The complexity of approximating averages on bounded-degree
graphs

Andreas Galanis* Daniel Stefankovic! Eric Vigoda!

July 19, 2020

Abstract

We prove that, unless P=NP, there is no polynomial-time algorithm to approximate within
some multiplicative constant the average size of an independent set in graphs of maximum
degree 6. This is a special case of a more general result for the hard-core model defined on
independent sets weighted by a parameter A > 0. In the general setting, we prove that, unless
P=NP, for all A > 3, all A > A\ (A), there is no FPTAS which applies to all graphs of maximum
degree A for computing the average size of the independent set in the Gibbs distribution, where
Ac(A) is the critical point for the uniqueness/non-uniqueness phase transition on the A-regular
tree. Moreover, we prove that for A in a dense set of this non-uniqueness region the problem is
NP-hard to approximate within some constant factor. Our work extends to the antiferromag-
netic Ising model and generalizes to all 2-spin antiferromagnetic models, establishing hardness
of computing the average magnetization in the tree non-uniqueness region.

Previously, Schulman, Sinclair and Srivastava (2015) showed that it is #P-hard to compute
the average magnetization exactly, but no hardness of approximation results were known. Hard-
ness results of Sly (2010) and Sly and Sun (2014) for approximating the partition function do
not imply hardness of computing averages. The new ingredient in our reduction is an intricate
construction of pairs of rooted trees whose marginal distributions at the root agree but their
derivatives disagree. The main technical contribution is controlling what marginal distributions
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and derivatives are achievable and using Cauchy’s functional equation to argue existence of the
gadgets.
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1 Introduction

This paper addresses the computational problem of computing averages of simple functions over
combinatorial structures of a graph. Can we estimate elementary statistics of combinatorial struc-
tures in polynomial-time? This genre of problems is nicely illustrated for the example of independent
sets.

Given a graph G = (V, E) can we efficiently estimate the average size of an independent set
in G? For graph G = (V, E), let Z¢ denote the set of independent sets of G, and let ug denote the
uniform distribution over Zg. Denote the average independent set size by M(G) = Eqy[|o]].

Schulman et al. [12] (see also [13]) proved that exactly computing the average independent set size
is #P-hard for bounded-degree graphs. We investigate approximation algorithms for the problem.
For a constant C' > 1 we say there is a C-approximation algorithm for the average independent
set size if the algorithm outputs an estimate EST for which & x M(G) < EST < C x M(G). An
FPTAS is an algorithm which, for any input G = (V, E') and € > 0, achieves a (1 + €)-approximation
factor in time poly(|V],1/€).

Weitz [17] presented an FPTAS for estimating |Z¢|, the number of independent sets, in graphs
of maximum degree < 5, and this immediately yields an FPTAS for the average independent set
size in graphs of maximum degree < 5, see also [2, 9, 10] for new algorithmic approaches. We prove
that this result is optimal. In fact, we prove that approximating the average independent set size
in graphs of maximum degree 6 is hard within a constant factor.

Theorem 1. There is a constant C > 1 such that, for all integers A > 6, for graphs G of max-
imum degree A there is no polynomial-time C-approximation algorithm for computing the average
independent-set size of G, unless P=NP.

This theorem is a special case of a more general result for the hard-core model, which is a
statistical physics model of particular combinatorial interest. The hard-core model is defined on
independent sets weighted by a parameter A > 0, known as the fugacity. An independent set o € Zg
has weight w(o) = Mol For a graph G and fugacity A > 0, the Gibbs distribution is defined as
peia(0) = w(o)/Zg; where the normalizing factor Zg,\x = > 7, w(7) is known as the partition
function.

The earlier case of unweighted independent sets corresponds to the hard-core model with A = 1.
Hence we use the same notation M(G) = Es~,, UO’H to denote the average independent set size in
the Gibbs distribution.

On the A-regular tree, the hard-core model undergoes a phase transition at the critical point

Ac(A) = %. When A < A (A) there is a unique infinite-volume Gibbs measure on the A-
regular tree (roughly, this corresponds to the decay of the “influence” of the leaves on the root),
whereas when A > A.(A) there is non-uniqueness, i.e., there are multiple infinite-volume Gibbs
measures.

There is an interesting computational phase transition for graphs of maximum degree A that
occurs at this same tree threshold. For all constant A, all A < A\.(A), all graphs of maximum degree
A, there is an FPTAS for the partition function [17]. On the other side, for all A > 3, all A > A\ (A),
there is no FPRAS for approximating the partition function on graphs of maximum degree A, unless
NP=RP |15, 16, 5]. However, hardness of computing partition functions does not imply hardness
of computing averages in the Gibbs distribution; see the case of the antiferromagnetic Ising model
with no external field discussed in Section 1.1.

We prove that computing the average independent set size also undergoes a computational phase
transition at the tree critical point A.(A). As before, Weitz’s algorithmic result [17] yields, for all



constant A, all A < A.(A), all graphs G of maximum degree A, an FPTAS for the average indepen-
dent set size M(G) (more generally, an approximate sampling algorithm implies an algorithm for
approximating averages). We prove that this result is optimal: when A > A.(A) there is no FPTAS
for the average independent set size.

Theorem 2. Let A > 3 be an integer and A > A.(A). Then, for graphs G of maximum degree
A, there is no FPTAS for computing the average independent-set size in the hard-core distribution
Hasx, unless P=NP.

In fact, our inapproximability result for general A > A.(A) is stronger, it actually precludes
approximation algorithms with factors of 1 £+ &, where n is the number of the vertices of the
input graph and ¢ is an appropriate constant, see Theorem 7 below for the precise statement. For
a dense set of \, we actually obtain constant-factor inapproximability (analogously to Theorem 1).

Theorem 3. Let A > 3 be an integer. Then, for every real A > Ae(A) and € > 0, there is an
algebraic number A with |A — A| < € and a constant C = C(\,A) > 1 such that, for graphs G
of maximum degree A, there is no poly-time C-approximation algorithm for computing the average
independent-set size of G in the hard-core distribution [OESY unless P=NP.

1.1 Results for the antiferromagnetic Ising model

Our results extend to the antiferromagnetic Ising model. Let G = (V, E) be a graph. For 5, A > 0,
let pg:5,n denote the Ising distribution on G with edge activity 8 and external field A, i.e., for
o:V — {0,1} we have
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where m(o) denotes the number of monochromatic edges in G under o, i.e., edges whose endpoints
have the same spin. The model is called antiferromagnetic if 5 € (0, 1) and ferromagnetic, otherwise.
We define the average magnetization of G to be the average number of vertices with spin 1, i.e.,

1
Mg (G) = > oA = gy [lo]],
ZaipA oV —{0,1}

where for a configuration o : V- — {0, 1}, we use |o| to denote 3¢y o(v), i.e., the total number
of vertices with spin 1.

In the ferromagnetic case, there is an FPRAS for approximating the magnetization for all § > 1
and A > 0, due to the algorithm of Jerrum and Sinclair [6]. For A > 3, let S.(A) = %. It is
known that the antiferromagnetic Ising model with edge activity § and external field A\ has non-
uniqueness on the infinite A-regular tree iff 8 € (0,8.) and A € (1/ )\Ics'”g, )\Ics'ng) for some explicit
Msing Alsing(3 A) > 1. For all constant A, in the tree uniqueness region there is an FPTAS for
the partition function for graphs of maximum degree A [14, 7], and, once again, this implies an
FPTAS for the magnetization. In the tree non-uniqueness region, for all A > 3, unless NP=RP
there is no FPRAS for the partition function for graphs of maximum degree A [16]. We prove that
approximating the magnetization is also intractable in the tree non-uniqueness region, apart from
the case A =1 (where the magnetization can be computed trivially for all graphs G since it equals

5[V (G
Theorem 4. Let A > 3 be an integer, € (0,5.(A)) and X € (/\lc,)\c) with A # 1, where Ao =

)\ICSi”g(A, B). Then, for graphs G of mazimum degree A, there is no FPTAS for computing the average
magnetization in the Ising distribution pg. ., unless P=NP.



As in Theorem 2, the inapproximability factor in Theorem 4 is in fact stronger, see Theorem 7
below for the precise statement. For a dense set of A, we again obtain constant-factor inapproxima-
bility.

Theorem 5. Let A > 3 be an integer, rational 5 € (0,5:(A)) and A\, = )\IcSing(A,ﬁ), Then, for
every A € (/\%,)\c) and € > 0, there is an algebraic number X with |\ — A| < € and a constant

C = C(ﬁ,X,A) > 1 such that, for graphs G of mazximum degree A, there is no poly-time C-
approximation algorithm for computing the average magnetization ./\/lﬁ 5(G), unless P=NP.

1.2 Results for general antiferromagnetic 2-spin systems

While the hard-core model and the Ising model are the most canonical 2-spin models, the results
of the previous two sections will be obtained as special cases of the following results for general
antiferromagnetic 2-spin systems. This more general perspective will also allow us to give a unified
proof of Theorems 2, 3, 4, 5.

Let G = (V, E) be a graph. For §,7,A > 0, let uug.5,,) denote the Gibbs distribution on G with
edge activities 3,7 and external field A, i.e., for o : V' — {0, 1} we have
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where mg(o), mi(0) denotes the number of edges in G whose endpoints are assigned under o the
pair of spins (0,0) and (1, 1), respectively.

The parameter pair (5,7) is called antiferromagnetic if v € [0,1) and at least one of 3,7
is non-zero, and it is called ferromagnetic, otherwise. Note that the hard-core model is the case
B =1,7 =0 (under the convention that 0° = 1) whereas the antiferromagnetic Ising model is the
case 0 < f=~v< 1.

We next define the range of parameters (3, v, A) where our inapproximability results for the mag-
netization apply; these are precisely the parameters where the spin system exhibits non-uniqueness
on the infinite A-regular tree, apart from the case of the antiferromagnetic Ising model with A = 1,
where as noted in Section 1.1 the magnetization can be computed trivially for all graphs G.

Definition 6. Let A > 3 be an integer. We let Ua be the set of (B,7v,A) such that (B,7) is
antiferromagnetic, and the (unique) fixpoint z* > 0 of the function f(x) = %(iﬁl)A_l satisfies
[f' (@) > 1.

We let Ux = Ua\Upgeo,1){(B:B8,1)} be the set of parameters in Ux other than those where
computing the magnetization is trivial.

We note that Li, Lu, Yin [7] define a notion of “up-to-A” uniqueness which requires (3,7, ) to
be in uniqueness for every d < A; they obtain an FPTAS for the partition function in that region.
The complement of their region corresponds to non-uniqueness in the sense of Definition 6 for some
d < A. Our inapproximability results extend to this bigger region by applying our theorems for
smaller values of A.

Our first inapproximability result for general antiferromagnetic 2-spin models, which is a gener-
alization /strengthening of Theorems 2 and 4, is the following. The proof is given in Section 5.5.

