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1 Introduction

The associated production of a top quark with a W boson is an important process that has
been studied extensively at the Large Hadron Collider (LHC) and is expected to play a
major role in future colliders. The underlying partonic process for tW production at hadron
colliders is bg — tW . This process is critically dependent on the value of the CKM matrix
element Vj,, and it could be affected by new physics beyond the Standard Model.

Results for tW production and decays at leading order (LO) were presented some time
ago in refs. [1-4], and some additional corrections appeared in [5, 6]. Next-to-leading-order
(NLO) calculations of the QCD corrections for this process were derived in ref. [7]. Further
NLO studies of tW production including the decays of the top quark and the W boson were
done in ref. [8]. The top-quark transverse-momentum (pr) distributions for this process
at NLO matched with parton showers were presented in ref. [9]. Some updated results for
the NLO total cross section appeared in ref. [10]. In all these studies, it has been shown
that the NLO corrections are very significant and, thus, their inclusion is required to make
meaningful theoretical predictions for comparison to collider data.

Given the large size of the NLO corrections, it is important to consider even higher-
order corrections. Additional corrections beyond NLO from soft-gluon emission at various
logarithmic accuracies were presented in refs. [11-15]. Next-to-leading-logarithm (NLL)
resummation for single-top production processes, including tW production, was first de-
rived in ref. [11]. NLL resummation requires one-loop calculations of the corresponding
soft anomalous dimensions which were performed in [11]. Fixed-order expansions of the re-
summed cross section and applications to Tevatron energies were also provided in ref. [11].
A study of tW production and other single-top processes at LHC energies followed in
ref. [12].

A two-loop calculation of the soft anomalous dimension for tW production and the
derivation of next-to-next-to-leading-logarithm (NNLL) resummation was presented in



ref. [13]. Fixed-order expansions at approximate next-to-next-to-leading order (aNNLO)
and a study at LHC energies was also given in [13]. The top-quark pp distributions in
single-top production processes, including tW production, were studied at aNNLO at LHC
energies in ref. [14].

Approximate next-to-next-to-next-to-leading order (aN3LO) results for tWW production
from NNLL resummation at LHC (and Tevatron) energies were given in ref. [15]. Results
were given for the total cross section, the top-quark pp distributions, and the top-quark
rapidity distributions. The theoretical predictions for the cross section were compared in
ref. [15] — as well as in the review paper in ref. [16] — with data from the LHC [17-23],
finding very good agreement. More recently, three-loop calculations for the soft anomalous
dimensions in single-top production, including tW production, were presented in ref. [24]
(see also a recent review paper on soft anomalous dimensions for QCD processes [25]).

In this paper we explore tW production at collider energies of up to 100 TeV using
the latest theoretical results. We calculate the soft-gluon corrections through third order
and match to complete NLO calculations to produce aNNLO and aN3LO theoretical pre-
dictions. We find that, remarkably, the soft-gluon corrections are numerically dominant
throughout the energy range that we study, even at very high collider energies. Thus,
soft-gluon resummation is much more useful and applicable than just for calculations near
threshold. We also update predictions for LHC energies, using the latest theoretical input,
and compare with recent data from the LHC. In section 2 we briefly review the soft-gluon
formalism for tW production. In section 3 we provide results for total cross sections over
a wide range of collision energies, and in section 4 we present top-quark and W-boson
differential distributions in transverse momentum and rapidity. We conclude in section 5.

2  Soft-gluon resummation for tW production

The formalism for soft-gluon resummation will be briefly described in this section (see
refs. [11, 13, 15, 16, 24-34]). We study the process b(p1) + g (p2) — t(p3) + W~ (ps) and
define the usual kinematical variables s = (p; + p2)?, t = (p1 — p3)?, u = (p2 — p3)%. We
denote the top-quark mass by m; and the W-boson mass by my,. We also define the
partonic threshold variable s4 = s +t + u — m? — m#, which measures the energy in the
soft-gluon radiation and which vanishes at threshold.

