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Space-time modulation has recently attracted considerable attention as it enables new possibilities in wave
manipulation and control. Here we propose a tunable unidirectional acoustic amplifier based on a space-time
modulated membrane system. The transfer matrix method is applied to design this system and optimize the
modulation parameters for the realization of unidirectional amplification. Efficient one-way amplification of
acoustic waves is demonstrated theoretically and numerically within a frequency range from 2260 to 2520 Hz,
with overall dimension being less than 1/3 of the corresponding wavelength. Across this operation band, the
amplification factor in the positive direction varies smoothly from 3.0 to 5.8, while the transmitted wave energy
in the negative direction does not change significantly. Our work identifies a feasible approach to realize a
tunable unidirectional acoustic amplifier via space-time modulated membranes, which offers a design platform
for a number of applications in sensing, imaging, and communication.
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I. INTRODUCTION

Space-time modulated systems are dynamic structures
whose constitutive parameters vary in both space and time. As
time is introduced as an additional design degree of freedom,
unusual properties can emerge that are completely different
than those of conventional materials. These properties exhibit
interesting physics and can also enable novel functionali-
ties. In the 1950s and 1960s, space-time modulation was
first studied in transmission lines to break the time-reversal
symmetry, with one of the most studied applications being
parametric amplification [1-8]. In that era, variable induc-
tance or capacitance was the most common means of creating
space-time modulated systems, which suffered from bulki-
ness, nonintegrability and incompatibility with high frequency
techniques.

Recently, thanks to the development of newer modula-
tion techniques, space-time modulation has been rediscovered
and attracted considerable attention through introduction into
modern electromagnetics and acoustics. In electromagnet-
ics, various microwave and optical components have been
realized by applying space-time modulation, such as isola-
tors [9-15], circulators [16,17], frequency mixers [18], one-
way beam splitters [19], metasurfaces [20,21], and nonrecip-
rocal antenna [15,22-24]. Despite success in electromagnet-
ics, only a few space-time modulated devices in acoustics
have been demonstrated, although the underlying physics
share a lot of similarities with those of electromagnetic
waves. This is primarily due to the lack of effective mod-
ulation techniques. Nearly all the reported acoustic space-
time modulated systems are based on resonators with space-
time modulated cavities [25-30]. Elastic membranes, another
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important element in acoustic metamaterials [31] and meta-
surfaces [32], have yet to be explored in space-time modula-
tion. It was shown that compared with Helmholtz resonators, a
piezoelectric membrane-based space-time modulated system
has several significant advantages including small insertion
loss, tunable working frequency without modifying the ge-
ometric configuration, and negligible noise from modulated
elements [33].

Unidirectional parametric amplification can be achieved
through phase matching in space-time modulation media [28],
which usually requires bulky numerous modulated elements.
However, in this work, we show that this functionality can
be realized using a fairly simple design, with overall dimen-
sion being less than 1/3 of the corresponding wavelength.
This compact unidirectional acoustic amplifier is composed
of a waveguide and two membranes whose surface tensions
are temporally modulated. Previous research has shown that
the input acoustic wave will be amplified by careful se-
lection of the modulating frequency. In addition, the phase
difference between two membranes introduces a directional
bias into the system, which leads to the nonreciprocity in
the system. By carefully engineering these two parameters,
unidirectional amplification can be realized. Furthermore, by
changing the static surface tension of the membrane, the
effective working frequency band can be adjusted, which
means a tunable unidirectional acoustic amplifier is quite
possible without altering the geometric configuration. The
transfer matrix method for a one-dimensional system with
serial loads is applied to analyze and optimize this membrane
system [30].

II. MATHEMATICAL MODELING

We begin with the theoretical analysis of the two-
membrane system, a schematic diagram of which is shown

©2020 American Physical Society
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FIG. 1. Schematic diagram of the acoustic amplifier. Two tempo-
rally modulated membranes are fixed around the edge in the waveg-
uide. p;: monochromatic incident wave; p,: modulated transmitted
wave with high order harmonics.

