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Massless particles in higher dimensions
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In spacetimes of any dimensionality, the massless particle states that can be created and destroyed by a
field in a given representation of the Lorentz group are severely constrained by the condition that the
invariant Abelian subgroup of the little group must leave these states invariant. A number of examples are
given of the massless one-particle states that can be described by various tensor and spinor-tensor fields,

and a speculation is offered for the general case.
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I. INTRODUCTION

For a century physicists have speculated that our familiar
four-dimensional spacetime may really be embedded in a
higher dimensional continuum [1]. It is simplest and most
usual to suppose that this continuum is a d-dimensional
spacetime in which in locally inertial frames the laws of
nature are invariant under the Lorentz group SO(d — 1, 1).
If a general SO(d — 1, 1) Lorentz transformation A#, acts
on physical states as a unitary representation U(A) of
SO(d —1,1), then fields are characterized by their trans-
formation

U(A)y" (x)U™! y"(Ax), (1)

— ZDnm(A—l

where D""(A) is a finite-dimensional generally nonunitary
matrix representation of SO(d — 1, 1). As Wigner [2] first
pointed out for the case d = 4, one-particle states must be
characterized as representations of the little group, the
subgroup of SO(d — 1, 1) that leaves some standard spatial
momentum k invariant. That is, for any Lorentz trans-
formation W#, for which W¥_ k* = k* the states |k, o) with
standard momentum satisfy

U(W)|k, o)

Zdw

where d; ,(W) is a unitary matrix representation of the little
group. The question then arises, what sort of representa-
tions of the little group can arise for particles described by a
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field that transforms according to some given representa-
tion of SO(d —1,1)?

For massive particles the answer is easy. The standard k*
can be taken to have spatial components k =0, and
the little group is then the semisimple rotation group
SO(d — 1). Particles described by a given field can furnish
any representation of this SO(d — 1) subgroup that is
contained in the representation of SO(d — 1, 1) furnished
by the field.

The case of massless particles presents some complica-
tions. This case is of special interest, since from the
perspective of the very high energies where higher dimen-
sional theories might be relevant, all of the particles we
observe are massless. Finding what sort of massless particle
can be described by various types of fields in higher
dimensions is complicated by the fact that their states
must be classified as representations of the little group that
leaves invariant some standard nonzero d — 1 momentum
and, unlike the massive case, this little group contains an
invariant Abelian subgroup. To avoid the introduction of
new continuous conserved quantities, particle states must
be invariant under this subgroup. For any spacetime
dimensionality d the massless particle states must furnish
a representation of the remaining semi-simple subgroup
SO(d — 2) of the little group. But not all representations of
SO(d —2) that are contained within the representation
of SO(d — 1, 1) that is furnished by the field are consistent
with the requirement that the invariant Abelian subgroup is
represented trivially. So it is not immediately obvious
how massless particles described by a given field can
transform under SO(d — 2). This is the problem addressed
in this paper.

To put this problem in greater detail, we consider the
matrix element

u!! = (vacuum|y”(0) |k, 0). (3)

Inserting Eqgs. (1) and (2) gives the requirement
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> doa (W)t = D"(W)u, (4)

o

for any element W of the little group. [We have used
d; (W) = d, 5(W).] Our question is, for a given repre-
sentation D(A) of the Lorentz group, what representations
of SO(d — 2) allow a nonzero matrix element u for which
ds (W) = 65, for any W in the invariant Abelian sub-
algebra of the little group? As a by-product of answering
this question, we will find field equations that are satisfied
by the matrix elements

(vacuum|y"(x)|k, 6) = e**yl. (5)

So far we have been implicitly taking the states |k, o) to
be eigenstates of the full Hamiltonian and the field y" (x) to
be an interacting field. But the mathematical requirement
on u? is the same if we take |k, o) to be eigenstates of the
free-particle Hamiltonian and y”(x) to be a free field. In
this case, the u2 can be used to construct the free field:

w" (x) _/dd_lPZ[u”(p,6)a(p,0)ei”‘x
+ v"(p,0)b(p,0)e™ 7], (6)

where a(p, o) are the annihilation operators for the mass-
less one-particle state; b(p, o) are the annihilation operators
for the corresponding antiparticle; the coefficient function
u" is given by