We write the differential cross section, dopg_iw, as

dopg—iw = /dm dwa ¢(x1, pr) ¢(w2, pur) dbpg—iw (84, s, P, UR) (2.1)

where the ¢ are parton distribution functions (pdf) for the bottom quark and the gluon (we
omit subscripts for simplicity), and 64w is the hard-scattering partonic cross section.
The cross section depends on the strong coupling, «g, the factorization scale, ur, and the
renormalization scale, ug.

We define Laplace transforms, with variable N, of the partonic cross section as
dopgew (N) = [5(dsa/s) e N/ A6y, yw(s4). Under the Laplace transform, the loga-
rithms of s4 in the perturbative expansion turn into logarithms of N. We also define



transforms of the parton distributions through the relation ¢(N) = [y e N1=%)g(z) da.
We then find the transform-space expression

dGpg—tw (V) = &(Nl) GZN’(N2) débg—ﬁW(N) ) (2.2)

where Ny = N(m#, —u)/s and Ny = N(m}, —t)/s.

The cross section for tW production can be rewritten under Laplace transforms in
refactorized form as a product of separate functions: a short-distance, infrared safe, hard
function, Hy, 4w ; a soft function, Spy— s, which describes the emission of noncollinear soft

gluons in the process; and functions v that describe collinear emission from the incoming
partons [15, 16, 25, 28-34]. We have

. N - ~ s
doygiw (N) = (N1) ¥(N2) Hygew (s(ir)) Spg—stw (N{F> : (2.3)
By comparing eq. (2.2) with eq. (2.3), we find a new expression for the hard-scattering
partonic cross section in N space:
%(N 1) P(No)

x . Q ﬁ
dopg—iw (N) = 7(?(]\5) A Hygiw (as(1R)) Spg—tw (NMF> . (2.4)

The soft function S’bgﬁtw observes the renormalization-group equation

9 9\ & :
(MRauR + 5(93)69> Sbg—>tW = -2 Sbg—>tW 11Sbg—>tW (25)

where g2 = 4ra, and 3 is the QCD beta function. The soft anomalous dimension, I' bg—stW s
controls the evolution of the soft function, and it is calculated from the coefficients of the
ultraviolet poles of the relevant eikonal diagrams [11, 13, 24].

The resummed differential cross section in transform space is derived from the
renormalization-group evolution of the soft function and the 1)/¢ ratios in eq. (2.4). We
have [11, 13, 16, 24, 25, 28, 29, 31]

xresum

dyg i (V) = exp

> Ei(V:)

1=b,g

_ 5 VE/N g
X Spg—stw (a(ﬂ}é)) exp [2 /\/g ZMFSbg—)tW (s (1))

Hygsiw (as(V/s))

(2.6)

The first exponent in the above expression resums soft and collinear corrections from
the incoming partons [26, 27] (see e.g. ref. [25] for explicit expressions). The soft anomalous
dimension has a perturbative expansion I's g = > _poy (s /)" I’gg)g _w» and it has been
calculated to three loops.

The soft anomalous dimension for bg — tW ™ is given at one loop by [11, 13]

2 2
1 m; —t 1 Cy u—m
rgggHtW:cFlln@;\/g)—Q]Jr21n<t_m§>, (2.7)

where Cr = (N2 —1)/(2N,) and C4 = N, with N, = 3 the number of colors in QCD.




The two-loop soft anomalous dimension is given by [13]

2 1
Péb)g—ntw = K Fég}o)g—)tw + ZCFCA(l —(3), (2.8)
with
67 G\ 5
52 _ 2 2.
=Ca (36 2) 18" (2.9)

G = 72/6, (3 = 1.202056903 - - -, and ny the number of light-quark flavors.

