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The scattered intensity from large spheres with a real part of the refractive index of » = 1.33, 1.5, 2.0 is investigated
as the radius R and an imaginary part of the refractive index k are varied. It is shown that the product of k and the
size parameter kR, k kR, is a universal parameter describing the quenching of the refraction phenomenon of the
scattered light: the refraction hump, the generalized rainbows, and the glory. The physical reason for this is that k 2R
is the inverse of the relative skin depth of light penetration into the sphere, which is demonstrated by calculations of

the internal fields that darken universally as k 2R increases.
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1. INTRODUCTION

One of the most well-known scattering phenomena, even to
laypersons, is the rainbow. When incident white light interacts
with roughly spherical water droplets there is a sharp increase
in the amount of light that is scattered back at in the region
of ~135°. The exact angle of this increase is dependent upon
the wavelength of the light, and thus for white light there is a
separation of colors and hence the appearance of the rainbow.
The rainbow is only one of the refraction effects found in the
scattering from spherical particles. As some may have seen
before, there are actually two rainbows, the secondary and the
primary [1]. The rainbow is generally associated with water.
However, spheres of indexes different from that of water have
similar sharp increases in the amount of light scattered at specific
angles depending on the refractive index; we will refer to these as
“generalized rainbows.”

Another refraction effect is the refraction hump when
the scattering angle is in the range A/2R <6 < 90° ~ 120°
depending on the real part of the refractive index, where R is
the sphere radius and X is the wavelength of light [2,3]. There
is also the glory; in water droplet clouds this is seen as colorful
rings around the shadow of the observer when the shadow is cast
upon a cloud [1]. The glory and hump, as with the rainbow, are
not limited to water. The effects as seen in water are simply the
most readily observable in daily life. Phillip Laven has done an
immense amount of work studying refraction phenomena such
as rainbows and glories. The interested reader is encouraged to
explore his work; Refs. [4,5] are but two.
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In this paper it will be shown that the product of the size
parameter k¥R = 27 R /X, and the imaginary part of the refrac-
tive index k, k kR, provides a quasi-universal description of the
reduction in the refractive effects due to absorption. The role
the « kR parameter plays in describing the Rayleigh, geometric,
and reflection regimes of the total absorption cross-section
have already been presented in Ref. [6]. Our calculations here
will be restricted to un-polarized incident light at a wavelength
532 nm, relatively large spheres, and the refractive indexes of
n=1.33, 1.5, 2.0 for the real part of the refractive index.

2. THEORY

Consider a plane mono-chromatic electromagnetic wave inci-
dent upon a homogenous sphere of radius R and a complex
relative refractive index m = n + ik, with 7 being the real part
and « the imaginary part. If the imaginary part of the refractive
index is not equal to zero, then the wave will be attenuated as it
travels in the sphere. The distance that the wave has traveled into
the sphere when its amplitude has been attenuated to a factor of
1/e isknown as the skin depth and is given by Ref. [7]

A
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The skin depth relative to the size of the sphere can then be
expressed as follows:
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R~ 2mkR _ kkR
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Forward normalized scattered intensity versus the scattering angle 6 (a). The Mie scattering for a sphere with a radius of 30 ptm and an

index of m = 1.33 + ik. K is varied so that k2R =0, 0.01, 0.03, 0.1, 0.3, 1, 3, 10. (b), (c), and (d) are the same as (a) but with radii of 100 pm,

300 pm, 1000 pm, respectively.

From Eq. (2) it can be seen that when the parameter k AR < 1,
the skin depth will be much larger than the sphere itself, and the
effects of the absorption on the scattering will be minimal [8].
As k kR approaches unity, the skin depth becomes comparable to
the size of the sphere and the refraction effects on the scattering
start to become diminished. Ultimately, when « £R > 1 the skin
depthisatorless than R,and onlyan end “cap” on the side of the
sphere that the wave is incident upon is illuminated. We expect
that when k2R > 1, most if not all of the refraction effects of the
scattering should be gone and only the diffraction and reflection
components of the scattering will be left [8]. The implication
of Eq. (2) is that it is the combination k4R that controls the
refraction effects of the scattering instead of either « or the size
parameter # R independently. In what follows we demonstrate
that this is true and display the effects.