Theorem 7. Let A > 3 be an integer and (B,7v,\) € UX. Then, for graphs G € Ga, there is no
FPTAS for computing the average magnetization in the Gibbs distribution jig.g .~ x, unless P= NP
In fact, there is a constant Kk = K(A,B,v,\) > 0 such that there is no poly-time 1 + oo
approzimation algorithm for computing the average magnetization Mg z(G), where n = |V (G g)|




We remark that a ‘no-FPTAS” result can be strengthened to an inapproximability factor of
(1 + L ) for any constant € > 0 via standard powering techniques; the tighter hardness factor of
(1 + ) in Theorem 7 requires a substantially more delicate argument.

logn
Theorem 8. Let A > 3 be an integer and (8,7,\) € Un with 3,7 rational numbers. Then, for
every € > 0, there is an algebraic number X with |)\ A < e and a constant C' = C’(ﬁ,%)\ A)>1
such that, for graphs G of mazimum degree A, there is no poly-time C-approximation algorithm for
computing the average magnetization MB,%X(G)’ unless P=NP.

2 Proof Outline

In this section, we give some of the key elements of the techniques needed to prove our inapprox-
imability results and conclude with the proof of Theorem 1. We start by describing “field gadgets”
and state the main lemmas that we will use in our reduction.

2.1 Gadgets with approximately equal effective fields and different averages

For a graph G and o : V — {0,1}, we say that a vertex v € V is occupied if o(v) = 1, and
unoccupied otherwise.! For a subset S C V, we use og to denote the configuration on S which is
restriction of o on S.

Definition 9. A field gadget is a rooted tree T whose root p has degree one. For antiferromagnetic
(B,7) and X\ >0, let = pr7,8~-

1. The effective field of the gadget, denoted by R = Ry (8,7, \), is 1/ times the ratio of the
weight of configurations where the root is occupied to the weight of configurations where the
root is unoccupied, i.e., Ry = izgg’fé (The division by A is to avoid double-counting the
contribution of the root later on.)

2. The magnetization gap of the gadget, denoted by My = My (8,7, \), is the expected number of
occupied vertices conditioned on the root being occupied minus the expected number of occupied
vertices conditioned on the root being unoccupied (the root is included in the count), i.e.,

My =Eqyllo] | 0(p) = 1] ~ Eopllo] | o(p) = 0.

In the special case that \ = % with 6 # =, a field gadget consists of a rooted bipartite graph
obtained from a rooted tree where some of the leaves have been replaced by a distinct cycle of length
four (by identifying the leaf with a vertex of the cycle).

Note that, in the case that A = %, the effective field of any tree gadget can be shown to be
equal to 1 and the magnetization gap to 0, so that is why we need to consider the “mildly non-tree”
construction in Definition 9.

It will be useful to illustrate Definition 9 with a few examples.

Example 10. For ezample the rooted tree with one edge has effective field R = ﬁ—)‘ The degenerate

example where the root has degree zero has effective field R = 1.

The following more interesting example in the case of independent sets will be used to prove
Theorem 1; it gives a pair of field gadgets with the same effective field but different magnetization

gaps.

IThis terminology is standard for the hard-core model, but it will be convenient to use it for general 2-spin systems.




Example 11. Consider the independent set model (with A = 1). Consider the trees Ti, Ty with
roots p1, pa below.

n P2

Then R7; = Ry, since Ry = % and Ry, = %, but My, # My, since My = %—% = % and

M, = % — % = %. These values can be either verified by enumeration and linearity of expectation,
or else using the recursions of the upcoming Lemma 17.
We will be interested in finding pairs of field gadgets analogous to Example 11. Our interest in

such pairs of field gadgets is justified by the following theorem.

Theorem 12. Let A > 3 be an integer and (5,7, \) € UX. Suppose that there exists a pair of field
gadgets Ty, T2 with mazimum degree A such that R, = Ry, but My, # MT;.

Then, there is constant ¢ = ¢(A,B,v,\) > 1 such that, for graphs G of mazimum degree A,
there is no poly-time c-approzimation algorithm for computing the average magnetization Mg A\ (G),
unless P=NP.

When can we find pairs of trees as in Example 11 with the same effective fields but different
magnetization gaps? Even in the case of the hard-core model, a pair of trees either have the same
effective field for only finitely many values of A or else have the same magnetization gap for all A.
Thus we cannot hope for a universal pair of gadgets. Actually, the set of A where the effective fields
can be equal, over all pairs of trees, must be algebraic, hence measure zero.

Our main theorem for the construction of field gadgets is the following. The theorem roughly
asserts that we can construct field gadgets with arbitrarily close effective fields but substantially
different magnetization gaps. For a rational r = p/q with integers p, g satisfying ged(p, q) = 1, we
let bits(r) denote the total number of bits needed to represent p, q.

Theorem 13. Let (5,7, ) be antiferromagnetic with (8,v,A) # (8, 8,1). There exist R,M,Z >0
and an algorithm which on input a rational r € (0,1/2) outputs in time poly(bits(r)) a pair of field
gadgets Ty, T2, each of mazimum degree 3 and size O(|logr|), such that

|R1; — R|,|R7, — R| <, but |Myp — Mp,| > M.
Moreover, the magnetization gaps M+, , M1, are bounded in absolute value by the constant =.

The proof of Theorem 13 is given in Section 3. In fact, we can bootstrap Theorem 13 to
obtain pairs of trees with the same effective fields but different magnetization gaps for a dense set of
(algebraic numbers) A, and this gives a constant factor inapproximability result for the magnetization
by applying Theorem 12.

Theorem 14. Let (5,7) be antiferromagnetic. There ezists a set S of algebraic numbers A, dense
in the interval (0,00), such that for each X\ € S the following holds. There is a pair of field gadgets
T1, T2, each of maximum degree 3, such that Rr, = Ry, but My # M.

In the following, we sketch the proof of Theorem 12 and in Section 3 we will give a detailed
outline of the proof of Theorems 13 and 14.



2.2 The reduction: using field gadgets to obtain inapproximability

Fix A > 3 and 3,7, A € Ua. Our results will be based on showing that approximating MAX-CuT
on 3-regular graphs H reduces to approximating the magnetization will be via a reduction from
MaX-CuT. The reduction uses two types of gadgets.

The first type of gadget is a bipartite graph G which is an almost A-regular graph with n
vertices on each side and ¢ “ports” on each side of degree A — 1, which will be used to connect
distinct copies of gadgets. These gadgets were used in previous inapproximability results for the
partition function and analysing them was one of the key difficulties in those results. The main
idea in these results is to replace each vertex of H by a distinct copy of G and make appropriate
connections between ports to encode the edges of H; then due to the antiferromagnetic interaction
the resulting graph settles in configurations which correspond to Max-Cut configurations of H (the
Max-Cut assignment can roughly be read off by looking at the “phases” of the gadgets G, i.e., which
side has the most occupied vertices, see Section 2.3 for details).

However, for our inapproximability results we would need to analyze the magnetization of such
gadgets by taking into account the effect of conditioning the spins of the ports; this task seems even
more challenging than in the previous settings since it seems to require very refined estimates.

The field gadgets, which is the second type of gadgets, give a new reduction technique to bypass
the need to perform this delicate, and likely difficult, task. In particular, by using a pair of field
gadgets with the same effective fields and different magnetization gaps we will be able to observe
the value of MAX-CUT(H) by taking the difference of the magnetizations when we append our
field gadgets appropriately; crucially, the fact that the effective fields are the same implies that the
underlying distribution does not change but that the difference of the magnetization gap of the two
gadgets manifests itself in the magnetization.

2.3 The bipartite “phase-gadget” of Sly and Sun

Fix an integer A > 3. Let G be the set of (2n)-vertex bipartite graphs whose two sides are labelled
with +, - and are obtained from a A-regular (2n)-vertex bipartite graph by deleting a matching of
size £. For a graph G € G, we denote its bipartition by (U*,U~) where U*,U" are vertex sets with
|U*| = |U"| = n, and we denote by W*, W~ the sets of vertices with degree A — 1 on each side of
the bipartition, i.e., the vertices incident to the edges of the matching, so that |[W*| = |W~| = {.
We will refer to set W = W* U W™ as the ports of G.

For o : UYUU™ — {0, 1}, we define the phase V(o) of the configuration o as the side which has
the most occupied vertices under o, i.e.,

V(o) = { i Jov| > Jovr-|,

- otherwise.

Sly and Sun [15] (see also [4]) establish that, whenever /3,7, A € Ua, for arbitrary € > 0 and integer
£ > 1, there exist n and G € gﬁ such that, in the Gibbs distribution of the gadget graph G, each
phase appears with probability close to 1/2+¢, and that the spins of the ports of G, conditional on
the phase, are roughly independent, with occupation probabilities that are asymmetric between the
two sides.

The detailed properties of the gadget can be found in Lemma 33 of Section 5.1, though the exact
details will not be important at this stage.



2.4 The reduction

Let H be a 3-regular instance of the MAX-CUT problem. Let k be an arbitrary positive integer,
and let n and G € G3F be a bipartite gadget satisfying Lemma 33. Let also 7 be a field gadget with
effective field R and magnetization gap M.

Let H, é be the graph with m disconnected components obtained by replacing each vertex of H
with a distinct copy of G; for v € V/(H) we denote by G, the copy of G in I:TG corresponding to the
vertex v, and by U, W, the vertex sets and ports of G, in each side of the bipartition. Finally, we
let U, =U; UU, and W,, = W, UW,.

Let Héﬂ- be the graph obtained from ﬁé as follows. For each edge e = (u,v) € E(H), pick
k distinct ports from W, Wi and connect them using a path with three edges, for a total of 2k
edge-disjoint paths between the gadgets G, and G,: k paths between +/+ sides and k paths between
-/~ sides. Then, for each path P append two distinct copies of the field gadget 7 by identifying
the roots of the copies of T, say p1, p2, with the internal vertices of P, say t1,to. It will be helpful
to consider also the graph Hg which is the graph H, 57— when 7 is the single-vertex graph, i.e., Hé
is the graph after attaching the edge-disjoint paths but without the field gadgets.

For a configuration o : V(Hg’fr) — {0,1}, we let Y(o) : V(H) — {+,-} be the phases over the

gadgets G, with v € V(H), i.c., (o) = {y(aUU)}Uev(H)

on ﬁg, HE. For a phase assignment Y : V(H) — {+,-}, we let Cuty(Y) = {(u,v) € BE(H) | Y,, #
Y, } be the set of edges that are cut in H by viewing the phase assignment Y as a bipartition of

. We define Y (+) similarly for configurations

V(H) in the natural way. For p = HEE, 50 let
Ave-Cut,(H) == > p(Y(e) =Y)|Cuty (V)]
Y:V(H)—{+,-}

be the size of the average cut in H when phase assignments are weighted by pu.

The following lemma associates the magnetization on the graph H, g,T with the quantity AvG-CuT,(H)
and, in turn, with MAX-CUT(H). The main idea is that the paths of length 3 between the ports
cause antiferromagnetic interaction and the spin system on H, é’T prefers phase configurations Y that
have large |Cutg(Y')| value. By choosing k large enough we can further ensure that Avg-Cur,(H)
arbitrarily close to MAX-CuT(H).

Lemma 15. Let A > 3 and (8,7,\) € Ua. There are rational functions A(R), B(R),C(R) defined
for all R > 0, satisfying

(i) A(0) =1, (ii) A(R) > 1 for R >0, and (ii) B(R) — C(R) = AR - (log A(R))’ for R>0 (1)

so that the following holds for any field gadget T with effective field R > 0 and magnetization gap
M. Let A,B,C be the values of the functions at AR and define A" := Ervyr, ([IT] | 7(p) = 0],
where p 1is the root of T.

