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Abstract— Cooperative robots or “cobots” promise to allow 

humans and robots to work together more closely while 
maintaining safety. However, to date the capabilities of cobots 
are greatly diminished compared to industrial robots in terms of 
the force and power they are able to safely produce. This is in 
part due to the actuation choices of cobots. Low impedance 
robotic actuators aim to solve this problem by attempting to 
provide an actuator with a combination of low output impedance 
and a large bandwidth of force control. In short the ideal 
actuator has a large dynamic range. Existing actuators success 
and performance has been limited. We propose a high force and 
high power balanced hybrid active-passive actuator which aims 
to increase the actuation capability of low impedance actuators 
and to safely enable high performance larger force and 
workspace robots. Our balanced hybrid actuator does so, by 
combining and controlling a series elastic actuator, a small DC 
motor, and a particle brake in parallel. The actuator provides 
low and high frequency power producing active torques, along 
with power absorbing passive torques. Control challenges and 
advantages of hybrid actuators are discussed and overcome 
through the use of trajectory optimization, and the safety of the 
new actuator is evaluated. 
 

Index Terms— Human-Robot Interaction, Actuation 

I. INTRODUCTION 
n recent years robotic manipulators have been delegated 
tasks which bring them into increasingly closer contact with 

people. Prime examples include the proliferation of 
manufacturing cobots, human exoskeletons, and rehabilitation 
robots [1]. Existing systems are not well suited to applications 
that require high force (>30-150N) and high power (>60-600 
watts) while also maintaining the physical characteristics 
important for safe and effective physical interaction and 
human-robot collaboration.  

While much progress has been made in co-robotics, the 
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overwhelming focus has been on robotic manipulators which 
have relatively low power capacity, such that the inherent 
safety risks when working directly with humans are 
minimized. The focus has been on the design and control of 
naturally light weight and compliant manipulators [2]. In this 
case, human-robot physical interaction and cooperation is 
enabled via the manipulator’s naturally low output impedance, 
which both facilitates the control of robot-human physical 
interaction and limits the total energy transferred during an 
uncontrolled collision between a robot and a human (the 
greatest safety risk) [3].  

Unfortunately, the control and design approach applied to 
low power systems does not scale to manipulators with high 
force, power, and bandwidth requirements. Due primarily to 
the limitations of actuation technology [4], high power 
manipulators must employ transmission designs to achieve the 
forces and stiffness required. Such designs are can cause an 
unsafe amount of output impedance.  

To enable high-performance robot-human interaction, the 
output impedance of high-power manipulators must be 
reduced to levels sufficient to guarantee inherent safety and to 
enable human-robot physical interaction without sacrificing 
the characteristics important to manipulation tasks. 
Researchers have investigated the use of active force and 
impedance control [5], which has been used widely in low-
power manipulators. However, in high-power systems, force 
or impedance control is limited by the manipulator’s lack of 
self-sensing capability (motor torque measurements cannot be 
used reliably to estimate contact forces), a capability inherent 
to low-power co-robotic manipulators. Even when feedback 
control is used, such as instrumenting the manipulator’s end-
effector with a force/torque sensor used in feedback [6], the 
improved performance is limited to point-to-point interactions 
at the end effector and is only effective below the feedback 
control bandwidth. 

To simultaneously realize high power and low output 
impedance, researchers have explored the use of a diverse 
range of variable impedance actuation strategies [5]. Active 
compliant actuation, such as the series elastic actuator (SEA) 
[4][7][8], variable stiffness actuators [9], and variations on 
these designs place an elastic element in between a speed 
reducer and the actuator output. Output impedance is reduced 
through control resulting in a power dense torque source 
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below the control bandwidth of the actuator. Attempts to 
extend the performance of series elastic actuators have been 
made with some success by including a small secondary motor 
on the output to extend the torque frequency range of the 
actuator as a whole [3]. 

