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Mathematical modeling of membrane transporters and ion channels helps researchers obtain a thorough
understanding of the complex regulation process between membrane transporters, estimate the changes
and uncertainties of their mechanisms, and study how disorders in these procedures may cause disease.
A unified mathematical framework that includes most available models for ion channels and transporters
can help scientists choose the appropriate model more conveniently. In this regard, this work presents
a comprehensive, up-to-date set of currently available mathematical equations for modeling ion chan-
nel and membrane transporter mechanisms. This paper aims to provide a mathematical framework for
modeling molecule transport, such as nutrients, inorganic ions, drugs, and toxins, across the cell through
membrane transporters and ion channels. Our purpose is to substantially save the time and resources
needed to find the mathematical models available for different classes of membrane transporters and
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improve communication between scientists with different backgrounds interested in this field.
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1. Introduction

Ion channels and membrane transporters, including symporters,
antiporters, and pumps, are essential determinants for biological
processes that involve nutrition, signaling, neurotransmission, cell
communication, and drug uptake or efflux [1-4]|. Dysfunctionalities
in membrane transporter operation can contribute to the develop-
ment of diseases, such as diabetes, cystic fibrosis, cardiovascular
disease, chronic disease, and several other complex diseases [5-9].
Therefore, it is essential to have a better understanding of mem-
brane transporter mechanisms and their underlying operating con-
ditions. Both experimental and mathematical/computational meth-
ods are required to understand these mechanisms, and both cat-
egories are not mutually exclusive. Mathematical models can be
combined with quantitative experiments and use the underlying
physiology to reproduce the system’s known data. They are par-
ticularly useful for identifying drug targets because they provide
multiple perturbations or multiple knockouts to be tested in silico
without the need for carefully controlled inhibitor dosing studies
[10]. Kinetic models are one type of membrane transporter math-
ematical model that can help estimate the conformational transi-
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tions between distinct states. These models explain how solute car-
riers utilize the electrochemical gradient to establish and maintain
a substrate gradient. Kinetic models also provide realistic quanti-
tative predictions of the substrate flux transported by transporters
under initial conditions and at steady-state conditions [4,11]. They
allow for predicting the intra- and extracellular substrate concen-
trations maintained by a transporter at steady state when the con-
version efficiency between the driving solute’s electrochemical gra-
dient and the substrate is low [11,12].

Mathematical models of the kinetic mechanisms of transporters
are often developed using biochemical models, kinetic equations,
Hill expression, and Michaelis-Menten equations [13,14]. Modeling
these mechanisms is challenged by the incredible diversity of bind-
ing order, in which kinetic parameters are mostly unknown. Fur-
thermore, these mathematical models are mostly valid with the as-
sumptions that generated them. Therefore, there is a need to iden-
tify the fundamental mechanisms constraining the transport flux
rates by membrane transporters and the available data for the set
of parameters needed to use these models [15].

In regard to ion channels, ion channels’ electrophysiological
models are widely developed using Ohm’s Law, mass-action ki-
netics, and Goldman-Hodgkin equations. In using the nonlinear
Goldman-Hodgkin model, the diffusion coefficient and the elec-
trokinetic mobility of the ion through the ion channels are the con-
trolling parameters. The linear Ohmic model requires the specifica-
tion of the membrane electric conductance to the studied ion.
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Conventions

Square brackets:

Subscripts E and its

compounds
ECl, ENaCl):

Superscripts o and i:

Typically are used with letters (e.g.,
[A], [B], [EA]) to indicate the concen-
tration of the substrate

When used with reaction or transport
(e.g., ENa, quantities (e.g., reaction rate
constants, translocation rate, concen-
tration, flux), these refer to carrier
and to the carrier-substrate complex,
respectively

When used with reaction or transport
quantities (e.g., concentration, flux),
these refer to the transport domain in
a system with multiple domains (i.e.,
outside the cell or inside the cell, I:
luminal, ‘i,c’: intracellular, bl: basolat-

eral)
Physics constants
F Faraday’s constant 96,490 (A s/mol)
R Universal gas constant 8.314 (J/(mol K))

