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Hypothesis: Wormlike micelles (WLMs) formed due to the self-assembly of amphiphiles in aqueous solu-
tion have similar viscoelastic properties as polymers. Owing to this similarity, in this work, it is postu-
lated that kinetic Monte Carlo (kMC) sampling of slip-springs dynamics, which is able to model the
rheology of polymers, can also be extended to capture the relaxation dynamics of WLMs.

Theory: The proposed modeling framework considers the following relaxation mechanisms: reptation,
union-scission, and constraint release. Specifically, each of these relaxation mechanisms is simulated
as separate KMC events that capture the relaxation dynamics while considering the living nature of
WLMs within the slip-spring framework. As a case study, the model is implemented to a system of
sodium oleate and sodium chloride to predict the linear rheology and the characteristic relaxation times
associated with the individual relaxation mechanisms at different pH and salt concentrations.

Findings: Linear rheology predictions were found to be in good agreement with experimental data.
Furthermore, the calculated relaxation times highlighted that reptation contributed to a continuous
increase in viscosity while union-scission contributed to the decrease in viscosity of WLM solutions at
a higher salinity and pH. This manifests the proposed model’s capability to provide insights into the
key processes governing WLM’s rheology.
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1. Introduction

When amphiphilic surfactant molecules are kept in a polar sol-
vent, the hydrophobic tails of these molecules aggregate together
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to form self-assembled supermolecular structures [1-4]. One such
supermolecular structure is wormlike micelle (WLM) [5,6]. These
WLMs have unique viscoelastic properties which are of interest
to numerous industry sectors [7,8]. It has long been noted that
WLMs bear many similarities with polymers [9-11], and thus,
existing modeling approaches of polymers have been utilized to
explain the viscoelastic properties of WLMs. For example,
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entanglement relaxation dynamics in polymers have been mod-
eled with the reptation-tube-based framework proposed by
Edward et al. [12], where the motion of polymers in the entangled
state is described by the motion of a single polymer confined in a
tube. Then, for the first time, Cates and co-workers extended this
reptation-tube-based framework to model relaxation dynamics of
WLMs [11]. The major difference between conventional polymers
and WLMs, which is the presence of continuous breakage and
recombination (i.e., dynamic union-scission), was explicitly con-
sidered in Cates’ model through breaking the WLM segments with
an equal probability and recombining them with probability pro-
portional to the product of the number density of the recombining
species. Inspired by the success of Cates’ model to explain the
relaxation dynamics of WLMs, a few studies have further extended
this framework to incorporate more accurate description of the
system’s rheology [13-15]. Since these studies are based on the
reptation-tube theory [12,16,17], it is assumed that the motion of
these macromolecules is confined by a tube. However, in practice,
owing to the motion of neighboring molecules, the confined space
dynamically evolves with time resulting in alterations of entangle-
ments associated with the confined macromolecule, and this phe-
nomenon is termed as constraint release [18,19].

To consider the phenomenon of constraint release in polymers,
the slip-link models were proposed in the field of polymer physics,
where entanglements are represented by spatially mobile or fixed
slip-links [20-22]. These slip-links impose constraints analogous to
a confining tube (Fig. A1). However, the conventional slip-link
models implemented to study the relaxation of polymer melts
were unable to capture the dynamics between entanglements. This
limitation was addressed by a modified slip-link model proposed
by Likthman, which is referred to as the slip-spring model [23],
where the polymer chain was confined by slip-springs anchored
to spatially fixed points. This framework was implemented to
study the relaxation of a single polymer chain and made excellent
predictions of linear rheology. However, the Likthman’s slip-spring
framework did not consider multi-chain dynamics.

To address the challenges of the Likthman’s single chain slip-
spring model, Uneyama and Masubuchi [24] combined Likthman’s
slip-spring framework with Masubuchi’s slip-link based multi-
chain model [25] by replacing slip-links with slip-springs. The
use of slip-springs introduced local pairwise topological con-
straints that considered the interactions between entangled poly-
mers during multi-chain dynamics. Furthermore, Muller and
Dolous [26] investigated the application of the Monte Carlo (MC)
algorithm to study the dynamics of slip-spring hopping in poly-
mers. The MC algorithm allowed slip-springs to hop and get
created-destroyed. The hopping of slip-springs mimics the relax-
ation mechanism of reptation, which is analogous to the
slithering-snake motion of the polymers, while the creation-
destruction of slip-springs captures the process of constraint
release. Motivated by these findings, Chappa et al. [27] imple-
mented the MC algorithm to the multi-chain network to compute
the configuration of slip-springs along the length of polymers.
However, in their work, no kinetics was associated with the MC
algorithm, and thus, it was challenging to incorporate the time
scale for slip-spring hopping in this model. These challenges were
addressed by Vogiatzis et al. [28] via a kinetic Monte Carlo (kMC)
scheme. The application of this kMC scheme allowed the model
to track the discrete transition in slip-springs with time. Though
this approach is suitable for polymer systems, it cannot be directly
extended to model the relaxation dynamics of more complex sys-
tems like WLMs.