The three-loop soft anomalous dimension is given by [24]

1 1
ng)g—mw = K3 Fs(?g—nw + §K2CFCA(1 —(3) + CrC3 (—4 +3% - % - *C2C3 + Cs) ;
(2.10)

where
9245 11 11 ¢3>
Ky = s bf 4 _ 2
Y= 2 (96 42 516+ 44)+0an< p

209 n}
2o D 2.11
+ C"‘”f( 132 " 18C2 C3> 108 (2.11)

and (4 = 74/90, (5 = 1.036927755 - - -

The N-space resummed cross section in eq. (2.6) can be expanded to any fixed order
and then inverted back to momentum space. The soft-gluon corrections appear in the
perturbative expansion for the physical cross section in terms of plus distributions that
involve logarithms of sy, i.e., [(In(s4/m?))/s4]1, where k takes values from 0 to 2n — 1 for
the nth order corrections in the strong coupling, a,. These plus distributions are defined
by their integrals with smooth functions f as

sy n*(s4/m?2 sy n*(s4/m?2
[ s [”/)] fs= | s BT oy po)]
0 + 0

S4 S4
1 Smax
——— In**! <4> : 2.12
s () 1o (212)
The soft-gluon corrections at NLO are
Biyaw _pro asin) [y o [nGsa/md)
dtdu ~ wotWo o Fa S4 N
2t [ ) Zoctn (T E) L (CprCyin [ PE ) 421 ®) !
—2CF In m ) A In m? —(Crp+Cy)ln o ) T2 shgmw 51l
m2, —u m2, —t 3 Bo ﬂo
(CFD< m% >+CAD< th > 4CF 4 " mt 4 n m? (s4)
(2.13)
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Figure 1. The NLO cross section for tW~ production versus collider energy using MMHT2014,
CT18, NNPDF31, and MSHT20 NLO pdf (left plot) and NNLO pdf (right plot) with g = m; =
172.5 GeV. The inset plots show the ratios of the NLO cross sections with pdf uncertainties (upper,
central, lower) for the four pdf sets to the central MMHT2014 cross section.

where 8y = (11C4 — 2ny)/3 and

LO TV asa (2miy +m3) 2 2 2 (2 2
Fbg—>tW = 12m€vtsl7in26W52 {_ Z(uvsz); [(u_mw)(s‘i'Bmt —myy)+(t—my)(m; —mw)]
1
Sy | 2= md) g —miy ymiy -+ (u—miy ) (t-Hu—2m)m +-sm (2miy +m?) |
(u—m7)
— P (o +md) (2.14)

with o = e?/(4r), Oy the weak mixing angle, and Vi, a CKM matrix element. For explicit
analytical expressions at higher orders see refs. [15, 16, 25].

3 Total cross sections for tW production

In this section we present numerical results for tWW production in pp collisions. We present
total cross sections for a large range of collider energies.

In figure 1 we present the NLO cross section for tW ™ production in proton-proton
collisions (the result for tW™ is the same) as a function of collision energy, V'S, up to
100 TeV. We choose a scale p equal to the top-quark mass, which we set as m; = 172.5 GeV.
We have used MADGRAPHS AMC@NLO [35] for the complete NLO cross sections. Results
are given for a number of NLO pdf sets (left plot) and NNLO pdf sets (right plot), including
MMHT2014 [36], NNPDF3.1 [37], CT18 [38], and MSHT20 [39]. The results with the
different pdf sets are relatively close to each other. To better illustrate the difference
between those pdf sets and also to show the pdf uncertainties, we display in the inset
plots the ratios of the cross sections with various pdf to the cross section with the central
MMHT2014 pdf (which was the main set used in refs. [15, 16]).

From the plot on the left in figure 1, we observe that there are nonegligible differences
in both the central results and the pdf uncertainties among the NLO pdf sets, and that
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Figure 2. The cross section for tW~ production with m; = 172.5 GeV versus collider energy: (left)
The NLO and aNLO cross sections using MSHT20 NLO pdf with three scale choices: pu = m;/2,
my, and 2my; (right) The LO, NLO, aNNLO, and aN3LO cross sections using MSHT20 NNLO pdf
with ¢ = m;. The inset plot shows the K-factors over LO.

the relative differences also depend on the energy. The plot on the right in figure 1 shows
that with NNLO pdf sets the situation is much better than in the previous case. The cross
sections are practically on top of each other, as can also be more clearly seen in the inset
plot. Since our final goal is to obtain expressions at approximate NNLO and beyond, and
thus use NNLO pdf sets, this makes the choice of pdf sets much less significant.

