . 9 (xi)
Dy (%) = Zb”*f (hv,j cos@v,j% +hy, jsiné, ; gsvj + O(r2)> .

j=1

Consistency then requires a solution of the system

va,jhv,j CosS 91,’]' =1
va,jhv,j siné, j =0.

An explicit solution is

b _ Sv,4(sv,3c,2)!2 - Sv,zc,z)j)
. det(A)

SU,B(S\)AC‘Z,,] - Sv,1C|2,!4)
det(A)

SU,Z(SVAC,Z)J - Sv,1c‘2,,4)
det(A)

Sv,l(sv,3c,2,'2 - Sv,ZC,Z,’:‘;)
det(A)

bv,2 = -
(43)

bu,3 =

bv,4 = -

where det(A) is again given by (40).
We then substitute these coefficients into (41) and define a regularization factor satisfying

_ Lg|bv,j‘ :
€g = max TIJ€{1,2,3,4},ve{(O,l),(l,O)} . (44)
v,j

We will verify that this is finite and bounded in section 4.
3.4. Approximation of the nonlinear operator

We now have the building blocks in place to describe a discretization of the full nonlinear operator (8) at the point
Xj € g.

The variational formulation of the modified determinant (30) requires performing a minimization over the set V of
orthogonal bases for RZ2. In the discrete version, we consider a finite subset of V that ensures that all directions are
resolved in the limit h — 0. A simple choice is given by

V:{(cose,sine)w:jde,j:o,...,z%} (45)

where d6 = O («/H) is the angular resolution of the stencil described in subsection 3.1.

12
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The PDE involves several different functions of the gradient. For compactness, we introduce the shorthand notation

81,v(Xi, p) = Dy C(xi, T (xi, p)) (46)
where the differencing is performed only in the first argument of ¢. This involves the explicit formulas for the optimal map
given in (5)~(6).

We also define

|det DZ, ¢ (xi, T (xi, p))|
f2(T(xi, p))

recalling that the determinant of the mixed Hessian can be replaced with the simple explicit representations obtained in
subsection 2.3, which we here denote by H(p).

The discretization of these functions of the gradient require a regularization parameter (44), which involves Lipschitz
bounds on these functions. We select bounds satisfying

g2(xi, p) = (47)

Lg1 > LELT (48)

and

2

Lg, = (If20Lu + I HIILy,L7) (49)

fa

where Lt is the Lipschitz constant of the optimal map T (x, p) with respect to the variable p, Ly and L, are the Lipschitz
constants of the functions H and f, respectively, and

L= max
[v|=1,x,yeS?

vy (vTD)z(XE(x, y)v) H . (50)

We remark that while these constants Ly, and Ly, depend on the problem data and particular cost function, they are
all guaranteed to be bounded under the assumptions of Hypothesis 2 and can be computed explicitly using the formulas
in (5), (6), (27), (34), and (35).

We can then write down the full discretization of (8) as

2
F'x,u(x) —u(-)) =— min ) Hmax{DUjvju(x,-) +§£vj(Du(xi)), 0}
(ul,vz)evjzl

+ f1(x) &5 (xi, Du(xy)) .
3.5. Solution method

In order to efficiently obtain a convergent approximation to (8), we will slightly modify the two-step procedure described
in (52)-(25). We propose instead the following solution and verification process, which is equivalent.

1. Solve the discrete system

Flix, vix) —vi() + Vhvi(x) =0, xeg (52)

for the grid function v".

2. Verify that the grid function v" satisfies the bounds
Efx, vi(x) —v"()) <R, xeg.

3. If the verification step fails, redefine v" by solving the modified system (52)
Gh (x, vh(x) — vh(-)> + x/ﬁvh(x) =0, x€g

using the solution obtained in Step 1 as an initial guess.
4. Define the discrete solution

ul) =vi) — v, xeg. (53)

13
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We note that in practice, we have never found Step 3 above to be necessary. Thus although this procedure appears to be
longer than simply performing Steps 3-4, it actually allows us to obtain the same solution by solving a simpler system.