Abbreviations

AAT
CaCC
CFTR

IRKC
CaKC
VGPC
KATP
K2P
ENaC
VGSC

soc

H/KAT Pase
H — ATPase
PMCA
SERCA
NaKAT Pase
NKCC

KCC

NCC

NBC

SGLT

NCX

NHE

Amino Acid Transporters

Calcium dependent Chloride Channel

Cystic Fibrosis Transmembrane conductance Reg-
ulator

Inward-Rectifier Potassium (K) Channels
Calcium-Activated Potassium (K) Channels
Voltage Gated Potassium Channel
ATP-sensitive Potassium (K) Channel
Two-Pore-domain potassium (K) channel
Epithelial Sodium (Na) Channels

Voltage Gated Sodium Channel (VGSC, Nay,
VONa)

Store Operated Channels
Hydrogen-Potassium ATPase

Proton ATPase

Plasma Membrane Calcium ATPase

Sacro Endoplasmic Reticulum Calcium ATPase
Sodium Potassium ATPase pump

Sodium Potassium Chloride Cotransporter
Chloride Potassium Cotransporter

Sodium Chloride Cotransporter

Sodium Bicarbonate Cotransporter

Sodium Glucose Symporter

Sodium Calcium Exchanger

Sodium Hydrogen Exchanger

Greek symbols
Nk Hill coefficient

Other symbols

fchannel
0
F, convection

1/M-N
" cacc

Volume-averaged molar concentration of species
¢

Molar concentration of species ‘i’

The concentration of unbound ligand for the Hill
model

Diffusion coefficient of species ‘i’

Electric field

Open probability of the ion channel

Axial volumetric convection fluid flow rate in the
tube

The CaCC channel density per membrane area

&l

ffl,CaCC
0

M-N
VCI

M—N(a)
Foi crrr
M—N

Vg

Skir
kokir
0

Ky

Vi 2 kir

&Ky
i

EKATP
fKATP

M—N
PK.KZP

2
" Nac

ENac
VM—N

Na
PMfN(a)

Na,ENaC

Mg,

hNaV

J Nay
//M—N

" cakc

&cakc
K,CakC
[

ret
a.
K&

M—N
K. Xcakc

CaKC
K&

M-N
Ca.rev
ax

Cay
5"
i

CajM—N
V. [
1/2.f4
CaM—N
1/2.fo
—M-N

Peq car
Mcq,

hC a;

pM-N@

Na,ENaC

ax
g?a,soc

the maximum whole cell conductance for chlo-
ride anions

The open probability of the CaCC channels

The Nernest potential for the chloride ions

The CFTR channel density per membrane area
The permeability coefficient for the CFTR channel

The Nernst equilibrium potential for potassium
ions

The cell conductance for potassium ions through
IRKC channels

The open probability of these channels

The inward rectifier constant(the steepness factor
of conductance-voltage relationship)

The half-activation potential

The cell conductance for K, channels

The steady state open probability of the K, chan-
nel

The cell conductance for the KATP channels

The open probability for KATP channels at a given
ATP concentration

The membrane permeability for potassium ions
through a single K2P

Density per area of the NaCC channel

The membrane conductance for sodium channels
The Nernst equilibrium potential of Na ions

The permeability coefficient for the sodium ions
through the ENaC channels

The activation component of the Na, channel
The inactivation component of the Na, channel
The slow inactivation gates of the Nay,

The number of CaKC channel density per unit
area of the membrane

The maximum whole-cell conductance for the
CaKC channels

The open probability for CaKC channels

The Hill coefficient for the CaKC open probability
Potassium concentration at half of the maximum
reaction rate for the CaKC open probability

The permeability coefficient for the potassium
ions through the CaKC channels

Potassium concentration at half of the maximum
reaction rate for the CaKC open probability

The Nernst equilibrium potential of calcium ions
The maximum cell conductance for calcium L-
type channels

The activation probability of calcium L-type chan-
nels

The inactivation probability of calcium L-type
channels

The half-activation potentials for Ca; channels

The half-inactivation potentials for Ca; channels

The permeability coefficient for the calcium ions
through the Ca; channels

The activation gating component of the Ca; chan-
nels

The inactivation gating component of the Ca;
channels

The permeability coefficient for the sodium ions
through the ENaC channels

The maximum cell conductance for calcium ions
through SOC channels
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fSOC
‘I)\/I N(a)
PCa,SOC