More recently hybrid actuation, the combination of 
controlled passive actuators, such as brakes or dampers, and 
active actuators, such as electric motors, has demonstrated 
advantages including high passive force capability, energy 
efficiency, low output impedance, and improved control 
robustness. Existing hybrid actuators include haptic devices 
utilizing magnetorheological (MR) brakes in parallel with DC 
Motors [10].  Passive Eddy current dampers and back EMF 
properties of electric motors are also used to provide variable 
damping sources in parallel with active electric motors to 
provide increased control robustness and aid in rapid actuator 
movements [11][12]. Series damping actuators and series 
clutch actuators utilize clutches to isolate the high impedance 
gear head in a similar way to SEA’s [13][14]. Parallel 
combinations of clutch’s and SEA’s have been shown to 
improve actuator energy efficiency [15][16]. Mckibbin 
muscles and mini brakes were shown to increase actuator 
performance under large impacts [17]. Performance gains 
from hybrid actuation are considerable, yet hybrid actuators 
often still suffer from nonlinearities associated with passive 
actuators, a low control bandwidth, and oftentimes an inherent 
imbalance between passive and active actuator torque 
capability [10].  

II. A BALANCED HYBRID ACTIVE-PASSIVE ACTUATOR 
To address the limitations of existing actuation and enable 
human-robot applications that require high force and high 
power while also maintaining the physical characteristics 
important for safe and effective physical interaction we 
propose the use of a balanced hybrid actuation approach 
[18][19], conceptually shown in Fig. 1. In prior work we have 
shown that balanced hybrid actuation can increase the 
rendering range of kinesthetic haptic devices. In this paper, we 
extend the application of balanced hybrid actuation to general 
physical human-robot applications and investigate its potential 
benefits regarding performance and safety. 

 
Fig. 1 a) The balanced hybrid actuation concept: active and passive torque 
partitioning as a function of frequency. b) Overview of the balanced hybrid 
active-passive actuation approach. 

A. Actuation Concept 
Balanced hybrid actuation combines energy-absorbing high-

force low impedance passive actuation, high power low 
impedance active compliant actuation, and active high 
frequency actuation together. Balanced hybrid actuation, 
improves upon prior hybrid actuators by not only providing a 
large range of active and passive force magnitudes, but a large 
frequency range of active and passive torques.   

In the context of human-robot interaction, including passive 
actuation helps to reduce power consumption, aid in servoing 
movements, and safely increase the dissipative power 
capability of the actuator. The inclusion of active compliant 
actuation and a high frequency active actuator provides large 
bandwidth active torque capabilities and may be used to 
compensate for slower response speeds and nonlinearities 
typical of passive actuators, while maintaining a low output 
impedance essential for safety. A key component to our 
balanced hybrid actuation concept is the constructive 
combination of all three actuators in parallel, made possible by 
the low output impedance characteristics of each element of 
the combined hybrid actuation. The combined actuation is 
balanced in regards to frequency, providing low-impedance 
actuation over a wide bandwidth, and in regards of torque 
production, providing high active and passive torque and 
power output. Finally, the low output impedance of the 
combined actuation approach greatly reduces impact loads 
during uncontrolled collisions, essential for safe human- robot 
interaction. 
B. A One Degree of Freedom Testbed 

A one degree of freedom actuation testbed, shown in Fig. 2, 
was constructed to evaluate the balanced hybrid actuation 
concept. The testbed incorporates a (1) series elastic actuator 
(SEA) as the high power, low impedance active compliant 
actuation, (2) a particle brake as the energy-absorbing, high-
force, low impedance passive actuation, and (3) a low-inertia 
DC motor as the fast, low-power active actuation. 

 High-power active actuation: SEA’s incorporate a 
compliant element at their output and use feedback to create a 
low-impedance torque source, effective below the SEA's 
closed-loop bandwidth, while the compliant element ensures 
low output impedance at high frequency (important for 
safety). In our testbed, the SEA torque is derived from a 
brushless DC motor in series with a high-ratio speed reducer. 
The speed reducer helps to increase the power density of DC 
motor by allowing the motor to operate at higher speeds while 
the SEA compliance and feedback control reduces the output 
impedance of the DC motor and speed reducer to safe levels.  
High-power passive actuation: Including the particle brake at 
the output allows for a broad frequency range of passive 
torques of a similar magnitude to the SEA. However, a 
particle brake's response time is generally slower than DC 
motors especially as the torque capacity of the brake increases. 
Consequentially, the brake is primarily responsible for 
producing lower frequency passive torques. Particle brake 
rotors have low inertia and do not significantly impact the 
links inertia and safety of the actuator. 
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Fig. 2 A one degree of freedom balanced hybrid actuation test bed with a 
SEA, brushed DC motor, and particle brake arranged in parallel used to 
explore the actuation concept. 