Let € € (0,1/10), k > 10/log A be an integer, and n and G € G3* satisfy Lemma 33 with
¢ = 3k and the given €. Then, for every 3-reqular graph H with sufficiently large |V (H)|, for
1= Byl gy We have that the average magnetization of the graph Héﬂ— satisfies

Mpaa(HE7) = 4k E(H)| + Eorp[|oy ) [] + (1 £ 80kMQ

with Q := (B — C)AvG-Cur,(H) + C|E(H)|, while AvG-CuT,(H) satisfies

AvG-Cur,(H) 6
— P2 < = )
<1 for K:=1+ i log A

<
VK < Max-CuT(H)



We defer the detailed proof of Lemma 15 to Section 5.3.

Note that the expression for the magnetization of Hgﬂ- accounts for the contributions of the
phase gadgets G only implicitly. This is by design; when we append our pair of field gadgets 7T, 72
which have the same effective fields, vertices in V(ﬁ g) will have the same marginal distribution in
both p HE . and p HE on the other hand the magnetization gaps of 71, 75 are different. Therefore,

when we take the difference of the magnetizations in Hé‘,ﬂ and Hgﬂ, the contributions of the
phase gadgets G cancel and, in the left-over quantity, the major contribution comes from the value
of AvG-Cut,(H).

We are almost ready to prove Theorem 12. Recall, the assumption therein is that we have a
pair of field gadgets with the same effective fields and different magnetization gaps. We will need to
bootstrap this slightly to obtain additional pairs of field gadgets, as stated in the following lemma.

Lemma 16. Let A > 3 be an integer and (3,7,\) be antiferromagnetic with (8,7v,A) # (8, 5,1).
Suppose that there exists a pair of field gadgets Ti,Ta with maximum degree A such that Ry, =
Ry, but My, # My,. Then, we can construct for j = 0,1,2,... an infinite sequence of pairs of
field gadgets T1 ;,T2; of mazimum degree A with effective fields Ry j, R ; and magnetization gaps
My j, My such that Ry ; = R ; but My ; # My ;; moreover the values of Ry ;, and hence of Ry as
well, are pairwise distinct.

The proof of Lemma 16 is given in Section 4.5. With Lemmas 16 and 33 at hand, we can now
give the proof of Theorem 12.

Proof of Theorem 12. For i € {1,2}, let R; := Ry; be the effective field of T;, M; := My be the
magnetization gap of 7; and A} := Erv, .\ [I7] | 7(p;) = 0]. Note that Ry = Ry but M) # M,
and A}, Al are absolute constants.

Let A(R), B(R),C(R) be the functions in Lemma 15 and set D(R) = B(R) — C(R). For con-
venience, we let A, B,C, D denote the common values of A(R;), B(R;),C(R;), D(R;), respectively,
for i € {1,2}. We will need to ensure in our argument that D # 0. The first observation is that (1)
implies that for all but finitely many values of R we have that D(R) # 0.2 The second observation
is that, from Lemma 16, using 77, T2 we can construct for j = 0,1,2,... an infinite sequence of pairs
of field gadgets 7i ;,T2; of maximum degree A with effective fields R j, R2 ; and magnetization
gaps M j, Ms j such that Ry ; = Raj but M;; # M j; moreover the values of Ry ; are pairwise
distinct. From these two observations, it follows that we can assume without loss of generality that
D #0.

Suppose for the sake of contradiction that, for arbitrarily small k > 0, there is a polynomial-time
algorithm that, on input a graph G of maximum degree A, produces a (1 + x)-approximation of
the magnetization Mg,s. 1. We will show that we can approximate MAX-CUT on 3-regular graphs
within a constant factor arbitrarily close to 1, contradicting the inapproximability result of [1].

For i € {1,2}, consider the graph Héﬂ-i for some large integer k > 14 10/log A and small € > 0
to be specified later. Let u; denote the Gibbs distribution on Hé‘,Ti with parameters 3,7, A. By

Lemma 15, the average magnetization of the graph Héwn satisfies

M (HE 7) = AkAE(H)| + Eowy |

oy || + (1L 89RM;Q;, 2)

If B(R) and C(R) agree on infinitely many values of R, then since both of them are rational functions of R, it
must be the case that B(R) = C(R) for all R > 0. Since for all R > 0, we have that AR - (log A(R))" = B(R) — C(R),
this would give that A(R) is a constant function; contradiction, since (1) asserts that A(0) =1 and A(R) > 1 for all
R > 0.



where Q; = D AvG-Curt,,(H) + C|E(H)| and AvG-CuT,,, (H) satisfies

AvG-Cuty, (H) 6
< i < = -
VK < Max-Cur(H) — Lfor K o= 1+ klog A ®)

Note that since R; = R we have that (see the upcoming (77) for a more detailed explanation)
| DY UUV(FI’&)‘] =Eomp» UUV(fI’E;)‘] and  AvVG-CUT,, (H) = AvG-CuT,, (H). (4)

Let AvG-Cut,(H) denote the common value of AvG-Cur,,, (H), AvG-CUT,,(H) and @ be the
common value of Q1, Q2.
Let D := ./\/157%)\(H57-1) - MB,%A(H?;,TQ)' From (2) and (4)

D = 4k(A} — AY))|E(H)| + (1 4 8¢)k(M; — M>)Q.

Let L := |V(T1)|+ |V(73)|. Using the purported algorithm for the magnetization on H{ +-, and

)

since the latter graph has at most |V (H)||V(G)| +4k|E(H)||V(Ti)| < E(|V(G)] +4L)\E(H)\l:: X
vertices, we can compute an estimate of Mg \(H 577-1_) that is off by at most (an additive) xX. By

subtracting these estimates for ¢ € {1,2}, we obtain an estimate D of D satisfying

D — D| < 2k(|V(G)| +4L)|E(H)|x

for some small x. Then, we have that MC = D_4:((A“j,11:f/[/22))|gw)‘ — S|E(H)) satisfies
IMC — Ave-Cur, ()] < (2O 4 8(1+ [5f)e ) |B()] (5)

where AvG-CuT,(H) denotes the common value of AvG-Cut,,, (H), AvG-CuT,,,(H) (see (4)). By
choosing k sufficiently large, we have from (3) that AvG-Cut,(H) is within a factor arbitrarily
close to 1 from MAX-CuT(H). We will also choose ¢ > 0 to be arbitrarily close to 0. This has
the potential effect of increasing the size of G, but by choosing £ > 0 to be sufficiently small we
can nevertheless ensure from (5) that our approximation MC is within a factor arbitrarily close
to 1 from AvG-CuT,(H), and hence from MAX-CUT(H) as well. This finishes the contradiction
argument and completes the proof of Theorem 12. O

With Theorem 12, we can easily conclude the inapproximability result for the average-size of an
independent set. Theorems 3, 5, 8 will follow analogously, once we give the field gadget constructions
of Section 2.1. The proofs of these Theorems are given in Section 5.4.

Proof of Theorem 1. By Example 11, we have two trees 77 and 75 with the same effective fields and
different magnetization gaps. Also, independent sets correspond to 8 = 1,7 = 0,A = 1 and it is
well-known (see, e.g., [15]) that (8,v,A) € UX iff A > 6. Therefore, the desired inapproximability
result follows by applying Theorem 12. O

The proof of Theorems 2, 4, and 7 build on similar reduction ideas, but the details are slightly
more technical because of the different type of gadgets that we use (cf. Theorem 13). The details
can be found in Section 5.5.



3 Field Gadget construction

In this section, we give the proof of Theorem 13 by first outlining the key ideas of our field-
gadget constructions. We start with the following lemma which describes the effective field and
magnetization gap of field gadgets built out of smaller field gadgets. The proof is given in Section 4.1.

Lemma 17. Suppose we have field gadgets T1, ..., Ti with roots p1,. .., pk, effective fields Ry, ..., Ry
and magnetization gaps My, ..., My, respectively. Let T be the tree with root p, edge {p,u} and the
roots of T1,..., T identified with u. Let R and M be the effective field and magnetization gap for
T. Then

1 kR i
R:—iﬁig?ﬁi, JWzl—MRK1+§]MrJO,
B+ Alim Ri i=1

where
_1+B8y—BR—7/R
1— By
For antiferromagnetic (f,v) and any A > 0, it holds that R € (v,1/8) and 0 < w(R) < 1.

w(R) :

The first step in the construction is to create a family of field gadgets with sufficiently dense
effective fields in an interval and magnetization gaps that are in a small interval. To define the
interval, consider * and w* defined as follows

B+ Az*)? 1By ’

and note that w* € (0,1) from Lemma 17.

(6)

Lemma 18. Fiz A > 0. For any 6 > 0 and any sufficiently small 71 > 0 we can find 7 € (0,71)
and construct a family of field gadgets L = {T1,..., T} whose effective fields are in the interval
[* — T, 2" + 7] and for any x € [x* — 7, 2% + 7| there exist a field gadget in the family whose effective
field is in the interval [x — 79, x + T6].

The proof of Lemma 18 builds on techniques from [3| and is given in Section 4.2.

The second step of the construction is to use the field gadgets in £ constructed in Lemma 18 in
an iterative way as follows. At time ¢ = 0, we will start with some field gadget 7. Suppose that
at some stage we have constructed a rooted field gadget 7 with effective field R and magnetization
gap M. To construct a new rooted field gadget, we merge 7 with one field gadget from £ using the
operation from Lemma 17. We are going to analyze what pairs (effective field, magnetization gap)
we can achieve with this procedure. Let R; and M; be the effective field and magnetization gap
for the field gadget 7; in our collection. By Lemma 17, merging the field gadget 7 with 7; yields
a rooted field gadget with effective field ¢;(R) and magnetization gap v;(R, M) where the pair of

maps (¢;, ;) are given by

14+ vARR;
i = d Y;(R,M)=1- i M+ M; —1). 7
0 R) = TR and (R M) = 1= (@ (R)(M + M~ 1) @
For a small constant 7 > 0 to be specified later, let
[m Tl_‘w*‘,x + Tl_’w*’ (8)

The choice of the interval I’ is such that the maps ¢; are uniformly contracting and map the interval
I’ to itself. Namely, we show the following in Section 4.3.
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Lemma 19. There exists 0 < Cpin < Cmax < 1 and 19 > 0 such that for all 7 € (0,79) for all
Re I and all R; € [z* — 7,2 + 7] it holds that

Cmin < ’(b;(R)‘ < Cmaxa w(R) < Cmaxa ¢Z(R) € r

The second step of our construction will actually take place in the following smaller sub-interval
of I':
I=[x*—|wlr/2,2* +|wT/2] C T, 9)

The choice of I is to ensure the following “well-covered” property for the maps ¢; on I which is
obtained using the density of the effective fields from Lemma 18, the proof is given in Section 4.3.

Lemma 20. Suppose 6 < |w|/100. For every two points x1,x9 € I such that |1 — zo| < |w|T6/2
there exists i such that x1,x2 € ¢;(I).

Lemmas 19 and 20 ensure that for any x € I we can construct a sequence of field gadgets whose
effective field approaches x. Consider the following process Build-gadget(x,t) where z € I and
t > 0 is an integer. If ¢ = 0 we return the degenerate tree. If ¢ > 1 then we let ¢; be any map such
that 2 € ¢;(I). Let y = ¢; ' () and T’ =Build-gadget(y,t — 1). Return the tree T obtained by
merging 7' and 7; using the operation of Lemma 17.

