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1 | INTRODUCTION

Isogeometric analysis (IGA) has emerged as a powerful technology to unify geometric modeling and numerical
simulation,’? which employs the basis functions used in computer-aided design (CAD) also for simulations. IGA has
grown into a large family of numerical methods incorporating various spline techniques, such as nonuniform ratio-
nal B-splines (NURBS),! hierarchical B-splines,? T-splines,*!! polynomial splines over T-meshes,'? locally refinable
B-splines,'® and subdivision methods.!+2°

The study of extraordinary vertices has been one of the most active research directions in IGA because they are
inevitable in complex watertight geometric representations. An extraordinary vertex in a quadrilateral mesh is an inte-
rior vertex shared by other than four faces. Along this direction, simultaneously fulfilling the requirements from both
design and analysis is a significant challenge. Numerous methods have been developed over the past few years, but among
them, only a few constructions can achieve optimal convergence rates in IGA, such as geometrically smooth multipatch
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construction,??? degenerated Bézier construction,?3?> manifold-based construction,?® and blended C° construction for
unstructured hexahedral meshes.?’” A common simplification in all these constructions is to adopt uniform parameter-
ization around extraordinary vertices, that is, the surrounding knot intervals are assumed to be the same. While the
support of nonuniform parameterization is a necessary step forward to be compatible with the current industry stan-
dard in CAD, that is, NURBS, the related study on the above-mentioned constructions has not been reported in the
literature.

On the other hand, subdivision methods, as a generalization of splines, provide a flexible means to deal with
extraordinary vertices, where an infinite series of spline patches are smoothly joined around extraordinary vertices. The
combination of flexibility and global smoothness makes them not only the standard in the computer animation indus-
try but also a promising candidate for IGA. Indeed, some of the subdivision methods have been studied in the context of
IGA, such as the use of Loop subdivision in thin-shell analysis'> and the development of Catmull-Clark solids.!® How-
ever, several challenging problems need to be carefully investigated before we can fully leverage the power of subdivision
methods, such as developing efficient quadrature rules to integrate infinite piecewise polynomials around extraordinary
vertices,?®? supporting nonuniform parameterizations to be compatible with NURBS,**3* and recovering optimal con-
vergence rates.?’ This article intends to address both nonuniform parameterization and the optimal convergence behavior
at the same time.

To achieve optimal convergence, the present work is motivated by the idea of tuned Catmull-Clark subdivision.?
Tuned subdivision is a well-studied subject aiming to optimized subdivision stencils (i.e., coefficients in the subdivi-
sion matrix) to improve certain properties of a subdivision scheme, for example, to minimize curvature variations to
achieve a better surface fairness.3>3’ Recently, it has been explored in the context of IGA to improve accuracy>® as well
as convergence.?’ In particular, the tuned Catmull-Clark subdivision is the first work in IGA that is able to use a subdi-
vision scheme to achieve optimal convergence rates (in the L2-norm error by solving the Poisson’s equation). However,
the optimization framework proposed there only works for uniform parameterization and cannot be extended to nonuni-
form subdivision schemes because the subdivision stencils in a uniform subdivision scheme like Catmull-Clark only
depend on the valence of a given extraordinary vertex, and the optimization can be focused on a finite number of stencils
of interest. Thus, optimization only needs to be done once and the optimized stencils can be stored for future use. On
the other hand, the subdivision stencils in a nonuniform subdivision depend on not only the valence of an extraordinary
vertex, but also the surrounding knot intervals, leading to infinite possible cases of stencils. Therefore, it is not feasible
to apply optimization to nonuniform subdivision because otherwise it would be very time-consuming and also problem
specific.

To deal with nonuniform parameterization, we follow our preceding work on hybrid nonuniform subdi-
vision (HNUS),'* which generalizes bicubic NURBS to arbitrary topology with proved G' continuity. HNUS
features high quality in geometric modeling under nonuniform parameterization. When applied to IGA,
HNUS basis functions lead to improved yet suboptimal convergence rates compared with Catmull-Clark
subdivision.

In this work, we introduce a tuning parameter A € (4—1‘ 1> in HNUS to control the shrinkage rate in irregu-

lar regions such that we can recover optimal convergence under nonuniform parameterization. The enhanced ver-
sion of HNUS is therefore called tuned hybrid nonuniform subdivision (tHNUS). In fact, the parameter A is the
subdominant eigenvalue (the second and third eigenvalues which are equal) of the tHNUS subdivision matrix,
that plays a crucial role in surface continuity®® as well as the convergence performance.?’ Note that tHNUS coin-
cides with the original HNUS when A = % From the geometric point of view, tHNUS retains comparable shape
quality as HNUS. Its basis functions are refinable and the geometric mapping stays invariant during refinement.
Moreover, we prove that the tHNUS surface is globally G!-continuous. From the analysis point of view, tHNUS
basis functions form a nonnegative partition of unity, are globally linearly independent, and their spline spaces
are nested. Moreover, we numerically demonstrate that tHNUS can achieve optimal convergence rates in the Pois-
son’s problem by reducing A, regardless of whether parameterization around extraordinary vertices is uniform or
not. As an interesting side product, we also show that simply applying the standard Gauss quadrature rule to every
element (close to or far away from extraordinary vertices) in tHNUS does not influence simulation accuracy or
convergence.

The reminder of the article is organized as follows. Section 2 presents the subdivision rules of tHNUS. The proof
of G! continuity for tHNUS surfaces is given in Section 3. The tHNUS basis functions their properties are discussed in
Section 4. In Section 5, we present numerical tests of both geometric modeling and IGA. Section 6 concludes the article
and discusses the future work.
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2 | THNUS SURFACES

Our discussion assumes that the input control mesh is a regular manifold mesh where all the faces are quadrilaterals
(or quads). If initially a mesh has nonquad faces, we apply a single NURSS (Nonuniform Recursive Subdivision Surface)
refinement®®34 to obtain an all-quad mesh. A nonnegative scalar, called the knot interval, is assigned to each edge of the
control mesh. We further assume that in each face, the knot intervals on the opposite edges coincide. A nonuniform
parameterization is obtained by assigning different knot intervals to edges as long as the assumption of knot intervals
holds.

The tHNUS consists of two steps of rules: the topological step to manipulate mesh connectivity, and the geometric step
to update the coordinates of involved control points. Each step of rules can be further divided into that for the first level
and those for the subsequent levels.

2.1 | Topological step

As shown in Figure 1, we start with the topological step. The rule corresponding to the first level converts the
input quad mesh (Figure 1(A)) to its hybrid counterpart (Figure 1(B)). Each extraordinary vertex is replaced by a
nonquad face, whereas each spoke edge is replaced by a quad face. An edge is a spoke edge if it touches a cer-
tain extraordinary vertex. To make the resulting mesh conforming, additional vertices and edges are further replaced
by certain quad faces; see Figure 1(B). All the edges of each nonquad face are assigned with a zero knot interval.
Under the assumption of knot intervals, this means that all the newly added faces have a zero (parametric) mea-
sure. In regular regions, introducing zero-knot-interval edges leads to a reduction in continuity of basis functions from
C?to Ch.

The topological rule for the subsequent levels defines how to split different types of faces in a given hybrid mesh.
There are three types of faces depending on the knot intervals of their edges. First, for a zero-measure face whose edges
all have a zero knot interval, no split is needed. Thus, all the nonquad faces fall in this case and stay unchanged. Next, if
a zero-measure face has a pair of opposite edges with nonzero knot intervals, then the face is split into two. Finally, every
nonzero-measure face is split into four subfaces. According to this rule, Figure 1(C) shows the (topological) split of the
hybrid mesh in Figure 1(B).

ds

ds

dy
dy di 7 d2 g3 d;

(A) Input quad mesh

FIGURE 1 The 0
topological steps of tuned hybrid
nonuniform subdivision. (A)
The input quad mesh, (B)

converting the input quad mesh ds by
(light gray dots and lines) to the 6
first-level hybrid mesh (black 4
lines, and blue and red dots), and do ¢ di d> Od [

(C) refinement of (B) to obtain a J

subsequent-level hybrid mesh (B) The first level (C) The subsequent levels

ds

288
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2.2 | Geometric step

We next introduce the geometric step of tHNUS to compute the vertex coordinates in the hybrid mesh. At the first
level, the rule to update regular vertices is the same as NURBS refinement, whereas the rule to compute vertices of
a nonquad face plays a crucial role in shape quality and thus needs careful treatment. Two options are available:'*
sophisticated but rather complicated treatment, and a simple explicit solution. The sophisticated solution is derived
such that the limit surface of tHNUS has the same limit point and tangent plane as that of the nonuniform subdi-
vision via eigen-polyhedron,® which is taken as the reference because it shows demonstrated shape quality under
nonuniform parameterization. However, the computation is rather complicated and there is no explicit formula
available.

Alternatively, the simple explicit solution defines each nonquad vertex as a convex combination of certain points in
the input quad mesh. We primarily adopt this treatment in the article because the first-level geometric rule has nothing to
do with the proof of surface G' continuity or the convergence performance in IGA. Interested readers may refer
to Reference 14 for the eigen-polyhedron-based treatment. With reference to Figure 2(A), the explicit first-level geometric
rule is given as

Pl =F,
P’ =piFi+ (1~ p) E;, prm disy 4= i
P?’l =qiFi+ (1 — q) Eis1, Cdii+ditan’ 0 dipt+dita’

P = pigiFi + 1 - p) iBi + pi (1 = q) Ein + A = p) (1 = q) V,

where Ej, E; 11, Fj, and V are the vertices of the ith face (indexing local to each extraordinary vertex) in the input quad
mesh, P;"l (k,1 € {0,1}) are the vertices of the ith face in the first-level hybrid mesh, and p; and q; are coefficients
computed from knot intervals a;, d;, and so forth.