Fast, low-power active actuation: Series elastic actuators 
are most effective as low impedance torque sources below the 
flexible mode frequency introduced by the series elastic 
element while particle breaks are limited by their relatively 
slow response time. To combat this effect we include a small 
DC motor to recover high-frequency capability. 

The DC motor is primarily responsible for high frequency 
content that the SEA and particle brake are unable to produce. 
The reflected inertia of the small DC motor has been shown to 
have little impact on robot safety in [5], if an efficient and low 
reduction speed reducer is used. We chose a stiff and efficient 
11:1 cable reduction, Fig. 2, which connects each component 
in parallel. The direct connection to the output link allows the 
DC motor to produce torques above the SEA’s flexible mode. 

In the following sections we use the testbed described above 
to explore the potential benefits of the proposed actuation 
approach. We describe a candidate control approach in section 
III, explore performance benefits in section IV, and explore 
safety characteristics in section V. 

III. HYBRID ACTUATOR CONTROL 
Many tasks performed by cooperative robots today are at 

their core tracking and position control problems. Our hybrid 
actuator needs a control strategy that can address the 
redundant and nonlinear nature of our actuator and yield a 
high level of tracking performance while allowing us to 
explore its advantages. In trajectory tracking often the feed 
forward path contributes the majority of the control effort to 
actuators. Consequently, utilizing the passive actuator in feed 
forward control allows us to capture much of its tracking 
benefits while avoiding potential problems resulting from 
including a nonlinear actuator in our feedback control path. To 
this end we have implemented a control approach that 
incorporates feed forward control, leveraging the torque 
capabilities of all three component actuators, in combination 
with an active-only feedback controller.  The active-only state 
feedback controller is tuned using a solution to the infinite-
horizon Linear Quadratic Regulator (LQR). A high-level 
diagram showing the control structure is shown in Fig. 3.  

 
Fig. 3 High level overview of the balanced hybrid active passive actuation 
control structure. 

A. Hybrid Feed Forward Control by Trajectory Optimization 
To evaluate the proposed balanced active-passive actuation, 

it is instructive to examine specific tracking scenarios where 
its inherent characteristics suggest that it could provide 
significant benefits.  
However, we cannot rely on classical control techniques to 
formulate the specific feedforward torque profiles for the 
component actuators due to the nonlinear nature of hybrid 
actuation. Instead, we turn to optimal control and, more 
specifically, an offline trajectory optimization method known 
as direct collocation, described in more detail in appendix A. 
Trajectories generated with direct collocation can be 
computationally costly, but not prohibitively so, making the 
approach suitable for fast, offline computation. For example, 
for the trajectories generated in this work (spanning motions 
of up to 4 seconds), did not exceed 30 seconds of the 
computation time when computed on a standard desktop 
computer. Using direct collocation, the actuation feed forward 
signals in this paper were pre-computed offline and applied 
online via interpolation and a lookup table. Online disturbance 
rejection is mainly left to the active actuators LQR controller. 

IV. HYBRID ACTUATOR PERFORMANCE EVALUATION 
To explore the potential benefits of the proposed hybrid 

actuation approach, we investigate three specific tracking 
scenarios including the following: 

A. Time Optimal Control: Investigate improvements in time 
to target performance resulting from large high-power passive 
decelerations. 

B. Minimum Energy Control: Investigate potential energy 
savings and/or control efficiency resulting from the low 
energy costs of the passive actuation. 

C. Tracking Error–Control Effort Tradeoff:  Explore hybrid 
actuation control with a more traditional LQR based cost 
function. 
A. Time Optimal Control 

Hybrid actuators could help to enable high power high force 
cooperative robotics because of their ability to create large 
dissipative forces. Enabling a robot to decelerate faster could 
increase the capability of a robotic manipulator in terms of its 
achievable trajectories and the maximum power flow that it 
can achieve. 
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Fig. 4 Active only and hybrid time optimal control profiles generated via 
trajectory optimization. The hybrid actuator moves from point “A to point 
“B” faster than the active actuator and achieves a higher power movement 
while decelerating. 