0
w'(p.o) = ;ZD"'”(L(p))u?:, )

where L(p) is the SO(d — 1, 1) transformation that takes
the standard momentum k to p; and likewise for anti-
particles [3]. In this context our question is, what kind of
massless particles characterized by their transformation
under SO(d —2) can be used to construct a free field
characterized by its transformation under SO(d —1,1)?
The free fields constructed in this way satisfy the same field
equations as will turn out to be satisfied by the matrix
element (5) of interacting fields.

The answer to our question is well known for d = 4 [4].
The finite-dimensional (and in general nonunitary) irre-
ducible representations of SO(3, 1) are characterized by a
pair A and B of integers and/or half-integers. These are
defined by A2 = A(A+ 1) and B> = B(B + 1), where

1 i
A, =— Jpe +=J 00,
a 4 ;eahc bc + 2 a0

1 i
B, =- Jpe —=J 40,
a 4 ;eabc bc ) a0

where here a, b, c run over the values 1,2,3 and J,, = —J,,
and J,y = —Jy, are the generators of SO(3,1). For d =4
the representations of the semisimple part SO(2) of the

little group are one-dimensional and characterized by a
number, the helicity. The massless particle described by a
field of type (A, B) can only have helicity

A=B-A. (8)

For A > B (or B > A) the free field and the matrix element
(5) of the interacting field are spacetime derivatives of order
2B (or 2A) of a free field (or field matrix element) of type
(A=B,0) [or (0,B—A)].

Here are results for spacetimes of general dimensionality

d, derived in the following sections:

(1) A symmetric traceless tensor field of any rank can
have nonvanishing matrix elements (3) only for a
massless particle that transforms trivially under
SO(d —2). Further, the matrix element (5) of a
symmetric traceless tensor field of rank N is nec-
essarily the Nth spacetime partial derivative of a
scalar, as is the free field. This is the generalization
of the result for d = 4, that a symmetric traceless
tensor field of rank NV has a Lorentz transformation
of type (A, B) with A = B = N/2, and therefore can
only describe particles of helicity B — A = 0.

(i) A completely antisymmetric tensor field of rank
N < d can only have nonvanishing matrix elements
(3) for a massless particle that transforms under
SO(d — 2) as an antisymmetric tensor of rank N — 1.
The matrix element (5) (and the free field) is
necessarily the exterior derivative of an antisym-
metric potential of rank N — 1, and therefore has a
vanishing exterior derivative. This is the generali-
zation of the familiar result for d =4, that an
antisymmetric tensor field of rank 2 has a Lorentz
transformation of type (1,0) @ (0, 1), therefore can
only describe particles of helicity &1, and is the curl
of a vector potential.

(iii) A rank 4 traceless tensor field with the symmetry
property of the Weyl tensor (the traceless part of the
Riemann-Christoffel curvature tensor) can have
nonvanishing matrix elements (3) for a massless
particle that transforms under SO(d —2) only as a
second-rank symmetric traceless tensor. The matrix
element (5) (and the free field) is necessarily the
antisymmetrized second derivative of a symmetric
second rank potential. This is the generalization
of the result for d =4 that the Weyl field has
Lorentz transformation of type (2,0) @ (0,2) and
therefore can only describe massless particles with
helicity +2.

(iv) A field with the Lorentz transformation of the
fundamental spinor representation of SO(d —1,1)
can only have nonvanishing matrix elements (3) for a
massless particle with the Lorentz transformation of
the fundamental spinor representation of SO(d — 2).
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The matrix element (5) (and the free field) necessarily
satisfies the zero mass Dirac equation.