3. RESULTS

In Fig. 1 the forward normalized intensity of light scattered by
spheres with a real part of refractive index 7 = 1.33 are plotted
vs the scattering angle 6 for radii of 30 pum, 100 pum, 300 um,
1000 pum. The scattered intensity has been calculated using a
Mie scattering code developed by our group, and has been tested
against Phillip Laven’s MiePlot [1]. A zero-order lognormal size
distribution with a geometric width of & = 1.2 has been used for
the calculation of the scattering to wash out the ripple structure
[9]. The real part of the refractive index is that of water with
real part » = 1.33. The imaginary part of the refractive index
is varied for each radius such that the «#R parameter ranges
geometrically from 0 to 10.

The three main refraction effects can be seen in Fig. 1. First,
for /2R < 6 < 90° there is a feature that we call the refraction
hump, which is followed by spikes in scattering at around 130°
and 137.5°; these are the secondary and primary rainbow peaks,
respectively. Between the secondary and primary rainbows is
a dark region known as “Alexander’s band” [1]. Finally, in the
back direction as 6 approaches 180° there is an increase in the
refraction effect known as the “glory” [1].

The black curves in Fig. 1 are calculated based on [10], which
lays out an asymptotic solution for large, highly absorbing
particles. The asymptotic solution is reached essentially by
disregarding any refraction into or out of the particle and thus
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Fig. 2. Mie scattered intensity for spheres with radii of 30 pm,
100 pwm, 300 pwm, 1000 wm and an index of m = 1.33 4+ ik. K is
varied so thatk #R =0, 0.1, 0.3, 1, 3 all are normalized by the scattered
intensity of a sphere of the same size and with k #R =10, at 6 = 90°,
with the entire scattering angle range shown.
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Mie scattered intensity for spheres with radii of 30 pum, 100 pm, 300 pum, 1000 pm and an index of m = 1.33 + ik. k is varied so that

kkR=0,0.1,0.3, 1, 3, all are normalized by the scattered intensity of a sphere of the same size and with k 2R = 10 at 6 = 90°, in four regions: (a) the
forward scattering, which is dependent on £ R; (b) the refraction hump; (c) the rainbows; and (d) the glory.

only leaves the sum of diffraction and reflection. Figure 1 shows
that when k4R < 0.01 the refraction effects are only slightly
diminished. When x#R=0.1 there begins to be significant
decreases in the refraction hump, rainbows, and the glory. The
decreases in the refraction effects continue as k £R passes through
0.3. Once k4R = 1, the scattering curves approach the sum of
the diffraction and the reflection components of scattering and
almost all the refraction effects are gone. With « 4R > 3, the
scattering is equal to that of the sum of only the diffraction and
reflection components. In Fig. 1 all four of the radii considered
show a similar reduction in the refraction effects with the « £R
parameter, despite having different # R and « terms. It is impor-
tant to take a moment to stress that k #R does not describe the
refraction effects themselves but the reduction in them. We
conclude that k £Ris a universal parameter.

To further demonstrate the universality of k £R the scattering
intensities from spheres with the same radii considered in Fig. 1
have been plotted together in Figs. 2 and 3. The full range of
angles is shown in Fig. 2 and smaller ranges showing the indi-
vidual refraction effects are shown in Fig. 3. As with Fig. 1, the
imaginary part of the refractive index has been chosen such that
there isa k #R=0, 0.1, 0.3, 1, 3 for each radius. The scattered
intensity is normalized by the scattered intensity at & = 90°
from a sphere of the same radius, and with a kappa term such
that k#R=10 in Figs. 2 and 3. This has been done for two
reasons: (1) Fig. 1 shows that when k #R = 10, essentially all the
refraction effects have been removed, thus providing a common
point of reference, and (2) forward normalization would not
work because it depends on the size parameter £ R, so using a
forward normalization when comparing spheres of different size
parameters would cause a separation in the curves [2,7].
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Fig. 4. Mie scattered intensity for spheres with radii of 30 pm,

100 wm, 300 wm, 1000 wmand anindexof m = 1.5 + ik. k is varied
so that k#R=0, 0.1, 0.3, 1, 3, all are normalized by the scattered
intensity of a sphere of the same size and with Kk kR =10, at 6 = 90°,
with the entire scattering angle range shown.