The point behind the process Build-gadget(z,t) is that it allows us to construct, for arbitrary
x € I, a field gadget whose effective field is arbitrary close to x, with error that decays exponentially
fast with ¢ (using the contraction properties of the ¢;’s). This is detailed in the following lemma.

Lemma 21. There exists C' > 0 such that for any x € I and any t > 0 the effective field R of the
field gadget returned by Build-gadget(x,t) (for any choice of the ¢;’s) satisfies |R — z| < CCL ..

We will prove Lemma 21 in Section 4.4. For the field gadgets we construct we will always
maintain the effective field in the interval I’, cf. Lemma 19. Now we show that the magnetization
gaps of the field gadgets constructed using our process also stay restricted to an interval J. Let

2+ max |M;]

T
1 — Chax

and let J be the interval [T, T. (10)

Lemma 22. Suppose R € I' and M € J then ;(R, M) € J.

Proof. We have ¢;(R, M) = 1—w(R)(M;+M —1). Hence |¢;(R, M )| < 14 Cryax(T+max |M;|+1) <
T, where the last inequality follows from (10). O
For any x € I we are going to construct a sequence of families of pairs of maps F, o, Fz1,... as

follows. In each pair, the first map is from R to R, and the second map is from R? to R (similarly
to (7)). Let F, o contain the pair of maps (z — z, (z,y) — y). To construct F 1 we take every
¢; such that that x € ¢;(I) and every (f,g) € ]:(bﬂ(x)t and place into F, ;41 the map

(R, M) = (¢i(f(R)), ¥i(f(R), (R, M))). (11)

Every (f,g) € Fu corresponds to a sequence of ¢;’s with length ¢, which in turn corresponds to a
rooted field gadget built using the procedure described just above (7) for ¢ steps. In this procedure,
we will now view the initial field gadget 7y as an “input” (to the procedure). If the input has
effective field R and magnetization gap M then the final field gadget will have effective field f(R)
and magnetization gap g(R, M). In particular, with the right choice of input (i.e., f~1(z)), we will
obtain a field gadget with effective field z. We will usually view f(R) and g(R, M) as the effective

11



field and the magnetization gap induced by the Build-gadget(z,t) procedure when at the base step
we use 7 instead of the degenerate tree (provided the choice of the ¢;’s in Build-gadget matches
up with the sequence for the pair (f, g)). However, we will not be able to use the exact input needed
to obtain the effective field = but rather some approximation of it, and the pair (f, g) will allow us
to track the influence of the last ¢ steps when building a rooted field gadget 77, which intuitively
have larger influence both on the effective field and magnetization gap of T’ (since the maps ¢; are
contracting). In particular, once we have the value of the magnetization gap and effective field of the
“Input” field gadget, by applying (f, g) we know precisely where the effective field and magnetization
gap will end up after applying the sequence of ¢;’s corresponding to (f,g).

We are going to distinguish two possible cases for the families F, ;. In the first case we will
obtain the gadgets we need immediately using the Build-gadget procedure. In the second case we
will construct a continuous function from the families. Then we will argue that the function cannot
satisfy a functional equation and this will yield the gadgets we require.

Lemma 23 (Case I). Suppose there exists x € I such that for some ty,ty there exist (f1,01) € Far,
and (fz,92) € Fury such that gi(I' x J) and go(I' x J) are disjoint. Let M be the distance of
g1(I' x J) and go(I' x J).

Then, there is an algorithm which, on input a rational r € (0,1/2), outputs in time poly(bits(r))
a pair of field gadgets Ty and Ty, each of mazimum degree 3 and size O(|logr|), such that

\R7; — x|, |Ry, — x| <r, but |My — Mp| > M.

Proof. Note that for a fixed ¢ the union |J, F,+ contains finitely many functions (because there are
only finitely many choices for ¢; in each step of the construction). If t,¢2 and = assumed by the
lemma exist then we can find them by examining finitely many functions. For each (f1,¢1) and
(f2,92) we check whether f1(I) N fo(I) # 0 and g1 (I' x J) N go(I’ x J) = @; if we find we such a
pair we take x € f1(I) N fo(I). Note the running time for this process is a constant depending on
B,7,A. (Note that f(I) and g(I' x J) is always an interval that we can find inductively.)

To construct 7;, i € {1,2} we use the Build-gadget procedure following the choices of (f;,g;)
in the first ¢; steps, cf. the discussion below (11). Using Lemma 21, we run the procedure for
O(]logr|) steps achieving |R; — x| < r, i € {1,2}. We have M; € g;(I’ x J), i € {1,2} and hence
|M; — M| > M. O

Lemma 24 (Case II). Suppose that for every x, every ti,ty and every two functions (fi,q1) € Far,
and (f2,g2) € Fyt, we have that fo(I' x J) and go(I' x J) intersect. Then there exists a continuous
function F : I — J such that for every x € I, every € > 0 there exists ty such that for every t > tg
and every (f,g) € Fyr and every R € I' and every M € J we have

lg(R, M) = F(x)| <e. (12)
The proof of Lemma 24 is given in Section 4.4.

Lemma 25. Suppose CASE II happens, that is, the assumption of Lemma 2/ is satisfied; let F' be
the continuous function guaranteed by Lemma 24. Suppose that there exist x1,xo € I such that the
following equation is violated.

P (1 + 7)\x1:172> 4 (1 = By)A\z129
54—)\21712172 (1+’7/\l‘1l‘2)(5+/\l‘1l‘2)

(F(z1) + F(z2) — 1) (13)

Then, for any integer k > 1, we can find in constant time (where the constant depends on 3,7, \, k)
rational numbers x1,x9 € I such that (13) is violated and, moreover rationals Ry, ..., Ry € I such
that the following holds.

12



There is an algorithm which on input a rational v € (0,1/2) and any i € [k] outputs in time
poly(bits(r))Aa pair of field gadgets Ti and Tz, each of mazimum degree 3 and size O(|logrl), such
that |Rt;, — Ri| <7, |Rp; — Ri| <7 and |M7, — Mp,| > M.

Proof of Lemma 25. Let k > 1 be an arbitrary integer and fix x1,29 € I that violate (13). Let
d > 0 be the absolute value of the difference between the two sides. From the continuity of F
more precisely equation (53), there exists € > 0 such that for any y,y2 € I with |y; — z1| < € and
ly2 — x2| < € we have that y;,ys violate (13) with difference at least 6/2 between the two sides.
Let C be a finite set of pairs (y1,y2) which form an g5z-net for I x I; by perturbing slightly the
set of points in C we can obtain an qgz-net for I x I, say C’, such that for any two pairs (y1,y2)
and (y},y5) it holds that yiy2 # vjvy5. Now, to check whether a pair (y;,y2) in C’ violates (12), we
run Build-gadget for y1,y2 and y3 := m\% with the value of ¢ given by Lemma 24 to achieve
bound §/100 on the right-hand side of (12). Then, we will find at least k different pairs (y1;,92,5),

j = 1,...,k that violate (13). For j € [k], let Rj := y3,; = m#zfj and note that by the

construction of C’, the ]A%j’s are pairwise distinct.

Now, on input j € [k], we use the Build-gadget procedure to construct 7; for vij, 1 € {1,2,3}
for t = O(|logr|) steps, using Lemma 21,. The tree 77 is obtained by merging 7: and 73 and the
tree T3 is T3. O

Now assume that equation (13) is satisfied for all z1,29 € I. We are going to derive a contra-
diction, thereby showing that (13) must be violated. We will do this in two steps. First we use a
special case of equation (13) to obtain a functional equation that constrains the possible solutions
of F. Second we show that none of these solutions satisfies (13).

Suppose z1,x2,x3 € I are such that z1xe = x32*. Plugging into (13) we obtain that F' has to
satisfy the following equation

F(z1) + Fas) = Flas3) + F(a). (14)

Lemma 26. Suppose F' is a continuous function on I. Suppose that for x1,x2,x3 € I such that
x129 = x3x® we have (14). Then there exists ¢ such that for all x € I we have

F(z) = clog(z/z*) + F(x™). (15)

Proof. We will use the following parametrization to turn (14) into Cauchy’s functional equation. Let
x1 = " exp(y1), v2 = 2x* exp(y2), and x3 = x* exp(y3). The condition z1xe = x*z3 is equivalent
to y1 + y2 = y3. Let

G(y) = F(z"expy) — F(z"). (16)

Note that G is defined on the interval [log(Iz,/x*),log(Ir/z*)] that contains 0 (since I, < z* < Ig).
Equation (14) becomes

G(y1) + G(y2) = G(y1 + y2). (17)

From continuity of F' we have continuity of G. Since (17) is Cauchy’s functional equation on an
interval containing zero the only continuous solutions are G(y) = cy for some constant c. Plugging
in (16) we obtain (15). O

Finally we show that (13) has to be violated.

Lemma 27. A solution of the form (15) cannot satisfy (13).

13



Proof. We will plug-in (15) into (13) with x; = z* and z9 = y. We obtain

(1— By)Az*y
(1 +yAz*y) (B + Az*y)

14+ vy z*y
B+ A\x*y

(clog(y)—clog(z*) —1+2F(z")).
(18)

clog( >—clogm*+F(m*):l—

Differentiating (w.r.t. y) we obtain

Mi=p)a” (= BN (BN et eloa(at) -

G ray)(L+hay) < 1+ A y)2(B + Aa*y)? > (clog(y) — clog(a*) — 1+ 2F(z*))
(1= By)Aary ( 1)

(1 +yAz*y) (B + Az*y) ’

c
Yy
which simplifies to

0= 1 —cl —142F 19

SR P R 0 (ogly) ~ clog(e”) - 1+ 27(a") (19

The only solution for (19) has to have ¢ = 0 and F(z*) = 1/2. Plugging ¢ = 0 and F(z*) = 1/2
into (18) we obtain 1/2 = 1 + 0, a contradiction. O

Finally, we combine the various pieces from the previous subsection to prove Theorem 13. In
fact, we will prove a slight strengthening of Theorem 13, given below, which will be used in our
reduction, analogously to Lemma 16.

Theorem 28. Let (5,7,A) be antiferromagnetic with (8,~,\) # (8,8,1). For every integer k > 1,
there exist constants M,E > 0 and k distinct numbers Rl, . ,Rk > 0 such that the following
holds. There is an algorithm, which, on input i € [k| and a rational v € (0,1/2), outputs in time
poly(bits(r)) a pair of field gadgets T1, T2, each of mazimum degree 3 and size O(|logr|), such that

|R7 — Ril, [Ryy — Ri| < v, but [My, — Mpy| = M.
Moreover, the magnetization gaps M, , M7, are bounded in absolute value by the constant =.

Proof. There are two cases to consider: either Lemma 23 or Lemma 24. In the latter case, by
Lemmas 26 and 27, we obtain that (13) is violated, and hence Lemma 25 yields the desired algorithm.
In the former case, we are also done, modulo that Lemma 23 only guarantees the existence of a
single R, namely the value x. Let t,t; be such that (fi,91) € Fuy, and (f2,g2) € Fuy, satisfy
g1(I" x J)Nga(I' x J) = 0. The functions in F, ; are continuous and defined on a closed interval, so
we have that for sufficiently small e > 0, for all y such that |y — x| < €, we can find (f1,§1) € Fytr
and (f2,Ja) € Fyu4, which satisfy gy (I’ x J) N go(I' x J) = 0. We pick k such y’s for the values
of the R;’s for i = 1,...,k and produce the desired trees by running the Build-gadget procedure
for O(log |r|) steps. Finally note that the magnetizations all lie in the interval J, see (10) and
Lemma 22, which is bounded by absolute constants, finishing the proof. O

Note that Theorem 13 corresponds to the case k = 1 in Theorem 28.