(v) A field with the Lorentz transformation of the direct
product of the fundamental spinor representation of
SO(d—1,1) and a d vector, satisfying an irreduc-
ibility condition, can only have nonvanishing matrix
elements (3) for a massless particle with the Lorentz
transformation of the fundamental spinor represen-
tation of SO(d — 2). The matrix element (5) (and the
free field) is necessarily the spacetime derivative of a
spinor field satisfying the zero mass Dirac equation.

Unfortunately a general statement such as that for d = 4 of
the allowed massless particle types for fields that furnish
arbitrary representations of the d-dimensional Lorentz
group is still lacking. A conjecture will be offered for
tensor fields furnishing general irreducible representations
of SO(d — 1, 1), which they can only describe as massless
particles that transform under representations of SO(d — 2)
characterized by a Young tableau obtained by decapitating
the Young tableau characterizing the field.

These results appear quite different from those given by
Labastida for several types of tensor and tensor-spinor
fields [5]. The difference arises from different assumptions.
In the present work, a tensor field is understood to trans-
form strictly as a tensor, while for Labastida it may instead
transform as a tensor only up to a gauge transformation.
Labastida therefore sought fields that satisfy gauge-
invariant field equations, while here the field equations
if any follow directly from the field transformation property
and Wigner’s requirement that the generators of the
invariant Abelian subalgebra of the little group algebra
must be represented on physical states of a single massless
particle by zero.

Where gauge transformations do enter here, it is not for
the tensor fields, but for their potentials. For instance, as
noted above, an antisymmetric tensor free field of rank N
constructed from massless particle creation and annihila-
tion operators must be the exterior derivative of a potential
that is antisymmetric in N — 1 spacetime indices, but that
rank N — 1 potential does not transform as a tensor, but
rather as a tensor up to a gauge transformation that leaves
the rank N tensor field invariant.

This is familiar from the examples of electrodynamics
and general relativity in d = 4 spacetime dimensions. From
the creation and annihilation operators of a photon of
helicity =1 we can construct a true antisymmetric tensor
field F*¥, which satisfies homogeneous Maxwell equations
that amount to the statement that its exterior derivative
vanishes. The tensor field F** is itself the exterior derivative
of a potential A#, but since this potential is constructed only
from the creation and annihilation operators of photons of
helicity 41, it cannot transform as a four-vector under
Lorentz transformations, but rather as a four-vector only up
to a gauge transformation, such as the electromagnetic four-
vector potential in Coulomb gauge. Similarly, from the

creation and annihilation operators of a graviton of helicity
42 we can construct a linearized Weyl curvature tensor
C,upo that has the Lorentz transformation of a true tensor,
which satisfies linearized Bianchi identities. The tensor
field C,,,, is the second spacetime derivative of a sym-
metric potential /,,, but since this potential is constructed
only from the creation and annihilation operators of
gravitons of helicity £2, it cannot transform as a true
tensor under Lorentz transformations, but rather as a tensor
only up to a gauge transformation, such as the metric
perturbation in transverse-traceless gauge.

From this point of view, gauge invariance is not a
fundamental assumption, as it is in Labastida’s work, but
is rather a consequence of the Lorentz transformation
properties of fields and massless particle states.

II. THE LITTLE ALGEBRA

To derive the results cited above, we will use the
fundamental requirement (4) in the limit where

Wﬂu - 5”1/ + Qﬂw (9)

with Q¥ infinitesimal and constrained by the conditions
that W#, should belong to the little group:

Q

y = —€

'k = 0. (10)

v

For such transformations, we write

i
dfr,o-(l +Q) - 55,6—1—5]/(;?69#0’ (11)
with Hermitian matrices J, = —J7,, satisfying the

SO(d —1,1) commutation relations
i[JH, JP] = P JHO — gt JVT — o JPY 4 er JPR (12)
The matrices representing the little group generators are J/,
with i, j, etc., here and below running over the values
1,2,3,...,d — 2, together with

Ki = gid-1 _ ji0_ (13)