The strong nonlinearity in the PDE (8), particularly in that it involves nonlinear gradient terms that have very little
required structure, makes the construction of a nonlinear Gauss-Jacobi, algebraic multigrid, and/or approximate Newton-
type method highly nontrivial. In the present work, we perform all our computations using explicit parabolic schemes of
the form

Vi1 () = V(%) — ALF" (Vi (), vi (%) — v ().

As discussed in [25], At has to satisfy a nonlinear CFL condition in order to guarantee convergence. In particular, we
require At < 1/Lgn, where Lpx is the Lipschitz constant of FI' with respect to the arguments u?. This Lipschitz constant

scales like Lpn = O(h~?) and can either be determined explicitly a priori or adaptively under a requirement that the residual
should decrease. In some cases, acceleration of this process is possible using the approach of [29].
Faster solvers for these kinds of systems are, of course, desirable and will be explored in future work.

4. Convergence

We are now prepared to prove that the numerical method defined by (51) and the subsequent solution procedure
converges.

Theorem 19 (Convergence). Under the assumptions of Hypothesis 2, let u € C3(S?) be the unique solution of (8) satisfying u(x*) = 0.
Let GM be a grid satisfying Hypothesis 13 and let F" be defined as in (51). Then for each sufficiently small h > 0, the grid function u”
defined in (53) is uniquely defined. Moreover, u" converges uniformly to u as h — 0.

This result follows immediately from the framework described in Theorem 14 provided we can verify that our approx-
imation scheme F" is consistent (Lemma 26) and monotone (Lemma 28). This will be accomplished in several lemmas
throughout the remainder of this section.

4.1. Bounds on coefficients

We begin by demonstrating that the coefficients a, j, b, j appearing in the approximation of the second directional
derivatives can be bounded.

Lemma 20 (Bounds on coefficients (second derivatives)). There exists a constant C > 0 such that for all sufficiently small h > 0 and
v € R?, the coefficients defined by (39) satisfy

C
e

Ay,j =

Proof. We establish a bound for the coefficient a, 1; the remaining coefficients are similar.
Recall the notation C, j =h, jcosé, j, Sy j=h, jsinf, j. Since each x, j lies in the jth quadrant, each of these terms
has a definite sign. Based on the requirements on h, j,dé, ; established in Lemma 18, we can record the asymptotic bounds

(r—2h) (1-0@o?) <|Coy| <7
(r — 2h) (de - 0(d93)) <|suj <r (2d6 + 0(d93)) .

We recall also that r, do = O(v/h).
These observations allow us to establish the following bounds:
det(A) =(Cy.35v.2 = Cv.25v.3)(C 1Sv.a — Co 4Su.1)
— (Cp1Sv.a— Cv.aSv.1)(CE 3802 = CF,S0.3)
<r>(4d6 + O(d6%))(4d0 + O(d6>)) + > (4d6 + O(d6>)) (4do + O(d6>))
=32r°do? + O(h%?)
and
~250,4(Cu250,3 = Cu3Su.2) 2 20 = 2h)(d0 — O(d9?)) (240 — O(do))
=4r’do* + O(h).

14
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Combining these bounds, we obtain
o s 4r3do? + O(h3)
1= 32r5d62 + O(h972) ~ 8r2

where 2 = O(h). O

(1 + O(JE))

Lemma 21 (Bounds on coefficients (first derivatives)). There exists a constant C > 0 such that for all sufficiently small h > 0 and
v € R2, the coefficients defined by (42) satisfy

c
|buj| < —=

vh
Proof. We proceed as in the proof of Lemma 20 and compute the bounds
det(A) =(Cy,35v.2 — Cv.250,3)(CE 1S4 — C2 4S0u.1)
— (Cv1Sv.a— Cv.aSu,1)(CE3Sv2 — CF5S03)
5 2 3 3 2
> 8(r — 2h) (1 — 0o )) (d6 —0®s ))
=8rdo? + O
and
0<51.4(5v,3C2 5 — Su.2Ch 3) < 2r*(2d0 + O(d6?))* = 8r*do* + O(h*).
Combining these, we find that

8rtdo? + 0t 1
0<byy <o S *FOM) _ 11y owh
=01 = 85467 1 O(hd) ;(1+owm)

withr=0 (x/ﬁ)
The other coefficients are similar, though some are positive and some are negative. 0O

4.2. Bounds on Lipschitz constants

We next establish Lipschitz bounds on the functions g1,,, g2 defined in (46) and (47), which play an important role in
the discretization of functions of the gradient.