3.1 Proof of Theorem 14

To prove Theorem 14, we will just need an absolute bound on the second derivative of the effective-
field constructions of the previous subsection, when viewed as functions of the parameter A. The
following lemma gives this bound.
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Lemma 29. Let Ri()\),...,Ri(X) be a family of functions from a closed interval I to (,1/p).
Consider the following family F of functions from I to (v,1/8). Let Qo(A\) be a function from I to

(v,1/B). For every sequence ag, ..., am—1 of numbers in [k] fori € [m — 1] let
, _ 1R, (MNQi(N)
@ = TR, Q)

and place function Q, into F.
Suppose each Ry(\) and Qo(A) is twice continuously differentiable on I. There exists bounded
intervals In, I such that for any X € I and any Q(\) € F we have Q;(X\) € I and Q}(\) € Is.

Proof. Let £ = a;. We have

(AR(NQi(N) +yAR(NQi(N) (1 +AR(N)Qi(N) AR (M) R(N) + ARe(N)Qi(N))
B+ AR;(MN)Qi(N) (B+ ARi(N)Qi(N))? '

QH—I( )
(20)

We can re-write (20) as follows

i1 (V) _ AR;(N)Qi(M)(By — 1) . p1(Re(N), Qi(N), Ry(N))
Qir1(N) (1 + M R(N)Qi(N)(B + ARe(N)Qi(N)) (B+AR(NQi(N)

where p; is a constant degree polynomial. Note that the coefficient of Q}(\)/Q; () in (20) satisfies

AR (N)Qi(N)(By — 1)
(1+ M RN Qi(N) (B + AR(A)Qi(N))

(21)

<C<1, (22)

where C = 1207 jf By # 0 (the case Sy = 0 is discussed below). To see the bound in (22) let

\/_ +1
W = ARy(AN)Q;(\). The coefficient becomes %, which achieves maximum for W = /5 /v
with value \/\/%ﬁ In the case § = 0 the coefficient becomes —1/(W+ + 1), which since W is

uniformly bounded from below has absolute value uniformly bounded from 1. In the case ¥ = 0 the
coefficient becomes —W/( + W) and since W is uniformly bounded from above has absolute value
uniformly bounded from 1.

Each Rj(\) is bounded (since it is a continuous function on a closed interval. Hence there exists
constant M; such that for any x € (v,1/5) and any X € I

p1(Re(N), z, Ry(N))
(B4 ARy(N)x)?

<,

From continuous differentiability of )y we also have that there exists a constant M such that for
any A € I we have

Q)
Qo(N) ‘ = Mo

Now using (21) by induction \8283 < (M1 + May)/(1-0C).

The argument for the second derivative is almost the same. We can write an expression for

7.1 (N)/Qix1(N) as follows

i) AR, (N Qi(N)(By — 1) QYY) | p2(Fe(N), Qi(N), Qi(N). By (M), By (M)
Qiv1(A) (1 4+AyRe(MQi(A) (B + AR(N)Qi(N)) Qi(A) (B + AR (A)Qi(A))? ’
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where py is a constant degree polynomial. Again all the parameters for ps are bounded (for Q}(\)
we use the (M; + Maz)/(1—C)(1/8) bound) and hence there exists a constant M3 such that for any
x € (v,1/5) and any |y| < (My + Ma2)/(1 — C) we have
‘p2(Rz(A),y,w, Ry(A), Rj (M)
(B + ARy(N)zx)3

We also have that there exists a constant M, such that for any A € I we have

‘ﬁMg.

< My.

Note that the coefficient of Q7(\)/Qi(\) in (23) satisfies (22). Now using (23) by induction
Q7 (N)/Qi(N)] < (M3 + My)/(1 - C). -

We now give the proof of Theorem 14.

Proof of Theorem 14. By Theorem 13, for antiferromagnetic (B8,v) and A > 0 with (5,v,\) #
(8,8,1), there exist R,M > 0 such that for any r > 0, there exist a pair of field gadgets T, 72,
each of maximum degree 3 and size O(|logr|), such that

Ry, — R|,|R7, — R| <r, but |[My, — Mz,| > M.

The effective fugacities of the gadgets Ty, T2, viewed as functions of A, are of the form given in
Lemma 29 and hence their second derivatives are uniformly bounded. Note that the magnetization
gap is the first derivative of the logarithm of the effective fugacity. So, the lower bound on the dif-
ference of My, , M7, implies an absolute lower bound on the difference of the derivatives of R, R7;.
Since the second derivative is uniformly bounded (by Lemma 29), we can find A arbitrarily close to
X such that R, (A), R7;()\) are equal. Since Ry, Ry, (\) are rational functions of A (using that 3, ~
are rational), we obtain that any such A must in fact be algebraic, finishing the proof. O

4 Field Gadgets: Remaining Proofs

In this section, we give the remaining proofs of Section 3.

4.1 Proof of Lemma 17

Proof of Lemma 17. For convenience, we will write u7 instead of p7.5,1. Let Z%’J be the weight
of all configurations on 7 rooted at p where p is occupied (has state 1). Similarly let Z°”t be the
weight of all configurations on 7 rooted at p where p is unoccupied (has state 1). Define analogously
Z%-,pi fori=1,...,k. Then, we have

k
ar, (Tl o 1)

=1

out ﬁH Z%u,tpi + )\E 7;\7Pz‘

We therefore have that
. k Z‘“Z_y .
po 127, T 285 + DL, 5 14 I B
o\ Zout g Zno k .'
Te o Bl zgt, + ATz 52 FrAllia B
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For the magnetization gap, we view Zif o Z%“;, and Zi7’1i o0 Z%‘tpi as polynomials in A, and therefore

the R;’s and R as rational functions of A. Then observe that
_ Qg Zy, |\ OlogZg, Olog(AR;) _ | .\ OR;
e oA O\ N oA N R; O\’

and similarly M =1+ %%. It follows that

(L—Bpr  ONILL R _ (1= B\ O, Re)

RB+ATTE B2 OA (LTS R)B+ATT R)  OX

1 (1— By)A I, R k A OR » k N
- (1+’MH?:132')(/3+AH§:1R¢)(H;Ri 8)\>_1 (R)<1+;(Mz 1)) O

4.2 Proof of Lemma 18

In this section, we give the proof of Lemma 18. We first create two field gadgets 7; and Ty with
effective fields Rq, R where Ry is close to z* and Ry is even closer to z*. We generalize a “bounding-
tree” construction from [11], which was used in the case of the hard-core model.

To handle the special case A = % for some 3,7 € (0,1), cf. Definition 9 and the remark
below, we will use the following field gadget whose effective field is different than 1 and satisfies

Re€ (v,1/B).

Lemma 30. Let (3,7) be antiferromagnetic with 8,y € (0,1) and B # ~. Let A = % and consider
the field gadget T rooted at p, consisting of a 4-cycle together with the extra vertex p that is attached
to one of the vertices of the cycle. Then, the effective field R of T is different than 1 and satisfies

Re€ (v,1/8).

: : . _ 14yAr _ BPAAE2AB7+3A22 4234 : _1-B
Proof. A direct calculation gives that R = EESVE where r = AR YRS LAy Ly Since \ = =

we have that R # 1 iff » # 1. Using the value of A again we obtain that » = 1 is equivalent
to (1 — 8)3(8 — ) = 0, which cannot be the case when 8 # v and 8,7 € (0,1). The fact that
R € (v,1/pB) follows from r € (v,1/p). O

Lemma 31. For every e1,es > 0 there exist field gadgets T1 and Ta such that
\Rl—x*\ <€ and ‘Rg—x*’ <62’R1—x*‘. (24)

Proof. We will inductively construct two sequences of field gadgets ’7'1L , 7'2L ,... and ’7'1U, 7'2U, ... with
effective fields Ly, Lo, ... and Uy, Us, . ... Throughout the construction we will maintain 1/5 < L; <
x* < U; <~ and L; # U;. We will use the following inequalities

14 ~yA\z? 14 ~yA\z?
:E<:E*:>ﬂ>l‘* and z > 2% = AT *

_ 2
B+ A B+azz -0 (25)

these follow from the fact that 15;_7;;22 is decreasing and that z* is the fixpoint.

If 1 < z* then we let 7L to be the degenerate tree (see Example 10) and TV be the tree with
one edge. Note that TlU is obtained from the degenerate tree using the operation of Lemma 17 and
hence Ly = 1 and Uy = (14+~))/(8+ \) which by (25) is greater than z*. In the case z* < 1 by the
same argument we can take 77" the tree with one edge and 7V the degenerate tree and we again
have L1 < z* < U;. In the case where * = 1 we must have that A = % for some 3,7 € (0,1)
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with 3 # 7; then, we can use the field gadget 7 of Lemma 30: if R < 1 then we let 7;* be 7 and
we take TU to be the single edge tree, and if R > 1, vice versa.
Now assume L; < z* < U; and L; # U;. Using (25) we have that

1+ yA\U? << 14+ yAL?

Chtidy Lo 26
Bra? =0 S AL (26)

From the monotonicity of the map x +— (1+~vAz)/(8+ Az) and (26) we have that there is k € {0,1}

such that
Ly AUFLEF

R ROV ofany A
T vk =TS
+ AU L

T T B+ UL

Li—l—l = Ui+1. (27)
Equation (27) corresponds to 1) creating 725—1 using k copies of .U and 2 — k copies of ;% and 2)
creating 7;21 using k + 1 copies of ’EU and 1 — k copies of ’EL.
Note that U; # L; implies U; 11 # L;11. We will now argue that lim,,_, o L, = lim,_, o, U, = z*.
From (27) we obtain
U (Lit1B -1y —Uin)

L (UmB -1y - Liz1) (28)

We will now argue
(Li+18 = 1)(y = Uit) S Uit
(Uis18 = )(v = Lit1) = Lita

(29)
We can rewrite (29) as follows

(Uig1 — Liy1)(v(1 = BLiy1) + BL(Us41 — 7)) > 0,

which follows from R € (v,1/8) (see Lemma 17). Note that U;/L; is a decreasing sequence,
U;/L; > 1 and hence it has a limit. We are going to argue that the limit is 1. Suppose the limit is
a > 1. Note that the values of L; are restricted to (v,1/3) and hence the set {L;|i > 1} has an
accumulation point x. At the accumulation point we have

_ @B— 1)y — )
(e —1)(y — )’
since for every € > 0 there exist ¢ such that |L;11 — x| < € and |U;j31 — ax| < € and |U;/L; — o <€
(which together with (28) implies (30)).
Equation (30) simplifies to

(30)

(1 —a)(afyz — aBz? + fyz — ) = 0. (31)
We will show that for x € (v,1/5) we have
afyxr — afx?® + Byx — v < 0. (32)

For x = 7 the left-hand side of (32) simplifies to (5 —1)y < 1. The derivative of the left-hand side
of (32) with respect to x is

Blay — 2ax + 7). (33)

We will show that for z € (v,1/8) the expression (33) is negative; because of linearity we only need
to argue at the endpoints of the interval. For =« the value is v — ay < 0. For = 1/ the value
is (14 «)By —2a < 0. This proves (33) and hence (31) implies o = 1, that is, the limit of U;/L;
goes to 1 as 1 — oo.
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To construct 7; we iterate the process until U;/L; < 1+ e1/2*; this implies |U; — 2*| < €1 and
|L; — x*| < e1. Since U; # L; at least one of them is different from z*; this will be the effective field
of our field gadget 77. To construct 75 we iterate the process until U;/L; < 1+ €| Ry — z*|/2* and
take either the field gadget for L; or Uj. U

Proof of Lemma 18. We will use the Taylor approximation of the map of Lemma 17 for R, Rs close
to z*. More precisely, there exists C' > 0 and 79 > 0 such that for any 7 € (0,79), |y1] < 7, and
ly2| < 7 for Ry = x* + y1 and Ry = 2* + yo we have

1+ AR Ry B

R| < C7? 34
5+ AR, Ry =T (34)

where R = z* — w*(y1 + y2) (see equation (40)).