The little group generators have the commutators
il M) = 8" = S’ = 8,J + 8,01, (14)
i[J9,K¥ = 8, K" — 5K, (15)
K, K/] = 0. (16)

Because the K/ span an invariant Abelian subalgebra, they
have to annihilate u,
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> K], qup =0. (17)

For a general tensor field y**, we have
DL+ Qu v = (8 + Q) (3 + Q) s

It is very convenient to use light-cone coordinates in which
for a general vector V¥,

1
Vi:E[VOj:V‘H], (18)

and likewise for the spacetime indices on tensors and spinor
tensors. By comparing coefficients of €2#, on both sides of
Eq. (4) we can work out the action on u of the generators K/
in the representation d; ,, so that Eq. (17) gives

0= (K puy " =it 4 (19)
0= Z[K]]aa”fs =2ib;u; "+, (20)
0= (K], uz =0+, (21)

(o2

again with 7 and j taking the values 1,2,...,d —2. (The
final “+ ---” in each formula refers to the action of K’ on
the undisplayed indices on u, indicated in the superscript
by ---)

For spinors and spinor tensors we also need to know
that for y, in the fundamental spinor representation of
od-1,1),

i
HY —
ZJFS){S - _ZZ[I—W’ I_w]rs)(sv (22)

s

where the T%; are 2¢/2-dimensional matrices forming a
Clifford algebra with (suppressing indices r, s)

AT 4 T+ = 2, (23)
and therefore for a general spinor-tensor
Ku =il u" +---, (24)

where the final “+---” denotes the action of K’ on the
tensor indices, which are indicated as the superscript - - -”
on u. From Egs. (19)-(21) and (24) we can work out the
action of K’ on tensors and spinor tensors.

We are now equipped to derive the consequences of the
requirement that K'u = 0 for fields of various special types.

III. TENSORS

We now derive the results listed in Sec. I for tensor
fields.

A. Symmetric traceless tensors

Consider a symmetric traceless tensor field y#1#2#~ of
arbitrary rank N. A general component of the matrix
element (3) with N, + indices, N_— indices, and M =
N — N, — N_ indices in the range of 1 to d —2 will be
denoted w12 im(N+-N-) By using Eqgs. (19)—(21), we see
that the condition K/u = 0 applied to such a component
gives

M
0 = yirioimi(N.=1N_) 4 22 :5ﬁyuiliz-~i,4i,+l--~iM(N+,N7+1).

r=1

(25)

Setting iy; = j, summing over j, and using the symmetry of
u gives

0= Zuiliz"'iM—ljj(N+_l~N—) + 2Mui1i2'“iM—|(N+~N—+1)' (26)
J

In light-cone coordinates the metric tensor has nonvanish-
ing components

nij = 51‘]‘7 Mo =Ny =2 (27)

so the condition that u is traceless gives

§ Miliz'"iM—ljj<N+_qu—) — 4ui1i2-~iM_](N+,N_+l)

J

and Eq. (26) therefore reads
0 = (4 + 2M) iz (NoN+1),

We see that all components #**" vanish for which any of
the indices y, v, etc., is a —. The second term in Eq. (25) is
therefore absent, and Eq. (25) becomes

0 = yiriz i (N=M=10) (28)

for any M < N — 1. The only remaining nonzero compo-
nent of w* is ut, with all indices equal to +.

Because u/™tt =0 this u satisfies the condition
K'u = 0. It is also invariant under the semisimple part
SO(d — 2) of the little group, so the only massless particle
that can be destroyed by a symmetric traceless tensor must
transform trivially under SO(d — 2).

With u#* (k) having only nonzero components with all
indices +, it is simply proportional to k#k” - - -, and the field
matrix element then is just the Nth partial derivative of a
scalar:

aNeik-x
Ox, Ox,, ---Ox

KN

(vaclyri i (x)[k) o (29)
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Equivalently, the free field has the form

MNo(x)
Hik2 PN —
v () Ox,, 0x,, -+ Ox (30)

KN

where

0(0) = [ @ tplua(p)er + o8 (pe). (31
with u and » some complex numbers.