We next investigate the quality and relevance of the soft-gluon approximation by com-
paring the complete NLO cross section with the approximate NLO (aNLO) cross section;
the latter is the sum of the LO cross section and the NLO soft-gluon corrections of eq. (2.13).
The plot on the left in figure 2 shows the NLO and the aNLO cross sections, again as func-
tions of v/S. Results are shown using MSHT20 NLO pdf with central scale = m; as well
as with scales yp = m;/2 and 2m,;. We observe that the NLO and aNLO results are very
close to each other throughout the energy range. Even at the highest collider energy of
100 TeV, the difference between the NLO and aNLO results remains small. The NLO scale
variation band lies entirely within the aNLO band, with the upper bound being practically
indistinguishable between NLO and aNLO even at 100 TeV.

We note that it has long been established that soft-gluon corrections are numerically
dominant in a variety of top-quark and associated processes at Tevatron and LHC energies
(see, for example, the discussions in ref. [16]). However, we now establish that this nu-
merical dominance extends considerably — at least for some processes — to much higher
energies, including the energies envisioned for all foreseeable colliders for the next several
decades. This is important since it provides confidence in higher-order predictions over a
much larger energy region.

In the plot on the right in figure 2 we show the LO, NLO, aNNLO, and aN®LO
cross sections for tW ™ production with ;1 = m; over an energy range up to 100 TeV.
MSHT20 NNLO pdf are used for all orders in the plot in order to show the growth of
the perturbative series. The aNNLO cross section is derived by adding the second-order
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Figure 3. (left) The aN®LO cross section for tWW ™~ production versus collider energy using MSHT20
NNLO pdf and m; = 172.5GeV with three scale choices: u = m/2, m;, and 2m;; the inset plot
displays K-factors for the NLO and aN3LO cross sections with scale variation over the central
(1 = my) NLO result. (right) Results for the tW = + tW™ cross section at aN3LO with scale and
pdf uncertainties compared with data from the LHC [22, 40, 41].

soft-gluon corrections to the complete NLO result. The aN3LO cross section is derived
by further adding the third-order soft-gluon corrections. The inset plot shows the K-
factors (i.e., ratios of cross sections) relative to the LO cross section, showing that the
NLO corrections are large and that the further aNNLO and aN3LO corrections are also
quite significant.

The plot on the left in figure 3 displays results for the aN3LO cross section as a function
of collider energy with three different choices of factorization/renormalization scale: p =
my/2, my, and 2my. To better show the dependence on the scale, the inset plot shows the K-
factors for the NLO and aN3LO cross sections relative to the central NLO result. It can be
seen that the scale dependence is significantly reduced at aN3LO relative to NLO. This is of
course important for providing more robust theoretical predictions in making comparisons
with experimental data from the LHC and future colliders. We also note that the relative
scale dependence depends on the collision energy, and it increases at larger energies.

The plot on the right in figure 3 displays aN3LO results for the sum of the tW~
and tW cross sections (which is double that for W~ alone) at LHC energies as well as
the relevant data from LHC combinations at 7 and 8 TeV [40] and from ATLAS [22] and
CMS [41] at 13TeV. The central aN3LO cross section is displayed as well as upper and
lower results that include the combined scale and pdf uncertainties. We observe very good
agreement between the aN3LO theoretical predictions and the data from the LHC. We also
note that the theoretical uncertainty is smaller than the uncertainty of the recent LHC data.