Fori € {0,...,Q} (where Q = [2logy(1/0) +2logy(1/w*)]) we will construct a sequence of field
gadgets Tio,...,T; 9 with effective fields R;p,..., R, 9 that are close to an arithmetic sequence.
More precisely for each i € {0,...,Q} there will be a value «; and & > 0 such that for all j €
{0,...,2%} we have

|Rijj — (2" + jai)| < &iloyl. (35)

We will aim to have &; small; the exact bound will be established inductively. To simplify the nota-
tion we assume C' > 1 (increasing C' preserves (34)) and 79 < 1/100 (decreasing 1y preserves (34)).
We start with 790 = T2 and 71 = 71 where 71, Tz are the field gadgets guaranteed by Lemma 31
with parameters e; = 79(w*)??/(C?99), €1 = €2. Note that we satisfy (35) with ag = Rp1 and
o = €2
Suppose we constructed T, ..., 7T; 9 and & < 3¢ < 1/100. For j € {0,...,2"71} we let Tiy1 4

be obtained from 7 and 7;; where k+ ¢ = j (any choice of k and ¢ is fine). We let aj11 = —w* .
From (34) we have

|Rit1; — (2" = W ((Rig — 2°) + (Rig — 7)) )| < C(2eu])?,
which combined with (35) for R; j, and R;, implies
|Ris1j — (2% + jays1)] < C2%2 |yl é0& + 26w*|ai| < 3&[ i, (36)

where in the first inequality we used |a;| < || < €1 = (£)? < &o&;. Hence we have Ti+1.0, - . - s Tig1,0i1
that satisfy (35) with &1 < 371¢, < 1/100.

Our final family of field gadgets is Tg i, € {0,...,2%9} and Tg—14, € {0,...,2971} (the reason
we take field gadgets for two values of the first index is to cover both sides of x*; note that a;’s
alternate sign). We take 7 = 297 w*|ag|. Let = € [2* — 7,2* + 7]. If the sign of x — 2* agrees with
the sign of ag we let k = [(z — 2*)/ag] (note 0 < k < 2971 and take the tree T ;. We have

[Rq.r — (27 + agk)| < (1/100)[aq] (37)

and hence
|Rox — x| < 2lag| <2792 < or. (38)

If the sign of x — x* agrees with the sign of ag_1 we let k = |(z — 2*)/ag_1] (note 0 < k < 29-1)
and take the tree Tg_; ;. The argument is analogous to (37) and (38). O

19



4.3 Proof of Lemmas 19 and 20

Proof of Lemma 19. We will consider the functions ¢; for R and R; close to z*. The gradient of
¢;(R) (viewed as a function of R and R;) is

<>\Rz~(ﬂfy —1) AR(By—1) >
(B+ARR;)?’ (B+ ARR;)?)’

(39)

so we let R; = R =z* in (39) then we obtain that the gradient of ¢; at (z*,2*) is (w*,w*), since

(B8 4 A(z*)?)?

We therefore obtain the following linear approximation (using Taylor’s theorem) of ¢; around z*.
There exists C' such that for any sufficiently small 7 > 0 the following is true. Suppose R; = z* + y;
and R = z* + y where |y;| < 7 and |y| < 7. Then

|6i(R) — (2" + w*(yi +y))| < C7° (40)

and
|¢i(R) —w*| < Clrl. (41)

We will choose 7 > 0 small enough so that

W[ (1 = |w™])

R TE

(42)
Recall that |w*| < 1 and hence (41) implies that for every 7 > 0 small enough we have that for
R; € [z* — 7, 2* 4+ 7] we have that the map ¢; on the interval

I «
1 — fw] 1 — fw]

I'= [m*—27'

is uniformly contracting, using also Lemma 17. The bound on w(R) follows from w(z*) < 1 (see
Lemma 17). This proves the first two inequalities in the lemma.
For the third inequality, consider R; € [x* — 7, 2" + 7] and let R; = x* + y;, so that |y;| < 7. Let

||
1—|w*|"

also R = z* + y; then, since R € I', we have |y| < 27
From (40) we have

|pi(R) — x*| < C7 —|—<7’—|— Tl—|w*| |w™|

To prove the lemma it is enough to show

Cr? S S WP L 43
T—|—<7'—|— Tl—]w*\ lw*| < Tl_‘w*’ (43)
Equation (43) is equivalent to C7? < 27|w*|, which follows from our choice of 7 in (42). O

Proof of Lemma 20. Let x = (x1 + x2)/(2w). Note that x € [x* —7,2* + 7]. Let R; be the effective
field of the field gadget guaranteed by Lemma 18, that is, |R; — z| < 76. We will show

Gi(z* 4 |w|T/2) <z and x2 < ¢i(z* — |w|T/2). (44)
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Using (40) we have

di(x* + w|T/2) — 1 < 2* + W((R; — x*) + |w|T/2) — 21 + C|7* < (45)

¥ 4 |w|Td +w((x — 2*) + |w|T/2) — 21 4+ CO|7]? < 2|w|76 + w|w|T/2 4+ C|7]? < 0, (46)

the last inequality is true for 7 satisfying (42) and 0 < |w|/100 (the negative middle term “over-
whelms” the remaining positive terms). The second inequality in (44) follows the same argument

yielding
di(x* — |w|T/2) — 29 > —2|w|Td — wW|w|T/2 — C’|7’|2 > 0. O

4.4 Proof of Lemma 24

In this section, we consider Case 2 and prove Lemma 24. We first argue that the maps F,; are
getting “flat” as t goes to infinity.

Lemma 32. There exist constants C < 1,D < 1 and C' > 0,D’ > 0 such that for any v € I any
t >0 and any (f,g) € Fyr we have

. Nl < C'Ct.
max [f(R)— f(R)| < C'C (47)
and
max |g(R7M) _g(RlvM/)| < D/Dt' (48)

a
R,Rel' M,M'eJ
Proof. We will prove the lemma by induction on ¢. Consider (f,g) € F,: Let i be such that
T € gbi_l(l) and (f,f]) IS fd)ﬂ(x)’t_l be such that
F(R) = ¢i(f(R)) and g(R, M) =i(f(R),4(R, M)).

Note that f(R) € I" and f(R') (see Lemma 19). Recall that ¢; is contracting on I’ (see Lemma 19),
hence

[f(R) = F(R)| = |¢i(£(R)) — i(F(R)| < CIf(R) — f(R)| < C'C". (49)
We have
g(R, M) = 1=w(F(R)) (3(f(R), M)+M;=1) and (R, M') = 1—w(F(R) (g(f(R), M')+-M;=1).
Hence
9(R, M) = g(R, M) = (w(F(R) = w(F(R)) (M; — 1+ §(f(R), M"))
Ful ) (3R — ssR). D).

We will use (49) to bound the first term in the final expression of (50); the second term will be
bounded by induction. Note that the function w(z) on I’ has a bounded derivative. Further note
that M; and g(f(R’), M') are in J'. Hence there exists a constant K such that

[(w(F(R) = w(f(R))(M; = 1+ §(f(R),M")| < K|f(R) - f(R) < KC'C". (51)
We can now take D > max{C,Crax} and D' = KC'D/(D — Ciyax). Then we have

lg(R,M) — g(R',M")| < KC'C' + QD'D'™! < D'D". O
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We can now prove Lemma 21.
Proof of Lemma 21. The lemma follows from (47) and the fact that z € f(I). O

Proof of Lemma 24. Let L, be the intersection of g(I’ x J) for all (f,g) € Fy+ for all t > 0. By
Helly’s theorem L, is non-empty. By Lemma 32 we have that L consists of a single point £. Let
F(x) = ¢. Lemma 32 also implies (12) for every R € I’ and every M € J and t large enough. We
have the following observation about the function F. If ¢;(y) = « and z,y € I then

Fla) =1 - wle)(Fly) + M; — 1), ()
To prove (52) note that if we take (f,g) € Fy; then we have (fi,91) € Fy 41 where
g1(R, M) = i(f(R),g(R, M)) =1 — w(¢i(f(R)))(9(R, M) + M; —1).

Note that as ¢ goes to infinity we have that f(R) goes to y, ¢;(f(R)) goes to x, g(R, M) goes to
F(y) and g1 (R, M) goes to F(z) (for any R € I’ and M € J) and hence (52) holds.

Now we argue continuity of F. We will show that for x1, 29 € I we have for some ¢ € (0, 1)
|F($1) —F(l‘2)| < C|$1 —ZE2|C. (53)

We will prove (53) by induction on [logs,  |z1 — 2], where Chax is the constant from Lemma 19.
The base case is when |x1 — xg| > |w|70/2. Since F(x1), F(xz2) € J we have

|F(x1) — F(x2)| < 2T < Clw|16/2 < C(|w|1d/2)¢ < Cl1 — 22|,

where we choose C' > 4T'/(|w|T9).

Now we proceed to the induction step. Let 1, z9 be such that |x; —23| < |w|7d/2. By Lemma 20
there exists ¢; such that both x1, x9 are in ¢;(I). Let y; = gbi_l(xl) and yo = gbi_l(ajg). By Lemma 19
we have

(1/Crmax) w1 — 22| < [y1 — y2| < (1/Crin)|z1 — 22|
Note that
[og ey, [y1 = ¥2l] < [logg,,, [21 — @2]].

From equation (52) we have
Fey) = F(z2) = (F(y1) + Mi — D)(w(22) — w(z1)) — w(@2) (F(y1) — F(y2))- (54)

Note that the function w(z) on I’ has a bounded derivative. Further note that M; and F(y;) are
in J’. Hence there exists a constant K such that

|(F(y1) + M; — 1)(w(z2) — w(r1))| < K|z — 21 (55)
Hence
c Cmax c
|F($1) — F(l‘2)| < K|l‘2 — ZE1| + C’maXC'|y2 — y1| < <K + COT> |ZE2 — ZE1| . (56)

We will choose ¢ € (0,1) such that CS. > Cyax (such ¢ € (0,1) exists since Cryin, Cmax € (0,1). We

then choose C' such that C(% —1)+ K < 0. For our choice of ¢ € (0,1) and C we can bound (56)
by Clza — 21|¢ completing the induction step. O
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4.5 Obtaining an infinite sequence of pairs of field gadgets

In this section, we prove Lemma 16.

