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Abstract

The gravitational-wave (GW) detection of GW190521 has provided new insights on the mass distribution of black
holes and new constraints for astrophysical formation channels. With independent claims of GW190521 having
significant premerger eccentricity, we investigate what this implies for GW190521-like binaries that form
dynamically. The Laser Interferometer Space Antenna (LISA) will also be sensitive to GW190521-like binaries if
they are circular from an isolated formation channel. However, GW190521-like binaries that form dynamically
may skip the LISA band entirely. To this end, we simulate GW190521 analogs that dynamically form via post-
Newtonian binary–single scattering. From these scattering experiments, we find that GW190521-like binaries may
enter the LIGO-Virgo band with significant eccentricity as suggested by recent studies, though well below an
eccentricity of e10 Hz 0.7. Eccentric GW190521-like binaries further motivate the astrophysical science case for a
decihertz GW observatory, such as the kilometer-scale version of the Midband Atomic Gravitational-wave
Interferometric Sensor. We carry out a Fisher analysis to estimate how well the eccentricity of GW190521-like
binaries can be constrained with such a decihertz detector. These eccentricity constraints would also provide
additional insights into the possible environments that GW190521-like binaries form in.

Unified Astronomy Thesaurus concepts: Gravitational waves (678); Gravitational wave astronomy (675); Black
holes (162)

1. Introduction

The gravitational-wave (GW) detection of GW190521 from
the LIGO Scientific Collaboration and Virgo Collaboration
(LVC) is the most massive black hole (BH) merger observed so
far (LVC 2020a). This event marks a new milestone for GW
astrophysics by revealing new insights into the mass distribu-
tion of BHs (LVC 2020b). The unusually high masses of
GW190521, whose primary component lies within the “upper
mass gap” of BHs, strongly suggest that the binary formed via
dynamical encounters in a dense stellar environment (e.g.,
Abbott et al. 2020; Fragione et al. 2020; Gondán & Kocsis
2020; Kimball et al. 2020; Kremer et al. 2020; Liu & Lai 2021;
Renzo et al. 2020; Secunda et al. 2020), where the hierarchical
mergers of BHs or stars can produce objects more massive than
those formed from the collapse of isolated stars.

While the presence of a BH in the mass gap is strong evidence
for a dynamical formation scenario, it is not conclusive. It is
possible (i.e., not ruled out) that GW190521 could have formed
from isolated stellar binaries (Belczynski 2020; Costa et al. 2021;
Renzo et al. 2020; Tanikawa et al. 2020) or within gas-rich
environments (e.g., Roupas & Kazanas 2019; Rice & Zhang 2021;
Safarzadeh & Haiman 2020; Toubiana et al. 2020) where the GW
signal itself may be affected by the accretion and external torques
(e.g., Barausse et al. 2014; Holgado & Ricker 2019; Caputo et al.
2020). BH masses, however, are not the only possible indicator of
a dynamical formation scenario. In particular, two independent
studies from Romero-Shaw et al. (2020) and Gayathri et al. (2020)
have found that GW190521 is consistent with the binary having
a significant amount of eccentricity as it entered the LIGO
band, which has long been seen as a tell-tale sign of dynamical
formation (e.g., Wen 2003; Antonini & Perets 2012; Antonini
et al. 2014; Samsing et al. 2014; VanLandingham et al. 2016;
Samsing & Ramirez-Ruiz 2017; Silsbee & Tremaine 2017;

Arca-Sedda et al. 2018; Gondán et al. 2018; Hoang et al. 2018;
Zevin et al. 2019; Michaely & Perets 2020; Tagawa et al. 2021).
In this Letter, we consider the astrophysical implications

of an eccentric GW190521, with a particular emphasis on
multiband GW astronomy (e.g., Amaro-Seoane & Santamaría
2010; Sesana 2016). We first explore the implications of
GW190521ʼs possible eccentricity for dynamical formation
channels, particularly GW-driven capture during encounters of
two or three BHs. Either of these processes can occur in
globular clusters (e.g., Rodriguez et al. 2015, 2016; D’Orazio
& Samsing 2018) or nuclear clusters (e.g., Gondán et al. 2018;
Tagawa et al. 2021) and can be efficient in forming the stellar-
mass BH binaries that the LVC observes.
GW190521-like binaries may also be sources for the Laser

Interferometer Space Antenna (LISA), which will open up the
millihertz band of the GW spectrum in the 2030s (Amaro-
Seoane et al. 2017). If such binaries are circular, LISA could be
able to detect their wide inspirals before they eventually merge
in the LIGO band (Sesana 2016; Toubiana et al. 2020). If
GW190521-like binaries form dynamically, however, they may
skip the LISA band entirely and thus prevent a premerger GW
observation at millihertz GW frequencies. We thus investigate
the prospects for decihertz GW astronomy with GW190521-
like binaries and estimate how well the eccentricity can be
constrained before such binaries provide energy to the
LIGO band.