Next, we provide the geometric rule of tHNUS for the subsequent levels. Referring to Figure 2(B,C) and given knot

—0,0 =1,0 —=1.1 —0,1 , . .
intervals a;, d;, the points P; ,P; ,P; and P; in the refined hybrid mesh are defined as

-

= (1= 2)C+AP* + 2)q (—nP00+ > <1+200s<2(’nl)”>)P} )

S _ didi Pyt + di(diy + 2a;41) P +dl+1(d +2a) PP +(d; + 2a1)(dig1 + 2a;41)P)°
i - 5

4(d; + ai)(diy1 + ait1) O
P
510 _ didi1 P + di(diy + 2di-1) PP + diga (di + 2a) PYS +(d; + 2a:)(dig + 2d;-) PY°

4(di-1 + di1)(di + ap)
didi—1Pi1’0 +d;(2di11 + di—l)P?fl +di(di + Zai)P?’O +(d; + 2a)(2di11 + di—1)P?L01
4(dioy + di)(d; + @) ’

—0,1
Pll

L

1 1 diadi,
where A € (— 1) a=-—"T"- _ 'and
7T n(di+dy)(ditdy, )

X5 (AP + diaP)0)(dicy + dusa) |G

i+1 Z . (2)

Yo (dj + djsa) (djo + djs) i=0

Points P;"l denote those in the given hybrid mesh, and the range of A will be explained in the following section. The
remaining points are computed by the NURBS mid-knot insertion. For example,
—20 ap;”’ 1(di1 +2di )P0 + di P d.B;"
LT aditay 4 i + diy 2di + @)
21 _ ail_Dl-L1 N 1 di+1Pl-1’1 +(diy1 + 2ai+1)PiL0 d; ﬁs !
b 2(dita) 4 dit1 + Qin 2(di + @)’
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11 —11 31 —13 —33
=2 P + a1 Py +diaigq P +aidig P + didia Py
4(d; + ai)(dip1 + Qiy1)
Qiv1 din d; a

+ + M, + M., 3)
4 + ai1) | A+ @) Adi+a) Al a)
where
di1 PP +(di1 + 2a11)P;° P 4P
1= il MZ = ;9
2(dip1 + ai1) 2
PM +(d; + 2a;) P! PM 4+ P12
_ i i _ i i
4 s M; = ——. 4)
2(di + a;) 2

—0,0 .
Remark 1. All the computations of these points are the same as those in HNUS except for P; , the vertices of nonquad
faces, where the tuning parameter 4 is introduced to control the size of shrinkage in an updated polygon: the smaller A
is, the more the polygon shrinks. As a result, isoparametric lines become more concentrated around extraordinary ver-

tices. We will see such examples in Section 5. When 4 = % the computation of l_’?’o coincides with that in HNUS, and thus
tHNUS is equivalent to HNUS in this particular case. However, the generalization via introducing 4 is not as straight-
forward as it appears. The key insight is that 4 turns out to be the subdominant eigenvalues (i.e., the second and third
eigenvalues) of the subdivision matrix in tHNUS. As has been reported,? convergence behavior in a subdivision scheme
is mostly influenced by the subdominant eigenvalues. Therefore, tuning 4 is equivalent to “controlling” convergence. We
will have more detailed discussion about how A improves convergence with specific examples in Section 5.

Remark 2. We introduce A explicitly to the formula of P; . Note that 4 is a single parameter for all situations. It is inde-
pendent of the valence of extraordinary vertices and the choice of knot intervals. However, this is only possible when

(A) Computation of points in the first-level hybrid mesh

FIGURE 2 The geometric
steps of tuned hybrid

P,O'/

nonuniform subdivision. (A)
Computation of points (P?’O, Pil’o,
P?’l, and Pil'l) in the first-level
hybrid mesh from those (V, E;,
E;.1, and F) in the input quad

mesh; (B) a given hybrid mesh
with knot intervals d;, a; and
d;;1; and (C) the refined hybrid
mesh of (B) (B) A given hybrid mesh (C) The refined hybrid-mesh
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bounded curvature is not of primary interest. tHNUS generally does not have bounded curvature. Nonetheless, bounded
curvature under nonuniform parameterization remains an open problem and may not be available at all.

3 | PROOFOF CONTINUITY

In order to prove tHNUS surfaces to be G! continuous, we need to prove that the spectrum of the subdivision matrix
satisfies certain constraints and the associated characteristic map is regular and injective. Note that introducing 4 to
HNUS indeed significantly complicates the proof of G! continuity. Referring to Figure 3 for the notations, the subdivision
rule can be written into the following equations since the neighbor knot intervals a; equals to d; with enough subdivision
levels.

( n—-1
—0,0 P
B = (= AC+ AP +27a; | -nP)+ 3 (1+2c0s (2202 )) P20 ||
i=0
?1‘0 3 <2dj_1 + dj+1) 0.0 3dj+1 0.0 (2dj_1 + dj+1) PLO + dj+1 0.1
i = X . . ;10
) 8(da+dim) 1 8(da+di) T 8(da+dim) | 8(da+din) T 5)
=01 3dj 0,0 3 (df—l + 2dj+1) 0,0 dj 10 (dj—l + 2dJ+1) 0,1
1_1 = . i -_— . - s 19
8(dia+dim) © 8(da+di) T 8(datdia) ) 8(da+dn)
=19 o0, 3,00, 300, 1 11
i =—P"+—P"+—P"+ —P.
J 16/ 167 167 167
We arrange them in a matrix form M = S,M, that is,
—0,0
P, pY°
: Qn 0 0 :
—0,0
Pn—l ng)l
—1,0
) Ey P(l)’o
= b3 A 0 0 N (6)
—0,1 01
Py 0 0 En P
—1,1 1 1.1
) = 0 o]|p
: X X :
1.1 1 1.1
1 0o o )P

FIGURE 3 The notations to define the subdivision matrix around a

nonquad face
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Denote Q, =(Q;;), where i,j€{0,1, ... ,n—1}, and then we have

(1—,1)ﬂj+2<1+2cos<@))/1ai, i

ij =

A+AQ =D —2(n-3) Ay, j=i
and
2d;_,+d;y, diy
| 3dardi)  8(ddi)
J dy d_y+2d,,

8(diatdya)  8(diatd;,)

Lemma 1. Given an extraordinary vertex of any valence and an arbitrary choice of positive knot intervals, 1 > 1 > i, the
eigenvalues of Q, satisfy

/11=1>/12=/13=/1>|ik|,k=4,5,...,I’l. (7)

Proof. We use the discrete Fourier transform to compute the eigenvalues of Q,. Let py and p, (k=0, ... ,n—1) be the
Fourier vectors corresponding to P; and P}, respectively, that is,

n-1 n-1
1 il — 1 —0,0_;
pe=— ) P& B =3P @, ®)
n4 n+
Jj=0 Jj=0
n-1 00 n-1
P = 3 pio P = Y pjo, )
Jj=0 Jj=0

2 — m . . . . . .
where w = e»' and w = e~ »' (1 is the imaginary unit). Now the subdivision rule can be formulated in terms of the Fourier
vectors,

n-1 n—-1 n-1 n-2
. : : — 1 i
DA (Z(l - A),ij’k> P + Po + Awlpy + Ak Vp,_y + 24 (E - naj) Y p. (10)
k=0 k=0 \ j=0 k=2
Using the inverse discrete Fourier transform, we obtain
Do 1 A=A ... A=DPpa]| po
D 0 A X 0
Prl= Py (1n
: : : B3 : :
Pnoa 0 0 X A Dn-1
where
n-1 n-1 n-1
Z(Xj Zaja)i Zajw(”_“y
Jj=0 Jj=0 Jj=0
n—-1 n—1 n—1
a1y a; . oy
Bps = Al — 24 ; ! Z: ! Z; ! =2 Al — 2AGp_3. (12)

n-1 n-1 n-1
.Y el .

Yaoh Yooy .. Y

Jj=0 Jj=0 J=0

We can find that the matrix Q, has its first three eigenvalues 1, 4, and 4. Although the eigenvalues yx (k=1, ... ,n—3)
of G,_3 cannot be computed explicitly, we can conclude that 0 < y; < 1 according to Reference 14. Denote Ap; to be
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the eigenvalues of B,_3. As G,_3 is positive definite, —I > A B-3 (=G, —3) is also a positive definite matrix, which
means that Ag; < A. On the other hand, I - G,_3 is a posmve definite matrix as well because y; < 1, and equivalently,

I- <%I - iB’H) is positive definite, which means that Ag; > —A. Therefore, we complete the proof. (]

Lemma 2. Given an extraordinary vertex of any valence and an arbitrary choice of positive knot intervals, if 1 > 1 > i, then
the eigenvalues of S, satisfy

M=1>A=Az3=4A> |/1k|,where k=4,5, ... ,4n. (13)

Proof. The eigenvalues of S, consist of those of Q,,, Ej, and In, where I, isan n X n identity matrix. As proved in Lemma 1,
the first three eigenvalues of Q, are 1, 4, 4, and the remalmng ones are less than A. 16[ has n equal eigenvalues — T (< A).1t

is also straightforward to verify that the eigenvalues of the 2 X 2 matrix E; are i (< A)and % (< A). Therefore, we conclude
that the eigenvalues of S, are

M=1> = =A>|A|, where k=4,5, ... ,4n. (14)
|

The next step is to compute the characteristic map and prove that it is regular and injective. We first prove the following
lemma.