Proof of Lemma 16. For j = 0, we set T1 o = 71,720 = T2. For j > 1, we proceed inductively.
For i € {1,2}, we construct 7; ;11 by just combining 7; ; with the degenerate tree of Example 10
according to Lemma 17; we then have that

1+ ’Y)\Ri,j

B+AR;;’ Mijsr =1 —w(Ri;)M;.

Rij1 =
Since Rl,j = Rg’j and Ml,j 75 MQJ, we therefore have that R17j+1 = R27j+1 and M17j+1 75 Mg’j+1
as well. The function f(z) = 15:*;‘;6 has a unique fixpoint «* in the interval (8,1/v) and for any
starting point xg € (5,1/v) with zy # z*, repeated application of f produces x;’s that are getting
strictly closer to x*. It follows that the sequence {R; ;} constructed above, and hence {Ry;} as
well, has pairwise distinct elements except for the case that Ry = Ry = x*. In this case, we let 7; ¢
to be the field gadget obtained by combining two copies of 7; according to Lemma 17 and proceed

as before. Note that whenever 2* # 1, we also have that R; o # =" as needed since

1+ yA(z*)?
Rio= =5
B+ Az*)

where the disequality holds because z* # 1. We also have that Ri g = Rao and M; o # M since,
for i € {1,2}, M;p =1—w(Rio)(2M; — 1) and M; # M,. Finally, in the case that * = 1, which
corresponds to A = % for 8,7 € (0,1) and B # v, we let T;o to be the field gadget obtained by
combining, according to Lemma 17, 7; and the field gadget 7 of Lemma 30. Then, we have that
R;o # x* as needed since

7 fa”) = a7,

14+ ~9AR
Rig=——— #1,
1,0 5+>\R 7&
since the effective field R of T satisfies R # 1 by Lemma 30. We also have that R; o = Rz and
Mo # May since, for i € {1,2}, M;o =1 —w(Rio)(M; + M — 1) and M; # My, where M is the
magnetization gap of T.
This finishes the proof of Lemma 16. U

5 Proofs of the remaining inapproximability results

With all the field-gadget constructions in place, we now give/finish the proofs of the remaining
inapproximability results.

5.1 The bipartite “phase-gadget” of Sly and Sun

Here, we state more precisely the properties of the bipartite phase-gadgets that we described in
Section 2.3. Recall that a graph G' € G¢ is an almost-A-regular bipartite graph with n vertices on
each side and £ “ports” of degree A — 1, which will be used to connect distinct copies of gadgets.
Recall also that for o : UT UU™ — {0,1}, we define the phase )Y (o) of the configuration o as the
side which has the most occupied vertices under o, i.e.,

y(O') _ {+ if |UU+| > |JU'|7

- otherwise.
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Lemma 33 ([16, Section 4.1]). Let A > 3 and (5,7, A) € Ua. There exist real numbers ¢*,q~ € (0,1)
with ¢~ < ¢ such that the following hold for every integer £ > 0, real € > 0, and all sufficiently large
integers m. There exists a graph G € G. such that the Gibbs distribution p = HaG:B~,x Satisfies the
following:

135 <p(V(o) = *) < 4=

2. for every T : W — {0, 1}, we have that (1—€)Qyy (1) < plow =7 | V(o) = £) < (1+€)Qy (1),
where Qy,(+), Qyy () are product distributiond defined by

Qv (r) = ()7 M1 — g) T O ()OI (1 gl HOMWIL - (57)

Remark 34. We remark that for any fired € > 0 and £ > 1, we can find n and G € gﬁ satisfying
Items 1 and 2 by brute force in constant time. Namely, the values of ¢*,q~ can be obtained by solving

: 1 (Byt1)2! 1 (Br+1\27! :
the system of equations x = 5 (yﬂ—ﬁ/) =3\ ) for x,y > 0; it can be shown that for

(B,7,\) € Ua this system has a unique solution with x <y (see, e.g., [5, Lemma 7], or [8, Section
6.2]). Using these values, for any constants n,{ and any graph G € G- we can check whether Items 1
and 2 hold in constant time, and therefore find G satisfying Lemma 33.

5.2 Preliminaries

Let G = (V,E) be a graph and (f,v) be antiferromagnetic. It will sometimes be convenient to
consider models where instead of a uniform field A over vertices of G, we allow vertices to have their
“own” field. More precisely, for a field vector A = {\, }yev, we define

uepan(o) = Y882 o s a0) = 5@ T A (58)
ZG;B’FY’A veV;o(v)=1

Lemma 35. Let (8,7) be antiferromagnetic and A\, A1, 2 > 0. Let G = (V, E) be a graph and
S CV. Forie€{1,2}, let A; be the field vector on V, where every v € S has field \;, whereas every
v € V\S has field \. Let p; be the Gibbs distributions on G, respectively, with parameters 3,7, A;.
Then, for every v € V, it holds that

E A2
‘ o~ p2 [O-(U)] _EUNﬂl [O'('U)H < 2|S| ‘)\—1 — 1‘
Proof. Assume first that \; > Xy. For v € V, let

0:V—{0,1};0(v)=1

so that By, [0(v)] = Zzléc”z()i;) Therefore,

Zin bY _Zin bY Zin bY _
B 0(0)] ~ Bomyulo()] = 2020 FO02) | P02 o) Fon) g

For arbitrary o : V' — {0, 1}, we have that

WGaAA(0) = Wa 2 (0) o < 15| <1 _ ﬁ)
WGy (0) /\‘105| B 1
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From this, it follows that

Zi(?,v()‘l) - Zi(?,v()Q)
Za(A1)

<isi(- ) [Py (-5,
)

Hence, by taking absolute values in (59) and using ZG ”’((}\2) < 1 and the triangle inequality, we

obtain
[Boninlo@)] = Eompulo@)] < 2181(1 - 32).

finishing the proof for A\; > Ao. The case A1 < Ao follows from the previous case since
Al
‘EUNﬂl [O-(U)] - Ecrwug[ ( )” < 2|S|<1 — A_2> < 2|S|<_ — 1) O

5.3 Proof of Lemma 15

We start with the proof of Lemma 15.

Proof of Lemma 15. We first prove the bounds on MgmA(Hg 7)

For an edge e = (u,v) € Ey and i € [k], let P2"*, P” be the i-th paths connecting the +/+ and
-/~ sides of the gadgets G, G, respectively. Let the (two) internal Vertices of the path P2 be tle”*l
and te 5. For j = 1,2 denote by '7'1 the copy of T that was appended to t

Note that the vertex set of Hk G718 the disjoint union of V(Hk) and V(’T’L Yforee€ E(H),s €
{+,-},i€[k],j €{1,2}, so we have

Mo (He 1) = Bov Loy a] DD DY UN#UJ\/@;;)

e€E(H) se{+,-}ic[k] je{1,2}

] : (60)

Fix arbitrary e € E(H),s € {+,-},i € [k],j € {1,2}, and for convenience let u;‘; denote the
Gibbs distribution on ’TZ’JS with parameters 3,7, A. Note that, conditioned on the spin of ti";, the
distribution p factorizes; more precisely, for 7 : V(T;’]s) — {0,1} and w € {0,1}, we have

1oy isy = 71 o(ti) = w) = Wiy (7 | 7(tL5) = w).

Using that the magnetization gap of 7:; is M, we therefore obtain that

} = Z ,u(a(ti’z) =w) ETNMZ,”} [I7] ] T(tlez) = w]

weq{0,1}
= MEqpfo(t;})] + A

Bon|lovi)

where the last equality follows by Writing p(o(t i’j-) =0)=1- ,u(cr(ti’j-) =1)=1- Egmu[a(ti’;)]
and noting that A" = E__ i [ |7 | 7'( ) 0]. Plugging into (60), we obtain

Mo (HE 7) = 4RA|B(H)| + By [|oy o [] 4 M Y0 D > M, (61)
ecE(H) se{+,-}i€[k]

where, for e € E(H), i € [k] and s € {+,-},

M o= Eorplo(th5) + o (t03)].
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We can expand M2* according to the configuration on the ports We* := {wh®, wh®}, i.e,

M = Z u(awei,s = T)anu[a(ti’j) + a(ti’:;) | oyyis = 7). (62)
T:Wei’s—>{0,1}

For convenience, let ers be the set (W, U Wv)\Wei’s, i.e., the set of all ports in the gadgets G, Gy
other than those in W¢°. We have

,u(aWei,s =7)= Z u(aWé,s =71|Y(o)=Y, Tpprivs = nu(Y(e) =Y, Tpprivs = n). (63)
Y:V(H)={+-}
n:Wo—={0,1}

Now, observe that Wi’s disconnects the vertices in U, U U, from the rest of the graph Héﬂ-, S0,

conditioned on 7 : Wi’s — {0,1}, the configuration on W& is distributed according to ., where
te is the Gibbs distribution with parameters (3,7, A) on the subgraph of Hé’,T induced by U, UU,,.

Therefore, for any Y : V(H) — {+,-} and n: WZ’S — {0, 1}, we have that
N(UW;’S =7 j}\(a) =Y, Twis = 77) = NG(UW;S =7 |Y(ov,) =Yy, Y(ov,) = Yvrawivs =n). (64)

Since G, G, are copies of G, and G satisfies Lemma 33, by Item 2 we obtain that . (O'Wi,i =7 |
Y(ov,) = Yu,V(ov,) = Yo, 048 = n) is approximately independent of n and within a factor of

(1 4 8¢) from the Gibbs distribution on P-* with field vector As(Yy,Y,) given by

+Y
1 _quu 9

Ayict =

u

*Yy . .
Nie = Nie = AR, X i+ =L with the notation *+* = * and +¥ = #.
tey1 te’2 ’ Wey 1—qg*¥v >’
More precisely, we have

He (O'Wé‘,s =7 |Y(ov,) =Yu,V(ov,) =Y, Ogpris = n) = 1=+ 86)/1]355;57%)\3()/%%)(Uwiv* =17). (65)

e

Combining (64) and (65), and plugging back into (63), we obtain

,u(JW;,s =7) = (1+£8e) Z ,u(ji\(a) =Y) upé,s;ﬁmks(yu’yu)(UW;-,S =)
Y:V(H)—={+,-}

In turn, plugging this back into (62) yields that

Mt =(£8) Y @) =V Bom (o) Fo(R) (66)
YV (H)—{+,-} o
For s1, 9,83 € {+,-}, let
Ay = E"N“pé’sl;ﬁw,,\s<sg,s3> [J(tg’sll) * a(té’él)].
To give expressions for A3l it will be convenient to consider the following vectors/matrices:
£ [1—q*] L(z) = | , 2P+’ 62+x(1+67)+vzx2] fus(2) = ()T Llx)a” g
q qt 9 . B2+I(1+B'Y)+'Y2x2 B+2,yx+,}/3x2 ) fix(x) = (qt)T L(‘T)q* .

where ¢*, ¢ are the constants in Lemma 33, and recall that ¢* # ¢~. Roughly, the matrix L(z)
corresponds to the interaction matrix between the endpoints of a path of length 4, whose vertices
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have vertex fields 1,z,x,1 respectively. Then, the functions fss(x) capture the total weight of
configurations on the path, when the endpoints are occupied with probabilities ¢*, ¢*, respectively;
similarly for the functions fiz(x). The magnetization of the two middle vertices is given by the log-
derivative with respect to z and multiplying by z (this formula can be verified using the definition
of magnetization), yielding the following expressions for the A’s:

AL =AT =2R- 00 AL =4 =)R & i

f+(AR)? T-OR
+ + - - f+ (AR) _ f (AR)
Al = AT, = AT, = A, = \R- O = AR - Fom:

Now, let’s fix a phase vector Y : V(H) — {+, -}, and compute
Do D Be o [oltg)) +o(t): (68)
e=(u,0)EE(H) se{+,-} i€[k]

where the functions fis, fi= are as in (67). We have that the contribution from an edge e = (u,v)
with Y, # Y, is kB, while the contribution from an edge e = (u,v) with Y, =Y, is kC, where

/

Bi= AL+ Aj = A%, + A7, = \R($-5R

!