2. GW Captures During Two-body Encounters

Within dense stellar clusters, close encounters may occur
among heavier stellar-mass compact objects that sink toward
the center due to dynamical friction. Gravitational radiation
during a close encounter may result in a capture, i.e., the energy
of the binary transitions from positive to negative. Successful
captures can form highly eccentric binaries that then inspiral
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via GWs, decreasing both the semimajor axis and eccentricity
toward merger. The eccentricity that remains as the binary
enters the LIGO band can then be used to infer what the
conditions were for a GW capture scenario in a dense star
cluster.

We thus consider the distance of closest approach, the
periapsis, for a close encounter between two unbound stellar-
mass BHs with component masses m1 and m2. By equating the
kinetic energy of parabolic encounters to the energy radiated in
GWs in the quadrupolar approximation, one can estimate the
maximum periapsis rp,max required for GW capture (e.g.,
Quinlan & Shapiro 1987; Berry & Gair 2010) as
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where G is the Newton’s constant, c is the speed of light, M is
the total mass, and v is the velocity of the encounter. Any
periastron distances above this maximum value will not result
in a GW capture.

With the possibility of finite eccentricity for GW190521 as it
entered the LIGO band, we can estimate the semimajor axis a
and eccentricity e at lower GW frequencies with the quadrupole
approximation (Peters & Mathews 1963; Peters 1964). Since
GWs radiate away both orbital energy and angular momentum,
both the semimajor axis and eccentricity decrease toward zero
as GW inspiral proceeds. From the quadrupole approximation,
the orbital frequency and eccentricity evolve as (e.g., Huerta
et al. 2015; D’Orazio & Samsing 2018),
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Given an eccentricity at a reference frequency, one can estimate
the eccentricity at either higher or lower frequencies. An
eccentric binary will emit over several harmonics, such that the
peak harmonic primarily determines the GW frequency of the
emitted waves. One can estimate the rest-frame GW frequency
of an eccentric binary using the following fitting formula
(Wen 2003)
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which is also related to the observed GW frequency as
fGW,r= (1+ z)fGW.

The rest-frame GW frequency can then be used to determine
the binary semimajor axis a. Combining a and e can then be
used to obtain the periapsis at formation

= -r a e1 . 4p,0 0 0( ) ( )

With Equations (1) and (4), we can then determine what local
velocity dispersion σ is required in order to achieve GW
capture. Dense star clusters will have a range of velocity
dispersions that depends on the distance away from the cluster
center. At any given location in the cluster, one can describe
the local velocity distribution with a Maxwellian distribution,
which we use when evaluating Equation (1).

For globular clusters in the Milky Way, the typical one-
dimensional velocity dispersions range from ∼1 to 25 km s−1

(Baumgardt & Hilker 2018), while for nuclear star clusters

(without central BHs) the values can range from ∼25 to
35 km s−1 (e.g., Walcher et al. 2005; Seth et al. 2008). For
nuclear star clusters with central massive BHs, the velocity
dispersion increases closer to the BH (providing a direct
relationship between σ and binary eccentricity, Gondán et al.
2018), while within active galactic nucleus (AGN) disks, the
velocity dispersion is thought to be some fraction ∼0.2 of the
local Keplerian velocity (based on the vector resonant
relaxation of BH disks; Szölgyén & Kocsis 2018; Tagawa
et al. 2021), meaning the dispersions could range from ∼102

to103 km s−1. To better understand the space of allowed two-
body BH captures, we plot the 90% confidence interval (dark
magenta band) of the maximum allowed periastron distance as
a function of the local velocity dispersion in Figure 1 using the
LVC mass posteriors for GW190521.
Given an observed frequency of fGW= 10 Hz and a lower

bound on the eccentricity, we can estimate the corresponding
periastron distances at lower GW frequencies. Assuming an
estimated lower bound of e10 Hz 0.1, no captures will occur
for local velocity dispersions σ 103 km s−1, seemingly ruling
out a two-body capture in an AGN disk where the velocity
dispersion is high (e.g., in the resonant traps near the central
BH; Secunda et al. 2019) with eccentricities e10 Hz∼ 0.1
However, if the very high eccentricities suggested by Gayathri
et al. (2020) are correct, then two-body captures in any
dynamical environment could have formed GW190521.