Lemma3. Let P; = (cos ( 2;” ) sin ( 2n )) eR?(i=0,...,n—1),Cp =Y, ! B.P,, and P be an n x 2 vector containing all
P;, thatis, P=[Py, Py, ... ,Pn_1]. Then we have

Sn(P = Cp)= A(P = Cp). 15)

Proof. Denote P = S,P, and we can obtain
By~ Cp= 4(P,— Cp)+ 2405 | —n (cos | X, sin ( 22 +2 1+42c0s( 2V =07 (cos (2. sin(22))
/ n n n n/’ n

_(py- cp>+uajl_n<ws< )( NETE -0”)(003(%),514%))]
=A(P; - CP)+2,1a,[—n<cos< >sm<

3
o () () () (952
=/1(1;0_ Cp).

Since the above equation holds for any 0 <j <n —1, we conclude

[\®]
.
:|:|

L

A S

Sn(P = Cp)= A(P = Cp). (16)

Lemma 4. The characteristic map of tHNUS is regular and injective for any valence extraordinary vertices and any positive
knot intervals if 1 € (i, 1).

Proof. To prove that the characteristic map is regular and injective, we need a 4 X 4 grid of control points. We first compute
the coordinates of this control grid that is used to define the characteristic map. The key idea is based on the fact that
applying subdivision to the control grid of a characteristic map is equivalent to scaling the control grid by A.

Referring to Figure 4, we have control points P’. , where 0<j,k<3 (0<i<n-1). According to Lemma 3,

if we let P00 <cos<2”> sm(z”’))eRz c=Y5 ﬂlPOO, then we have S,[P)°-C,...,PY° —C|"=
AP —C, ... ,ng’l -
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FIGURE 4 The control
points of the characteristic map of
tuned hybrid nonuniform
subdivision. (A) Shows the control
points P?j and Pfo while (B) shows
the rest of the control points of the
characteristic map

(A) Control points P,.j * j=0o0rk=0 (B) The other control points

Further let E; = di po0 | du poo, p= P?’O — C,v=E;_, — Cand w=E; — C. By definition, we have

d;i+d H1  ditdy,

i i+2

1 dimi+2di1 ;10 00 dip1 0.1 0,0 1 10 100
-{———(P"-P." )+ —————— (P,". — P +=(Ei.; = C)=A(P;" —P."),

4 <2di+1 +2di—1 ( i i ) 2di+1 + 2di—1 ( i-1 1—1) 2( i-1 ) ( i i )

1 di_1 1,0 0.0 dii1+2diyy ;01 0,0 1 0.1 0,0

4 <2di+1 +2d;, (Pi - Pi )+ 2d;iy + 2d;i; (Pi—l _Pi—l) + E(Ei—l -O)= /I(Pi—l _Pi—l)'

Solving the linear systems, we obtain
41 - A 4(1 =24
pro_poo_poi _poo _ 40 Z A L 4 )(p —v). 7)

i i V] 84A—1

Similarly, we compute Piz,o’ P?’O, P?fl, P?fl as follows,

p20_plo__ 180-4 18(1 —24) -
! ! @BA-1)4A1-1) (164A-1)8A-1)
- 3(1-44°
po_po_ SAZNED =42

I T (8A-DA@A-1)  (16A-1)A8A—1)

We can also compute the remaining control points Pik (1 <j, k<3), whose coefficients are complex expressions in 4.
The detailed expressions are given in the Appendix.

With all these control points, we can now extract the Bézier control points for patches Py, P,, and Ps; see Figure 4(B).
For example, in the patch P, let B’;k (j,k=0, ... ,3) be the 4 x 4 Bézier control points. We denote sz’k = B”;’l’k - sz’k and

T J;k = B’;kﬂ - B’zk All sz’k and T’;k can be written as linear combinations of p, v and w, where the coefficients are again
complex expressions in 4; see Appendix. We further plot some of these coefficients as functions of 4 € (}1 1 ); see Figures 5
and 6. We observe that sz’k are convex combinations of vectors p, v and —w, while T];k are convex combinations of p, —v
and w. Moreover, C is a convex combination of the points E; from Equation (2), so the patch P, is regular and injective.

As a result, all the control points P{k (0<j, k <3)lie in the region bounded by two rays CE; _; and CE;, which means that
any two different patches must not intersect with one another. Similar results can also be achieved for patches P; and P3.

Therefore, the characteristic map of tHNUS is regular and injective for any 4 € G 1 ), any valence extraordinary vertices
and any positive knot intervals. m

Theorem 1. Given an arbitrary 2-manifold control mesh with any choice of positive knot intervals and any A € (%, 1 ), the

corresponding tHNUS limit surface is globally G*-continuous.

Proof. The theorem is a direct result of Lemmas 1,2, and 4. n
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0.0 1.1 2,2 2.3
S2 SZ S2 S2

FIGURE 5 The plots of the coefficients of sz’k intermsof A € (}‘, 1 ), where the x-axis represents A and y-axis represents the value of

the coefficients. The green, blue and orange lines represent coefficients corresponding to v, p, and w, respectively. Each sz’k is a convex
combination of p, v, and —w

0.0 1.0 2.0 3.0
T2 T2 T2 T2

FIGURE 6 The plots of the coefficients of Té"k intermsof A € (%, 1), where the x-axis represents 4 and y-axis represents the value of

the coefficients. The green, blue and orange lines represent coefficients corresponding to v, p, and w, respectively. Each T};k is a convex
combination of p, —v, and w

4 | HYBRID SUBDIVISION BASIS FUNCTIONS

In this section, we introduce basis functions of HNUS. The derivation of such subdivision functions essentially follows
Stam’s method for Catmull-Clark subdivision.*® However, there are two major differences. First, Catmull-Clark basis
functions are associated with the input quad control mesh, whereas tHNUS basis functions are associated with the hybrid
control mesh; see Figure 1(A). Second, Catmull-Clark subdivision features uniform knot intervals everywhere, leading
to a subdivision matrix that only depends on the valence of a particular extraordinary vertex. By contrast, tHNUS (or
HNUS) supports general nonuniform knot intervals, so the subdivision matrix depends not only on the valence of the
extraordinary vertex, but also on the surrounding knot intervals.

4.1 | Definition of basis functions

We now introduce how tHNUS basis functions are defined on a hybrid control mesh. We start with distinguishing different
types of faces. Recall that there exists both quad and nonquad faces in the hybrid mesh, and each edge in a nonquad face
is assigned with a zero knot interval by construction. The knot intervals of other edges inherit from the input quad mesh
and are constrained by the assumption that opposite edges in a quad face have the same knot interval. Moreover, note
that edges perpendicular to the boundary also have zero knot intervals to make use of open knot vectors. An example
of the knot interval configuration is shown in Figure 7(B), where the hybrid mesh is obtained from the input mesh in
Figure 7(A).

We identify faces of zero-measure and nonzero-measure according to their parametric areas, which are computed
using knot intervals. Zero-measure faces are not used in geometric representation and have no contribution to analysis.
Note that all the nonquad faces and boundary faces have a zero-measure. The nonzero-measure faces, on the other hand,
are divided into regular and irregular faces. An irregular face is a nonzero-measure face that shares a vertex with a certain
nonquad face; all the other nonzero-measure faces are regular; see Figure 7(C). The tHNUS basis functions defined on
a regular element! are simply B-spline basis functions. In what follows, we restrict our attention to those defined on an
irregular element. For simplicity of explanation, we assume that there is only one nonquad face in the 1-ring neighborhood

1We use face and element interchangeably, but “face” emphasizes mesh topology whereas “element” is IGA-oriented.
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FIGURE 7 Knotintervals and mesh terminologies. (A) The input quad mesh, (B) edges with zero knot intervals (blue) and nonzero
intervals (orange), and (C) different types of faces: quad faces with zero-measure (green), nonquad faces (orange), regular faces (blue), and
irregular faces (red)

of an irregular element. The 1-ring neighborhood of a face is a collection of faces that share vertices with this face, and
recursively, the n-ring (n > 2) neighborhood consists of faces in the (n — 1)-ring neighborhood as well as the faces sharing
vertices with the (n — 1)-ring neighborhood.

Remark 3. In a hybrid control mesh, each interior vertex is shared by four faces (or edges) and thus it has a regular
valence of four. However, it does not mean that mesh irregularities are removed by converting the input quad mesh to its
hybrid counterpart. In fact, irregularities are now manifested in the nonquad faces, which will be detailed in the following.

Given an irregular element Q, let N denote the number of vertices in its adjacent nonquad face which is equivalent
to the valence of the corresponding extraordinary vertex in the input quad mesh. There are K: =N + 12 basis functions
defined on Q, associated with a local mesh around the nonquad face; see Figure 8(A). We denote

By (u,v) = [Bo1(u,v), Bo2(,v), ..., Box (u,v)]"
and
Py = [Po1,Po2, - »Pox]”

the basis functions and the corresponding control vertices, respectively. Their indices are ordered according to Figure 8(A).
The surface patch, that is, the geometric mapping restricted to Q is then represented by

s(u,v)=PBo(u,v), (u,v)€ Q. (18)

Note that Q naturally has a parametric domain [0, d;] X [0, d,] that is determined by the corresponding knot intervals.
We rescale it to Q = [0, 1]? to unify the treatment of irregular elements. The influence of the rescaling will be discussed
in Remark 4.