Motivated by the above considerations, in this work, a coarse-
grained kMC model for predicting the linear rheology of WLMs at
long time scales is developed. In this proposed model, the dynamic
union-scission of WLMs is considered as a separate kKMC event, and
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integrated with the time scale of slip-spring hopping. Additionally,
important kinetics like the diffusion-controlled union of WLMs,
which is precluded in the Cates model, has also been considered
for accurate predictions of dynamic system properties. To our
knowledge, the proposed model is the application of the multi-
chain slip-spring framework, for the first time, to model the relax-
ation dynamics of living macromolecular systems like WLMs. To
predict the rheological properties of WLMs, the proposed kMC sim-
ulation requires the dimensions of WLMs as initial conditions,
which can be derived from a thermodynamic model proposed by
Danov et al. [29] Specifically, integrating the thermodynamic
model with the proposed kMC model allows to quantitatively
describe the change in zero shear viscosity with salt concentration.
The effect of pH on the evolution of viscoelasticity as well as on the
morphology of WLMs is also explained by the proposed kMC
model.

This article is organized as follows: In the model formulation
section, the proposed kMC model for rheology prediction is pre-
sented. In the simulation methodology section, a detailed imple-
mentation of the proposed framework is discussed. In the result
section, the major findings from the developed framework are pre-
sented. In the conclusion section, a number of significant insights
inferred from the simulation results are highlighted.

2. Model formulation

In this section, the rheology model necessary for predicting the
relaxation dynamics of WLMs has been mathematically formu-
lated. The initial length of WLMs to be used in the rheology model
is calculated from a thermodynamic model proposed by Danov
et al. [29,30]. Additionally, this section highlights the essential nov-
elty of the present work, which is to develop a coarse-grained slip-
spring framework to model the WLM relaxation dynamics via kKMC
simulations. Details of the developed framework and the impor-
tant kMC events are explained in the following subsections.

2.1. WLM network

The WLM macromolecular chains utilized in modeling rheology
are created by following a two-step procedure. Firstly, chains com-
posed of freely jointed Khun’'s segments are created. In these
chains, individual Khun’s segments bear no directional correlation
with the others. Following the generation of these freely jointed
chains, coarse-graining is performed by aggregating a certain num-
ber of Khun’s segments and replacing them with beads. These
beads are then inter-connected by entropic springs. In the pro-
duced system of WLMs, each bead i located along the contour of
WLMs has a three dimensional position vector, r;, and represents
a collection of multiple Khun’'s segments.

The WLM network considered here is illustrated in Fig. 1, where
the entanglements are represented by entropic slip-springs that
impose topological constraints. In this work, first, the slip-springs
can hop along the contour length from one bead to another follow-
ing a kMC algorithm, which mimics reptation in WLMs. Second,
constraint release in the collection of WLMs is also simulated by
considering the creation and destruction of slip-springs in the
kMC algorithm. Third, the kMC simulation explicitly takes into
account the union-scission process of WLMs. To account for the
stochastic forces acting on the WLMs due to solvent molecules,
Brownian Dynamics (BD) simulations of WLMs is performed in
parallel with the kMC simulation in a periodic simulation box. An
overview of implementing the BD and kMC algorithm to the slip-
spring framework is illustrated in Fig. A2. In the remaining portion
of this section, each step of the proposed rheology model is
detailed.
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Coarse-graining a single WLM chain

Extending coarse-graining to multiple
entangled WLMs

%% Slip Spring
Chain Bead

Bead-Link Spring

Fig. 1. Coarse-graining methodology and the representation of entangled WLM
network with slip-springs.

2.1.1. Modeling potential energy

In this section, the bonding and non-bonding forces required to
model the relaxation dynamics in WLMs are calculated. The entan-
glement dynamics of the WLM melt is governed by Helmholtz free
energy. The total Helmholtz free energy of WLM melts is obtained
as follows:

Atotal = Abanded (ri,h T) + Anon—banded(p(r)7 T) (1)

where Abonded(n i T) is the bonded energy, r;; is the pairwise distance
between bead i and bead j connected through a spring or a slip-
spring. Specifically, Aponged (ij, T) is given as follows:

Nsprings Bka(r, _ rj) 2 Nslxp—springs Bka(rl _ rj) 2
2N,b? 2K2,

Apondea (1ij, T) (2)

= =1
where b is the Khun’s length, r; and r; are the position vectors from
the origin to bead i and bead j, respectively, N; is the number of
Khun's segments between the bonded springs, K is the slip-
spring stiffness constant, T is the temperature of WLM melt, and
ky is the Boltzmann constant. The bonding force acting on bead i

due to connection with bead j, Ffj, is given by the gradient of bond-

ing potential associated with bead i as follows:

Fxb,j = —VAbonded (rf,i7 T) .