M—N(a)
PNa.SOC

fSOC
0

max
H,HAT Pase

Imax
SERCA
TISERCA
[Caler

[Calsr

Kion
Peiyhco,

[max
NCX

&i channel

g

7
I i,channel

J; ionchannel
]waterchannel

]uni orter

p

]NakAT pase
Na+

NaK
KNa

NaK
KK

KNai
K

[max
NakK

]ATPase
]anti porter

]symporter
k*

k=

K

Ky
KM

1

Kin

Oghannel
1

P.m

The open probability of the SOC channels

The apical membrane permeability coefficient for
the calcium through SOC channels

The apical membrane permeability coefficient for
the sodium ions through SOC channels

The open probability for SOC channels

The maximum hydrogen flux through H — AT Pase
pumps

The maximum current through the SERCA pump
The Hill coefficient for the SERCA pump

The calcium concentration in the endoplasmic
reticulum (ER)

The calcium concentration in the smooth endo-
plasmic reticulum (SR)

The ion dissociation constant of the ion

The permeability of the membrane to the
Cl/HCO5 exchanger per unit area of the mem-
brane

The maximal NCX current flux in (puA pF)
Membrane conductance for channels of ion
(channel conductance)

When used in the carrier-mediated transport
equations (e.g., gi'. g)BM), it indicates the translo-
cation rate constant

Net current density of ion ‘9’ through the ion
channels

The ion flux through the ion channels

The water flux through the water channels

The transported flux driven via uniporters

o

1

The maximum steady-state efflux of the sodium
ions

The saturation constants for the intracellular
sodium ions

The saturation constants for the extracellular
potassium ions

The NaKATPase pump affinity for sodium ions
The NaKATPase pump affinity for potassium ions
The maximum NaK ATPase current

The transported flux driven via ATPase pumps
The transported flux driven via antiporters

The transported flux driven via symporters
Binding rate constant (e.g., k} is the binding con-
stant for solute A)

Unbinding rate constant (e.g., k, is the unbinding
constant for solute A)

When used in the carrier-mediated transport
equations (e.g., KM = k;M/kM, KM = kM /kiN), it
indicates the dissociation constant for a reaction
step.

The ligand concentration at which half-saturation
is achieved, for Hill model

Equilibrium constant coefficient for substrate ‘i’ in
domain M

Michaelis-Menten rate constant, which is the
substrate concentration at half the maximum rate
(Vmax)

The total number of open channels per unit area
of the membrane

Membrane permeability coefficient to the solute
i

Temperature

Vimax Maximum reaction velocity achieved at the satu-
rated substrate concentrations for the Michaelis—
Menten model

Vin Membrane voltage or membrane electric poten-
tial

Vi rev Membrane reversal potential for a single ion ‘i’

z; Ionic charge number on an ion ‘i’

Over several decades, many different channels and transporter
models have been developed for various cell types, organs, and
tissues [5,12,16-18]. The models for each channel and carrier dif-
fer from one another concerning their mechanisms and the so-
lute transported. Furthermore, transporter kinetic models aiming
to predict transported fluxes typically require knowledge of the ki-
netic properties of chain reaction steps, such as binding associa-
tion and dissociation rate constants, transporter turnover rates, and
substrate and transporter affinities [19]. An explicit model for the
membrane transporter and ion channel of a tissue’s cell is unnec-
essary in most circumstances. Alternatively, when parameters for
channels and transporters of one type of cell are unknown, as is
often the case, the assumption of using the data of those channels
and transporters for other available cells or their isoforms is con-
sidered. Therefore, collecting most, if not all, the available models
unitedly in one framework can help researchers choose a better
fitting model for their study, more conveniently.

This article is the second of two papers that the authors pre-
pared to summarize the mathematical models used to understand
and engineer the membrane carriers’ mechanisms. The first article
[20] focused on the essential terminology required to understand
and model biological transport mechanisms and compile currently
available models. The authors developed an inclusive mathemati-
cal framework for mass transport mechanism models in different
tissue compartments, including cells, capillaries, and gland ducts,
with a primary focus on the mechanisms of membrane-mediated
transporters such as channels, uniporters, symporters, pumps, and
antiporters without emphasizing any specific group of membrane
transporters or ion channels [20].