Our focus is to derive By, which relies on subdivision of the corresponding control mesh Py. Applying subdivision
once yields Level-1 control vertices, denoted by

Py =[P11.P1s, ... . Pix]" =SiPy,
P, =[Pi1,P12, ... ,Pig, Pisn, oo s iyl = 1Py, (19)

where M: =K +9=N +21. The subdivision matrices S; and S; have the dimension of K xK and M x K, respectively.
Clearly, S, yields additional nine vertices compared with S,. The entries of S; and S; come from the tHNUS geometric rules
as well as the mid-knot insertion of B-splines; see Equations (1,2) and (3,4), respectively. Among the four subelements
at Level 1, three of them Q,lc (k=1,2,3) are regular and correspond to regular C* B-spline patches. In other words, the
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0 FIGURE 8 Local meshes

Np1b XZLFll Nelo N9 of an irregular element Q and its
s refined subelements Q}c
Nt5 N4 M3 W8 (k=1,2,3). (A) The local mesh
5 and surrounding knot intervals
of Q, (B) the globally refined
ds2l B d N o T mesh, and (C-E) the local

_u b1 o meshes of Q,lc, where the orange

N gx A Vo lines indicate the boundary of Q,
0 and indices in light gray imply
A) (B) that the corresponding basis
functions have no support on the
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surface patch restricted to Q}{ is given by
s,v)=PI Ny (u,v), WveEQ CQ, (20)

where Py  is a subvector of P; and N, k(u,v) is the vector of B-splines defined on Q,lc (k=1,2,3); see Figure 8(C-E). Both
P; x and N; ; have a dimension of 16 due to the bicubic degree setting. P, ; can be obtained with the help of a permutation
matrix Ty, that is, P; p = TxP; = TS;Py. Therefore, Equation (20) becomes
= T = \T
s(u,v) = (TiS1Po) Niy(u,v)=PJ(TiS1) Nycw,v), (u,v)€ Q. (1)
For Equations (18,21) to be equivalent under arbitrary choice of P°, we need
Bo (1, )= (TeS1) 'Nig(w,v), (w,v)€ Q. (22)
In other words, we have found the definition of By on three quarters (Q%, Q%, and Q;) of Q.

Now we are left to find the definition of By on the remaining quarter [0, %]2, and we proceed with the same idea
explained above. As a result, the domain Q is partitioned into an infinite series of tiles,

© 3
a-UUa
n=1 k=1
where
|11 1
Ql - ?7 21’1—1 X [07 z_n >
. [1 1 1 1
Q) = on’ -1 X [2_11 2n—1]’
17101
Q3 =10, ?] x on’ 2n—1]
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Analogous to Equation (19), we have

Again, S, and S, (n>1) have the dimension of K x K and M x K, respectively. Note that S, =S; = .

S;=S,= ...

P =SPn1—SSn1...
n=SnPn_1=SnSn_1 e

=l

S Py,
S:Po.

.=S,(n>2)and

=S, (n> 3) because the ratios of knot intervals around an irregular subelement become ﬁxed as the subdi-

vision level increases. Therefore, following the same argument in deriving Equation (22), we have the general expressions

for By,

where (u,v) € Q7, and N, (1, v) (n > 1) is the vector of B-splines defined on QZ

(Tk§1 ) TNl,k (u,v)

By (14, v) = 4 (TxS281) N i (1, v)
(TS3(S2)"281) "N, (1, v)

n=1
n=2,
nx>3

Remark 4. Rescaling Q to [0,1]* only affects the knot vectors (or equivalently, the vectors of knot intervals)
of B-splines Ny, (u,v) (n>1). For example, when n=1 without scaling, the vector of knot intervals in the u

direction is

272727272

ds ds p b i &1 a1 by
22

whereas after scaling with respect to d;, it becomes

d; ds 11 aa o
U, = 7 A 03
! {2d1 2d;

and similarly, we have the vector of knot intervals in the v direction,

Moreover, when n =2, we have

U, = { ds ’ ds
22d, 22,

and when n > 3,

ol 111 o }
227927927 927 92,

11 a a

{5
22d,’ 22d

2°2°2d,’ 2d;,’ 2d;

_fdy dy
YT\ 24,7 2d, 2727 2d,° 2d, 2d,

dn

1 1 1 1 a

927927 927 92’ 22d

U = 4 o ds 01 1 1 1 1 AN
" 2nd, 2nd,’ T 2n ant ont i gn [0 T 2nd,’ 2nd,’ 2" N’ N’ pn’ pn

N, x(u,v) are defined using U, and V,.

In fact, it is practically useful to rescale each tile Q; to [0,1]* by

k=1 €=2"u—-1, n=2",
k=2 &£=2"u-1,

k=3 &=2"u,

n=2"v-1,

n=2"v—1.

3



2130 Wl L EY ‘WEI ET AL.

Correspondingly, the vectors of knot intervals are rescaled to

— - 3 _1_1ﬂ —Jd dy G 4 b
n=1 “1_{dd01 dd} 61_{dd011ddd2}
n=2 Ez={%d—3 1111"1} ®2={Z—N2—N01111“2}
n>3 E3={j—j,j—j,0,1,1,1,1,1}, ®3={dN,d,011111}

where the rescaled knot intervals are now independent of the subdivision level n when n > 3. In summary, the basis
functions of interest are defined as

(TS1) bk (Ew), n(v) n=1
Bo (1, V) = { (TkS281) bk (£ (), n(v) n=2, (23)
(TiS3(S2)"2S) sk (EW), n(v)  n>3

where (¢,7) € [0,1]*> and by, (€, n) are B-splines defined using Z; and ©; (I=1, 2, 3). Note that when n=1,2, we have
Ny i (U, V) = by (E(w), 7(v), and when n> 3, Ny i (4, v) = by (E(u), 7 (V).

Remark 5. Evaluation of By(u,v) at (0,0) in an irregular element needs the computation of lim,,_, .(S;)" 2. Following
Reference 40, we need to eigen-decompose S, such that S, = VAV, where A is a diagonal matrix containing the eigen-
values of S, and V is an invertible matrix with columns being the corresponding eigenvectors. Accordingly, we have
lim,—o(S2)"2 = lim,,_, VA" 2V~!. Recall that all the eigenvalues are smaller than 1 (and greater than 0) except the first
one 4; = 1,50 lim,_ A" is a matrix whose entries are all zero except the first-row-first-column entry, which is one. On
the other hand, the derivatives of By(u, v) are not bounded around (0, 0). We can see this by applying the chain rule, for
example,

0By (u,v)
ou

=2" (Tkgs(sz)n_zsl)T—abik & ’7)’

g
where the factor comes from d¢/du = 2". A differentiable version of B, (with respect to certain parameters) can
be obtained via characteristic-map-based reparameterization.*! However, in this article, we are interested in apply-
ing tHNUS basis functions in the context of IGA, so we only need derivatives at quadrature points that are
away from (0,0). Moreover, what we eventually need is derivatives with respect to the physical coordinates, for
example,

0B00S‘1(x,y) _ 0B0 ou 4 9B ()BO av
o0x ou ox v ox’

where s7! is the inverse mapping of s(u, v). The troublesome factor 2", which may cause overflow when n becomes too
large, is canceled out with that from du/dx (which is 27") and does not cause any numerical issues. The same argument
applies to higher order derivatives.

Remark 6. In Reference 40, the eigen structure (A, V) is precomputed for different valence numbers and stored in
a file for repeated use. However, the same scheme cannot be applied to tHNUS because the subdivision matrix S,
depends on not only the valence number but also the surrounding knot intervals, leading to infinite possible cases of
S,. Therefore, the eigen structure of S, needs to be found in real time for every irregular element. Alternatively, we
can directly perform matrix multiplications to compute (S,)"~2, especially when the valence number is small and basis
functions need to be computed at points other than (0, 0). This is indeed the case in IGA where evaluation is needed at
quadrature points. In practice, we adopt a near-machine-precision tolerance (e.g., 10713) to prevent a potential overflow
issue.

Remark 7. In the previous discussion, By is derived under the assumption that there is only one nonquad face next to
an irregular element, which, however, is not a necessary condition. When an irregular element has multiple adjacent
nonquad faces, we treat it as a macro element and pseudo-subdivide it once. Each of the resulting four subelements only
has one nonquad face, where basis functions are defined according to our previous discussion. In other words, basis
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functions are well defined on each quarter of the original macro element. This extension follows the same idea proposed
in Reference 18, which extends Stam’s derivation* to arbitrary unstructured quad meshes.

4.2 | Quadrature

To apply the standard Gauss quadrature rule, we need to guarantee that the involved basis functions are polynomials
(rather than piecewise polynomials) on each integration cell. However, the functions in By are piecewise smooth poly-
nomials defined on an infinite series of subdomains, that is, {Q;}> | (k=1, 2, 3). The straightforward way is to apply the
Gauss quadrature rule on each cell ©; up to a certain fine level, which was adopted in several subdivision-based isogeo-
metric methods.'®*? We call such a quadrature the full quadrature scheme. In our patch test, we observe that the solution
achieves machine precision (~10716) when the 4-point rule is used and the level n is set to be 10. As a result, a total num-
ber of 496 quadrature points are needed for a single irregular element. Note that only 16 Gauss quadrature points are used
for a regular element.