The non-bonding interaction between the beads accounts for the
excluded-volume interactions along with the Van der Waals attrac-
tive forces. To evaluate the non-bonding interactions, the Helmholtz
potential due to non-bonded interaction is given as follows:
Anon—bonded = j{ avol[(p(r)7 T)] drl erdr3 (4)
v
where a,,[(p(r), T)] is the Helmholtz potential due to non-bonding
interaction per unit volume, and p(r) is the local mass density of

WLM melts. To evaluate a,q[p(r),T)], Sanchez Lacombe equation
of state is used as mentioned below [31]:

aval(p<r)1 T) = pmassamﬂss(p<r)! T)

o 5 G0 -5) )
Amass (P, T) = + — = Inf1--=)+ - In{ — 6
D=5 P [ o) )|
_ Mp
r_RTp* (7)
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where p* is the critical density of WLM melts, T" is the critical tem-
perature of WLM melts, p* is the critical pressure of WLM melts, w is
the parameter quantifying the number of configurations of the sys-
tem available, amqss(p(r),T) is the Helmholtz potential due to non-
bonding interaction per unit mass, p = ’f—’, is the reduced density of

WLM melts, T is the reduced temperature, R is the universal gas
constant, M is the molecular weight of WLM chains, and r is the
number of Sanchez Lacombe segments assumed to be constituting
WLM chains. The obtained value of Helmholtz potential due to
non-bonding interactions is used to calculate the non-bonding force
by taking the gradient of the derived potential as follows:

Ncells a
nb _ B Aaue(p,T)) <pcell.k)
Fi - _vfiAnb(pcelhT) = _; ap ar; (8)
= - 1+4mn(1-=) | +5|1+In
ap (p*)? p pxT p* M 0w
)

As the next step, the obtained bonding and non-bonding forces are
used in the BD simulations.

2.1.2. Brownian dynamics

The effect of solvent molecules on the beads of WLM melts is
captured by utilizing BD simulations, which are useful in continu-
ously updating the position of beads in chains via Langevin equa-
tion. For this purpose, the Langevin equation is integrated with
the method of Gunsteren and Berendsen as follows [32]:

ri(t + ot) = ri(t) +% [Fi(t)o‘t + %F,»(t)(&t)z +Gi(t) (10)
F,‘(f) = *Vr,- (Abanded (rij1 T) + Anon-bonded [P(ﬁ t))] (1 ])
Fi(t) = W (12)
Gilt) = N(O, 2"2_“) (13)

where G;(t) is white Gaussian noise, ¢, is the integration time-step
in the BD simulation, and {; is the friction coefficient of the solution.
In the above equations, the approximation of the time derivative of
force is done using the finite difference method. The bonding and
non-bonding forces calculated from the previous section are uti-
lized in Eq. (11). The updated position vectors obtained from the
BD simulation are used in the subsequent kMC events executed to
capture different relaxation mechanisms in WLM chains.

2.1.3. kMC for slip-spring hopping

The kKMC step allocates the hopping of slip-springs from one
bead to another to mimic the reptation phenomenon. Whenever
a slip-spring hops from one bead at a particular energy state to
another, it goes through a transition state. Inside the chain, as all
the beads except for the end-beads are alike, it is assumed that
the transition energy for all the hops within the internal beads is
similar. This assumption was done for a similar system involving
the simulation of the relaxation dynamics of the long chain poly-
mers by Vogiatzis et al. [28]. Because of this assumption, the rate
of hopping depends only on the initial state or energy of the slip-
spring. Accordingly, activation energy for the slip-spring hopping
is obtained as follows:

~ Ay (14)

where Ay is the initial state before the activation of slip-spring,
Apansiion 15 the transition energy, and Agtivation 1S the activation
energy associated with a slip-spring to move from an initial state
to an activated state. Further, the rate of hopping is given by an
Arrhenius type equation using the activation energy obtained from

Eq. (14) as follows:

*
Aactivation = A[ransin’on
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_Aactivation
Thopping = Vhop€XP (T

= VhopeXP (7_"‘;(“;’;"”"”) exp <%> (15)

Khop

where vy, is the rate constant, and Kj,, is the combined rate con-
stant. Since the activation energy for a slip-spring to hop from
one bead to another bead is the same for all internal beads, the term

exp(%) remains constant, and hence, can be combined with

Vhop (@S a single parameter Ky, ). An illustration of the hopping event
is presented in Fig. 2a.

