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ABSTRACT

We consider the joint optimization of multi-carrier radar and
communication systems with shared spectrum. The systems
operate in a cluttered environment, where the radar and com-
munication receivers observe not only cross-interference but
also multipath and/or clutter signals, which may arise from
the system’s own transmission. We propose a non-alternating
approach to jointly optimize the radar and communication
transmission power allocated to each sub-carrier. Numeri-
cal results demonstrate the proposed joint designs offer sig-
nificant performance gain over the conventional sub-carrier
allocation-based approach.

Index Terms— radar and communication coexistence,
multi-carrier signal, power allocation, cluttered environment

1. INTRODUCTION

In the past decade, the quest for ever increasing transmission
rates in terrestrial communications has produced a tremen-
dous demand for additional bandwidth from the wireless sec-
tor. This has prompted the need for the coexistence between
radar and communication systems using shared spectrum (e.g.
[1-5]). Spectral coexistence, if improperly implemented, can
cause significant interference and performance degradation
for both systems [6—8]. The problem can be addressed by a
joint design approach that simultaneously adjusts the design
parameters of both systems to optimize relevant performance
metrics, e.g., the throughput for the communication system
and the signal-to-interference-plus-noise ratio (SINR) for the
radar [9-11].

Multi-carrier waveforms are not only widely used in com-
munication systems, but they have become increasingly pop-
ular in radar as well, due to several advantages such as easy
implementation, frequency and waveform diversity [12, 13].
At any time instant, since the desired sub-carriers can be digi-
tally selected at the transmitter, narrowband interference mit-
igation can be achieved by simply turning off the affected
sub-carriers. In [14], orthogonal frequency division multi-
plexing (OFDM) waveforms with pulse-to-pulse agility have
been investigated for Doppler processing from the radar point
of view. The integrated sidelobe level (ISL) was used as an
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optimization metric to develop a sparse spectrum allocation
algorithm for an OFDM-type radar [15]. Multi-carrier wave-
forms were also employed by radar and communication sys-
tems in [16] to tackle coexistence applications.

In this paper, we consider spectrum sharing between a
multi-carrier radar and a communication system operating in
a cluttered environment, where the communication or radar
receiver observes not only the cross-interference from its
counterpart but also multipath and clutter signals, which arise
from the system’s own transmission. Specifically, we propose
to jointly optimize the radar and communication transmission
power allocated to each sub-carrier by maximizing the radar
output SINR while maintaining a minimum communication
throughput constraint, along with a total transmission power
constraint and sub-channel peak power constraints for each
system. To solve the optimization problem, we reformulate
it by combining the radar and communication power vari-
ables into a single stacked variable. This allows us to bypass
a conventional alternating optimization procedure, which is
computationally intensive. The resulting problem is then
solved by using a quadratic transform method along with a
sequential convex programming (SCP) technique. Simulation
results validate the effectiveness of the proposed joint design
over a sub-carrier allocation-based method.

2. SIGNAL MODEL

Consider a radar system that coexists with a communication
system in a cluttered environment, where both systems share a
frequency band of bandwidth B Hz and employ multi-carrier
waveforms with N sub-carriers. The sub-carrier spacing is
Af = B/N. Under the considered set-up, the communica-
tion or radar receiver (RX) receives not only the direct useful
signal, but the direct cross-interference and reflections from
the environment as well.

Let p, = [pe1, -+ ,pen]? denote the communication
powers allocated to the N sub-carriers, which are to be de-
signed. Then, the transmitted communication signal can be
represented as x.(t) = q.(t) 25:1 dn\/m@ﬂﬂ(fﬁnAf)t A&
25:1 Ze.n(t), Where gc(t) is the communication waveform,
fc the carrier frequency, and d,, the symbol carried by the
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n-th sub-carrier.
B{|d. [} = 1.

The same carrier frequency f., inter-carrier spacing A f,
and a radar waveform ¢, (t) are used by the multi-carrier radar
system. Then, the transmitted radar signal can be written
as xr(t) = qr(t) Zn 1 F672W(fc+nAf)t £ Z =1 Tr n(t)
where py = [pr1, -, P, ~]7T denote the radar powers, which
are to be determined.