Alternatively, we can “brutally” apply the Gauss quadrature rule to the entire irregular element without respecting
the fact that subdivision functions are piecewise polynomials. In other words, only 16 (rather than 496) Gauss quadrature
points are placed on an irregular element. We call it the reduced quadrature scheme due to this significant reduction in
the number of required quadrature points. In Section 5, we will observe that the reduced quadrature does not influence
convergence. In fact, it does not introduce noticeable numerical error in terms of the L?- or H'-norm error compared with
the full quadrature.

4.3 | Properties

Now we briefly discuss several properties of tHNUS basis functions, including nonnegative partition of unity, refinability
(equivalent to nested spline spaces), and global linear independence. The nonnegative partition of unity of tHNUS basis
functions follows from the fact that all the entries in the subdivision matrix are nonnegative and each row sum of the
subdivision matrix is one. Refinability states that each basis function of a given mesh can be represented as a linear
combination of those defined on a refined mesh. In fact, we can see this property in the derivation of By, where basis
functions are always expressed as linear combinations of functions in the refined meshes.

Finally, the global linear independence implies linear independence on the entire domain, and it can be easily shown
under the mild assumption that each irregular element has at least one regular element as its direct neighbor. Under this
assumption, every basis function has support on a certain regular element, where it is simply a B-spline. As B-splines are
linearly independent on such an element, we can conclude that all the basis functions are linearly independent on the
entire domain by going through all the regular elements. The proof on general meshes becomes more involving because
we need to resolve different configurations of nonquad faces, or equivalently, configurations of extraordinary vertices
in the input mesh. A complex configuration usually occurs when the mesh is very coarse such that many extraordi-
nary vertices may be next to one another. When this is the case, we can perform global refinement to guarantee linear
independence.

5 | NUMERICAL EXAMPLES

In this section, we present several numerical examples using tHNUS surfaces in both geometric modeling and IGA.

51 | Geometric modeling with tHNUS surfaces

We show some tHNUS limit surface examples and compare them with the existing nonuniform subdivision schemes. We
first show the graphs of blending functions for the extraordinary points (EPs) with different valences, such as valence-5
EP in Figure 9, valence-6 EP in Figure 10 and valence-7 EP in Figure 11. As stated in Reference 14, the approaches in
References 30,32 and 43 produce limit surfaces with very similar quality in all the examples. Therefore, we only show the
limit surface comparisons in one example as shown in Figure 9. All the rest of the examples only show the limit surface of
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FIGURE 9 The blending function
for a valence-5 nonuniform extraordinary

-
‘ point using different approaches, where

,7

the knot intervals of the red edges are 10
and those of the other edges are 1

(A) The control grid (B) Result produced by * (C) Result produced by

» \ \

(D) Result produced by ** (E) Result produced by ** (F) Result produced by

| SR

(G) tHNUS with 4 = 0.26 (H) tHNUS with 4 = 0.35 (I) tHNUS with 4 = 0.65

FIGURE 10 The blending

function for a valence-6 nonuniform
‘ ‘ extraordinary point using different A

(A) A =026 (B) 4 =035 (C) 1=0.65

FIGURE 11 The blending

function for a valence-7 nonuniform
‘ ‘ extraordinary point using different A

(A) A =026 (B) 4 =035 (C) 1=0.65

the new tHNUS with different 4. According to Lemma 2, 4 is allowed to take any values in the range (‘—11 1). In particular,

we choose A as 0.26, 0.35, and 0.65 to show noticeable differences in the resulting shapes. We can observe that all different
A can produce better shape quality than those approaches in References 30,32 and 43, but the small A produces worse
shape quality surround the EPs, see Figures 12 and 13 for the details.

| IGA applications using tHNUS basis functions

In this section, we test the performance of tHNUS basis functions in the context of IGA. We solve the Poisson’s equation
with several unstructured quad meshes as the input. We start with convergence tests on a unit square, whose input control
mesh has two EPs, one of valence 3 and the other of valence 5; see Figure 7(A). These tests are aimed at studying: (1) the
role of 4 in convergence, (2) the feasibility of using reduced quadrature, (3) the influence of nonuniform parameterizations
on convergence, and (4) how the matrix conditioning varies with A.
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FIGURE 12 The blending
function for a valence-6 nonuniform
extraordinary point using different 4,
where larger A produces more
satisfactory reflection lines

FIGURE 13 A comparison of
different 4 applied to the helmet model.
The artifact for the reflection lines exists
for 1 =0.26

(A) 4 =026 (B) 4 =035 (C) A =0.65

1073 1072
-@-\=0.26 -@-d =026
10-4| |- @ A=0.50 -@-d =050
@ \A=10.65 @ d=10.65
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A (B)

2
L-norm error
H'-norm error

FIGURE 14 Convergence plots using 4 € {0.65,0.5,0.26}. Particularly, 4 = 0.5 corresponds to the original hybrid nonuniform
subdivision whereas 4 = 0.26 recovers optimal convergence rates

First, we study the influence of the tuning parameter A on the convergence behavior. We are primarily interested in
the casewhen 4 € G %] , so we sample within this range and check the corresponding convergence. We intend to find the
largest possible value that recovers optimal convergence, which is called the critical parameter and is denoted as A.. We
will observe that 4, is independent of geometries, knot interval configurations, and the solution field to be approximated.
To better highlight different convergence behaviors, here we only pick three values for A: 0.26, 0.5, and 0.65. Recall that
tHNUS is equivalent to the original HNUS when 4 = 0.5.

We adopt uniform parameterization (i.e., same knot intervals) around EPs as well as full quadrature in this study.
With the manufactured solution u(x, y) = sin(zx)sin(xy), we summarize the convergence plots in Figure 14. We observe
that a smaller A delivers a better convergence behavior, and particularly, optimal convergence rates are achieved when
A =0.26 (i.e., . = 0.26). The tuned Catmull-Clark subdivision (with uniform parameterization) was studied in Refer-
ence 20, where optimal convergence rates in the L?-norm were observed in the Poisson’s problem when 4 = 0.39. It
indicates that the tuning parameter in tHNUS plays a less sensitive role than that in Reference 20 because tHNUS requires
a smaller A to recover optimal convergence. The reason may be that A brings more vertices to move further towards
each EP than in tHNUS. As a result, the tuned Catmull-Clark subdivision has a faster shrinkage in irregular regions.
We will provide insights about why reducing 4 recovers optimal convergence later when we study the meshes with
high-valence EPs.
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Second, we compare the two quadrature schemes for irregular elements as discussed in Section 4.2, full quadra-
ture versus reduced quadrature, under uniform parameterization and with 4 =0.26 and A = 0.5. We observe in
Figure 15(A) that there is no noticeable difference in terms of both L?- and H'-norm errors. In other words,
both quadrature schemes deliver the same level of accuracy when A =0.26. By contrast, quadrature plays an
important role when A = 0.5, where the full quadrature yields nearly one-order higher convergence rates than
the reduced quadrature. This indicates that when A = 0.26, the corresponding basis functions (piecewise polyno-
mials) in irregular elements can be better approximated by polynomials than those using A = 0.5, and 16 quadra-
ture points seem to suffice to retain accuracy. We further conjecture that when a subdivision basis has the opti-
mal approximation property, quadrature may only play a secondary role, which is opposed to the subdivision
schemes that lead to suboptimal convergence. However, further study is needed to fully understand the mechanism
behind.

Third, we study several different nonuniform parameterizations for convergence test, which can be obtained by
assigning different knot intervals to the edges in the input control mesh. Semiuniform knot intervals are usually
adopted in the literature, where all the edges are assigned a unit knot interval except for those perpendicular to the
boundary, which are assigned a zero knot interval. To have nonuniform parameterization around EPs, we modify
the semiuniform setting in two ways: (1) the knot interval (denoted by d) of highlighted spoke edges takes values
def{1,2,5,10}; and (2) every spoke edge is assigned a different knot interval; see Figure 16(A,B). In both cases, we observe
in Figure 16(C,D) that tHNUS basis functions can achieve optimal convergence rates with A = 0.26. We also observe
that the convergence plots corresponding to a larger d slightly shift up, meaning that larger difference in knot intervals
yields larger approximation error. In other words, the “distortion” in parameterization influences accuracy rather than
convergence.

Fourth, we check how 4 influences the conditioning of stiffness matrices. The condition number is defined as the
ratio of the maximum eigenvalues versus the minimum, and it is computed on a series of refined meshes with A = 0.26,
0.5, and 0.65. The corresponding results are summarized in Figure 17 for 4 = 0.26 and 0.5. We observe that (1) the
condition number increases as expected with h?; and (2) the condition numbers are identical for different A’s. Indeed,
the condition number is also the same when 4 = 0.65. The second discovery indicates that changing 4 does not affect
conditioning.