A convenient way to observe this impact of the hybrid 
actuator is through what is known as time optimal control. 
Time optimal control problem finds a trajectory that moves the 
systems initial states, point “A”, to a final state, point “B”, in 
the minimum amount of time. Actuation saturation limits must 
be included to make the problem well posed. In the spirit of 
our balanced hybrid actuator we assumed the combined active 
actuators and passive actuators have equal saturation points 
(i.e. 1 Nm for active and passive). Trajectories resulting from 
time optimal control of our hybrid actuator are compared to 
the active only portion of our actuator in Fig. 4.  

Unsurprisingly, the hybrid actuator arrives at its destination 
point “B” faster than the active only actuator. The hybrid 
actuator does so by taking advantage of the dissipative torque 
capability of the passive actuator. Plotting mechanical power 
flow at the robot’s link, shows the hybrid actuator’s trajectory

 achieved a dissipative mechanical power flow nearly double 
the active actuators. This occurs during the deceleration phase 
of the hybrid actuators trajectory and is due to the slightly 
increased peak handle velocity and because of the greatly 
increased braking capability of the hybrid actuator. The time 
optimal control formulation shows that it is advantageous to 
use the passive component of hybrid actuators to safely 
achieve high power dissipative movements like decelerating a 
large mass; which could be essential to the performance of 
high power high force cooperative robots. 
B. Minimum Effort or Minimum Energy Control 

Another potential benefit of our balanced hybrid actuator 
are the energy savings that passive actuators can achieve. That 
is to say, when properly controlled, Fig.5, a hybrid actuator 
achieves a given trajectory more energy efficiently than a 
traditional active actuator. Minimum energy control or 
minimum effort control provides a framework to reduce the 
energy usage of the actuator as a whole while tracking a 
trajectory. The method minimizes the weighted sum of the 
actuators control effort squared [20] and is explained in 
greater detail in Appendix A. We chose a sine wave as a 
representative trajectory to show the energy saving benefits of 
our hybrid actuator. Comparing the summed squared actuation 
costs and the integral of each actuator’s instantaneous power 
magnitude, Table 1, shows the hybrid actuator can achieve the 
desired trajectory more efficiently in terms of both the 
minimum control effort cost function and in terms of actual 
total mechanical energy transferred by the actuator. As shown 
in Fig. 5b and 5c, the passive actuator is contributing almost 
half the torque that the DC motor would otherwise be 
contributing. Again, we see it is advantageous to use the 
passive actuator, this time in terms of energy, to decelerate the 
robot’s link. 

 

 
Fig. 5 Comparison of Experimental tracking of a sine wave using minimum energy control actuator outputs compared to the optimization output. a) The 2 Hz 
trajectory is below the flexible mode, or natural frequency, of the SEA. b) The 5 Hz trajectory is above the SEA flexible mode. c) The zoomed 5 Hz trajectory 
shows how the DC motor and brake begin to dominate the actuators torque response at higher frequencies. Results were obtained using active actuators in the 
feedback loop for disturbance rejection. A zero lag low pass filter is applied to the torque waveforms after data collection. 

TABLE I - COMPARISON BETWEEN ACTIVE ONLY AND HYBRID MINIMUM 
ENERGY CONTROL COSTS FOR THE SAME 5 HZ SINE TRAJECTORY. 

Actuation Type Min. Cost 
Function  

Integral of absolute value 
of mechanical power 

Active Only (SEA and Motor) ~10300 4.5623 [joules/per cycle] 
Hybrid (SEA Motor and Brake) ~7000 3.2431 [joules/per cycle] 
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Fig. 6 Actuator frequency partitioning due to minimum effort/energy control 
(plotted integral of the absolute value of each actuators torque contribution 
from a single sine wave cycle). Note, the brake and DC motor nearly split 
the actuation costs equally above the SEA flexible mode. 