This article intends to complete the developed framework for
mathematical models of membrane transporters by focusing on
various transport models via specific classes of essential membrane
transporters and ion channels. To that end, the present work gath-
ers most of the mathematical models that have been derived to
predict the nutrient and ion transport rate by ion channels and
membrane transporters. The classifications of the ion channels and
membrane transporters for different cell types and phenomena in-
terpretation are addressed. Specifically, it determines the critical
assumptions that the models make, all the details necessary for
modeling the membrane transporters’ mechanisms and presents
the conditions by which the models are chosen, which of- ten go
unreported. In this work, the provided ion channel models and the
electrophysiological models are mostly based on Ohm’s Law, mass-
action kinetics, and Goldman-Hodgkin equations, and the mem-
brane transporter models (i.e., symporters, antiporters, and pumps)
are based on the membrane transporters’ kinetic mechanisms. All
channels or transporters with more than one model are presented.
Depending on the purpose of using the model, one can use the
one that bests fits the study. Models are used from various mod-
eling studies, which mainly include epithelial and endothelial cell
models.

The two works together, (the first article [20] and the article in
hand) aim to create a comprehensive mathematical modeling tool-
box for biological transport mechanisms at different levels, which
enables researchers to apply the model to different tissues’ cells
by choosing the model applicable to the desired transporters and
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channels in a more convenient way. Our purpose is to substantially
save the time and resources needed to study the different mem-
brane transport classes and improve communication between sci-
entists with different backgrounds in the physiology community.

2. Model construction

Transport across the cell membrane can be mediated via spe-
cific groups of integrated membrane proteins known as trans-
porters, including channels (ion channels and water channels),
pumps, carrier-mediated proteins (uniporters, symporters, and an-
tiporters), and receptor-mediated transporters. This paper covers
the mathematical models of the following known ion channels,
pumps, symporters (cotransporters), and antiporters (exchangers)
(see Fig. 1):

Ion channels: The ion channel section (Section 3) includes mod-
els for different families of potassium channels, sodium channels,
calcium channels, and chloride channels. Potassium channel sec-
tions (Section 3.1) include models for inward-rectifier potassium
channels (IRKC, Kir), calcium-activated potassium channels (CaKC),
voltage-gated potassium channels (VGPC), ATP-sensitive potassium
channels (K4rp), and two-pore-domain potassium channels (K2P).
Sodium channel sections (Section 3.2) include the models for ep-
ithelial sodium channels (ENaC) and voltage-gated sodium channels
(VGSC or Nay or VONa). Calcium channel models are discussed in
Section 3.3. The family of L-type voltage-gated calcium channels (L-
type), T-type voltage-gated calcium channels (T-type), and store oper-
ated calcium channels (SOC) are included. Finally, chloride channel
models, including cystic fibrosis transmembrane conductance regula-
tor (CFTR) and calcium-dependent chloride Channels (CaCC) groups
are are discussed in Section 3.4.

ATPase pumps: The sodium-potassium ATPase pump (Na-K AT-
Pase), (Section 4.1), proton ATPase pumps (v-type and H/K AT-
Pase) (Section 4.2), and calcium ATPase pump (Section 4.4) (PMCA,
SERCA) are the three types of ATPase pumps discussed in this
work.

Cotrasnporters: Models for cotransporters (symporters) are dis-
cussed in Section 5. Different mathematical models for sodium-
potassium-chloride cotransporter (NKCC) (5.1), potassium chlo-
ride cotransporter (KCC) (Section 5.2), sodium chloride cotrans-
porter (NaCl) (Section 5.3), sodium bicarbonate cotransporter
(NBC) (Section 5.4), sodium phosphate cotransporter (NaPO-4)
(Section 5.5), sodium glucose symporter (SGLT) (Section 5.6), and
amino acid transporter (Section 5.7) are presented.

Exchangers: Exchangers’ (antiporters’) section
includes models for chloride bicarbonate exchanger (BCE)
(Section 6.1) [21,22], sodium calcium exchanger (NCX)
(Section 6.2), and sodium hydrogen exchanger (NHE) (Section 6.3).

(Section 6)

3. Ion channels

This section includes models to compute the ionic current
transferred through the specific types of ion channels, namely,
potassium channels (Section 3.1), sodium channels (Section 3.2),
calcium channels (Section 3.3), and chloride channels (Section 3.4).