2.1.4. kMC for slip-spring creation-destruction and constraint release

When a slip-spring reaches the end-bead of a WLM chain
through the slip-spring hopping process, it may hop out from the
last bead. Once the slip-spring hops out, it gets destroyed, and in
turn, a new slip-spring gets created in the WLM melt. The process
of slip-spring creation and destruction is highlighted in Fig. 2b.
Note that the length of slip-spring that gets created at a new loca-
tion should be within proper bounds. Moreover, in this work, the
number of slip-springs is kept constant, and therefore, whenever
the slip-spring destruction takes place in WLM melts, a new slip-
spring is simultaneously created. Thus, the probability for slip-
spring destruction at the chain end is associated with the forma-
tion of slip-spring somewhere else in WLM melts, which is referred
to as the slip-spring destruction-creation event while the reverse

a‘/\ao/\az
LY X e

A\

Probability of a slip-spring a
to hop from
apip to a4ip =0.25

¥\, N2
Y T )

i @i
RSN

Probability of a slip-spring
to hop from
agip to ayi;=0.25

YN N
g
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of this event is the creation-destruction event. The probabilities
of these processes are evaluated by utilizing the Rosenbluth weight

function [33], defined as W = Z}V:";”"“Sexp <— %) as follows:

Aa.b
P _ (i) P 16
(creation—destruction) — TN ss ( )
A
P _ewlw), 17
(destruction—creation) — WO ss ( )

where N,qqis represents the number of possible slip-springs that are
within a radius of K from a candidate bead at which a slip-spring
may get created, (a,b) is the old location of the destroyed slip-
spring (which is the chain end), (d, B) is the location of the newly
created slip-spring, Wo and Wy are the Rosenbluth weight func-
tions for the old and new configurations, respectively, P is the
probability of accepting the move of destruction-creation, and P
is the probability of accepting the move of creation-destruction.
Note that the events of creation-destruction and destruction-
creation of slips-springs are reversible in nature. This condition of
reversibility implies that the probability of destruction-creation
(i.e., the probability of a slip-spring to get destroyed at a location

(a,b) and formed at a new location (iL 13)) is equal to the probability
of creation-destruction (i.e., the probability for the slip-spring
formed at (d, B) to get destroyed and formed at (a, b)). Applying this

Probability of a slip-spring
to hop from
iy 10 @,i=0.25

Probability of a slip-spring
to hop from
iy to api,=0.25

(a) Slip-spring hopping process in WLMs.

An end-bead of the chain has a slip-spring which can hop out to an
empty point resulting in destruction of slip-spring.

Randomly chosen potential candidate beada, where a new slip-spring

can be formedwith the other beads within a radius of Kgs_

(b) Creation-destruction event of slip-
springs in WLMs .

) //,
] N
5 N\
a) Mean-field kinetics

b) Difussion-controlled kinetcs

(¢) Union-scission in WLMs .

Fig. 2. Illustration of different relaxation mechanisms in WLMs considered in the proposed framework.
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criterion of reversibility to Eqs. 16,17, the values for Ps; and P;, are
obtained as follows:

A —A

Py = min [LEXP (* kab) %ﬂ -
Aay — Ay

P, = min {1, exp <_ %) %ﬂ v

This dynamic creation and destruction of slip-springs in WLM melts
captures the phenomenon of constraint release.

2.1.5. kMC for union-scission in WLMs

The union-scission process in WLMs follows two classes of
kinetics which are the mean-field kinetics [11] and diffusion-
controlled kinetics [34]. In the mean-field kinetics, WLMs break
and diffuse to recombine with other segments, instead of the ones
created from the same parent WLM. On the other hand, in the case
of diffusion-controlled kinetics, the WLMs recombine with the seg-
ment created from the same parent to produce the original WLM.
An illustration of these two kinetics is highlighted in Fig. 2c. In this
work, the process of dynamic union-scission is executed with a
kMC step wherein two events are considered. The first event con-
sidered is the WLM breakage where each segment of the WLM
chain has an equal probability of breakage. The second event con-
sidered is the recombination of WLMs where the rate is propor-
tional to the product of the concentrations of WLM segments
recombining to form new WLM chains. The time-scale for recom-
bination and breakage in WLMs is of the same order, and is
denoted as tyreq. The time taken for the WLMs to diffuse to the
nearest endcaps for recombination is given by t,. When tpyeq > ty
(i.e., the time taken by the WLMs to recombine is longer than the
time taken for the WLMs to diffuse to the nearest endcaps), the
mean-field kinetics holds true. Conversely, when tpyeq < t;, recom-
bination occurs and diffusion-controlled kinetics, takes place. In
the diffusion-controlled regime, multiple breakage and self-
recombination occur in the span of one diffusion time, t,. On the
contrary, once the diffusion time passes (i.e., t > t,), the WLMs
migrate to the nearest endcaps and recombine. The corresponding
rates for the recombination and breakage of WLMs are given as
follows:

rbreakage = 2kbreast (20)