Frequency partitioning between actuators, shown in Fig’s 5 
and 6, is an interesting consequence of minimizing actuation 
effort. Results show, it is most efficient to use the SEA as a 
low frequency torque source below its mode. The brake does 
not contribute significantly at low frequency either, for this 
specific trajectory, because the actuator is primarily 
overcoming internal damping. Consequently, the phase of the 
DC motor at 2 Hz is approximately 90 degrees out of phase 
with the handle position. In the case of sine wave trajectories, 
the brake and DC motor work together to generate higher 
frequency torques above the SEA’s flexible mode. It is 
important to note, that the high frequency content of the brake 
is limited in reality as is indicated in Fig. 2. The results 
presented in Fig. 6 are obtained directly from the optimization 
output which does not account for high frequency limitations 
on both the DC motor and the brake. In summary, Fig. 6 
shows a clear interplay between low and high frequency 
actuators and our control approach is effective at reducing 
actuation and energy costs while tracking a given trajectory. 
C. A Tradeoff Between Tracking and Control Effort  

Thus far, we have seen hybrid behavior take advantage of 
the dissipative attributes of the passive actuator to decelerate 
the robot link. However, it can be advantageous to use the 
passive actuator prior to the acceleration phases of trajectories. 
As we will show, the SEA and particle brake can

 work together to store potential energy in the SEA’s 
compliant element which in turn can be used to increase 
resulting tracking acceleration. This synergistic behavior is of 
particular interest because it allows the system to track 
trajectories that required rapid accelerations, beyond the 
capabilities of each actuator individually.  

To investigate this potential synergy, we can use a feed 
forward optimization approach inspired by LQR control where 
the optimization cost function trades off tracking error and 
control effort. By heavily weighting the handle position error 
in the cost function, the actuator will be forced to track a 
specified trajectory while creating a feasible trajectory in the 
process.  This method is discussed in Appendix A.  

Using this feed forward formulation, it is interesting to 
examine the behavior of the hybrid actuator when attempting 
to track a square wave, the experimental results of which are 
shown in Fig. 7. The brake is used during both the acceleration 
and deceleration phases of the approximate square wave and 
during low velocity portions of the trajectory. Interestingly, 
during the pre-acceleration phase energy is stored in the SEA 
spring by using the brake to hold the handle in place at the 
tracking reference while the SEA servos forward towards the 
new equilibrium position.  

The brake then releases the stored spring energy. Following 
this, a high frequency free movement handle acceleration 
phase occurs where the DC motor supplies some high 
frequency torque. Finally, the brake is engaged, dissipating 
energy which decelerates the link. As the overall balanced 
hybrid actuation concept suggests, the brake and SEA are 
primarily working together to produce the desired motion 
while the DC motor fills in where the other actuator’s 
dynamics prevent them from producing constructive torque or 
where it is not desirable to use the SEA or brake. 

In addition to the benefits described, the synergistic 
behavior between the brake and SEA at low frequencies can 
be used to help to solve velocity saturation problems common 
to SEA [21]. In fact, we can accentuate the interplay between 
the SEA and brake by penalizing the SEA mass velocity in our 
cost function. The result is a slower SEA position response 
while maintaining the desired fast output position response. 
Avoiding SEA velocity saturation is achieved by storing more 
energy in the SEA spring and as a result higher brake 
activation levels prior to the output link movement. 

 
Fig.7 Experimental (solid lines) and optimization results (dashed lines) b) Each actuators torque contribution predicted by the optimization output (dashed 
lines) and measured experimentally data (solid lines) a) tracking a square wave using a LQR based cost function which trades off between tracking error and 
actuation effort with active only state feedback control. (Unmodeled gravity and friction disturbances cause the steady state error at the end position) 
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V. HYBRID ACTUATOR SAFETY EVALUATION 
Clamping and blunt impacts are the predominate methods 

by which robots injure people [22]. Clamping injuries occur in 
robot joints or with robots against another object. Impact 
injuries arise from high inertia robots impacting people at high 
velocity and will be the focus of the safety study in this work. 
Research investigating these impacts has shown that the 
reflected inertia of an actuator contributes significantly to the 
safety of a robot overall and reducing the reflected inertia can 
help to make a robot safer especially at high velocities. The 
design of a SEA directly addresses this safety risk by 
introducing a series elastic element between the load (i.e. 
robot link) and the actuator, significantly reducing the 
effective inertia of the actuator (in regards to impact) and is 
widely considered a safe robotic actuator [23].  