Next, we provide some specific numbers for the aN3LO cross sections and their uncer-
tainties for current and future LHC energies as well as for a couple of possible energies at
future colliders. Table 1 shows the aN3LO cross sections for the sum of the tW~ and tW+
cross sections at LHC energies. The central value is with g = my, the first uncertainty is
from scale variation over m;/2 < pu < 2my, and the second uncertainty is from the MSHT20



aN3LO tW~ + W cross sections

LHC 7TeV

LHC 8 TeV

LHC 13 TeV

LHC 14 TeV

17.2704707 pb | 246708702 pb | 79.5%1:373] pb | 94.0733452 pb

Table 1. The aN3LO tW = +tW™ cross sections (with scale and pdf uncertainties) in pp collisions
at the LHC with v/S = 7, 8, 13, and 14 TeV, with m; = 172.5 GeV and MSHT20 NNLO pdf.
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Figure 4. The LO, NLO, aNNLO, and aN3LO top-quark pr distributions in tW~ production
at 13TeV (left) and 14 TeV (right) collider energies using MSHT20 NNLO pdf and p = m; =
172.5GeV.

NNLO pdf as provided by that set. In addition, we calculate the corresponding tW = +tW T
cross section at 50 TeV energy, and find 1.08f8:8§ 4 0.01 nb; and at 100 TeV energy, and
find 3.25+0.204+0.04 nb. We observe that at LHC energies the scale and pdf uncertainties
are similar, but at higher collider energies the pdf uncertainties become smaller than the

scale variation.

4 Differential distributions for tW production

We next consider differential distributions of the top quark and of the W boson in tW
production. In particular, we calculate transverse-momentum and rapidity distributions.
Differential distributions can be more sensitive to new physics than total cross sections, so
it is important to consider the effect of soft-gluon corrections on these distributions.

4.1 Top-quark differential distributions

We first consider differential distributions in pr and rapidity of the top quark in tW
production.

In figure 4 we show the LO, NLO, aNNLO, and aN3LO top-quark pr distributions,
do/dpr, at 13TeV (left plot) and 14 TeV (right plot) collider energies. We have used
MadGraph [35] for the complete NLO pp distributions. The distributions for both energies
peak at a ppr value of around 60 GeV and they fall quickly at very high pr values. We
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Figure 5. The LO, NLO, aNNLO, and aN3LO top-quark rapidity distributions in tW~ production
at 13TeV (left) and 14 TeV (right) collider energies using MSHT20 NNLO pdf and p = m; =
172.5 GeV.

observe that the NLO corrections to the pp distribution are quite large and that there are
further significant enhancements from higher-order soft-gluon corrections. The aNNLO
distribution is derived by adding the second-order soft-gluon corrections to the complete
NLO result while the aN3LO distribution is derived by also adding the third-order soft-
gluon corrections.

In figure 5 we show the LO, NLO, aNNLO, and aN3LO top-quark rapidity distribu-
tions, do/d|Y|, at 13 TeV (left plot) and 14 TeV (right plot) collider energies. We plot the
distributions over a wide range up to a rapidity value of 3. We have used MadGraph [35]
for the complete NLO rapidity distributions and added the soft-gluon corrections at second
and third orders, as before, to obtain the aNNLO and aN3LO distributions, respectively.
Again, we observe large corrections at NLO and additional significant enhancements from
the higher-order soft-gluon corrections at aNNLO and aN3LO.

In figure 6 we show the LO, NLO, aNNLO, and aN3LO top-quark pr distribution (left
plot) and rapidity distribution (right plot) at 100 TeV energy. The pp distribution now
peaks at a higher pr value of around 70 GeV. The rapidity distribution remains considerable
even at a rapidity value of 3, in contrast to the distribution at LHC energies. Again, we
observe large corrections at NLO and further nonnegligible contributions from the higher-
order soft-gluon corrections in both differential distributions at 100 TeV collision energy.