Now, we consider meshes with high-valence EPs (valence 6, 7, and 8), where each spoke edge is assigned a differ-
ent knot interval. Two different manufactured solutions are adopted: u(x, y) = sin(zx)sin(xzy)and u(x, y) = exp(x + ) /2).
The Dirichlet boundary condition is strongly imposed on the entire boundary, where a least-squares fitting is performed
to project the Dirichlet data on the spline space. We again observe optimal convergence rates with A = 0.26 in all the
three meshes; see Figure 18. Moreover, let us have a close look at how A influences parameterization around EPs.
In particular, we compare isoparametric lines using two different A’s (0.5 versus 0.26) around a valence-6 EP, where
the same input control mesh in Figure 18(A) is used in both cases. We find in Figure 19 that isoparametric lines are

7O Full, L? L -©-  Full, L?
07 on Fan, 1t & ® 10 o Full, H! ®
_3| |-x- Reduced, L? _3| |-x- Reduced, L? ®
10 ® 10
x- Reduced, H! x- Reduced, H' ®

Error
Error

1077

10710 1071
/32 116 1/8  1/4 12 1 /32 116 1/8  1/4  1/2 1

h h
(A) 41=026 (B) =05

FIGURE 15 Convergence plots using full and reduced quadrature
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FIGURE 16 Convergence
plots under different
nonuniform parameterizations.
(A, B) The configurations of knot
intervals around extraordinary
points, and (C, D) convergence
plots in L2- and H'-norm errors

L?norm error

10—10

FIGURE 17

Condition numbers with A = 0.26 and 0.5
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overlaid with one another in most regions, and with a smaller A, the isoparametric lines (blue curves) are more bent
towards the extraordinary surface point s(0, 0). Equivalently speaking, a smaller A yields smaller refined irregular ele-
ments in the physical domain. Therefore, the mesh around s(0,0) becomes denser than that using a larger 4, and as
a result, the asymptotic approximation error controlled by s(0,0) can be reduced using such a denser mesh. Ideally,
optimal convergence rates can be achieved by reducing A, which indeed is the case in all our numerical tests when

A =0.26.
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FIGURE 18 Convergence plots using meshes with high-valence EPs. (A-C) The configurations of knot intervals around EPs, (D-F)

convergence plots with the solution u(x,y) = sin(zx)sin(xy), and (G-I) convergence plots with the solution u(x,y) = exp(x +y)/2). EPs,

extraordinary points

Remark 8. Although the globally smooth tHNUS basis functions can be applied to solve 4th-order partial
differential equations (PDEs), our preliminary tests only show suboptimal convergence in solving the biharmonic
equation, where obtained convergence rates in terms of L2-, H!- and H2-norm errors are around 2, 2, and 1, respec-
tively. This is consistent with the result reported in Reference 38, where a thin-shell problem was solved and
the reported convergence rates in L?- and energy norm errors are 2 and 1, respectively. In other words, reduc-
ing A alone is not sufficient for high-order PDEs. We conjecture that to recover the optimal convergence in this
case, we may need more degrees of freedom around EPs following similar ideas in References 24,27. However,
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FIGURE 19 Isoparametric lines around the valence-6
extraordinary point under uniform parameterization. Orange and
blue curves are isoparametric lines corresponding to 4 = 0.5 and
A = 0.26, respectively. Blue curves are not visible in most regions
because they are overlaid with orange ones. Black curves indicate
element boundaries in the physical domain

this would further complicate the current subdivision framework, so we postpone related results in a follow-up
work.

6 | CONCLUSIONS AND FUTURE WORK

We have presented a tuned version of HNUS, tHNUS, by introducing a parameter A € G 1>, which is also the second

and third eigenvalues of the subdivision matrix. The tHNUS surface is proved to be G!-continuous for any positive knot
intervals and extraordinary vertices of any valence. The tHNUS surface has satisfactory shape quality for any 4 under
nonuniform parameterization. However, the highest shape quality is achieved when A = 0.5. In other words, the original
HNUS generally performs better in geometric modeling than tHNUS. On the other hand, tHNUS basis functions can
achieve optimal convergence rates when 4 is reduced to 0.26, regardless of which quadrature scheme is used and whether
parameterizations are uniform or nonuniform around EPs.

In the future, we can extend tHNUS in the following three issues. First, converting an input quad mesh to its hybrid
counterpart can be restricted locally to irregular regions without introducing zero-measure faces throughout the entire
mesh. This can be performed by allowing T-junctions* in the hybrid mesh, but support of T-junctions in a hybrid mesh
requires a much more sophisticated data structure to accommodate both nonquad faces and quads with T-junctions. Sec-
ond, tHNUS can be adapted to hierarchical splines® due to its refinability property, where the initial level corresponds to
the initial hybrid mesh. The construction of hierarchical tHNUS essentially follows those proposed for truncated hierar-
chical Catmull-Clark subdivision surfaces,'”"!8 but the differences lie in dealing with hybrid meshes and nonuniform knot
intervals. Third, improving tHNUS to achieve optimal convergence rates in solving high-order PDEs is another challeng-
ing but very interesting direction to pursue. Currently, we can only show optimal convergence in solving the second-order
PDE. In the case of high-order PDEs, our preliminary tests suggest that it is not sufficient to tune A alone and additional
treatment is needed. We plan to our investigation by adding more control points around extraordinary vertices.
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APPENDIX 1

The control points Pik (1 £,k < 3)of the characteristic map are listed as follows.

(A —=2)((3223 = 10042 + 314 — 2)p — 1222 (v + w))

Pl,l —
i (A—4)A(@E1-1)8A-1) ’
6A%((256 A% 4+ 13642 — 22514 — 232)v + 2(1281% — 18442 — 1491 + 10)w)
- +(—4096° + 186881° — 14576A* — 2211213 + 827542 — 6084 + 20)p
P = ,
i (A—4)A(44 = 1)(8A - 1)(164 —1)(324—1)
642(2(32043 — 91942 — 8004 + 7)v + (16043 — 3144% — 134 + 2)w)
s +(=25604° + 15904 1> — 29348 A* + 353543 + 92812 — 621 + 2)p
P = ,
i (A—4)A2(44 = 1)(84 — 1)(164 — 1)(32A — 1)
642((256A3 — 36842 — 2984 + 20)v + (25643 + 13642 — 22514 — 232)w)+
- (—40961° + 186884° — 145764* — 2211243 + 82754% — 6084 + 20)p
P> = ,
; (A—4)A(44 = 1)(8A — 1)(164 —1)(324—1)
6(40964* 4 3302443 — 963204% — 112714 — 1160) A% (v + w)+
s (—6553647 — 1945604° + 23627521° — 41838244* + 116558443 — 7150542 + 9764 + 100)p
P> ,

iT (A —4)A(4A — 1)(84 — 1)(164 — 1)(324 — 1)(644 — 1)

53 6A%((742404* —1391044° — 14568447 — 81184 — 7)v + (588804% — 1062244° — 329144% — 22084 — 127)w)

P 2(A—4)22(44 — 1)(84 — 1)(164 — 1)(324 — 1)(644 — 1)
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( 94208047 + 4816384 4% — 6465888 4° + 3940324* + 34585843 — 331921% + 13134 — 1)p
2(A —4)A2(44 — 1)(84 — 1)(164 — 1)(324 — 1)(644 — 1)

6A2((1604°% — 3144% — 134 4 2)v + 2(3204% — 91942 — 8004 + 7)w)
+(—25604° + 15904 1> — 29348 A* + 353543 + 92812 — 621 + 2)p
i (A—4)A2(44 — 1)(84 — 1)(164 — 1)(32A — 1)

64%((58880A4% — 10622443 — 3291442 — 22084 — 127)v + (742401* — 13910443 — 14568412 — 81184 — 7)w)

32
P = 204 — 4) 244 — 1)(84 — 1)(164 — 1)(324 — 1)(644 — 1)

( 94208047 + 4816384 A% — 6465888 4° + 3940324* + 34585843 — 331921% + 13134 — 1)p
2(A —4)A2(44 — 1)(84 — 1)(164 — 1)(321 — 1)(644 — 1)

6(256004* — 3014443 — 611664% — 56854 — 236)A% (v + W)

i (A—DHA2[4A-1)(B8A—1)(164 —1)(324 — 1)(644 — 1)
The expressions of all sz’k (0 <j,k < 3)are listed as follows.

00 3A(286722% — 441604° — 10488847 — 42424 — 59)v
2 T 2(A—4)44 - 1)(84 — 1)(164 — 1)(324 — 1)(644 — 1)
3A(—204804% + 1255684 + 22962 — 28861 — 107)w
2(4 — 4) (44 — 1)(84 — 1)(164 — 1)(324 — 1)(644 — 1)
L e 58982447 + 255795246 — 141785645 — 7230884 + 31894043 — 2526442 + 8534 + 3)p
4(4 — 4)A(44 — 1)(84 — 1)(164 — 1)(324 — 1)(644 — 1)

10 64(143364" — 538884° + 587444% 4+ 20094 + 30)v
2 7T (A— 444 — 1)(8A - 1)(164 — 1)(324 — 1)(644 — 1)
12A(51204* — 118083 + 190442 — 2341 + 41)w
T (A—4)44 - 1)(8A — 1)(164 — 1)(324 — 1)(644 — 1)
N 2(8192047 — 467968 1° + 8519041° — 540792A* 4+ 1162384° — 768342 + 2114+ 1)p
(A=4)A(44 = 1)(8A4 —1)(16A — 1)(324 — 1)(644 — 1)

(1638404° — 3604484* + 2051243 + 273242 + 5714 + 47)w
4(A—4) (44 —1)(81 —1)(164 — 1)(324 — 1)(644 — 1)
(45875245 — 1579008 4° + 1185408 1% + 77563243 — 250561% + 5674 — 4)v
B 8(A—4)A(4A—1)(84 —1)(164 — 1)(324 — 1)(644 — 1)