The dependence on £ R can been seen in Fig. 3(a) in which the
scattering up to @ = 30° is plotted on a log-log plot to emphasize
the forward scattering. In Fig. 3(a) it is clear that curves with the
same 4R group scatter together in the forward directions. For
large £ R the scattering in the forward directions is described
by the diffraction from a circular obstacle (or aperture) and has
a first minimum at ~A /2R [2,7]. After the first minimum in
Fig. 3(a) the curves of similar # R separate and transition into the
refraction hump, where the curves begin to group according to
Kk kRinstead of just £ R.
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Mie scattered intensity for spheres with radii of 30 pm, 100 pm, 300 pm, 1000 pm and an index of m = 1.5 + ik. k is varied so that

kkR=0,0.1,0.3, 1, 3 all are normalized by the scattered intensity of a sphere of the same size and with k kR = 10, at @ = 90°, in four regions: (a) the
forward scattering, which is dependent on £ R; (b) the refraction hump; (c) the rainbows; and (d) the glory.

Figure 3(b) shows the refraction hump when A/2R <6 <
90°. The reduction in the refraction hump from its largest value
when k #R = 0 to no hump when k #R = 3 is described well with
Kk kR, despite the individual spheres with the same « 4R having
different size parameters # R and « terms. Similarly, in Fig. 3(c)
the refraction rainbows’ effects are systematically reduced by
kkR. In Fig. 3(d) for the glory regime when 170° < < 178.5°
there is similar systematic behavior in the reduction of the
refraction effect, as seen in Figs. 3(b) and 3(c). However, the
reduction appears to be more sensitive to k #R in the back direc-
tions. By the time k £R = 1, all refraction effects appear to have
been reduced and there is no difference between k2R =1 and
kkR=13, whereas in Fig. 3(b) there is a distinction between
kkR=1 and kkR=3. As 0 approaches 180° the groups of
similar k £R start to separate somewhat as the back directions
are extremely sensitive to both the real and imaginary refractive
indexes as well as size [11]. However, the reduction in the effects
with increasing k £R is still similar.

Figures 4—7 are similar to Figs. 2 and 3 except with a real part
of the refractive index in Figs. 4 and 5 of » = 1.5, while Figs. 6
and 7 are produced with a real part of » = 2.0. Figs. 5(b) and
7(b) show refraction humps, with the reduction from k4R =0
to no hump when « 4R = 3, again described well by k £R, despite
the spheres with the same « £R having different size parameters
kR and k terms. Figure 5(c) shows the generalized rainbow
for n = 1.5, which shows a similar systematic reduction with
Kk kR as was seen with 7 = 1.33. Figure 7(c) shows only part
of the generalized rainbow for 7 = 2.0; this is due to the fact
that the primary rainbow has been pushed to a scattering angle
of 180° and combines with the glory. Nevertheless, Fig. 7(c)
shows a similar systematic reduction with « #R as was seen with
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Fig. 6. Mie scattered intensity for spheres with radii of 30 pm,
100 pm, 300 pm, 1000 pm and an index of m =2.0+ ik « is
varied so that k 2R =0, 0.1, 0.3, 1, 3 all are normalized by the scattered
intensity of a sphere of the same size and with k #R =10, at 6 = 90°,
with the entire scattering angle range shown.

n=1.33 and n = 1.5. Figures 5(d) and 7(d) show the glories as
0 approaches 180° and once again there is a similar systematic
reduction of the glories described by « £R, further demonstrat-
ing the universality of the k #R parameter. However, in the last
two degrees of the scattering shown in Figs. 5(b) and 7(b), there
is a separation between curves for k kR = 1 and x #R = 3, unlike
in Fig. 3(b).