Trecombination = kbreakexp(_Nsb) (2])
where ky.q is the rate constant for breakage reaction in WLMs. The
linearity in Eq. 20 arises because each Kuhn’s segment forming the
WLM chain has an equal probability of breakage. Hence, the proba-
bility of breakage increases linearly as more Kuhn’s segments are
required to form longer WLM chains [10,11]. Furthermore, owing
to the microscopic reversibility criterion of Kuhn's segments, there
is a decreasing propensity of WLM chains to recombine as their
length increases. Subsequently, a physical interpretation of these
rate equations [i.e., Eq. (20) and (21)] is that once the WLM system
has longer chains, it loses the driving force to recombine with
others and instead prefers to break into smaller chains.

3. Model implementation

In this section, the implementation of the proposed kMC model
is discussed. Also, a brief overview of the thermodynamic model
utilized to calculate the initial length of WLMs for rheology model-
ing is presented in Appendix B.
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3.1. Proposed rheology model simulation

The values of the parameters used for simulations are high-
lighted in Appendix E. The simulation domain is a three-
dimensional periodic box with dimensions of 10° x 10* x 10°
nm?. The Khun's length, b, is obtained from the persistence length,
I, as b =2I,. Once the Khun’s length is attained, freely jointed
WLM chains are generated with the Khun’s segments. These gener-
ated WLM chains are subject to a Monte Carlo (MC) simulation to
obtain the initial configuration of WLMs at which the density and
free energy of the WLM melt has minimum fluctuations [35]. Fol-
lowing the MC simulations, coarse-graining of the WLM melt is
done by aggregating four Khun's segments per unit bead. After
obtaining the coarse-grained WLM melts, slip-springs are added
to the system. The number of slip-springs is in accordance with
the entanglement length, I, of WLMs. Furthermore, owing to their
long length, WLMs can be approximated by the loosely entangled
regimes as pointed out by Zou et al. [36]. The value of [, is calcu-

— Nkbz
2

lated from the persistence length as [, and the number of

slip-springs/entanglements is calculated as (Z) = % [36]. The
entanglement stiffness constant, K, is a parameter that is deter-
mined from fitting the experimental data with the model predic-
tions. The value of K is 70.4 nm, and it satisfies the condition
Kss > /Ni¢b, thus making the slip-springs less stiff than the har-
monic springs connecting the WLM beads.

In the BD simulation, the force due to the solvent molecules act-
ing on the WLM beads is modeled via the solvent friction coeffi-
cient, {;, which characterizes the resistance encountered by a
bead moving through the solvent, and its value is presented in
Appendix E.

The hopping rate constant is calculated as Ky, = 1t Nl,:s;s' where
N is the total number of slip-springs present in the WLM melt,
Npeaas is the total number of beads in the system, and the value
of the constant y is mentioned in Appendix E. The time increment
for the slip-spring hopping and constraint-release is identical, and
the corresponding time for these events is obtained as
Otrep = Nimcdt, where Ny is the number of BD steps integrated
per unit slip-spring transition step. Here, dt., is the regular time
increment after which slip-spring transition is sampled and
dt =107 seconds is the time increment for the BD simulation.
Thus, after every Nyyc steps of the BD simulation, the coordinates
for beads are frozen, and the events of slip-spring hopping and
slip-spring creation-destruction are executed.

Remark 1. In the event of slip-spring creation, one end of the slip-
spring is chosen randomly from the beads present in the WLM
melt, while the other end of the slip-spring is chosen from the
beads belonging to neighboring WLM chains and lying within the
maximum length of slip-spring extension, K. Thus, the maximum
extension of all the slip-springs during the creation and destruc-
tion is kept within 70.4 nm.

In simulating the union and scission events for WLM relaxation,
firstly the class of kinetics is determined by evaluating the break-
age time increment [37], Atpeak = k1 < L >, and diffusion time
increment [37], Aty = ky; < L>>3, where the values of k,; and ky,
are given in Appendix E. If Aty < Atpeq, mean-field kinetics is
selected; otherwise, diffusion-controlled kinetics is selected. The

time increment during the union-scission event is 6, = (2%3'2';2)’