B. Antisymmetric tensors

Next consider a completely antisymmetric tensor field
w2 kv of any rank N < d. The components of the
coefficient function u*1#2#v (k, o) are of four types: those
with no + and no — indices and N indices between 1 and
d — 2; those with one + and no — indices and N — 1 indices
between 1 and d — 2; those with one — and no + indices
and N — 1 indices between 1 and d — 2; and those with one
+ and one — indices and N — 2 indices between 1 and
d —2. Using Egs. (19)—(21), we see that the condition
K/u = 0 applied to each component type then gives

N
0 = K/yhiziv = 92j E S uhi i =l iy (32)
Jlr 9’
r=1

0 = KJ/yirizin1+
N-1
=2i 8 uhrhrimTiivat o jyiveivad - (33)
.]lf
1

0 = Kiyhivat— — jyivivoii— (34)

(As a consequence of antisymmetry, K/u/12""/v-1~ vanishes
automatically.) Setting iy_; = j in Eq. (33) and summing
over j gives

0 = yhiinat= (35)

which with Eq. (34) shows that any component #**" in
which one of the spacetime indices is a — vanishes, whether
or not another of the indices is a +. Hence Eq. (32) is
satisfied, and Eq. (33) shows that any component #**" in
which none of the spacetime indices is a + vanishes. This
leaves the only nonvanishing component of the form
iz inat

Because u/12iv = ( and y!12iv-2—F = (), this u satisfies
the condition K'u = 0. Also, it has the transformation
property under SO(d — 2) of a completely antisymmetric
tensor of rank N — 1, and this is the transformation of the
one-particle states under SO(d — 2).

Since wu't2n-1# vanishes except for u =+, it is
proportional to k*, and wu/1#>"#~ therefore takes the form

btk v feiv] - with the square brackets indicating anti-
symmetrization in the indices pp, ---py. The matrix
element (5) [and the free field y#1#2 #~(x)] is therefore
the exterior derivative of an antisymmetric potential of
rank N — 1.

C. Weyl tensor

We now consider a fourth-rank traceless tensor y***°
with the symmetry properties of the Weyl tensor:

WP = _yHPe = _yHOP — PR (36)

WﬂU,PG + ll//"p’o'l/ —|— [l/”o.‘”p = 0 (37)

[Equation (37) has as a consequence the vanishing of any
completely antisymmetric part of y, which otherwise by
itself would satisfy Eq. (36).]

Our first task will be to show that u#**° (k, ¢) vanishes if
any of the indices y, v, p, o is a minus. First, note that
Kiyt%t" =2iw/~" so w/~t"=0. Also, K/u'=t" =
iu'=J= (because antisymmetry makes u~~"~ vanish) so
u'=J/= = 0. Further,

0= —iK/yt=—+ = /=t ¢ yt=Ji 4 25i,'14+_'+_.

The assumed tracelessness of u gives Y, u/=*/ = 2u™=*
and of course u™™// =0, so setting i = j and summing
over j gives

0= 2ut=+= 4+ 2(d — 2)ut=+",

and so u™™ 1~ = 0. We have thus shown that #***°(k, o)
vanishes if any two of the indices y, v, p, ¢ are minus.

To consider the case where just one of the indices u, v, p,
o is a minus, first note that because u***°(k, o) vanishes
if any two of its indices is a minus, we have K u/*+= =
iw*i= so

wki= = 0.
On the other hand,
0= —iK'wtt= =yt 4 u/ti-, (38)

We can also show that a different linear combination of the
two terms in Eq. (38) vanishes. For this purpose, we use

0 = —iK'uwh'*

— 25iju—k,l+ + 25ikuj—,l+ + 25ilujk,—+ + wkli
Setting i = j and summing over j gives

0= 2(d _ 2)u—k.l+ + 2yk=l+ + 2utk—+ + 2yt + 2yl
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If we add to this the same equation with [/ and k
interchanged, we find

Ukl 4yl —
$0
2(d = 3)ukH 4 2ulk=+ = 0.