Lemma 22 (Lipschitz bound on g1, ). Let x; € G be fixed. Then for p € Ty,, the function

g1,v(p) = DyuC(xi, T(xi, p)),

has a Lipschitz constant L satisfying
L<L:Lt +OWh).
Proof. We first recall that g1 ,(p) involves a finite difference discretization. By consistency, we have

g1,0(p) =" (DAER, T(xi, p) ) v+ C(p)Vh
where the coefficient C(p) arising in the discretization error is at least Lipschitz continuous in p. Then using regularity, we
can calculate

g10(p) — g1,0(@ =" D3, (€(xi, T(xi, p) — E(xi, T(xi,9)) v + (C(p) — C(@)vh

= max_ v, (vDEex )| 1T p) = T 0l + ORI gl

~ vl=1.x,yeS?

= (Lelr + 0D Ip — gl ©

15
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Lemma 23 (Lipschitz bound on g»). Let x; € G be fixed. Then for p € 7Ty,, the function

|det D2,E(x;, T(xi, p))|
f2(T(xi, p))

has a Lipschitz constant L satisfying

g2(p) =

112
L= HE (If20Lu + IHIILf,L7) -

Proof. Using the notation H(p) = |det D3,(x;, T(x;, p))|, we have

Hp)  H(@

fo(Txi, p))  f2(Txi, )

_ fa(T(xi,@)H(p) — f2(T(xi, p))H(q)

B f2(T (xi, p)) f2(T (xi, Q)

_ fa(T(xi, ) (H(p) — H(q)) + H(@) (f2(T (xi, Q) — f1(T (xi, p)))
B F2(T(xi, p)) f2(T (%1, Q)

g2(p) — 8209) =

2
(If2IlLu + IHILgLT) I —qll. ©

H ;
f JR—
fa
4.3. Lax-Friedrichs approximations

We now verify that the Lax-Friedrichs type approximations for functions of the gradient defined in (41) are both consis-
tent and monotone.

Lemma 24 (Consistency of functions of gradient). Let g be Lipschitz continuous with Lipschitz constant Lg and ¢ € C 2. Then

4
g5 (Dp(x) =g > v by (k) — o)

ve{(1,0),0.1)} j=1

4
Feg Y D (@) — o)),

ve{(1,0),(0,1)} j=1

is a consistent approximation of g(V¢).

Proof. We note that by construction, we have

4
,}i_% Z V'vasj (p(xv.)) — ¢ (X)) = Vo (x;)
ve{(1,0),(0, 1)}  j=1

and
4
im Y D an (P ) — ¢(x) = A (x).

h—0 :
vef{(1,0),(0, D} j=1

Using Lemmas 20-21, we can also bound €, via

_ Lg|bv,j| :
€g =max TIJ€{1,2,3,4},ve{(O,l),(l,O)}
v,j

- Lg(Cp/~/h)
= Cq/h

=cvh

where the constant C is independent of h.

16
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Combining these results, we obtain
lim 2%(D¢ (x)) = g(Ve (x0)),
with a truncation error of O(vh). O

Lemma 25 (Monotonicity of functions of the gradient). Let g be Lipschitz continuous with Lipschitz constant Lg and ¢ € C2. Then the
schemes g+ (D¢ (x;)) and g~ (D¢ (x;)) are monotone and negative monotone respectively.

Proof. We verify monotonicity of g (D¢ (x;)); the other part of the argument is identical.
Denoting by d; the differences ¢ (x;) — ¢ (x,,;) allows us to express the scheme more compactly as

4 4
CG=g|- D> v) bujdji|+e Y D anjd;

ve{(1,0),(0,1)} j=1 v€{(1,0),(0,1)} j=1

We now introduce a perturbation § > 0 into the argument dj to obtain
G(d +8dy) — G(d) = —Lg |by | 8 + €ay 8
>0
since €g > L |by k| /ay k. Therefore the scheme is monotone. O

4.4. Consistency and monotonicity

We now establish consistency and monotonicity of the approximation (51), which in turn establishes the convergence
result (Theorem 19).