Our proposed combined active-passive hybrid actuator 
differs from a SEA actuator with the addition a small DC 
motor and passive actuator. Previously it has been shown [3] 
that adding a small DC motor in parallel with an SEA actuator 
can be accomplished without degrading the impact safety of a 
manipulator, assuming that the small motor and its associated 
reduction have low reflected inertia, as is the case with the 
actuation approach proposed here. The question remains 
whether adding a passive actuator might affect impact safety. 
To this end, we have conducted an experimental impact test 
which compares the active portion of the balanced hybrid 
actuation concept to the full hybrid actuator. The results of the 
experiment are used to validate an impact simulation. The 
active and hybrid actuator impact simulation is repeated on a 
full-size collaborative robot to study impact safety under more 
realistic conditions. 
A. Hybrid Actuator Impact Experiment and Validation 

The impact test set up, shown in Fig. 8, consists of a 
weighted pendulum instrumented with an encoder (US digital 
PN:E5-5000-375-IE-D-H-D-B ) and an accelerometer (Analog 
devices PN:EVAL-ADXL325Z). The pendulum also includes 
a leaf spring to augment the interface stiffness between the 
robot link and the pendulum.   

During the impact tests the robot was controlled using the 
approach described in section IVB, such that the impact 
velocity was constant over the set of tests performed. The 
testbed position trajectory was set to ensure that the passive 
actuator was engaged at the moment of impact. To evaluate 
the effect of the passive actuator (i.e. particle brake) on impact 
safety, we compared the impact results of the full hybrid 
actuator to that of the active portion alone. During the active-
only experiment the particle brake was physically decoupled. 

 
Fig 8. Experimental impact test setup with instrumented pendulum. 

As seen in Fig 9, the acceleration of the pendulum following 
impact with the full hybrid actuator testbed as compared to the 
acceleration following impact with the active only testbed are 
approximately equal, demonstrating that the addition of the 
passive actuator has little effect on the peak measured 
acceleration.  

 
Fig. 9 Comparison of active only balanced hybrid and simulation impacts. 

B. Balanced Hybrid Cobot Impact 
While the test results are informative, the impact safety of a 

full size hybrid robot and human tissue is still in question. To 
address this, we developed a simulation, validated using the 
test results described above (see Fig 9), with parameters set to 
represent a head impact with a full-size collaborative robot, in 
this case a universal robots UR5 configured in its home 
position. A human head and skull stiffness are estimated at 6 
kg and 37000 kg/m, respectively, and are used as the impacted 
mass and interface stiffness, respectively [24]. Finally, the 
SEA stiffness and inertia were calculated and set in 
accordance with the guidelines from [18]. The head 
acceleration profile, and peak acceleration are shown in Fig. 
10. In addition, the Head Injury Criteria (HIC) [22], a common 
metric used to assess the likelihood of serious head injury, was 
evaluated to allow a direct comparison of the actuation impact 
characteristics. 

 
Fig. 10 Simulated head acceleration profile resulting from full size active 
and hybrid cobot collision. 
  As seen in Fig 10, the simulation demonstrates that for an 

average human head and skull stiffness the hybrid actuator 
performs nearly identically to the active only cobot in terms of 
the resulting peak acceleration and HIC. 

VI. CONCLUSION AND FUTURE WORK 
Our balanced hybrid human friendly robotic actuator has 

many benefits. Designing the individual actuators in parallel 
allows us to size them to be of comparable torque capability 
which in turn grants the actuation method a high dynamic 
range while maintaining a low output inertia necessary for 
safety in cooperative robotics. Our experiments show, adding 
a passive actuator can increase the actuation and power 
absorption capability of the hybrid actuator, enable lower 
energy costs, and help to overcome other actuation limitations 
like SEA velocity saturation in a safe manor. 
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Despite the notable advantages, balanced hybrid actuation 
brings comes with some limitations. The first being the added 
complexity of combining three actuators in parallel. Another 
disadvantage is the added friction and weight of the DC motor 
and brake. With that said the presented design was not 
optimized for weight and additional research into passive 
actuation itself could help to reduce weight and latent friction 
in the current design. 

Future work on our hybrid actuator includes an 
investigation of multi-phase optimization and model 
predictive control, to utilize the full brake model in our 
trajectory optimization program and to enable DC feedforward 
brake torques. Building a multi degree of freedom testbed to 
show how hybrid actuators can benefit higher degree of 
freedom systems would be an important contribution as well. 