where Nyys is the number of WLMs present in the melt. As the
breakage time is divided by the number of WLMs present, at every
time instant only one breakage or recombination event can take
place. In the case of applying the kMC model to mean-field kinetics,
either the recombination or breakage events are executed with a
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probability of 50% at every time-step. Then, a WLM is chosen ran-
domly and the corresponding event of breakage or recombination
is executed with a probability of P = min (1, r'preakage/recombination) 0t ) -
However, in the case of diffusion-controlled Kkinetics
(Atp > Atprear), at every KMC time step in the interval, 0 < t < Atp,
a series of breakage and self-recombination is executed by sam-
pling a random chain from the WLM melt, and performing the
breakage with a probability of P = min(1, ryreakaged¢). If this corre-
sponding chain is chosen for breakage again within the future time
interval of 0 < t < Aty, the two existing segments are first recom-
bined, and only after that further breakage is performed. At
t = Aty,, the WLMs are allowed to diffuse to the neighboring end-
caps and recombine with a probability of P = min(1, I'.ecompination0t )-
This process is continued until the end of simulation. Fig. A3 illus-
trates the implementation of diffusion-controlled kinetics. In the
BD and kMC simulations, the integration of different time scales
and length scales using the proposed framework is highlighted in
Fig. A4. While the BD simulations capture the WLM dynamics at
the most microscopic level, the kMC event for the union-scission
relaxation mechanism captures the system dynamics at the most
macroscopic level [42-47]. A snapshot of the BD simulation box
with the WLM chains and slip-springs (as used in the computer
simulations) is highlighted in the supplementary material (Fig. A5).

4. Results and discussion

The proposed framework is applied to a solution of sodium ole-
ate and sodium chloride which forms WLMs at proper surfactant
concentration, salt concentration and pH. The WLMs are sensitive
to salt concentration and pH. Therefore, the developed rheology
model is utilized to study the effect of salt concentration and pH
on the zero shear viscosity of WLMs. In this work, the free energy
for the WLMs is obtained from a thermodynamic model proposed
by Danov et al. [29]. However, it is to be noted that the thermody-
namic model considered in this study is sensitive to the chemical
nature of the amphiphiles, and all the model predictions high-
lighted in this section are explicitly for the CTAB surfactant.

4.1. Thermodynamic model predictions

The WLMs formed due to the self-assembly of amphiphiles tend
to minimize the free energy associated with their spherical and
cylindrical portions individually. A minimum in free energy due
to the WLM formation gives the radius of the cylindrical and spher-
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ical portions of these macromolecules. This free energy is further
utilized in the thermodynamic model to calculate the initial length
of WLMs, which are to be used for dynamic relaxation simulations.
Incorporating the length obtained from the thermodynamic model
into the rheology model allows the consideration of electrostatic
interactions in the relaxation dynamics of WLMs by varying the
breakage time and the number of slip-springs (i.e., number of
entanglements) associated with a WLM chain.

In Fig. 3a and Fig. 3b, the minimum free energy is achieved at
the values of equilibrium radius for the cylindrical and spherical
portions of WLMs, respectively. These equilibrium diameters are
utilized to predict the mass mean aggregation number from which
the mean WLM length is derived by simple geometric considera-
tions that are detailed in Appendix D. Furthermore, Fig. 4 shows
the theoretical predictions of the WLM’s mean length obtained
from the thermodynamic model. Specifically, it highlights the vari-
ation of the mean length of WLMs with salt concentration and pH.
It can be seen that increasing the salt concentration results in an
increase in WLM length due to increased screening by Na* counte-
rions. However, the salt concentration can only be increased up to
a particular threshold, beyond which the surfactants start forming
a separate phase (known as the salting-out zone), which is not
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Fig. 4. The effect of salt concentration and pH on the average length of WLMs.
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desirable. Furthermore, varying the pH alters the ionic strength of
the solution, which impacts the overall electrostatic potential. Con-
sequently, such varying electrostatic potential influences the
dimensions of the WLMs. Specifically, increasing the pH through
the addition of NaOH increases the number of Na* ions, which in
turn increases the ionic strength and the length of WLMs. It is to
be noted that the length of WLMs will not be constant due to the
dynamic union-scission process. The statistics of WLM length dis-
tribution will be discussed in the following section.

4.2. Structural properties of WLM melts

The distribution of the end-to-end vector length of the slip-
springs in the simulation domain is highlighted in Fig. 5a. Since
the end-to-end vector length of the slip-spring highlights the dis-
tance between the WLMs at the entanglement points, analyzing
the distribution of the slip-spring length provides a better under-
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Table 1
Comparing the probability distribution of recombination time based on the reptation-
tube-based theory and proposed model.