Lemma 26 (Consistency). Under the assumptions of Hypotheses 2, 13, the scheme F" defined by (51) is consistent with the PDE (8) on
the space of C2 functions satisfying the constraint (9).

Proof. Let ¢ € C? satisfy the constraint (9). Then the determinant in (8) can be equivalently expressed as in (31):

2

o) d%c(x,
det™ (D26 () + A(x, V$(x))) = min [ [max| 20X | ¢y 0
v1,0eV ] 8\)2 81)2
J=1 J i ly=Txvew)

By design and by Lemma 24, the components of the PDE are approximated consistently (with truncation error O(v/h)).
That is,

. B 3’p(x)  9%c(x, y)
A%{vavjfb(xi)+g1,v,-(D¢(X"))]: Jp2 + ov?

J

y=T(x,V¢(x))
and

|det D2, c(xi, T (xi, Vo (xi)))|
Fa(T(xi, Vo (xi))) '

We recall that the maximum and minimum operators are continuous, f; € C', and V is a consistent approximation of
the set V with angular resolution O(df) = O(/h). Thus the combinations of these operators in the scheme F" satisfy

lim g5 (xi, DP(xi)) =

2
lim  — min_[max[Dyu 6+ &7, (D). 0] + frxEF (i, DY xp)

h—=0,xi—x  (v1,v9)eV =1

= —det™ (D% (9) + A(x, VO (X)) + |det D3, c(x, T(x, qu(x)))‘%,

which establishes consistency. O

Corollary 27 (Truncation error). Under the assumptions of Hypotheses 2, 13, the scheme F"" defined by (51) has local truncation error
t(h) = Oh).

17



B.E Hamfeldt and A.G.R. Turnquist Journal of Computational Physics 445 (2021) 110621

Lemma 28 (Monotonicity). Under the assumptions of Hypotheses 2, 13, the scheme F" defined by (51) is monotone.

Proof. By construction (and see Lemma 25), the schemes for D,,,¢ and g; ,(Du) are negative monotone. Addition and the
maximum function preserve this so that

max {Dwu(xi) + &1, (Du(xy)), 0]

is also negative monotone for any v € R2. Since this is also non-negative, products of these terms preserve the negative
monotonicity so that

2

min [T max {Dy,,utx) + &7, (Pux), 0
(VlaVZ)EV ]=] '

is also negative monotone.
We recall also that f; is non-negative and g; is monotone (Lemma 25). Therefore the full scheme

2

— min _[Tmax|Dyuucx) + &, (Puca). 0] + frx)EF (xi, Ducx)
(v1,v2)eVv j=1

is monotone. O
4.5. Extensions to nonsmooth problems

The results of [22] ensure existence of weak solutions to the optimal transport PDE (8) in the relaxed setting where
fi1, f2 € L' with f, bounded away from zero and f; bounded away from infinity. In [20], the authors of this article showed
that these solutions can be computed for the squared geodesic cost as in Theorem 14 if the scheme F" is additionally re-
quired to underestimate when applied to the true solution. This result can now been extended to the regularized logarithmic
cost via Remark 17.

Naturally underestimating schemes can be constructed for Monge-Ampére type equations in some cases [7,10]. An alter-
nate approach is to utilize a scheme of the form

Fl'x,u) — u(-) = F*(x, u(x) — u(-)) — h*

for a sufficiently small o > 0. This preserves the consistency and monotonicity of the original scheme, while decreasing the
value of the scheme and forcing it to be negative when applied to the true solution of the PDE.

In addition, definition of consistency (Definition 6) in terms of upper and lower semicontinuous envelopes of the PDE
operator allows us to accommodate discontinuous data fi, f> as in [10]. This does not require any change in the way fi(x)
is handled. However, functions f ¢ C%! must be carefully regularized to preserve consistency and monotonicity since it
takes as its argument terms T (x, Vu(x)) that involve gradients.

The approach we propose is to introduce a discrete version of the target density function

£ ) = Kya % ) () (54)
where Kj1/4 is a mollifier that ensures that the Lipschitz constant of fg satisfies
—~1/4
Lf;‘ < h .

From here, we use the same discretization of fo(T(x, Vu(x)) introduced in (41). We note that in this case (following
Lemma 24), the regularization parameter will satisfy

_ _ 1/4
€g=0 (szhﬁ) = OMhV/4.