in Fig. 1. The system consists of a circular tube and two
membranes that are clamped in the tube. The radius of the
tube and membrane is denoted as R, and the distance between
two membranes is D. The tube wall is considered to be
sound rigid, and the background medium is air whose density
and sound speed are pgy and ¢y, respectively. The membrane
is made of silicone rubber with thickness d, density p,
Young’s modulus E,,, and shear modulus G,,. Time-varying
surface tensions in the form of 7; = Ty[1 + mcos(Qxt — ¢;)]>
(i =1,2) are applied to these two membranes. The surface
tension function here needs to be squared so as to achieve the
desired sinusoidally modulated sound speed and impedance,
ok
required surface tension modulation can be realized by apply-
ing AC voltages on piezoelectric membranes, which shows
a promising aspect in terms of feasibility [34]. Here m is
the modulation depth, €2 is the modulation angular frequency,
and ¢; is the initial phase of the modulation. Because of the
modulation, when a monochromatic acoustic wave is incident
into the system, the Floquet components will be generated and
the transmitted wave is highly modulated as shown in the inset
of Fig. 1. The frequency of the nth mode are w, = wy + n2
n=...,-2,-1,0,1,2,...).

According to the transfer matrix method [30], this system
can be divided into two types of acoustic elements (waveguide
and membrane), and each of them can be represented by a
transfer matrix. First, we derive the transfer matrix of the
membrane. The equivalent impedance of the modulated mem-

brane is Z,(w) = — jwpudJo(22)]/L2(22)] [35]. Jo and J»
are the zeroth order and second order Bessel functions of the
first kind. Under weak modulation (i < 0.1 in this space-time

as indicated by the equation c,,p = In practice, the

modulated system) we can expand the impedance at c¢,,o as
Zn(w) = Zypo(@) + mZyp(w) cos (2 — @), (H

where ¢,,0 = pT—Od is the sound speed of the unmodulated

membrane, Z,,0 = Z,,| 82y, . A plane

Cn=Cmo dem ' cp=cumg

wave is launched into the waveguide with angular frequency
wp. Due to the time-varying impedance of the membrane,
harmonics will be generated. The pressure and velocity on the
upstream and downstream of the membrane can be written as

and ZU() = Cmo

(o]
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The boundary condition at the position of the membrane
should satisfy

o
p-—pi= Y Zpie, “)
n=—0o0
v =y, (5)

where the superscript denotes the impedance of the membrane
at each order of harmonics, i.e., Z, = Z,(w,) and so on. Put
the expression of the membrane’s impedance, pressure, and
velocity into Egs. (4) and (5), equate the terms with e/
using the relation cos(Qt — ¢) = [/ ¥ 79 4 ¢/ U=P)] we
can rewrite the boundary conditions in terms of each order of
the harmonics:

n—1 n+1
ot — 7 + v0 e—jq}vn—l + mZvO ej¢vn+l
P — Py = 4ol 2 + 2 +
(6)
vt =, )
where Z) , = Z,,0(w,) and Z}}; = Z,o(w,). The transfer matrix
of the membrane M,, is defined as
-1 n—1
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vn—l vn—l
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24 24
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With the boundary conditions, the transfer matrix of the membrane can be written as

1 z! 0
0 1 0
M, = 0 "Hreit
0 0 0
0 0 0
0 0 0

And the transfer matrix of the waveguide can be written
directly,

M, = 0 M 0 , (10)
0 0 Mt
where
M- cos(k;L)  jzosin(k;L)
w % sin(k;L) cos(k;L) |
(i=...,n—1,nn+1,...). an

Here zg = poco is the characteristic impedance of air, k; =
w;/co is the wave number of the ith order wave, and L is the
length of the waveguide.

III. RESULTS AND DISCUSSION

As the transfer matrix of each component in the system
has been developed, we can calculate the transmission and
reflection coefficients of arbitrary harmonic modes by con-
verting the transfer matrix into scattering matrix [30]. The
parameters in our system are given as pp = 1.21 kg/m?,
co =343 m/s, p,, = 1300 kg/m3, E, =117.5 kPa, G,, =
40 kPa, R =7.5 mm, d = 0.2 mm. First, we consider a
specific case where Tp =2.5 MPa xd and m=0.1. In
this case, the resonant frequency of the membrane with-
out modulation is around 2239 Hz and we choose f, =
2260 Hz to be the incident frequency. Here the design pa-
rameters are modulation frequency f, = % and phase dif-
ference A¢ = ¢» — ¢;. The evaluation criterion is the trans-
mission coefficient of the fundamental model in the positive
direction (z;), while controlling the acoustic wave propagat-
ing in the negative direction unamplified or attenuated (7, <
1.0).