Time range Reptation-tube-based theory Proposed model
t<tp Probability o t->/4 Probability o t~3/42
t>t, Probability o« et Probability « et

standing of the average distance between the WLMs at these
points. Furthermore, it is known that the electric double layer
(EDL) of the WLMs extends to a thickness of 0.5 nm from the
WLM’s surface [29]. Subsequently, to compare the thickness of
the EDLs with the distance between the WLM chains, a comparison
of the former with the length of the slip-springs could be consid-
ered. Hence, from the slip-spring’s length distribution illustrated
in Fig. 5a it is highlighted that the average distance between the
WLMs at the entanglement points is sufficiently large that the
EDL attains the asymptotic conditions. The end-to-end vector
lengths (i.e., length of the vector that points from one end of a
WLM chain to the other end) of WLMs at different times are shown
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Table 2
NRMSE with respect to salt concentration.
Salt concentration NRMSE
<50 mM >0.36
100 mM 0.28
200 mM 0.17
300 mM 0.06

in Fig. 5b, which highlights the evolution of the WLM chain length
distribution after self-assembly due to dynamic relaxation. It is
observed that at shorter times, the end-to-end vector length of
WLMs follows a Gaussian distribution. However, the variance of
the distribution increases with time, and the Gaussian distribution
eventually transitions to an exponential distribution. This transi-
tion is a result of the recombination and breakage kinetics, which
does not allow the growth of very long chains as these chains tend
to quickly break. An important observation is that the computed
equilibrium distribution aligns well with the theoretical distribu-
tion function predicted by Cates [10] (Fig. 5b). This shows the abil-
ity of the coarse-grained chains to replicate the behavior of living
polymers like WLMs [38].
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4.3. Slip-spring hopping and recombination time distributions

To observe how the reptation phenomenon is captured in the
proposed model, analysis of the reptation time is performed. The
reptation time distribution, which can be viewed as the slip-
spring hopping time distribution obtained from the proposed mod-
eling framework, is shown in Fig. 6a. As slip-spring hopping is a
rare event, the hopping times follow a Poisson distribution. To cap-
ture the union-scission in WLMs, the recombination times
obtained from the proposed model are analyzed for both the
kinetic regimes (i.e., mean-field and diffusion-controlled kinetics).
Fig. 6b shows that the recombination time distribution for the
diffusion-controlled kinetics exhibits a transition in its slope at
the diffusion time, tj,.

This is because the WLMs undergo continuous self-
recombination for time t < t,. However, for t > t;, the WLMs have
a sufficient time to migrate to the endcaps of neighboring WLMs
and recombine with them, thereby following the mean-field kinet-
ics. For times t < t;, the probability distribution function has a
slope proportional to t->/42, This is expected to affect the relax-
ation dynamics of WLMs at short times. It can also be observed that
at long times, there is an exponential decay of the probability dis-
tribution function. These results are in accordance with the exist-
ing theory of WLM relaxation based on the reptation-tube
framework [7,11], presented in Table 1. Hence, it can be inferred
that the proposed framework is capable of modeling the dynamics
of living systems like WLMs.

4.4. Prediction of storage and loss modulus in WLMs

The primary objective of the developed framework is to predict
the linear rheology of WLMs, which is obtained from shear-stress
calculations. Relaxation modulus is evaluated at every time step
with the help of fluctuation-dissipation theorem as follows:
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Fig. 8. The effect of salt concentration on (a) the zero shear viscosity predicted by the developed model, and (b) the reptation, breakage, and relaxation times.
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where o and p are the orthogonal coordinates of the reference
frame, Vi is the volume of simulation box, G(t) is the stress relax-
ation modulus of WLM melts, and G'(w) and G’ (w) are the storage
and loss modulus of WLM melts, respectively. In particular, the
developed model is utilized to predict the storage and loss modulus
for different values of salt concentration and pH. The model predic-
tion for the storage modulus and loss modulus is validated with the
experimental data [39], and the results are shown in Fig. 7 from
which it can be observed that model predictions align well with
the experimental data. The crossover frequency obtained from the
model predictions is 0.004 Hz, while its value reported in the exper-
imental data is 0.0036 Hz [39]. The normalized root mean squared
error (NRMSE) of the model predictions shown in Table 2 highlight
that the model does not perform well at a low salt concentration
(< 0.15 M) and predicts well at a relatively high salt concentration
(> 0.20 M). This is because of the decreasing screening effect with
decreasing salt concentration. However, at an extremely high salt
concentration (i.e., for values close to 0.40 M), the prediction accu-
racy of the model decreases due to the undesirable salting-out
effect, leading to a high prediction NRMSE.