Since this parameter converges to zero as h — 0, the resulting scheme will still be consistent in the sense of Definition 6.
The monotonicity result (Lemma 25) is unchanged.

5. Computational results
5.1. Structured and unstructured grids

The scheme we have built works well on both structured and unstructured grids, provided that they satisfy the mild
conditions of Hypothesis 13. By structured we mean that there exists a deterministic way of building the grid. Likewise,

unstructured here means there is a stochastic element in the construction of the grid.

18
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Fig. 5. Top down views of a (a) cube grid and (b) latitude-longitude grid. Side views of a (c) layered grid and a (d) randomgrid.

Here, we describe four types of grids that satisfy these hypotheses and that we make use of in practice: the cube
grid (structured), the random grid (fully unstructured), the latitude-longitude grid (unstructured), and the layered grid
(structured).

The structured cube grid is constructed as follows. First, a grid of evenly-spaced points is generated on the faces of a
cube which contains the sphere. Then, the points on such a grid on the cube are projected onto the sphere. See Fig. 5(a) for
an example of the resulting grid.

The semi-unstructured latitude-longitude grid is constructed as follows. We begin with a structured grid composed of
points equally spaced in both latitude 6 and longitude ¢. However, this produces a highly over-resolved grid near the poles,
which does not satisfy the required structure conditions. In order to get rid of this redundancy, we stochastically remove
grid points within a geodesic distance O(h) of both poles. That is, for each grid point x; = (6;, ¢;), we compute & = sin6;
and generate a value using the random variable E ~ Unif([0, 1]). If & > &;, then we remove the point (6;, ¢;) from the grid.
The removal of these points creates a new unstructured grid that almost surely satisfies Hypothesis 13. See Fig. 5(b) for an
example of such a grid.

T —2€

To construct the structured layered grid, we take an integer n and € = O(h) and define the rows: row; =€ + j

++/5

1
For each row, we have colyj = j¢o + where ¢g = — which is the golden ratio. This creates a nice spread

k——,
[n % sin6y |
of points inspired by the seed packing of sunflowers. Then, we introduce the grid points xj = (6, ¢) = (rowj, col i) for

j=1,...,nand k=1,..., floor{n % sin6,}. This grid, by construction, will satisfy Hypothesis 13. See Fig. 5(c).

Finally, we consider a fully unstructured random grid. After defining the set

R={(x,y)€[0,7m] x[0,1]:y <sin(x)}

and the projection
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4x10°® 8x10°°

Fig. 6. Solutions obtained for the (a) squared geodesic cost and (b) logarithmic cost when f1 = f> on a layered grid consisting of N = 7722 points.

P(x,y) =x,

we sample ® ~ Unif([0, 277]) and © ~ Unif(R), then define ® = P(®).
We take as grid points the random variables

(X,Y,Z)=(sin® cos ¥, sin® sin ®, cos ®),

which satisfy the conditions that (X, Y, Z) ~ Unif(S2). The resulting grid almost surely satisfies Hypothesis 13. See Fig. 5(d)
for an example of such a grid.

5.2. Recovering constant solutions

For both cost functions, in the case where f; = f;, the resulting solution will be a constant function (u(x) = 0). Fig. 6
shows the solutions obtained for both the squared geodesic and logarithmic cost functions. Importantly, these are effectively
constant to within a tolerance less than the expected consistency error (7 (h) = O (N‘V 4) 2~ 0.1) of the method.

5.3. Small perturbation

Here we demonstrate with computations for the squared geodesic cost what happens when the target mass density f>
is obtained through a slight perturbation (a rotation through an angle 6) of the source mass density f1. In particular, we
choose the density functions

[f1 (*,y.2) = = (1 - 0.5co0s (%x))

fa(x,y.2) = 7 (1 — 0.5cos (% (xcos6 + ysind))) (55)

This problem has the flavor of a translation. In the Euclidean setting, translations are exact solutions of the optimal
transport problem. However, it is not the case that rotations are exact solutions on the sphere. See Fig. 7 for a top-view of
the computed gradient map. In particular, we observe that the bulk of the mass does undergo a clockwise rotation. However,
in order to conserve mass and regularity, there is also backwards “flow” observed in areas of low density (top and bottom
of the figure).