3. GW Captures During Three-body Encounters

While two-body captures can operate to create BBHs, one of
the primary ways to form highly eccentric mergers from
second-generation BHs is during interactions between a BBH
and a third BH. During these encounters (with velocity
dispersions of∼100 km s−1), the many resonant oscillations
of the three bodies offer many opportunities for the close
pericenter passages required for GW emission (e.g., Gültekin
et al. 2006; Samsing et al. 2014; Samsing & Ramirez-
Ruiz 2017; Rodriguez et al. 2018b). These encounters can
occur in many dynamical environments, such as globular

Figure 1. The space of initial periapsis distances and local velocity dispersions
for which GW capture is successful (light magenta region) or unsuccessful
(gray region). The dark magenta region corresponds to the 90% confidence
interval of the maximum allowed periastron distance for successful GW capture
(Equation (1)). The blue, orange, and green bands correspond to the 90%
confidence intervals of the initial periastron distances (Equation (4)) given an
eccentricity at the rest-frame GW frequency fGW,r = 10 Hz (Equation (3)) and
using the LVC’s mass posteriors GW190521.
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clusters and AGN disks (e.g., Samsing et al. 2020; Tagawa
et al. 2021).

To better understand the formation of GW190521-like
binaries during GW captures, we focus specifically on
formation in globular clusters. We run a suite of binary–single
scatterings using fewbody, a gravitational dynamics inte-
grator for small-N dynamics (Fregeau & Rasio 2007). In
addition to Newtonian dynamics, we include the 2.5 post-
Newtonian correction to the equations of motion, accounting
for GW emission from the system (Antognini et al. 2014;
Amaro-Seoane & Chen 2016; Rodriguez et al. 2018b). This
code allows us to track the dynamical properties of BBHs all
the way from their dynamical formation to their merger at a
distance of 10G(m1+m2)/c

2, where m1 and m2 are the masses
of the two components.

The initial conditions for the binary–single scatterings are
taken directly from star-by-star models of dense star clusters
generated with the Cluster Monte Carlo code, CMC (Joshi et al.
2000; Pattabiraman et al. 2013). We use the suite of models
originally developed for Rodriguez et al. (2018a, 2019), which
include all the necessary physics for modeling the overall
evolution of massive star clusters and their BH and BBH
populations, including the aforementioned post-Newtonian
corrections. We identify from those models every binary–
single scattering that has at least one component consistent with
the m1 and m2 posterior mass distributions for GW190521 at
the 90% confidence level.

Each encounter is run 100 times with different binary
orientations and initial phases (consistent with the implementa-
tion in CMC), while the binary separations, eccentricities,
velocities, and impact parameters are held fixed. The
eccentricites at a GW frequency of 10 Hz (consistent with the
measurement in Romero-Shaw et al. 2020) are determined by
integrating the time-averaged change in semimajor axis and
eccentricity (from Peters 1964) from the point of binary
formation until the peak of the rest-frame GW frequency

(Wen 2003) equals 10 Hz. See Rodriguez et al. (2018a, Section
IID) for details.
We plot the distribution of the eccentricity at fGW,r= 10 Hz

for our GW190521 analogs in Figure 2 and compare them to
the constraints from Romero-Shaw et al. (2020) and Gayathri
et al. (2020), and from the predicted e10 Hz distribution for
stellar-mass BBHs from globular cluster population models
(Rodriguez et al. 2018a). Our analogs have eccentricities at
10 Hz that span a broad range, where the majority have
effectively circularized, while a smaller subsample have
eccentricities e10 Hz 0.1. Our analogs also demonstrate
that binary–single scattering is a viable explanation for
GW190521ʼs properties and is consistent with the different
studies from the LVC (2020a; Romero-Shaw et al. 2020).
The eccentricities of our GW190521 analogs, however, do

not approach the highly eccentric, i.e., e 0.9 regime within
the Gayathri et al. (2020) constraints, and we find no GW
captures where e10 Hz 0.3 for any of these systems. This is in
direct contrast to the globular cluster models presented in
Rodriguez et al. (2018a), where a significant fraction of
binaries formed with eccentricities of 0.9 or greater (with some
binaries forming with peak frequencies greater than 10 Hz).
This difference likely arises from the difference in velocity
dispersion for the encounters, with more massive BHs having
lower typical orbital speeds for the same binding energy (which
is what determines the binary’s eventual fate in the cluster).
This suggests that GW190521-like binaries may be less
astrophyiscally likely to be highly eccentric (e 0.9) if they
form via binary–single scattering.