Comparing this with Eq. (38) (with i and j replaced with k
and /) we see that for d # 2 both terms vanish:

u bt =0, uk=t =0.

Further, we use
0= —jKiy/tk+— 25iju_+’k+ R 2, It R
Setting i = j and summing over j this gives

0 = 2(d = 2)u=+Hk+ 4 2ukt=F 4 2=tk = oy

so also u~"** = 0. Thus as promised, we have shown that
wr°(k, o) vanishes if any of the indices u, v, p, o is
a minus.

It follows that K u/kit = ju/kli g0 /k1i = (). This leaves
u'/** and u™* as the only independent components of u
that have not been shown to vanish. Furthermore, with all
other components vanishing we have K'u/*'* = 0 and

0 = —iKiu/tkt = yiikt o yitki — ikt kit

so u/"* is antisymmetric in i, j, and k, and therefore
vanishes as a consequence of Eq. (37). The only remaining
nonzero component u'*/* transforms under SO(d —2)
as a symmetric traceless second-rank tensor, as was to be
shown.

Taking account of the symmetry assumption (36), this
takes the form

W = kP Qe — KR ah — kKO a + kKo,

where @ is symmetric and, because all components with a
minus index vanish, also traceless:

kﬂa’“’ =0.
The free field thus takes the form

Yo (x) = FOP RO (x) — OV P (x) — OO h¥P(x)
+ 0Y9°h** (x), (39)

where A*¥ is a symmetric potential.

IV. SPINORS AND SPINOR VECTORS

We now derive the results listed in Sec. I for spinor and
spinor-vector fields.

A. Spinors

We first consider a field y,, that transforms according to
the fundamental spinor representation of SO(d —1,1).
From Eq. (24) we see that the requirement that K'u = 0
gives I"'T""u = 0, and since (I')? = 1, this requires that
I'"u = 0, or, in other words,

[k,u = 0. (40)

So, since the generators —i[I';,I';] of the SO(d-2)
subgroup of the little group commute with [k, and there
are no other conditions on u, the massless particle states
described by this field transform according to the funda-
mental spinor representation of SO(d — 2). Also, it follows
from Eq. (40) that the free field must satisfy the massless

Dirac equation

D () =0, (1)

B. Spinor vectors

We next consider a field yw* that transforms according to
the direct product of the vector and fundamental spinor
representations of SO(d — 1, 1), and is irreducible, in the
sense that

ﬂﬂyrﬂll/” =0 (42)

so that it is not possible to separate out a part of y#
that transforms simply according to the fundamental
spinor representation of SO(d—1,1). By combining
Egs. (19)—-(21) and (24) we see that the coefficient
functions u*(k, ) must satisfy

0= K/u' = 2i6;;u~ —il'T™u’, (43)
0=K/ut=iw —ilVl"u", (44)
0=Ku =-il'T"u". (45)

From Eqgs. (44) and (45) it follows that
26;;u =TI T~ ut = -V )2ut,
This vanishes because (I'")? = 0, so
u- =0, (46)

and Eq. (46) is then automatically satisfied. Since

(T))*> = 1, Eq. (44) then gives
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u =0. (47)

We next invoke the irreducibility condition (43). Using
Egs. (27) and (47), this gives

0= Zriui -2 ut.
i

Multiplying Eq. (45) with IV and summing over j we then
have

(d=2)"u" = eruj =2I""ut,
J

so, for any d # 4,
I ut =0,
and Eq. (45) then gives
w =0. (48)

Since the only nonvanishing component of u# is u™, the
particle states transform according to the fundamental
spinor representation of SO(d — 2). Further, because u/
is proportional to k*, the vector-spinor free field y* is the
spacetime derivative dy/0x, of a spinor field .