5.4. Comparing structured and unstructured grids

To show the robustness of our generalized finite difference scheme with respect to the structure of the grid, we next
show a side-by-side comparison of solutions obtained using a fully structured layered grid and a fully unstructured random
grid. We choose a non-smooth source density f; (which concentrates mass at the poles) and constant target density fo:

f1O.0)=(1 -5 (0 -2)° + &
f26,9) = ¢

for e =0.1.

See Fig. 8 for the computed solutions, which are identical to within a tolerance well under the expected consistency
error (7 (h) ~ 0.1). Moreover, in both solutions we observe u attaining minima at the poles, with a gradient directed away
from the poles. This has the expected result of transporting mass out from the poles, where it was initially concentrated in
the source fi.

(56)
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Fig. 7. Top view of the local gradient obtained numerically when f> is obtained from f; through a small rotation. The solution was computed using a cube
grid with N =2168 points.

0.5 0.5
0.5 0.5
0 0
-0.5
1, 5

Fig. 8. Solution u obtained for densities (56) on N = 2006 point (a) layered and (b) random grids.

5.5. Mesh generation

In the context of mesh generation, one of the most important aspects of the squared geodesic cost is the lack of tangling
in mesh restructuring. To demonstrate that our method preserves this critical property, we construct an explicit mesh and
preserve the edge connections under the computed transport map T. We begin with a structured cube grid, where edges
are obtained from the edges of the original cube grid that was projected onto the sphere. We select density functions with
the goal of producing a transport map T that will concentrate mesh points around the equator.

_ 2
f10.¢) = 5.]8755 (9 - %) + ﬁ
f20.¢)= 7=

where € =0.1.

The resulting mesh restructuring is pictured in Fig. 9. As desired, the final mesh concentrates grid points around the
equator without introducing any tangling into the mesh.

(57)

5.6. Logarithmic cost with full support

For the reflector antenna problem, previous available methods have successfully performed computations when the mass
densities f; and f, have support on a subset of S2; see [19]. This does not allow the reflector antenna problem to be
solved for cases where the source light intensity is, for example, omnidirectional. Here we demonstrate the computation for
the case where both the mass densities have full support.
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Fig. 9. (a) The original N = 5048 point cube mesh and (b) the mesh obtained by transporting through the computed optimal transport map.

Since applications in optics can often involve highly non-smooth densities, we take as our source density the image of
a world map, which is mapped to a constant target density. See Fig. 10(a). Despite the potential singularity in the cost
function and the non-smoothness of the problem data and solution, our method handles this problem with ease.

A simple illustration demonstrates the fact that the computed mapping T behaves as we would expect for the reflector
antenna problem. Light emitted from the origin in the direction x € S? and reflecting off a very flat reflector would be
transmitted to the opposite direction. Thus, we expect the optimal mapping to be an approximate inversion of the original
globe. This intuition is supported by the nature of the logarithmic cost c(x, y) = —log||x — y||, which has a singularity when
x =y and will thus tend to drive the target mass away from the source mass.

To illustrate this behavior, we assign different colors to different parts of the globe (oceans, continents in northern
hemisphere, and continents in southern hemisphere), then plot the image of these points under the computed map T. See
Fig. 10. As expected, we observe an approximate inversion of the continents. In addition, the oceans here have been chosen
to have higher density than the continents in the source density. This means that the optimal transport mapping onto a
uniform density should display a “flooding” of the continents, which is what we observe in our computed map.

5.7. Nonsmooth examples

Finally, we present the results of a computation (using the squared geodesic cost) where f; is unbounded and f, is not
Lipschitz. Recall that this is a situation where the solution u is only guaranteed to be C!(S?) and the non-Lipschitz property
of f> can easily cause issues regarding monotonicity and consistency. However, these issues can be resolved using the ideas
in subsection 4.5. The density functions are given by
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1

0.5

-0.5

Fig. 10. (a) Density functions for the world map given on a N & 20,000 point latitude-longitude grid. (b) Domain with oceans labeled in blue, continental
points in the northern hemisphere labeled in red, and continental points in the southern hemisphere labeled in green. (c) Image of the domain under the
computed map T using the logarithmic cost.