4. Decihertz GW Astronomy

4.1. Detectability

Even with the LIGO-Virgo network currently operating and
with LISA planned for the 2030s, there still exists a frequency
gap between these bands of the GW spectrum. There have been
several proposals for a decihertz GW observatory that would
bridge the gap between LISA and LIGO-Virgo (e.g., Canuel
et al. 2018; Mandel et al. 2018; Zhan et al. 2019; Badurina et al.
2020; Kawamura et al. 2020; Kuns et al. 2020) and contribute to
multiband GW observations (e.g., Chen & Amaro-Seoane 2017;
Ellis & Vaskonen 2020). One such ground-based experiment
includes the Midband Atomic Gravitational-wave Interferometric
Sensor (MAGIS), which uses atom interferometry for GW
detection among other applications. A 100m pathfinder experi-
ment is currently being developed (Coleman 2019), which will
test the technologies necessary for scaling up to a kilometer-sized
detector.
We consider here the science achievable for GW190521-like

binaries with such a km-scale detector, where our estimates will
be more conservative compared to cases where one considers
multiple terrestrial detectors or space-based decihertz observa-
tories. We consider the projected sensitivity for a km-scale
MAGIS detector (e.g., Graham & Jung 2018).
With the LVC’s constraints on GW190521ʼs parameters, we

find that the signal-to-noise ratios (S/Ns) for a circular
progenitor will be at a subthreshold level, i.e., S/N 5 for
both MAGIS-km and LISA. What about the prospects for
GW190521-like binaries? The LVC has provided an event-rate
estimate of -

+ - -0.13 Gpc yr0.11
0.30 3 1 for such sources. If the

progenitors are circular at formation, then LISA could detect

Figure 2. Distributions of e10 Hz, the eccentricity at the rest-frame GW
frequency fGW,r = 10 Hz. The blue distribution corresponds to our GW190521
analogs obtained from our fewbody binary–single scattering experiments.
The orange distribution corresponds to stellar-mass BBHs from globular-
cluster population models (Rodriguez et al. 2018a). The green line corresponds
to the lower limit on e10 Hz that Romero-Shaw et al. (2020) obtain using the
SEOBNRE waveform model. The red line corresponds to the lower bound on
the range of eccentric numerical-relativity waveforms from Gayathri et al.
(2020) that are consistent with the LVC strain data.
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∼1–10 such events out to z over 5–10 yr (Toubiana et al.
2020) and similarly for MAGIS-km. We show, however, that a
dynamical formation for GW190521-like binaries via binary–
single scattering may cause them to skip the LISA band or both
the LISA and MAGIS bands entirely.

We plot the characteristic strain tracks (details in the
Appendix) of the peak harmonic with the sensitivities of
aLIGO, MAGIS-100, MAGIS-km, and LISA in the top panel
of Figure 3, assuming an optimal source orientation.

Our GW190521 analogs form over a wide range of fGW,
where they can form in the LISA band, the MAGIS-km band,
or skip both bands entirely. We plot in the bottom panel of
Figure 3 the S/Ns for LISA and for MAGIS-km. From our
fewbody binary–single scattering events, we find no
GW190521 analogs that are detectable in the LISA band
(S/NLISA< 8) for source distances of D= 1.0 Gpc (corresp-
onding to z≈ 0.2). We do, however, find two samples that
range within 5< S/NLISA< 8, which may be of interest for
multiband GW follow-up analysis with MAGIS-km and LIGO-
Virgo. The S/Ns in the MAGIS band that are>8 have
eccentricities at fGW= 10 Hz that are e10 Hz< 0.1, lower than
both the Romero-Shaw et al. (2020) and Gayathri et al. (2020)
constraints.