Under the considered setup, the signal received at the
communication RX on the n-th sub-carrier is given by

Without loss of generality, we assume

Yen(t) = Zk 1 e n,k:xcm(t

Do
where o/

ce.n, 18 the channel coefficient of the k-th communi-
cation path with propagation delay 7. 1, K. denotes the total
number of communication paths, 3, ,  is the channel coef-
ficient from the radar transmitter (TX) to the communication
RX due to the k-th clutter scatterer with propagation delay
Tre,k» Hre denotes the total number of clutter scatterers, and
w;, ,,(t) is the additive channel noise.

We assume that the propagation delay spread AT, i.e., the
difference between the smallest delay and largest delay, from
the communication/radar TXs to the communication/radar
RX is small with respect to (w.r.t.) the pulse duration 7T
The assumption is usually satisfied in a multi-carrier sys-
tem since each sub-carrier is a narrowband system with a
bandwidth Af <« 1/A7 [17, Section 12.1]. In other words,
this assumption implies |Tec y — Tee,1| < T, for k > 1, and
"T_rc,k — ’7'0071| < T, Vk, in (1)

After down-conversion, y »(t) passes through a matched
filter (MF) matched to the line of sight (LOS) communica-
tion waveform ¢ (¢ — 7c,1) and is sampled at the symbol rate,
which yields [18, Section 5.1]

Yen = acc,ndn\/pc,n + Brc,n\/pr,n + We n, ()

where acen = [ ZkK;“l Qe et — Tee k)5 (t — Tee1)dt,
which integrates aécm) « and the auto-correlation of the com-
munication waveform, [y ,, is similarly defined, which lumps

re.n,k and the cross-correlation between the radar and com-
munication waveforms, and w, ,, is a zero-mean white addi-
tive noise with variance 2.

Next, consider the radar received signal. Assume a target
is moving with a radial velocity v at range R from the radar.
The round-trip delay between the radar and target is 7, =
2R/c, where c is the speed of light. Then, the received signal
at the radar RX on the n-th sub-carrier can be written as [12]

(t—7m)) + ZZ

/Bér,n,kmc,n(t - %’cr,k) + wr’,n(t)y (3)

- ch,k)

rc n, kL, "(t - 7-TCJ€) + wé,n(t)’ (1)

yr,n(t) = dal{r,nxl',n (6 7-rr,k)

KLI’
2
where @ is the radar cross-section (RCS), oy, ,, is a complex
coefficient of the target path, ¢ = 1+ 27” is a scaling factor for

’
1 ﬂrr,n,kxl’,n(t -

the target Doppler shift, Br’m% i denotes the complex scattering
coefficient of the k-th out of K, clutter scatterers due to radar
illumination with propagation delay 7ir i, 3, ,, , and T, i, are
the scattering coefficient and, respectively, propagation delay
associated with the k-th out of K, clutter scatterers due to
the communication illumination, and wy,,(t) is the additive
channel noise.

The radar signal y; ,, (¢) is down-converted, Doppler com-
pensated, filtered by a MF matched to the radar waveform
q:(t — 7ix), and sampled at the pulse rate. The MF output can
be written as [19, Section 4.2]:

n = Qurny/Prn + ﬁrr,n\/pr,n + Bcr,ndn\/pc,n + Wy p,y “4)

where, similar to (2), a,,, is a parameter that integrates &,
a;r n» and the auto-correlation of the radar waveform, [y .,
lumps Bi.n.i and the auto-correlation of radar waveforms,
Ber,n 1ntegrates Bér’n’ ;. and the cross correlation of radar and
communication waveforms, and w; ,, is the output noise with
zero mean and variance o2,

In this paper, the problem of interest is to jointly design
the power allocation vectors p; and p. based on the radar-

communication coexistence model of (2) and (4).

3. PROPOSED JOINT DESIGN

In this section, we first formulate the problem by jointly
designing parameters of both systems to tackle the cross-
interference induced by the coexistence. Then, a non-
alternating approach is proposed to solve the joint design
problem.