— 1 -1/4
f1(6.¢) = 37715601 §/4 /
f20.¢) =1 — )1l + 5.

where € =0.5.
Despite the very strong singularities present in this example, our numerical method has no difficulty computing a solu-

tion. The density functions and computed gradient are shown in Fig. 11. As expected, we observe mass being transported
downward away from the singularity.

(58)

6. Conclusion

We have introduced a provably convergent numerical method for solving the Optimal Transport problem on the sphere.
The method applies to both the squared geodesic cost function (important in mesh generation) and the logarithmic cost
function (arising in the reflector antenna problem). This method involves replacing the PDE on the manifold with equivalent
PDEs on local tangent planes using a careful choice of geodesic normal coordinates. The resulting PDE was approximated
using monotone schemes inspired by recent methods for solving the Monge-Ampére equation. However, significant new
techniques were introduced to handle the complicated nonlinear combination of gradient and Hessian terms. Moreover, we
introduced a smooth cutoff for the logarithmic cost function to enable well-posed, consistent, and monotone discretizations
even in the presence of this potentially unbounded cost function.

We produced an implementation of this method and demonstrated via computations how our numerical method is
able to address issues heretofore unresolved. Notably, the method can handle both structured and unstructured grids, non-
smooth data, and produces compelling results in examples closely related to both the moving mesh and reflector antenna
design problems.
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Fig. 11. (a) Unbounded source and non-Lipschitz target densities and (b) resulting gradient (visualized for the northern hemisphere) computed on a N =
7722 point layered grid.
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Appendix A. Derivation of the mixed Hessian

In this appendix, we fill in the details of the derivation of simple expressions for the determinant of the mixed Hessian.
For each cost function, we take the following approach:

1. Introduce orthogonal perturbations Apq, Aps € Ty such that Ap; - p =0 and Apy = p||Apa].
2. Establish that T(x, p) — T(x, p+ Apy) and T(x, p) — T(x, p + Apy) are orthogonal to leading order.
3. Compute the change of area formula

|det (DpT(x, p))|
ds2 (T(x,p), T(x, p+ Ap1))ds2 (T(x, p), T(x, p + Ap2))

T AP IAp2 -0 lAp1lI | APzl
_ i ITx, p) =T, p+ApD)INTX, p) —Tx, p+ Ap)ll
Il Ap1ll. I Apz2ll—0 IAp1]l I A2l

where we can simplify the formulas by using the fact that
ITCx p) = T(x, p + Ap) | =dgz (T(x, p), T(x, p+ Ap) + O (I1ApI1)..
A.1. Squared geodesic cost

We begin with the squared geodesic cost, recalling that the mapping T has the explicit form
P

Ipll”

First consider a perturbation satisfying Ap; - p =0.

T(x, p)=cos(llpl)x+sin(|pl)

T(x,p) — T, p+ Ap1) =x(cos||p|l —cos|lp + Ap1l)
P . p+Apr .

+ ——sin||p|| = —————sin||p + Ap1||
Ipll lp+ Ap1ll

Now, since p and Ap; are orthogonal,

Ip+apil =/ IpIZ +1Ap112 = Ipll + O (1ap1I?).

Thus to leading order we obtain

sin||p||
Ipll

Now, suppose that Aps = || Apa|| H%H' In this case, ||[p + Ap2|l = |Ipll + [|Apz2]l. As before, we compute to leading order:

T(x,p)—Tx, p+ Ap1) =Ap;

+0o(lapI?).

T(x,p) =T, p+ Ap2)

p . p+Apy .

=x(cos||pll —cos|p+ Apzl) + —sin|pl| — —————sin||p + Apz||
Ipll P+ Ap2|

_ , p p . Apy

=x[Apzlisin|ipll = — lApzllcos[|pll + — [[Apzsin||p]| — — sin||p|

ol Ipll ol
+0(1ap:I?)
: p
=xllapalisinipl = ;o 1Ap2lcos|ipl +0 (I ap2 ).