20 _
S5 =

+(—40960047 + 192358445 — 19252804° — 10103884* + 4706314% — 3603642 + 10604 + 16)p

(2621440/18 — 1469644817 + 254996481° — 13590144 1> + 1352256 A* + 24843643 — 2368342 + 8974 — 5)p

24(4 — 4)2(44 — 1)(84 — 1)(164 — 1)(324 — 1)(644 — 1)

01 _ 184(20484% — 185643 — 702812 — 6694 — 13)v
2 (A=4)@A—1)84—1)164 —1)(324 — 1)(6441 — 1)
18A(—20484* + 1228843 4+ 19044% — 5564 — 17)w
(A—4)(44 = 1)(8A1 = 1)(164 — 1)(324 — 1)(644 — 1)
3(3276847 — 129024 1° + 478721° + 1084964* — 38716A% + 301842 — 951 — 1)p
B (A=4)A(A4—1)(8A —1)(16A — 1)(324 — 1)(644 — 1)

11 64(122882% —389124° + 43904 4% + 41274 + 76)v
2 T (A—4)44 - 1)(8A — 1)(164 — 1)(324 — 1)(644 — 1)
12A(61444* — 1408043 + 103642 — 2991 + 80)w
(A—4)(44 —1)(8A —1)(164 — 1)(324 — 1)(644 — 1)
2(98304,17 — 5539841° + 9851524° — 6372961* + 13834843 — 90094% + 2164 + 4)p

(A —4)A(4A — 1)(8A — 1)(164 — 1)(324 — 1)(644 — 1)
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3(327684° — 93184 4% + 7033643 + 6103242 — 2101 + 7)v
T 2(A—4)4A— 1)(84 — 1)(164 — 1)(324 — 1)(644 — 1)
3(327684° — 70656 1* — 47684 + 88842 4 2364 + 15)w
T 2(A—4) 44— 1)(84 — 1)(164 — 1)(324 — 1)(644 — 1)
N (52428843 — 288358417 + 4827136A° — 2557248 4% + 206544 4* + 6408043 — 605642 + 2334 — 1)p
4(A—4)22(44 = 1)(84 — 1)(164 — 1)(32A4 — 1)(644 — 1)

21 _
S =

02 _ 6A(40964* —10244° —193484% — 18774 — 117)v
2 T (A—4)(4A—1)84—1)(164 — 1)(324 — 1)(644 — 1)
6A(—4096 4% + 2188843 + 2055242 — 37864 — 97)w
(A—4)(44 = 1)(84 — 1)(164 — 1)(324 — 1)(644 — 1)
N (—6553647 + 2150404° + 1228801° — 518496 4* + 1603684° — 1170642 + 2951 + 9)p
(A—4)A(44 —1)(81 — 1)(164 — 1)(324 — 1)(644 — 1)

12 6A(81924* — 289281° + 348884% + 42054 + 228)v
2 T (A—4)A— 184 — 1)(164 — 1)(324 — 1)(644 — 1)
484(10242* — 227243 — 8684% — 654 + 39w
T (A= 4)A4— 1)(84 — 1)(164 — 1)(324 — 1)(644 — 1)
N 2(6553647 — 3932164° + 7687684 — 550584 4% + 12033043 — 653142 + 324 + 12)p
(A=4)A(44 = 1)(8A —1)(164 — 1)(324 — 1)(644 — 1)

(327684° — 100352A* + 78176 A + 82984 4% + 18621 + 7)v

2,2
5" = (A—4)(4A—1)(84—1)(164 —1)(324 — 1)(644 — 1)
(327684 — 634884*% — 491203 + 259642 + 8451 + 43)w
(A= 4)@AA—1)8A— 1)(16A — 1)(324 — 1)(644 — 1)
(52428818 — 299827217 + 5300224 1° — 28341124° — 22440A* + 15811843 — 137844% + 5134 — 1)p
* 6(A—4)A2(44 —1)(84 — 1)(164 — 1)(324 — 1)(644 — 1)
03 _ (39321647 + 2334724° — 24913921° — 285864 4* — 219184% — 258 A%)v
2 24(A —4)A2(4A — 1)(84 — 1)(164 — 1)(324 — 1)(644 — 1)
N (—39321647 + 17694721 4 39836161° — 4154404* — 8157643 + 144942 — 12 )w
24(A —4)A2(4A — 1)(84 — 1)(164 — 1)(324 — 1)(644 — 1)
N (—1048576 A% + 255590417 + 64122881° — 14197248 4° + 37358401* — 14490043 — 55731% + 7174 — 1)p
24(A —4)A2(4A — 1)(84 — 1)(164 — 1)(324 — 1)(644 — 1)
gla _ _ (655364° — 262144 4% + 33472043 + 5298842 + 37184 + 41)v

2 2(A —4)(4A —1)(84 —1)(164 — 1)(324 — 1)(644 — 1)
(655364 — 139264 1% — 13798443 — 2336842 + 80984 — 7)w
- 2(A —4)(4A —1)(84 —1)(164 — 1)(324 — 1)(644 — 1)
N (104857643 — 678297647 + 145694721° — 11210496 1> + 2223408 A* — 3274843 — 863242 + 6154 + 1)p
12(A —4)A2(44 — 1)(84 — 1)(164 — 1)(324 — 1)(644 — 1)
(655364° — 2191364% + 17305643 + 22922042 4+ 97454 + 131)v
- 3(A—4)(4A—1)(84—1)(164 — 1)(324 — 1)(644 — 1)
(655364° — 108544 1% — 20883243 — 1194442 + 6694 + 239)w
B 3(A—4)(4A —1)(84 —1)(164 — 1)(324 — 1)(644 — 1)
N (104857643 — 629145647 + 11761664 1° — 60990724° — 1021344 4* + 6646804% — 5473042 + 18811+ 7)p
18(A —4)A2(44 — 1)(84 — 1)(164 — 1)(324 — 1)(644 — 1) '

23 _
S =

The expressions of all Tf;k (0<j, k <3) are listed as follows.

00 _  3A(204804* —1255684° — 22964% + 28864 + 107)v
27 2(A—4)4A—1)(8A —1)(164 — 1)(324 — 1)(644 — 1)
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3A(—28672A% + 4416013 + 10488842 + 4242 + 59)w
T 2(A—4)(4A— 1)(84 — 1)(164 — 1)(324 — 1)(644 — 1)
( 58982417 + 25579521 — 14178564 — 7230881* + 31894043 — 2526442 + 8534 + 3)p
4(A =4 A@EA—1)(8A—1)(164 —1)(324 — 1)(644 — 1)
Lo 18A(20481* —122884% — 1904 4% + 5564 + 17)v
2T (A—4)@44 - 1)8A—1)(164 — 1)(324 — 1)(644 — 1)
18A(—20481* + 185613 + 70284 + 6694 + 13)w
T (A= 4)(AA— 1)(8A — 1)(164 — 1)(324 — 1)(644 — 1)
3(3276847 — 129024 1° + 47872A° + 108496 4* — 3871643 + 301812 — 951 — 1)p
B (A—4)A(44 = 1)(84 — 1)(164 — 1)(324 — 1)(644 — 1)
20 6A(40964* — 218884° — 2055242 + 37864 + 97)v
2T (A—4)4A - 1)8A—1)(164 — 1)(324 — 1)(644 — 1)
6A(—40964% + 102413 + 1934842 + 18771 + 117)w
C (A= 4)44— 1)(84 — 1)(164 — 1)(324 — 1)(644 — 1)
( 6553647 + 2150404° + 1228804° — 5184964* + 16036813 — 117064 + 2954 + 9)p
(A—4)A(44 —1)(84 — 1)(164 — 1)(324 — 1)(644 — 1)
(—655364° — 389124% + 41523243 + 476441 + 36531 + 43)w
4(A—4)(4A—1)(84—1)(164 — 1)(324 — 1)(644 — 1)
(13107245 — 589824 4> — 1327872A4* + 1384804° + 2719212 — 4831 + 4)v
a 8(A—4)A(4A—1)(84 —1)(164 — 1)(324 — 1)(644 — 1)
( 104857648 4+ 255590417 + 64122881° — 141972484 + 37358401* — 14490043 — 55734% + 7174 — 1)p
24(A—4)22(44 — 1)(84 — 1)(164 — 1)(324 — 1)(644 — 1)
01 12A(51204* — 118084° +19041% — 2341 + 41)v
2T (=444 - 1)8A—1)(164 — 1)(324 — 1)(644 — 1)
6A(143361* — 5388843 + 5874442 + 20094 + 30)w
T (A= 4)(dA—1)(84 — 1)(164 — 1)(324 — 1)(644 — 1)
2(8192047 — 467968 A° + 851904 1> — 5407924* + 11623843 — 76834% + 2111+ 1)p
* (A—4)A(44 = 1)(8A — 1)(164 — 1)(324 — 1)(644 — 1)
T _ 12A(61444* — 1408043 + 103642 — 299 + 80)v
2 (A—4)(4A—1)(84—1)(164 —1)(324 — 1)(644 — 1)
6A(122881* — 3891243 + 4390442 + 41274 + 76)w
T (A= 4)4A—1)(84 — 1)(16A — 1)(324 — 1)(644 — 1)
2(98304/17 — 5539841° + 9851524° — 637296.1* + 13834843 — 900912 + 2164 + 4)p
(A—4)A(44 — 1)(8A = 1)(164 — 1)(324 — 1)(644 — 1)
21 481(102474* — 227223 — 8684% — 654 + 39)v
27 (A—4)(4A—1)(84 — 1)(164 — 1)(324 — 1)(644 — 1)
64(81921* — 2892813 + 3488842 + 4205 + 228)w
T (A= 4)4A— 1)(84 — 1)(16A — 1)(324 — 1)(644 — 1)
2(65536/17 —3932161° + 7687684° — 550584 4% + 12033043 — 653142 + 321 + 12)p
(A—4)A(44 = 1)(8A = 1)(164 — 1)(324 — 1)(644 — 1)
(655364° — 139264 4% — 13798413 — 2336842 4+ 80984 — 7)v
2(A—4)(4A —1)(84 —1)(164 — 1)(324 — 1)(644 — 1)
(655364° — 2621441* + 33472043 + 5298842 + 37184 + 41)w
a 2(A —4)(4A—1)(8A —1)(164 — 1)(324 — 1)(644 — 1)
N (104857643 — 678297647 + 145694721° — 11210496 4° + 2223408 1% — 3274813 — 863242 + 6154 + 1)p
12(4 — 4)A2(44 — 1)(84 — 1)(164 — 1)(324 — 1)(644 — 1) ’
(—98304047 + 21626884° — 1230724° — 163924* — 342643 — 2824%)v
24(A —4)2(4A4 — 1)(84 — 1)(164 — 1)(324 — 1)(644 — 1)
( 137625617 + 4737024 ° — 35562244 — 2326896 4% 4+ 751684% — 170112 + 12)w
24(A —4)A2(4A — 1)(84 — 1)(164 — 1)(324 — 1)(644 — 1)