3.1. Problem Formulation

The figure of merit for the communication system is the
achievable channel throughput, which is given by C(p;, p.) =

N Yee,nPc,n
2 n—1logs (1 B n.-c,npr,n+1)’

Newn = E{|awen|?}/02, and E{-} is the statistical expec-
tation operator. For radar, the figure of merit is SINR,
which is given by SINR(p;, pe) = S Yir,nPrn

n=1 nrr,npr,n+77cr,npc,n+1 ’
where VYrrn = E{|arr,n|2}/0r2, Theon = E{|ﬂrr,n|2}/0r2, and
Ner,n = B{|Bernl*} /07

where Yee ., = E{|accyn|2}/ac2,

. The joint power allocation problem
is formulated as maximizing the radar SINR under throughput
and power constraints:

max SINR(p;, p.), (52)
Pr,Pc

s.t. Z Pon < By Z Pen <Py (SH)

0<pn <&, 0 pen < fc, Vn, (5¢)

C(pr, pe) = K, (5d)

where (5b) represents the total power constraint for each sys-

tem, (5c) denotes sub-channel peak power constraints, and
(5d) is a communication throughput constraint. Note that the
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proposed scheme assumes cooperation between the radar and
communication systems by sharing certain channel related in-
formation, €.g., Yec,ns Mrc,n €LC.

3.2. Non-Alternating Approach

The joint design problem (5) is highly non-convex w.r.t. the
design variables because both the objective function and the
constraint (5d) are non-convex. The above problem may be
solved by employing an alternating optimization procedure
[20, 21], which iteratively solves (5) w.r.t. p, while keeping
P. fixed, and vice versa, until convergence is reached. How-
ever, this alternating method is computationally intensive and
does not guarantee convergence. This is particularly the case
for the considered cluttered environment, where the clutter
term in the SINR depends on the power allocation variable
Pr, which makes the optimization problem significantly more
challenging even with fixed p.. To address these challenges,
we consider a different approach that is described next.
Specifically, let us define n.,, = [fen, 07, 0., =
[nrr,na ncr,n}T9 Yrn = [Vrr,na O]T’ Yen = [07 ’ch,n]T, and
P = [pl; pl]isa2x N matrix. Then, (5) can be written as

’7[‘ TL
maX Zn 1 m S.t. (5b)7 (5C)7 (63)

Z:,:l log, (1 + 4. Psn/(nl, Ps, + 1)) >k, (6b)

where s,, is an N x 1 selection vector, e.g., s,,(¢) is 1 fori = n
and O otherwise. Note that (6) is a fractional programming
(FP) with the cost function being a sum of multiple ratios.
The multiple-ratio FP problem (6) is non-convex since the
objective function is a sum of ratios, which is non-convex, and
the throughput constraint (6b) imposes a non-convex feasible
set. To solve (6), we can reformulate the objective function
and employ an inner iteration based on convex relaxation for
the throughput constraint. First, for the objective function, a
quadratic transform can be used [22]. This approach intro-
duces a set of slack variables A = [A1,-- -, Ax]? to deal with
the non-convexity. Specifically, problem (6) is equivalent to

max F(A,P), st (5b), (5¢), (6b), 7

Let )\%_1) and P“—1 denote the solutions obtained from the
(¢ — 1)-th iteration. Then, A can be updated by solving:

max F(\,PUED), (8)

where F(A,P) =30,

which has a closed-form solution:

A = AL PEDs, /(nl, P s, + 1), (9)

In turn, P() can be obtained by solving

max FAY P), s.t (5b), (5¢), (6b), (10)

Algorithm 1 Proposed non-alternating approach
Input: Yrr,ns Yee,ns Me,ns Tler,ns Thereyns P, P, &, &, b, €.
Output: Radar and communication powers P.
Initialization: Initialize P(*) and set iteration index ¢ = 0.
repeat
1.  Set? = /¢+1 and solve problem (9) to obtain )\g).
2. Initialization: £, = 0 and P(%) = P(¢=1),
3.  repeat
(a) Set/s = {5+ 1 and solve problem (13) with
fixed P(—1) and )\%) to obtain P(*).
4.  until convergence.
5. Update PO = p&),
until convergence.
return P = P,

Note that the above problem is non-convex since (6b) imposes
a non-convex set. We can use a SCP process to relax con-
straint (6b) by converting it into a convex set along with an
inner iteration to solve (10). Specifically, (6b) can be relaxed
into a linear form as

ZN,l log, (7ZnPsn+n§nPsn—|—1) —-G(P, f’(e“_l)) > K,

n= (1 1)
where P41 is the power vector from the (¢ — 1)-th inner
SCP iteration and

GP, Pty & 1og2(nCT’n15(es_1)Sn +1)

+nl, (P —PE)s, /(In2(nl, PG Ys, +1)). (12)

Thus, during the /s-th inner SCP iteration, theAfollowing con-
vex optimization problem is solved to obtain P(%):

max FQAY P), st (5b), (5¢), (11). (13)

After convergence, PO = P® is used in (9) to com-
pute \,, for the next quadratic transform iteration. Our pro-

posed solution to the joint design problem is summarized in
Algorithm 1.