By sweeping the modulation frequency and phase differ-
ence, we find that the optimal parameters are f,, = 4450 Hz
and A¢ = 0.57 (see the Supplemental Material [36]). Ap-
plying the optimized modulation parameters to the system,
we can calculate the transmission coefficients of the non-
negligible modes as shown in Fig. 2(a). In the positive

"Zaeid 0 0
0 0o 0
zn, 0 MAL e ©)
1 0o 0
et 1z
0 0 1

(

direction, the pressure amplitude of fundamental mode (Oth,
2260 Hz) is amplified 3.0 times, while a non-negligible
byproduct (—1st, 2190 Hz) is generated with an amplitude
of 2.4. In the negative direction, the amplitude of the Oth
and —1st order are 1.0 and 0.5, respectively. There is no
surprise in the generation and amplification of the —1st mode
in the positive direction as it has also been predicted and
verified in the previously reported parametric amplification
devices [3,28,30]. Time-dependent transient simulation in
Comsol is conducted to verify the theoretical calculation. In
the simulation, a monochromatic plane wave is incident from
one end of the tube and a transmitted wave is recorded at
the other end. The received signal is analyzed using Fourier
transform to obtain the amplitude of each frequency com-
ponent. Good agreement between theory and simulation is
observed in Fig. 2(a), and the small deviation can be attributed
to the accumulated numerical error in the time-domain simu-
lation. We then analyze the relation between the amplification
factor and the modulation depth. As depicted in Fig. 2(b),
the amplification factor increases as the modulation depth
increases. However, the actual amplification factor that can
be achieved is constrained by the weak modulation condition,
which suggests that the theoretical model is considered to be
accurate when m < 0.1. This means we can get any amplifica-
tion factor below the threshold by controlling the modulation
depth. The threshold denotes the maximum amplification
factor under the weak modulation assumption.

In addition to the amplification factor, we have also studied
the effective working band of the amplifier. Note that each
input frequency in this effective working band has its own
modulation parameters for the optimized amplification factor.
For time-modulated membranes, it is known that the effective
modulation band is typically around its resonant frequency.
In this case, the resonant frequency for the unmodulated
membrane with a static surface tension 7o = 2.5 MPa x d is
2239 Hz, and the transmission spectrum of this membrane is
depicted in Fig. 2(c). The input frequency is swept from 2150
to 2350 Hz with a frequency step of 10 Hz, and all the other
parameters are kept unchanged. For each input frequency, we
follow the same procedure as mentioned above to find the best
modulation parameters combination f,, and A¢. Here an input
frequency is defined to be effective if a set of parameters can
be found to satisfy both of the following criteria: First, the
amplification factor for the positive direction is larger than
2.8. Second, the acoustic wave propagating along the negative
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FIG. 2. (a) Amplitude of each frequency component of the modulated transmitted waves under a monochromatic incidence f, = 2260 Hz,
pa = 1. The modulation depth, frequency, and phase difference are 0.1, 4450 Hz, and 0.57, respectively. Red bars: Results from transfer matrix
method in frequency domain; blue bars: results from Comsol simulation in time domain. (b) Amplification factor of the fundamental mode
under different modulation depth. Red/blue solid line: Theoretically calculated forward/backward amplification factor; red/blue dashed line:
forward/backward simulation results from Comsol. (¢) Transmission spectrum of a membrane under a static tension 7y = 2.5 MPa x d. Red
solid line: Transmission coefficient from theoretical calculation; blue dashed line: transmission coefficient from frequency domain simulation.
The effective working frequency range are highlighted. (d) The amplification factor in the working band under this specific surface tension.
The modulation depth is 0.1 and each input frequency has its own optimal modulation parameters (modulation frequency and phase difference)
for the maximum amplification. Red/blue solid line: Theoretically calculated forward/backward amplification factor; red/blue dashed line:

forward/backward simulation results from Comsol.