>

30 _ _
;" =

s

>

>

31 _
T, =

02 _
T,” =
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(262144043 — 1469644847 + 25499648 1° — 13590144 1° + 1352256 A* + 24843643 — 236834% + 8971 — 5)p
* 24(1 —4)A2(4A4 — 1)(84 — 1)(164 — 1)(324 — 1)(644 — 1) ’
T2 _ 3(327684° — 70656 A* — 476813 + 88842 + 2364 + 15)v
2 2(A —4)(4A —1)(84 — 1)(164 — 1)(324 — 1)(64A — 1)
3(32768A5 — 93184 4% + 7033643 + 6103242 — 2104 + 7)w
T 2(A—4)(AA—1)(84 — 1)(164 — 1)(324 — 1)(644 — 1)
(52428848 — 288358417 + 4827136 A° — 2557248 4° + 206544 1% + 6408043 — 605612 + 23341 — 1)p
* 44 —4)A2(4A —1)(84 — 1)(164 — 1)(324 — 1)(644 — 1) ’
722 _ _ (327684° — 634884* — 4912043 + 259642 + 8451 + 43)v
2 (A—4)(44 = 1)(8A—1)(164 —1)(324 — 1)(644 — 1)
(327684> — 1003524* + 78176 A% + 8298442 + 18621 + 7)w
a (A—4)(44 = 1)(8A4 = 1)(164 — 1)(324 — 1)(644 — 1)
N (52428843 — 299827217 + 53002244° — 28341124° — 224401* + 15811843 — 1378442 + 5131 — 1)p
6(A—4)A2(44 —1)(84 — 1)(164 — 1)(324 — 1)(644 — 1) ’
(655364° — 108544 4% — 20883243 — 1194442 4 66941 + 239)v
B 3(A—4)(4A —1)(84 —1)(164 — 1)(324 — 1)(644 — 1)
(655364° — 2191364% + 17305643 + 22922042 4+ 97451 + 131)w
a 3(A—4)(4A—1)(84—1)(164 — 1)(324 — 1)(644 — 1)
N (10485763 — 629145647 + 117616641° — 60990724° — 1021344 A* + 6646804° — 5473042 + 18814 + 7)p
18(4 —4)A2(44 — 1)(84 — 1)(164 — 1)(324 — 1)(644 — 1) '
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The following mathematica code has been used to compute the above control points.

1 clear;

2 al = 2%x(1 - la)/la;

3 a2 = 6*%(2 - la)*(1 - la)/(8%la - 1)/la;

4 a3 = 2%(2 - la)*(1 - la)x*(1 + la)/(8xla - 1)/la/la;
5 b2 = 6%(1 - 2%la)/(16%1la - 1);

6 b3 = (1 - 2%la)*(1 + 2xla)/la/(16*xla - 1);

7 pl = p + al*v; p2 = (1 + b2)*p + (al + a2 - b2) * v;
8 p3 = (1 + b2 + b3)*p + (al + a2 + a3 - b2 - b3) * v;
9

p4éd = p + alxw; pb = (1 + b2)*p + (al + a2 - b2) * w;
10 p6 = (1 + b2 + b3)*p + (al + a2 + a3 - b2 - b3) * w;
11 T = Solvel[a*la == a*la*la/4 + pl * lax(2 - la)/4 + pd * lax*x(2 - la)/4 +
12 p *x (2 - la)*(2 - la)/4 && (b - a)*la == ( a + pl*3)/8 + (pl*3 + p2%3 + a + b)/32 -
13 a*la*3/4 && (d - a)*la == ( a + p4#*3)/8 + (p4*3 + pb5*3 + a + d)/32 -
14 a*xlax3/4 && (c - b)*la == (pl*3 + p2%3 + a + b)*3/32 - a*xla/4 - ( a + pl*3)/8 &&
15 (g - d)*la == (p4*3 + pb*3 + a + d)*3/32 - a*la/4 - ( a + p4*3)/8 &&
16 (e - a)xla == (p1%30 + p2 * 6 + pd * 30 + a * 120 + b * 22 + p5 * 6 +
17 d * 22 + e * 4)/256 - (axla*la + pl * la*(2 - la) + p4 * la*(2 - la) +
18 p * (2 - la)*(2 - la))*15/64 && (f - c)*la == (a + b)/4 + (a + b + d + e)/16 -
19 (pl * 3 + p2 *x 3 + a + b)*3/32 && (h - g)*la == (a + d)/4 + (a + b + d + e)/16 -
20 (p4 * 3 + pb * 3 + a + d)*3/32 && (k - f)xla == (a + b + d + e)*3/16 - (a + b)/4 -
21 (pl * 3 + p2 *x 3 + a + b)/32, {a, b, ¢, d, e, £, g, h, k}];
2 a = T[[1, 1, 2]]; b = T[[1, 2, 2]]1; ¢ = T[[1, 3, 211;
23 d = T[[1, 4, 2]]1; e = TL[1, 5, 2]]1; £ = TL[1, 6, 2]];
24 g = T[[1, 7, 2113 h = T[[1, 8, 211; k = T[[1, 9, 211;
25 bll = (a % 4 + b % 2 +d * 2 + e *x1)/9;
2% b21 = (a * 2 + b *x 4 +d *x 1 + e * 2 )/9;
27 bl2 = (a % 2 + b *x 1 +d * 4 + e * 2 )/9;
28 b22 = (a *x 1 + b * 2 +d * 2 + e *x 4 )/9;
29 b00 = (p + pl + p4 + a )/4;
30 b10 = (pl * 2 + p2 * 1 + a *x 2 + b * 1)/6;
31 b20 = (pl * 1 + p2 * 2 + a *x 1 + b * 2)/6;
32 b30 = (p2 * 2 + p3 * 1 + b *x 2 + c * 1)/6;
33 b0l = (p4d * 2 + p5 * 1 + a *x 2 + d * 1)/6;
3 b02 = (p4d * 1 + p5 * 2 + a *x 1 + d * 2)/6;
35 b03 = (p5 * 2 + p6 *x 1 + d *x 2 + g * 1)/6;
3 b31 = (bx 4 + c * 2 + e * 2 + f * 1 )/9;
37 b32 = (b*x 2 + c * 1 + e * & + f * 2 )/9;
33 b33 = (ex 4 + f * 2 + h * 2 + k * 1 )/9;
39 bl3 = (d*x 4 + e * 2 + g * 2 + h * 1 )/9;
40 b23 = (d* 2 + e * 4 + g x 1 + h * 2 )/9;
41 b00 = (bOO b10 + b0l + bil)/4;
42 Db30 = (b30 b20 + b21 + b31)/4;
43 b03 = (b03 b13 + b02 + b12)/4;

+ b22)/4;

45 b1l0 = (b1l b10)/2;b20 = (b21 + b20)/2;
46 bl3 = (bl2 b13)/2;b23 = (b22 + b23)/2;
47 b0l = (bil b01)/2;b02 = (b1l2 + b02)/2;
48 b31 = (b31 + b21)/2;b32 = (b32 + b22)/2;
49 Collect[Simplify[{{b00, b10, b20, b30}, {b01, bil, b21, b31}, {b02, b12, b22, b32}, {b03, b13, b23, b33}}], {p, v

+
+
+

4 b33 = (b33 + b32 + b23
+
+
+

, w}l
50 Collect[Simplify[{{b01 - b0O, bil - b10, b21 - b20, b31 - b30}, {b02 - bO1, bl2 - bill, b22 - b21,
51 b32 - b31}, {b03 - b02, b13 - bl2, b23 - b22, b33 - b32}}], {p, v,w}]

52 Collect[Simplify[{{b10 - b00, b20 - b10, b30 - b20}, {bll - bO1, b21 - bill, b31 - b21}, {bl2 - b02, b22 - bl2,
53 b32 - b22}, {b13 - b03, b23 - b1l3, b33 - b23}}], {p, v, wl]