3.3. Discussions

The computational complexity of the proposed non-alternating
algorithm depends on the number of the quadratic transform
iterations L as well as the number of the SCP iterations
L. Simulations show that the required number of the inner
or outer iteration is relatively small. In addition, the convex
problem (13) inside the iteration has a complexity of O(N?35)
when an interior-point method is used [23]. Thus, the overall
complexity of the proposed solution is O(LLN3%).

For the design problem (5), its feasibility depends upon
whether the maximum achievable throughput (e.g., Chax)
under the power constraints is no less than the minimum
throughput constraint , that is, Cppax > k. Clearly, Cpyy is
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Fig. 1. (a) Radar output SINR versus total radar power when P, = 600 and x = 2.5; (b) radar output SINR versus commu-
nication throughput constraint when P, = P, = 600; (c) computer simulation time versus the number of sub-carrier for the
conventional alternating algorithm and the proposed non-alternating algorithm;.

achieved when the radar is absent while the communication
system uses all sub-carriers to maximize its throughput.

Note that the proposed non-alternating solution requires
initial values of p. and, respectively, p;. A simple initializa-
tion is to consider only the power constraints (5b) and (5c).
A better way that also takes into account the throughput con-
straint (5d) is a greedy search method, which is an allocation-
based method. Specifically, the communication system uses
its best sub-carrier to maintain the throughput constraint while
the radar employs the remaining sub-carriers to maximize its
SINR.

4. NUMERICAL RESULTS

In this section, we compare the proposed joint design with
the heuristic greedy search method discussed in Section 3.3.
In addition, we include the optimum radar output SINR, un-
der the condition when the communication system is absent
(denoted as comm absent), as an upper bound.

In the simulation, the number of sub-carriers N = 16,
the convergence tolerance is 0.01, and the noise variance
0r2 = 0’2 = 1. The sub-carrier channel coefficients c y,,
Oce,ns Brens Brens and B, are generated with Gaussian dis-
tribution CA/(0,02), CN(0,02), CN(0,02), CN(0,0?) and
CN(0,02), respectively. The strength of the desired signal
for both systems, indicated by o2 and o2, are normalized
as 02 = 02, = 1. The clutter strength 02 = 0.05. In the
following analysis, we consider two coexistence scenarios
characterized by the strength of the cross-interference: Case
1 (weak cross-interference) with 02 = 02 = 0.01 and Case 2
(strong cross-interference) with o2 = 2 = 0.1. In the sim-
ulation, 50 trials of channel realization are utilized to obtain
the average performance.

Fig. 1(a) shows the average radar output SINR versus
the total radar power. It can be seen that with weak cross-
interference (Case 1), the output SINR of the joint design is

very close to that of the comm absent scenario since the weak
cross-interference creates limited impact from one system to
the other. When the cross-interference increases (Case 2),
the performance degrades due to the stronger cross impact.
In both Case 1 and Case 2, the sub-carrier sharing-based
joint design outperforms the greedy search method, which
is a sub-carrier allocation-based method. As the total radar
transmission power increases, the output SINR of all consid-
ered scenarios increases. A similar performance trend can be
observed in Fig. 1(b) where the radar output SINR is plotted
as a function of the communication throughput constraint .

Finally, we consider the computational complexity of the
conventional alternating optimization approach, which de-
composes the original problem into two sub-problems in p;
and p., and the proposed non-alternating method as discussed
in Section 3.2. Fig. 1(c) shows the CPU time measured by
Matlab versus the total number of sub-carriers N for Case
1, where P, = P. = 600 and k = 1.5. It can be seen that
the complexity of both methods grows as the number of sub-
carriers increase. However, the alternating algorithm is seen
to take a longer time to converge for all cases considered. In
particular, the alternating algorithm is around 8 times slower
than the proposed non-alternating method at N = 512.

5. CONCLUSIONS

Power allocation based spectrum sharing between multi-
carrier radar and communication systems was considered by
maximizing the radar output SINR while meeting a com-
munication throughput requirement along with total/peak
power constraints. A joint design was proposed to tackle
the coexistence problem. Through suitable reformulation,
the non-convex joint design was solved by a computationally
efficient non-alternating method. Simulation results validated
the effectiveness of the proposed spectrum sharing method
over the sub-carrier allocation-based greedy search scheme.
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