APPENDIX A – TRAJECTORY OPTIMIZATION METHODS 
Direct collocation is a numerical method of trajectory 

optimization which transcribes the dynamics of our system, 
shown in Fig. 11, into constraints in an optimization problem. 
Time is discretized at knot points and the dynamics of our 
system constrains the states at each knot point. A full 
description of the direct collocation method is out of the scope 
of this paper. However, [1] provides an excellent introduction 
to the method. In this work we used Julia, JuMP, and IPOPT 
to transcribe and solve the nonlinear optimization problems. 

As stated previously direct collocation relies on the 
transcription of the system dynamics into constraints. It is 
important to explore the necessary level of model complexity 
as a part of the transcription process. While the actual system 
is more complicated than the two-mass system shown in Fig. 
11a calculating a lumped equivalent inertia and damping at the 
output of the SEA speed reducer and at the robot’s link proved 
to be an effective model for feedforward control of the 
actuator. 

Including the series elastic actuator controller in the 
optimization problem improved experimental results 
dramatically. The full dynamics of the particle brake can be 
represented by a modified dahl friction model as shown in 
[23]. Instead, we chose to represent the nonlinear brake 

dynamics with a smoothed version. A sigmoid function, 
shown in Fig. 9b, enforces a purely dissipative constraint on 
the torque contribution of the brake while allowing for the use 
of a gradient based nonlinear optimizer.  
A. Time Optimal Control Formulation 

The time optimal control problem can be solved using direct 
collocation, as shown in (1-8), where the time in-between 
collocation points is treated as a decision variable and is 
minimized. The time in-between collocation points is included 
in the Euler integration numerical approximation of the linear 
state equations shown in (2). Time optimal control must 
include actuation saturation limits to be well posed as shown 
in (4-6) and have a solution. 
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Fig. 11 a)  Diagram of the equivalent two mass actuator system with equivalent SEA and robot link inertia. For optimization purposes the system includes the 
series elastic actuator controller (single lead) and the state feedback position controller. b) Comparison of the brake model friction force output showing the 
differences between the more accurate dahl model and the sigmoid brake model used in the optimization formulation. Dahl: σ= Model stiffness, α=hysteresis 
shape parameter. Sigmoid: σ= slope at origin, ub= steady state brake torque command 



IEEE ROBOTICS AND AUTOMATION LETTERS. PREPRINT VERSION. ACCEPTED February, 2021 

B. Minimum Energy Optimal Control Formulation 
Minimum energy trajectory optimization minimizes the 
actuation costs to achieve a given trajectory. The cost function 
utilizes a matrix “R” shown in (9) which weights the relative 
costs of each actuator. In the trajectories shown we assign the 
relative weight of the SEA actuator and the DC motor as the 
ratio of the transmission ratios. That is to say that the ratio of 
R1 to R2 is set to be 4.7:1. Our justification comes from the 
effective gain of each actuator themselves. The brake is more 
efficient at producing torque than either the SEA or the DC 
motor within its limited dynamics and we penalize the brakes 
actuation much less than either actuator. The ratio of R2 to R3 
is 10:1 for all the plots in this work. 

Minimize:     ( )1 2 3
T Tdiag R R RJ u u u Ru  = =  (9) 

Subject to: (2) and (3)                 : 0,1, ... 1For k T= −   

1 1k krefx x=  (10) 
Where: 

1
R = SEA penalty 

2
R = DC motor penalty 

3
R = Brake penalty 1 krefx =  Joint Position Reference 

C. Tracking and Control Effort Tradeoff 
The LQR style cost function, shown in (11), allows us to 

investigate the tradeoff between tracking states and the control 
effort needed to do so. Heavily penalizing the first element in 
the error vector with the weight Q1, causes the actuators 
output position to track the desired position closely. Penalizing 
or increasing Q4, the weight associated with the SEA velocity 
state, helps to address SEA velocity saturation like described 
in previous sections. 

Minimize:  
( )
( )

1 2 3 4 5

1 2 3

T

T

T T

diag Q Q Q Q Q

diag R R R

J e e

u u

e Qe u Ru

  

  

=

+

= +

 (11) 

Subject to: (2) and (3)                 : 0,1, ... 1For k T= −   
Where:  

1 2 3 4 5
T e e e e ee  = =   State error vector  

1
Q = Joint position weight 

2
Q =  Joint velocity weight 

3
Q = SEA position weight 

1
Q = SEA velocity weight 

5
Q = SEA lead controller weight 
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