4.2. Eccentricity Constraints

To estimate how much the constraints on the binary
eccentricity can be improved, we carry out a Fisher-informa-
tion-matrix analysis using our samples that have S/N� 10 in
the MAGIS-km detector. In the top panel of Figure 4, we plot
the Fisher estimates of the eccentricity uncertainties Δe0.2 Hz as
the binary enters the MAGIS band at fGW= 0.2 Hz for samples
that have S/N� 10. From the quadrupole approximation, the
coalescence timescale for an eccentric binary given a reference
a and e is (Peters 1964)
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Zwick et al. (2020) have provided correction factors to improve
this estimate of the coalescence timescale, which we incorpo-
rate into our calculations and plot as the color of each sample in
the top panel of Figure 4. The coalescence timescales of these
detectable GW190521 analogs occur on subminute timescales,
such that the sky-area localization would not be well-
constrained with just a single ground-based decihertz GW
detector.

Figure 3. Top panel: characteristic strain tracks (Appendix) of the peak
harmonic ( hmax nc,( )) from our fewbody binary–single scattering experiments
are plotted as colored lines for a source distance of D = 1.0 Gpc (z ≈ 0.2). The
color corresponds to the eccentricity of that binary as it inspirals toward
merger. We also plot the detector sensitivities for LISA (gray), MAGIS-100
(solid black), MAGIS-km (dashed black), and the Hanford-Livingston-Virgo
(HLV) network (magenta). Bottom panel: S/N for LISA vs. S/N in MAGIS-
km calculated from the characteristic strain tracks in the top panel and taking
the sources to be optimally oriented (Appendix). The color corresponds to the
eccentricity at fGW,r = 10 Hz for that sample.

Figure 4. Top panel: Fisher estimates (Appendix) of Δe0.2 Hz, the uncertainty
in the eccentricity at fGW,r = 0.2 vs. e0.2 Hz from our GW190521 analogs with
S/N � 10. The color of each sample corresponds to the coalescence timescale
at 3 Hz (Peters 1964; Zwick et al. 2020). Bottom panel: the constraints on
e10 Hz obtained by propagating e0.2 Hz and its Fisher uncertainties via Peters &
Mathews (1963). Our highly eccentric samples, e0.2 Hz > 0.99, have Fisher
uncertainties that make e0.2 Hz = 1 as the upper bound, such that e10 Hz may be
highly eccentric as well. The lower limits on e10 Hz for GW190521 from
Romero-Shaw et al. (2020) and Gayathri et al. (2020) are shown as the green
and red lines, respectively.
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The Fisher estimates at low eccentricities are such that the
observed GW signal would be consistent with e0.2 Hz= 0, while
the uncertainty Δe0.2 Hz decreases at higher eccentricities. The
constraints on e0.2 Hz can then be propagated to higher
frequencies via Peters & Mathews (1963) to obtain constraints
on e10 Hz, which we plot in the bottom panel of Figure 4. Here,
the x-axis errorbars are the Fisher estimates from the top panel
and the y-axis errorbars are obtained from the error propaga-
tion. Our highly eccentric samples, e0.2 Hz> 0.99, have Fisher
uncertainties that make e0.2 Hz= 1 the upper bound, such that
the e10 Hz may be highly eccentric as well. With LIGO-Virgo
observations alone, the e10 Hz> 0 scenario cannot necessarily
be favored over e10 Hz= 0 with spin precession. Premerger
MAGIS-km observations would be able to distinguish between
these two scenarios and joint MAGIS+LIGO-Virgo observa-
tions can be used for multiband GW parameter estimation.

5. Discussion and Conclusions

GW190521ʼs detection provides novel constraints on
astrophysical formation channels. With independent claims of
finite eccentricity for GW190521 as it entered the LIGO band,
we investigate the implications for the dynamical formation
scenarios of GW single–single capture and binary–single
scattering. For GW capture, we constrain the parameter space
of initial periapses and local velocity dispersions that can
produce successful captures. Such constraints can then be
mapped to global models of globular clusters and nuclear star
clusters. If GW190521 had e10 Hz 0.1, it would have been
unlikely to form via GW capture in high velocity-dispersion
environments with σ 103 km s−1, i.e., within the broad-line
region of AGN. The AGN-disk channel, however, may still be
a viable formation scenario for GW190521-like binaries.