Now since x- Ap1 =p-Apy = Ap1 - Apz =0, we can easily verify that

(T(x,p) =T, p+ Ap1) - (T(x,p) = T(x, p+ Ap2)) =0 (|Ap1ll + [[Ap2)
so that the perturbations in the map are indeed orthogonal to leading order.
Now we can use orthogonality to easily compute the magnitudes of these perturbations via
sin” 1p|

ITx, p) = T, p+ ApI* = | Ap1 | Tk

+o(1apiI?)
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and
ITC p) = Tx, p + Ap2)I = | Ap2I sin? [p + | Ap2 |2 cos? [ pll +o0 (11 Ap22)

= lIap21? +o (I1Ap2I?),

where we have used the fact that x and p/| p|l are unit vectors.
Then we can compute the change of area formula as

|det (DpT(x, p))|
ITx, p) —Tx, p+ ApDIIT X, p) — T, p+ Apa)ll

lapilliAp2l—0 lAp1ll1IAD2|l
_ IAp1llIAp2 | sinlipll/lIpll +o (IAp1lIIIAP21)
1Ap1lLIAp2 -0 IAP1ll I Ap2ll
_sin|pll
il
Hence, the determinant of the mixed Hessian for the squared geodesic cost is
det D2, c(x, y)| = LI (A1)
sin||p|l

A.2. Logarithmic cost

Now we perform the same procedure for the logarithmic map, which has the explicit form
Ipl* —1/4 _ p

Ipl>+1/4  lipl® +1/4

We again begin with a perturbation satisfying p - Ap; =0 so that

Ip+2pill=lpl+0 (I4p1I1?).

To leading order, we can compute

Ipll*> —1/4 _ I+ Ap I>—1/4
Ipl>+1/4  "lp+Apil® +1/4

T(x,p)=x

Tx,p)—Tx,p+Ap1)=x

_ p pP+Ap
IpI2+1/4 " Ip+Api+1/4
Ap1 2
=— 1+0|(|lA .
TIES (12p17)

Next we consider an orthogonal perturbation Ap; = || Apa|| “;%“ so that

Ip+ Apal® = IpI? + 21l APl + O (1 Ap2IP).

Now we can compute to leading order

IpI* =174 lpI* +2lplllAp2| —1/4

Ipl?+1/4  “lpl+2lIpllAp2]? +1/4

p p+Ap2

-— > +0(1ap2I?)
IpI>+1/4 "~ lIplI® +2lpllIAp2] +1/4

2liplllApz2ll XZIIPIIIIAP2II(|IP||2—1/4)
Ipl?>+1/4 (Ipl? + 1/4)?
Ap2 2liplllAp2ll 2
—-p +O(l1Ap2ll
Ipl2+1/4 (IplI? 4 1/4)? ( )
IplllAp2l L IAp21l(1/4 = [Ip1I?)

T + +0(1ap2l?).
(||p||2+1/4)2 p (||p||2+1/4)2 (” P2||)

ITx, p) =T, p+Ap2)ll=x

+
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Since x, p, and Ap; are mutually orthogonal, we can immediately verify that

(T, p)—Tx, p+Ap1) - (T(x,p) —T(x,p+ Ap2)) =0 (|Ap1ll + [|Ap2l)

so that the perturbations in the mapping are again orthogonal to leading order.
Next we compute the lengths of the perturbations using orthogonality:

T, p)—T&. p+Ap)ll=IlApil +o(lApilD

1
Ipl? +1/4
and

IpI*1Ap2l* + 1 Ap21*(1/4 — IpII*)

T ’ =T s A 2= A 3
IT(x, p) —T(x, p+ Ap2)ll TP+ 1/a7 ol Apal?)
|Ap2IP s 1 i
T AP+ 1/4)7% 5 — A
(pIE £ 1yaa P17+ 5 IPI%+ 3o ) + ot Ap2 |
|Ap2? ,
= UplE+1jaz Tollarald.

Then we can again compute the change of area formula as

|det (DT (x, p))|
IT(x, p) =T, p+ ApDIITX, p) —T(x, p+ Apa)|

Ilap1ll, i Ap2(—0 IApill APzl

_ im AP AP2I/(IpI* +1/4)2 + o (| Ap1[lI| Ap2lD)
IlAp1ll, I Ap2[—0 APl AP2Il

B 1

~dipI2+1/4%

Hence, the determinant of the mixed Hessian for the logarithmic cost is
det D2,c(x, y)‘ - (|| pI+1 /4)2 . (A2)
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