A
) T
) LI
) T

C'i= AL + A5, = AT+ A7 = AR( 400

It follows that the value of the sum in (68) is
kB Cuty(Y) + kC(|E(H)| — Cutg(Y)) = k(B — C)Cuty(Y) + kC|E(H)|. (69)

Combining (66) with (61) and using the value of the sum in (68) as obtained in (69), finishes the
proof of the bounds on Mg,%A(HgT).

We next prove the bounds on AvG-Cut,(H). The upper bound is trivial, so we focus on the
lower bound, which is along the same lines as in [16, Lemma 4.2]. Let i be the Gibbs distibution
on ﬁé and note that this is a product distribution over the gadgets. For convenience, let L =
{Lij}ijefo,1y denote the (entries of the) matrix L(AR). For phase configurations Y : V(H) — {+,-},
we have that

W) =V iP@)=Y) Y ilow=719@)=Y) I T T Erwirsi

T W—{0,1} e=(u,v)€E(H) se{+,-} i€[k]

By Items 1 and 2 of Lemma 33, for all Y : V(H) — {+,-} and 7 : W — {0, 1}, it holds that

100 =v) = (Y ow =71 90) = v) = (12 VO ] @ (),

2
veV
where, for v € V(H), Qyy, is the product distribution defined in (57) for the gadget G,,. Using that

nP@) =) (3T T T X @@L, ey i @, ().

e=(u0) € B(H) s€{#,-} i€[k] r-Wi* (0,1} "

Observe now that ZT:W§’5—>{0,1} Q)v?;u (T(wff))LT(wi,s) T(w%s)QYu (r(w%*)) = (q¥*)TL g, so

)

pO) =) (32" T (AORLOR) (fe (AR)f-(AR))",

(u,0)EE(H);Yu#Ys (u,w)EE(H);Yu=Yy
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It follows that for
Jo(

f-(

)
)

)
ik

AR) - f
A= AR) = 717 ;(

AR
++(>\R

we have that )
,u(y(a) — Y) x (% + €)|V(H)|AkCutH(Y)‘

Now note that for R > 0, we have A > 1 since ¢* # ¢~ and for all x we have that
fr(@) - for(x) = forl2) - foo(@) = (1= B7)°2*(q" —q7)"
Note also that A(0) = 1, while B(R) — C(R) = (log A(R))’ thus proving that A(R), B(R),C(R) are

rational functions of R satisfying (1)

Let K > 1 be such that 1 — % < @. From the estimates above, we have

)‘V(H)‘2|V(H)|A%MAX—CUT(H)

(Qunl¥e) 1y (G

+e 1\ V()]
)T (L = o) VO geMax-cora) S(i) ’ (70)

Max-Cur(H) ~— K
where in the last inequality we used that
AK >1, Max-Cur(H) > i|E(H)| = 3|V(H)|, and 2(1 +¢)/(3 —¢) <4

Since AVG-CuT,(H) = ZY:V(H)—>{+,-}/‘(5>(U) = Y)|Cuty(Y)|, from (70), and using that k >
10/log A, for |V(H)| > 2k A, we obtain

Max-Cut(H) - Max-Cut(H)

AVG-Cut,(H) > (1 - (1/2)V ] = > % ;

where K =1+ @ is as in the statement of the lemma, as wanted.
This finishes the proof of Lemma 15. U

5.4 Constant-factor inapproximability — Proof of Theorems 3, 5, 8

We now give the relatively straightforward proofs of Theorems 3, 5, 8.

Proof of Theorems 3, 5, 8. Analogously to the proof of Theorem 1, these theorems can be obtained
as immediate corollaries of Theorem 8 using the field-gadget constructions of Theorem 14. The only
extra fact that we need to note is that in the case of the hard-core model (8 = 1,7 = 0), we have
that (5,7, ) € UR iff A > A.(A), for all A > 3. Similarly in the case of the antiferromagnetic Ising
model (0 < f =+ < 1), we have that (5,7,\) e UX iff A € (/\%,)\c), where A\, = )\ICSi”g(A,ﬂ), for all
A > 3. O

5.5 Proof of Theorems 2, 4, and 7

We next give the proof of Theorem 7, using Theorem 28.

Proof of Theorem 7. Suppose for the sake of contradiction that, for arbitrarily small £ > 0, there
is a polynomial-time algorithm that, on input a graph G of maximum degree A, produces a (1 +
W)-approximation of the magnetization Mg.5~ . We will show that we can approximate
MAX-CUT on 3-regular graphs within a constant factor arbitrarily close to 1, contradicting the
inapproximability result of [1].
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Let A(R), B(R),C(R) be the rational functions in Lemma 15 and set D(R) = B(R) — C(R).
From Footnote 2, we have that for all but finitely many values of R we have that D(R) # 0. Using
Theorem 28, we therefore conclude that there are constants R*, M, =, L > 0 such that D(R*) # 0
and an algorithm, which, on input a rational r € (0,1/2), outputs in time poly(bits(r)) a pair of
field gadgets 71, T2, each of maximum degree 3 and size < L|logr|, such that

|Ri — R*|,|Ry — R*| <r, |M|,|My] <Z, |M;—Ms|> M. (71)

where, for i € {1,2}, R; := Ry; is the effective field of 7; and M; := M7y; is the magnetization gap of
7i. For convenience, for i € {1,2} we let A}, A;, B, Cy, D; denote A%, A(R;), B(R;),C(R;), D(R;),
respectively. Since the functions A, B,C, D are continuously differentiable with respect to R,
D(R*) # 0 and A(R*) > 1, there are small constants r9,{ > 0 and large constants n, D* > 1

so that, for all r < rg, (71) further implies that

A1, Ay > 14 (¢, Dy,Dy#0and |Dy|,|D2| < D*,
Ry (72)

o

1‘ <nr, |Ci—=Co| <nr, [Di— Dsf <nr, <.

log Ay B log Ao
Let k be a large integer satisfying & > 1+ 10/log(1 + ¢) and € > 0 be a small constant (both to be
specified later). Let G € G2 be a graph satisfying Lemma 33.

Let H be a 3-regular graph, an instance of the MAX-CUT problem. We will use the algorithm
of Theorem 28 for r = min{ 50nkELD*\V€'(G)||V(H)|3 ,T0}, so we obtain field gadgets T, 75 that satisfy

(71) and therefore (72) as well. For i € {1,2}, consider the graph H, 57-2_ as in Lemma 15. For later

use, note that the number of vertices in H 57-2_ is at most
\V(H)| V(G)| + 2k|E(H)||V(T:)| < 10kL|E(H)|log |V (H)],

using that |V (7;)| <4Llog|V(H)| and |V (G)| < log |V (H)| for all sufficiently large |V (H)].
Let p; denote the Gibbs distribution on Hé’,Ti with parameters 3,7, A. By Lemma 15, the
average magnetization of the graph H, 57-2_ satisfies

M (HE 7) = ARAE(H)| + Eowy |

oy ian|] + (1 8ORM;Q:. (73)

where Q; = D;AvG-Cur,,,(H) + C;|E(H)| and AvG-CuT,, (H) satisfies

/K < ﬁfxcéf&(g)) < Lior K= 1+ k:106g A (74)
Let
D= Mﬁ,%A(Hé‘,Tl) - Mﬁ777A(Hé,B)7 D' :=Eop, HUV(ﬁg)H — Eorp HUV(ﬁg) I,
so that from (73)
D = 4k(A} — AY)|E(H)| + D' + (1 £ 8e)k((My — Ma)Q1 + Ma(Q1 — Q2)). (75)
We next show that for all sufficiently large |V (H)| it holds that
D' < |V(H)] |V(G)|| 2k ECH)|(IV(T)] + [V(T2)[)r < e, (76)

[M(Q1 — Q2)| < E(D” + 2)|E(H)[nr < €/(10k).
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The first inequality follows from applying Lemma 35 to the graph HG (without the field gadgets)
Namely, for ¢ € {1,2}, denote by v; the Gibbs distribution on HG where every vertex in HG has
field A whereas every vertex in V(H, G)\V(H %) has field AR;. Then, we have that

Eou [ o

V(ﬁg)u =Eo, | UV(ﬁg)H (77)
and hence the inequality follows by applying Lemma 35 to each of the vertices in V(I;T é) and using
the bound on H%—; - 1| < npr from (72). The second inequality in (76) follows from the fact that
|Ms| is bounded by =, the bounds on |Cy — Co|,|D1 — Dsl,|D1|,|D2| from (72) and the bound
AvG-Cuty,, (H) < MAX-CUT(H) from (74).

Using the purported algorithm for the magnetizations on H, 57-1_, and since the latter graph has
at most 10kL|E(H)|log |V (H)| vertices for all sufficiently large |V (H)|, we can compute an estimate
of Mﬁ,V,A(Hé,Ti) that is off by at most an additive

ORLIE(H)|log [V(H)| < 10kL|E(H)|x.
log [V (HE, 7.)]

By subtracting these estimates for i € {1,2}, we therefore compute D which satisfies
D — D| < 20kL|E(H)|x. (78)

Then, since the magnetization gaps My, My satisfy |M; — My| > M and D; # 0 (see (71) and (72)),

D—4k(A)—AY) | E(H . . .
k(g\/lll—Mgngl( I %|E(H)| which using (75), (76) and (78) satisfies

we can compute 1\//[\(] =
20kL|E(H)|k + 8k| My — Ms||Q1|e + 2¢
k|My — M;||D;| (79)

20L |C1]
< (M‘D 4+ 8(L+ e + 75 )\E(H)\.

IMC — AvG-Cur,, (H)| <

By choosing k sufficiently large, we have from (74) that AvG-Cut,, (H) is within a factor
arbitrarily close to 1 from MAX-CUT(H). By choosing e, k to be sufficiently small positive constants
we can further ensure from (79) that our approximation MC is within a factor arbitrarily close to
1 from AvG-Curt,, (H), and hence from MAX-CUT(H) as well. This finishes the contradiction
argument and completes the proof of Theorem 7. O

Proof of Theorems 2 and 4. The theorems can be obtained as immediate corollaries of Theorem 7
using the field-gadget constructions of Theorem 13. As in Section 5.4, we again note that in the
case of the hard-core model (8 = 1,7 = 0), we have that (5,7,A) € UX iff A > A (A), for all
A > 3. Similarly in the case of the antiferromagnetic Ising model (0 < 8 = v < 1), we have that
(B.7,A) € UK iff A € (£, Ac), where A = AS"8(A, §), for all A > 3. O
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