We instead consider a binary–single scattering origin and
model the dynamical formation of GW190521-like binaries
with the fewbody code. The majority of our binaries have
effectively circularized as they reach fGW,r= 10 Hz, while a
smaller subsample have e10 Hz> 0.1, consistent with the
reported constraints from Romero-Shaw et al. (2020). This
subsample, however has eccentricities well below what
Gayathri et al. (2020) suggest in their analysis. While LIGO-
Virgo data itself is insufficient to unambiguously favor
e10 Hz> 0 over e10 Hz= 0, this event further motivates the
development of decihertz GW astronomy. We find that while
LISA may not be sensitive to GW190521-like binaries that
form with large eccentricities, a decihertz GW observatory may
be able to detect such dynamically formed binaries and provide
independent constraints on the eccentricity.

Combining multiband MAGIS+LIGO-Virgo observations
of eccentric GW190521-like binaries can provide joint
constraints on the eccentricity evolution from formation all
the way to merger. These joint constraints can provide more
informed insights on the possible dynamical formation
scenarios that we have discussed here and the viability of
alternative formation scenarios, including the isolated binary
channel and the AGN disk channel for GW190521-like
binaries. Our models further demonstrate the need for a
decihertz GW observatory at the level of MAGIS-km or better
in order to make such science possible. Even in the case of a
nondetection, a MAGIS-km detector could be able to set an
independent lower limit on e10 Hz.

Early detection in MAGIS would provide alerts for multi-
messenger follow-up to search for a possible electromagnetic
counterpart. The sky-area localization, however, would not be
well-constrained with a single baseline since the merger occurs
on subminute timescales. This would motivate a global
network of 2–3 ground-based atom-interferometric detectors
in order localize at a similar precision as LIGO for decihertz
GW signals that occur on subminute timescales.

A.M.H. is supported by the McWilliams Postdoctoral
Fellowship. We thank Pau Amaro-Seoane for helpful com-
ments that improved this manuscript. This work used the
LVC’s publicly available GW190521 posteriors.
Software: fewbody (Fregeau & Rasio 2007), numpy (Walt

et al. 2011), scipy (Virtanen et al. 2020), matplotlib
(Hunter 2007).

Appendix
Signal-to-noise Ratio and Fisher Analysis

The total S/N of a GW signal in each detector is estimated as
a sum of the S/Ns of each individual harmonic
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We can further use Equation (A2) for computing our Fisher
matrix analysis of the eccentricity. For GW measurement
uncertainties, the Fisher information matrix (FIM) can be
expressed using a similar “overlap integral” to that used to
calculate the S/N in Equation (A1). Specifically, the ith and jth
element of the FIM is (e.g., Finn 1996)

å q q
=

¶
¶

¶
¶=

F
h h

, A4ij
n

N
n
i

n
j

1

( )

where hn,i is the partial derivative, q
¶
¶
hn
i , of the frequency-domain

waveform for the nth harmonic with respect to the ith
parameter of our waveform, and the á ñ∣ notation indicates an
overlap integral of the form

òá ñ º
¥

a b
a f b f

S f
df4 . A5

i0

*∣ ( ) ( )
( )

( )R

For this analysis, we consider a four-dimensional parameter
space θ= {M, ν, e, D}, consisting of the total mass, symmetric
mass ratio, eccentricity, and luminosity distance, respectively.
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It can be shown (e.g., Vallisneri 2008) that with sufficiently
high S/N, the uncertainties for GW parameter estimation in
idealized Gaussian noise are themselves given by multi-
dimensional Gaussians of the form

q q q qµ - D Dp s p Fexp
1

2
, A6ij

i j⎡
⎣⎢

⎤
⎦⎥( ∣ ) ( ) ( )

where Δθ i is the separation between the ith parameter and the
maximum likelihood value, and p(θ) is the prior probability
distribution on the parameters θ (which we assume to be uniform
for this analysis). Note that (A6) can be interpreted in either a
frequentist framework (where it corresponds to the Cramér–Rao
bound on any unbiased estimator of the GW source parameters)
or a Bayesian framework (where it corresponds to the covariance
of the posterior probability about the true source parameters,
assuming the prior to be constant over that range); however, both
interpretations yield the same results (Vallisneri 2008).

The uncertainties on our measured eccentricities that we
show in panel (D) of Figure 3 are calculated using
Equation (A4), with the same noise curve and waveforms
described in that section. We use the characteristic strains from
(A2) as our GW template, and calculate the uncertainties and
correlations between our parameters as

s

s

= S

=
S

S S
, A7

i
ii

ij

ij

ii jj
( )

where S = -Fij ij1( ) is the inverse of the FIM. Note that we
calculate the full four-dimensional FIM, but only report the
uncertainties on e in the main text.
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