direction is unamplified (¢, < 1.0). From the parametric
sweep, we find that the effective working band for the given
static tension is 2260-2320 Hz, which is slightly higher than
the resonant frequency of the unmodulated membrane as
marked in green highlight in Fig. 2(c). The optimized modu-
lation parameters are given in Table I. A series of simulations
were carried out with different excitation frequencies and
corresponding modulation parameters, and the response of the
system was analyzed using Fourier transform. The results are
summarized in Fig. 2(d). Good agreement can be observed
between transfer matrix calculation and Comsol simulation.
Finally, as we have shown that the effective working band
of this structure is always around its resonant frequency, we
further study the amplification performance in relation to
the resonant frequency of the membrane. Since the resonant
frequency is mostly dependent on the static surface tension,
it is convenient to adjust the static surface tension 7 without
any change of the geometric configuration. A practical imple-
mentation of this adjustment is through an extra DC voltage
applied on the membrane, which can be used to control the
static tension shift. A series of calculation and simulation
are performed to prove this idea. First, we choose five more

different static surface tensions, i.e., To = 2.6 MPa x d, Ty =
2.7 MPa xd, Ty =2.8 MPa xd, Tpy =2.9 MPa x d, and
To = 3.0 MPa x d. The resonant frequencies of unmodulated
membranes under these surface tensions are obtained from
the transmission spectrum, which are 2281, 2324, 2367, 2409,
and 2450 Hz, respectively. Then, for each surface tension 7y,
we sweep the input frequency range around the corresponding
resonant frequency and identify the effective amplification
band. The working procedures are the same as above and not
expanded here for brevity. Finally, all of these five individual
working bands together with the one under 7y = 2.5 MPa x d
are bridged to construct an integral efficient work band as
depicted in Fig. 3. The modulation parameters for each input
frequency are provided in Table I. It should be clarified that for
two adjacent 7y, the working bands are partially overlapping.
We just choose either of them for clearer representation, and
the overlapping part are not depicted in Fig. 3. From the
figure we can see that as the surface tension 7y increases,
the amplification factor increases gradually. This effect can be
explained by the relation between quality factor Q and surface
tension 7p. For the same membrane, the larger the surface
tension, the higher the quality factor will be. Analysis in a
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TABLE I. Modulation parameters for each input frequency.

To fo (Hz) fn (Hz) A¢ (rad)
2.5MPa xd 2260 4450 0.50m
2270 4470 0.46m
2280 4480 0.44n
2290 4500 0.40m
2300 4510 0.40m
2310 4520 0.40m
2320 4530 0.40m
2.6 MPa x d 2330 4590 0.427
2340 4600 0.36m
2350 4610 0.36m
2360 4620 0.387
2.7MPa x d 2370 4670 0.40m
2380 4680 0.387
2390 4700 0.36m
2400 4710 0.36m
2.8 MPa xd 2410 4750 0.387
2420 4770 0.387
2430 4780 0.34r
2440 4790 0.36m
29MPa xd 2450 4830 0.40m
2460 4850 0.36m
2470 4860 0.34r
2480 4870 0.36m
3.0MPa xd 2490 4910 0.40m
2500 4930 0.34n
2510 4940 0.34r
2520 4950 0.36m

previous work [27] suggests that a higher quality factor can
be helpful in the frequency conversion and amplification.

IV. CONCLUSION

To conclude, a tunable unidirectional acoustic amplifier
design based on a space-time modulated membrane system
is proposed and analyzed theoretically and numerically. As
the membranes can be considered as serial loads in the

waveguide, the transfer matrix method for a one-dimensional
system with space-time modulated loads is applied to analyze
this membrane system. By carefully choosing the modulation
parameters f,, and A¢, a frequency range slightly above the
resonant frequency of an unmodulated membrane is found,
in which unidirectional amplification can be realized. As the
resonant frequency of a given membrane depends mostly on
the static surface tension, a tunable efficient working band
(2260-2520 Hz) is constructed by adjusting the static surface
tension from 2.5 MPax d to 3.0 MPa x d. In this effec-
tive working band, the positive amplification factor increases
gradually from 3.0 to 5.8, while the negative transmission
coefficient remains around 1 which means no amplification
in the negative direction. The increase of the amplification
factor can be attributed to the improvement of the quality
factor of the system as the surface tension increases. In this
work, the amplifier is only studied in a two-membrane setup.
Some constraints are also added to simplify the system, such
as identical static surface tension 7 and same sinusoidal mod-
ulation function. Removing these constraints and introducing
more design parameters into the system will, in principle, give
rise to enhanced amplification performance and many other
interesting phenomena. It is believed that by adopting differ-
ent modulation profiles, this space-time modulated membrane
system will have a promising prospect as a feasible implemen-
tation for novel functionalities in a number of applications,
such as sensing, imaging, and communications.
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