V. DECAPITATION CONJECTURE

General tensor fields are characterized by their symmetry
properties, symbolized by Young tableaux, along with
conditions of tracelessness and in some cases prescriptions
on contraction with the d-dimensional Levi-Civita symbol.
Briefly, a tensor whose symmetry properties are described
by a given Young tableau will be antisymmetric in the
spacetime indices associated with the boxes in any column
and will vanish when antisymmetrized in all the indices in
any pair of columns. It follows from these conditions that
the tensor is symmetric under the interchange of any two
columns of the same height.

In all the cases of tensor fields we have considered, it
turned out that the only nonvanishing components of u5""
have no — indices. Further, it turned out that the non-
vanishing components had just one 4+ index in each column
of the Young tableau that characterizes the symmetries
among these indices. Because a tensor is antisymmetric in
the indices in each column, this + index can always be
taken to be at the top of the column. The nonvanishing
components of 1" thus have a top row with all + indices,
and all other indices below the top row running over the
values 1,2, ...,d — 2. Since SO(d — 2) rotations only act
on these lower indices, we are led to the conjecture that
if a field furnishes an irreducible tensor representation of
SO(d—-1,1) with symmetry dictated by some Young
tableau, then the massless particle states form a tensor

representation of the semisimple part SO(d — 2) of the little
group with symmetry dictated by the same Young tableau,
but decapitated by deleting the top row.

For instance, in the case of a symmetric traceless tensor
of rank N the Young tableau has just a single row of width
N, which when deleted according to this conjecture leaves
massless particle states invariant under SO(d — 2), as we
found here. In the case of an antisymmetric tensor of rank N
the Young tableau has just a single column of height N,
which when the top box is deleted according to this
conjecture leaves massless particle states that transform
under SO(d — 2) as an antisymmetric tensor of rank N — 1,
also as we found here. In the case of a Weyl tensor,
a traceless tensor of rank 4 with a 2 x 2 Young tableau,
when the top row is deleted we are left with a single row
of width 2, which according to this conjecture indicates
that the field describes massless particles that transform
as a traceless symmetric tensor of rank 2, again as we
found here.

Furthermore, it is easy to see that this conjecture works in
the case d =4 for traceless tensor fields with symmetry
described by arbitrary Young tableaux. With d = 4 it is not
possible to have Young tableaux with columns of height
greater than 4, while by using the Levi-Civita symbol
columns of height 3 or 4 can be replaced with columns of
height 1 or 0, so the general Young tableaux have columns
only of height 0, 1, and 2. A traceless tensor with a Young
tableau having n; columns of height 1 and n, columns of
height 2 has Lorentz transformation type

(ny+ny/2,n,/2) ® (n1/2,ny + n,/2),

so it can only describe massless particles of helicity
(8) equal to +n,. On the other hand, removing the top
row of a Young tableau having n; columns of height 1 and
n, columns of height 2 yields a Young tableau with just one
row of width n,, so the massless particles described by such
a field transform under SO(2) as a symmetric tensor of rank
n,, and therefore indeed have helicity +n,.

Unfortunately the methods used in this paper are
too inefficient to lead easily to a general proof of this
conjecture.
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Note added.—A general proof of the conjecture made in
Sec. V, extended also to spinor-tensor fields, has been given
by Distler [6]. After submission of this paper for publica-
tion, I learned that a corresponding statement regarding

095022-7



STEVEN WEINBERG

PHYS. REV. D 102, 095022 (2020)

Young tableaux was made by Bekaert and Boulanger [7] in
an analysis of the inequivalent covariant differential equa-
tions satisfied by free particle tensor fields. This result for
free fields, including spinor-tensor fields, may also be
implied by results in an earlier online book of Siegel [8].

In contrast, the present work makes no initial assumptions
about free field equations, deriving them as an incidental
consequence of the condition that the invariant Abelian
subgroup of the little group is represented trivially on states
of a single massless particle.
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