4.5. Prediction of the zero shear viscosity of solution

After validating the proposed model, it is utilized to capture the
variation in the viscosity of solution at extremely low shear rate,
with salt concentration and pH. This viscosity at low shear rate is
often termed as the solution’s zero shear viscosity. The zero shear
viscosity is calculated by evaluating the relaxation time, which is
the average time taken by a WLM chain to disentangle from all
the topological constraints restraining its motion in the WLM melt.
The relaxation time, 7;, is obtained by fitting the relaxation modu-
lus to a Maxwell function of the form given by the relation,
G(t) = 32 GPexp(—t/t;), where t; is the relaxation time and G is
the amplitude of Maxwell’s modes [40]. From the relaxation time,
the loss modulus is evaluated [Eq. (25)] to calculate the zero shear
viscosity via the following equation:
G// (w)

n = lim o

w—0

(26)

It can be observed that the zero shear viscosity depends on the
relaxation modulus G(t), which is a function of the relaxation time.
However, the relaxation time is associated with the critical relax-
ation mechanisms of the WLM melt such as reptation, constraint
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release, and union-scission. Thus, the relaxation time depends on
the reptation time and breakage time, which are the characteristic
times associated with reptation and union-scission, respectively.
Hence, an analysis of these times using the proposed kMC model
explains the behavior of the relaxation time, which in turn aids in
understanding the observed trend in the zero shear viscosity of
solution. The predictions of zero shear viscosity with salt concentra-
tion and pH are presented in Fig. 8a and Fig. 9a, respectively. It can
be seen that the model predictions align well with the experiment
data. Furthermore, the dependence of the relaxation time, reptation
time, and breakage time on salt concentration and pH is highlighted
in Fig. 8b and Fig. 9b. It is evident from these results that both the
reptation and breakage times jointly determine the overall trend of
the relaxation time, thereby the same in the zero shear viscosity of
solution. The major reason for the fall in relaxation time in Fig. 8b
and the appreciable fall in its gradient in Fig. 9b is attributed to
the fall in breakage times at a high salt concentration and pH,
respectively. Since the breakage time is associated with the
union-scission mechanism, the variation in zero shear viscosity
with salt concentration and pH can be attributed to the living nat-
ure of WLMs. On the other hand, increasing salt concentration or pH
leads to a continuous rise in the reptation times of WLMs. This is
because of the increasing entanglements resulting from the increas-
ing lengths of WLM chains. Hence, the interplay between the repta-
tion and breakage times contribute to the observed sensitivity of
the WLM's zero shear viscosity with the salt concentration and pH.

The results and discussions presented in this section provide a
few key insights into the linear rheology of WLMs. The major infer-
ences from these results are summarized in the following section.

5. Conclusion

In this work, a kMC model based on the slip-spring framework
is proposed to understand the linear rheology of WLMs. Specifi-
cally, the dynamics of important relaxation mechanisms such as
reptation, constraint release, and dynamic union-scission in WLMs
was simulated as separate kMC events. The proposed methodology
takes into consideration the important relaxation mechanism of
constraint release, which has not been considered in the existing
studies [9,10,15,41]. Furthermore, all these studies considered
the mean-field assumption to model the kinetics of union-
scission in WLMs. This assumption is eliminated in the proposed
kMC framework by modeling the living nature of WLMs with both
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the mean-field and the diffusion-controlled kinetic regimes. Since
this mesoscopic model considers important relaxation mecha-
nisms, it can be used to analyze the interaction among different
mechanisms that contribute to the viscoelastic properties of self-
assembled micellar structures like wormlike micelles.

For demonstration purposes, the proposed framework was
employed to study the viscoelastic properties of WLMs in a solu-
tion of sodium oleate and sodium chloride. Subsequently, this
model was used to predict the loss and storage modulus of the
WLM:s. It was observed that the model predictions were in good
agreement with the experimental data [39] and the existing theory
of WLM relaxation [11,34,37]. Moreover, the length of WLMs pre-
dicted from a thermodynamic model was incorporated into the
rheology model to capture the variation of WLM relaxation time
with changing salt concentration and pH. Utilizing the relaxation
time, the zero-shear viscosity was calculated, and the effect of salt
concentration and pH on the zero shear viscosity was explained by
the proposed framework. The fall in zero shear viscosity and its
gradient due to increasing salt concentration and pH was attribu-
ted to the living nature of the WLMs. Specifically, it was inferred
that at a high counterion concentration resulting from a high salt
concentration or pH, the reptation and union-scission mechanisms
have opposing effects on zero-shear viscosity. This explained the
observed sensitivity of the zero shear viscosity of solution with
the salt concentration and pH.

As a future study, this framework can be extended in a simple
fashion to model the nonlinear rheology of the WLMs by altering
the periodic boundary conditions used in this work. Another inter-
esting direction can be utilizing the proposed methodology to
study other nonlinear viscoelastic phenomenon such as stress-
induced breakage of WLMs in solution. Also, including the crucial
physics such as bending of WLM segments to study the cross-
over mechanism of various WLM solutions, which explains tight
entanglement regimes in WLMs, can be an important contribution
to this field.
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