The increase as 0 approaches 180° can be understood by
looking at the p = 2 term of the Debye series [1]. The p =2 is
associated with rays that have a single internal reflection within
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Mie scattered intensity for spheres with radii of 30 pm, 100 pm, 300 pm, 1000 pm and an index of m = 2.0 + ik. « is varied so that

kkR=0,0.1,0.3, 1, 3 all are normalized by the scattered intensity of a sphere of the same size and with k 4R = 10, at @ = 90°, in four regions: (a) the
forward scattering, which is dependent on £ R; (b) the refraction hump; (c) the rainbows; and (d) the glory.
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Fig.8. The scattering angles vs the angle of incidence for the p =2
rays, which have one internal reflection. The curves shown are for a real
part of the refractive index » = 1.33, n = 1.5, n = 2.0; the horizontal
dashed lines indicate the primary rainbow.

the sphere. The scattering angle 6 can be related to the angle of
incidence of a ray 0; by Ref. [4]

6= (p —1)180° +260; — 2pSin ' (Sin(9;)/n).  (3)

As shown in Fig. 8 for n = 1.33, when the index of refraction
is less than 7 < +/2 the only p =2 rays that scatter at 180°
are those with an incident angle of 0°; these are rays that pass
directly down the center of the sphere and reflect once off the
inner front face of the sphere and back out at 180°. At iincident
angles close to 0°, the p = 2 rays will travel similar path lengths
and constructively interfere and add to the glory scattering

angles close to 180° at any index of refraction [4]. For the refrac-
tive index of water n = 1.33, the glory is considered to be the
sum of the effects of the p = 2 rays when the incident angle is
small and the interference of p = 2 rays produce surface waves
in such a fashion that the rays travel the same path length and
also interfere constructively [4]. Figure 8 also demostrates that
the p = 2 rays play a dominant role in the formation of the pri-
mary rainbows. When the slope of a curve in Fig. 8 is zero there
is a range of incident angles that all scatter in the same direc-
tion. The primary rainbow angle of 137.5° has been marked in
Fig. 8, and it can be seen that it coincides with the zero slope for
n=1.33.

When 7 > /2 the p = 2 rays also have at least one incident
angle other than at 0° that scatter at 180°. These rays will con-
structively interfere with the rays that have an equal but opposite
incident angle entering on the other side of the sphere. It is the
direct interference of these p =2 rays that leads to the glories
seen in Figs. 5(b) and 7(b). There is a small distinction in the
underlying cause of the glory in Fig. 3(b) when compared to
that in Figs. 5(b) and 7(b) due to differing refraction effects.
However, k £R still does well at describing the reduction in those
effects as expected. Also in Fig. 8 it can be seen that the primary
rainbow when 7 = 1.5 is also predominantly a p = 2 ray effect.
When 7 = 2.0, the primary rainbow in Figs. 6 and 7(b) is dif-
ficult to identify. This is because the primary rainbow and the
glory have combined and both effects are scattering at the same
angles. Evidence of this is shown in Fig. 8, where there is a slope
of zero for the first the 20° and the first 50° of incident angles are
all scattering between 170° and 180°.

To investigate further the universal behavior with k4R,
Figs. 9-13 show the magnitude of the internal fields and the
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fields close to the surface of the spheres, relative to the magni-
tude of the incident field for the four radii being considered.
In these plots a two-dimensional slice in the scattering (x = 0)
plane is shown, and the y and z axis have been scaled by the
radius of the sphere R. In each of the plots a white dash unit
circle that represents the radius of the sphere is shown. The
incident field direction of propagation is /;inc in the positive z
direction and the light is unpolarized. The colors represent the
relative magnitude of the fields, with orange and yellow being
larger than the incident field. Reds are approximately equal to

the incident field, while violets and purples are below it; the
1/e = 0.368 value is in this range. Finally, blacks are at or below
1/10 of the incident field.