It should be noted that the soft-gluon approximation works very well not only for the
total cross section, as already shown in the left plot of figure 2, but also for the top-quark
differential distributions in both magnitude and shape. As an example, on the left plot
of figure 7 we compare the NLO and aNLO top-quark rapidity distributions at 13 TeV
collider energy. We observe very good agreement between the NLO and aNLO results, for
the central values as well as for the scale variation.
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Figure 6. The LO, NLO, aNNLO, and aN3LO top-quark pp distributions (left) and rapidity
distributions (right) in tW~ production at 100 TeV collider energy using MSHT20 NNLO pdf and
w=m; = 172.5 GeV.
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at 13 TeV collider energy and (right) the W boson at 14 TeV collider energy using MSHT20 NNLO
pdf with three scale choices: u = m;/2, m;, and 2m.

4.2 W-boson differential distributions

We next study the differential distributions in ppr and rapidity of the W boson in tW
production.

We begin with noting the high quality of the soft-gluon approximation for the W-
boson differential distributions, just as we did for the top-quark ones. As an example, on
the right plot of figure 7 we compare the NLO and aNLO W-boson rapidity distributions at
14 TeV collider energy. Again, we observe very good agreement between NLO and aNLO,
including scale variation.

In figure 8 we show the LO, NLO, aNNLO, and aN3LO W-boson pr distributions,
do/dpr, at 13 TeV (left plot) and 14 TeV (right plot) collider energies. Again, we have

~10 -
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Figure 8. The LO, NLO, aNNLO, and aN3LO W-boson pr distributions in tW~ production
at 13TeV (left) and 14 TeV (right) collider energies using MSHT20 NNLO pdf and p = m; =
172.5GeV.
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Figure 9. The LO, NLO, aNNLO, and aN3LO W-boson rapidity distributions in ¢t~ production
at 13TeV (left) and 14 TeV (right) collider energies using MSHT20 NNLO pdf and p = m; =
172.5GeV.

used MadGraph [35] for the complete NLO pp distributions. At LO the W-boson pp
distribution is the same as that of the top quark (since the top quark and the W boson
are produced back-to-back) but the distributions begin to differ at NLO and higher. As
before, we get the aNNLO distribution by adding the second-order soft-gluon corrections
to the complete NLO result, and the aN3LO distribution by further adding the third-order
soft-gluon corrections. We note, again, that the higher-order corrections are significant.

In figure 9 we show the LO, NLO, aNNLO, and aN3LO W-boson rapidity distributions,
do/d|Y]|, at 13TeV (left plot) and 14 TeV (right plot) collider energies. Again, we plot
the distributions over a wide range up to a rapidity value of 3. We observe significant
contributions from the NLO corrections and from the additional soft-gluon corrections.
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Figure 10. The LO, NLO, aNNLO, and aN3LO W-boson pr distributions (left) and rapidity
distributions (right) in tW~ production at 100 TeV collider energy using MSHT20 NNLO pdf and
w=m; = 172.5 GeV.

Finally, in figure 10 we show the LO, NLO, aNNLO, and aN3LO W-boson pr dis-
tribution (left plot) and rapidity distribution (right plot) at 100 TeV energy, which again
highlight the importance of the higher-order corrections.

5 Conclusions

In this paper we have provided theoretical predictions for the associated production of
a top quark with a W boson in high-energy hadronic collisions. We have employed the
soft-gluon resummation formalism to calculate higher-order corrections for this process.
We have shown the high quality of the soft-gluon approximation for tW production over
a very wide range of energies at hadron colliders, including very high future energies up
to 100 TeV. This indicates that the formalism is applicable to kinematical regions far from
threshold, a conclusion with important implications for the study of tW production and
other top-quark processes.

We have presented results for the total cross sections for tW production, including scale
and pdf dependence, and have shown that they describe data from the LHC very well. We
have also presented results for the top-quark and the W-boson tranverse-momentum and
rapidity distributions. In all cases, the soft-gluon corrections at aNNLO and aN®LO are
significant and they decrease the uncertainty in the theoretical results.
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