Figure 9 shows the non-absorbing case when x = 0 and thus
kkR=0. Figure 9 shows that the relative fields are very similar
despite the spheres being different sizes. Some of the similarities
include bright areas within and in the near field in the forward
direction along the y/R axis. On either side of the bright areas in
the /R directions both within and outside the spheres there
are some darker regions in all four spheres. Within the rest of the
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sphere the internal field is relatively close to or below that of the
incident field. All these features are consistent with a ray optics
description of the internal wave in these large spheres.

In Fig. 10, despite being different sizes and having different «
values, all of the spheres have the same « R parameter and thus
the same relative skin depth of §/R = 3. While not identical it
can be seen that the relative field magnitudes of all four of the
spheres in Fig. 10 are similar and have changed similarly when

compared to those in Fig. 9. The bright areas have dimmed,
and the dark regions have expanded slightly. The relative skin
depths are still larger than the diameter of the spheres, and so the
changes thus far are minimal.

In Fig. 11 the spheres have the same « #R parameter and thus
the same relative skin depth of unity, but now the relative skin
depth is less than the diameter of the spheres. Again, they are not
identical, but it can be seen that the relative field magnitudes of
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(a) Relative internal and near field amplitudes for a slice of the sphere at x = 0 and with a radius of 30 pmand an index of 7 =1.33 + ik

with k set so that k 2R = 10. The white line in the center marks the relative skin depth. (b), (c), and (d) are the same as (a) but with radii of 100 pm,

300 pm, 1000 pm, respectively.

all four of the spheres in Fig. 11 are similar and have changed
similarly when compared to those in Fig. 10. The bright areas
have significantly dimmed and the dark regions with relative
fields at or less than 0.1 of the incident field have expanded.
The majority of the internal fields that were at or just below the
incident field have also dimmed.

Similar to Fig. 11, all four of the plots in Fig. 12 have the same
« kR =3 and the same relative skin depth /R =1/kkR=1/3.
It is clear in Fig. 12 that the relative field magnitudes inside the
spheres are almost identical despite having different £R and «
terms. In Fig. 12 the bright areas are gone, the dark regions have
merged, and all of the fields within the sphere are smaller than
those in the incident field. Also, in Fig. 12 it can be seen that the
relative skin depth §/R describes well the 1/¢ = 0.368 point.
Figure 13 is similar to Figs. 11 and 12, but with k #R = 10, now
almost the entire sphere is dark and all that remains is an illumi-
nated “cap” on the side of the sphere that the wave is incident
upon. Going through Figs. 9-13, the similarities in the internal
fields of the spheres with the same « £R support the conclusion
that 4R is a universal parameter with universal consequences
for scattering, as shown in Figs. 1-7.

4. CONCLUSIONS

It has been shown that the imaginary part of the refractive index
is responsible for a reduction in the refraction effects of scatter-
ing by large spheres. However, it is not the magnitude of «; but
rather the magnitude of the parameter k £R that quantitatively
describes the reduction of the refraction effects. The refraction
effects are the refraction hump, the generalized rainbows, and
the glory. Said differently, itis not whether k is small or large that
determines low- or high- absorption effects of the scattering.
Instead, low-absorption effects occur when k4R < 0.1 and

high-absorption effects occur when k #R > 1, regardless of the
individual values of k and & R. The physical explanation for this
is that Kk £R is equal to the relative skin depth for penetration
of the light into the sphere. This was demonstrated by the cal-
culations of the internal fields of spheres. Thus, spheres with
the same « 4R parameter will have the same reduction in the
internal fields and hence the same reduction of the refraction
effects when compared to asphere with k 4R = 0. Once k AR~ 3
has been reached, the refraction effects have been almost totally
quenched and the scattering only consists of diffraction and
reflection effects. We expect the k #R parameter provides some
degree of universal control of refraction effects in the scattering
by spheres of other sizes and real refractive indices as well as
scattering by non-spherical particles.
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