3.1. Potassium channels

Potassium channels are the most diverse ion channel group
and play a vital role in regulating the membrane resting poten-
tial. Potassium channels are classified based on their selectivity
for potassium ions over other ions, the way they are gated, and
their conductance properties [23,24]. There are five major classes
of potassium channels: calcium activated potassium channels (CaKC),
Inward-rectifier potassium channels (K;;, IRK), voltage Gated potas-
sium channel (VGPC), ATP-sensitive potassium channel (KATP), and
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two-pore-domain potassium channel (leak channels) [25]. The ionic
current through these channels can be obtained using both non-
linear Goldman-Hodgkin-Katz (GHK) and linear Ohm models; de-
pending on the type of potassium channel and its functionality,
one is preferred to the other. In the remaining part of this section,
a short discussion of each potassium channel group and its several
well-known current models are presented. In all of these models,
V,?”*N is the Nernst equilibrium potential of potassium (K) ions and
is calculated by Eq. (1).

~  RT . /[Klnour)
M-N
R K 1
K.rev zKFln( [K]N(in) ) .

where F is Faraday’s constant (in Coulombs/moles), R is the real
gas constant (in J/K moles), T is the absolute temperature (in K),
and [K]pury and [K]yn) are the potassium concentration in the
extracellular and intracellular regions, respectively.

3.1.1. Inward-rectifier potassium (K) channels (IRKC, Kir)

Inward-rectifier potassium channels, also known as IRKC or Kir,
allow the movement of potassium ions more readily into the cell
(inward direction) than out of the cell [26,27]. The current flowing
through the individual IRKC or Kir channels is a function of potas-
sium ion concentration and membrane voltage and is obtained
through Eq. (2) [28-31].

:M—N k. ki M,N M-N
lK,kir zgkirfo Ir(vm _VK,rey (2)

where g;;. is the cell conductance for potassium ions through Kir
channels, f(’,‘”‘ir represents the open probability of these channels,
V=N is the membrane potential and VTl is the Nernst equilib-
rium potential for potassium ions.

The Kir channel conductance, g;, is a function of potassium
ion concentration in the extracellular region (outside the cell)
and membrane voltage [28,32,33] and can be obtained by Eq. (3),

where gii®* is a constant [28]. The open probability of the Kir chan-

nel ( é"kir) is well described by the Boltzmann relationship, which
is shifted leftward by V; , ;- in mV unit (Eq. (4)).
[Kle \n,
. — glnax Miir 3
Skir kir ([K]ref ( )
; 1
(I)c.klr _ (4)

VM*N_V .
-l+exp< m kkirl/Z.er)

where k;, is the inward-rectifier constant (in mV), which is also
known as the steepness factor of the conductance-voltage relation-
ship [28], and V; k;r is the half-activation potential (in mV) and
function of the intracellular potassium concentration ([K];). The
half-activation potential for Kir channels can be modeled through
Eq. (5) [31].

Vi)2.kir = Alog[K]; + B (5)

Here, A and B are constants and determine the voltage shift per
decade increase in intracellular potassium concentration

3.1.2. Calcium-activated potassium (K) channels (CaKC)

Calcium-activated potassium channels, known as CaKCs, play an
important role in regulating potassium concentration in the cell
[34]. These channels are classified based on their conductance level
to large conductance (BK or maxiK), intermediate conductance (IK),
and small conductance (SK). The BK family of CaKCs regulates in-
tracellular calcium concentration and membrane voltage, and they
prevent a large, sustained depolarization of the cell. BK channels
can be activated by membrane depolarization and/or the rise in
the intracellular calcium concentration. The SK and IK groups are
voltage-sensitive and can be activated by a low level of intracellu-
lar calcium concentration [27].
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Fig. 1. Schematic representation of most of the important transporters and channels across the cell membrane considered in this work.
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The potassium current through all three groups of calcium-
dependent potassium channels (i.e.,, SK, IK, and BK) can be ob-
tained by Eq. (6).

1M=N ”M N K Xcaxc M-N M-N
I K Xcake — XCachXCaKCfU A V VK rev (6)

In this equation (Eq. (6)), X denotes SK or IK or BK, n”/th is the
CaKC channel density and represents the number of CaKC channels
per unit area of the membrane, gcqc is the maximum whole-cell
conductance for the potassium channels (in nS unit), and fX¢e<C js
the open probability for CaKC channels [35-37]. The open proba-
bility for the CaKC channels (X% C) Jocated on the apical face is
modeled by Hill model (Eq. (7)).

1
K,CakC __
fo W (7)
[Ca]x(c)
where 7cqc is the Hill coefficient, KS9C is the potassium concen-
tration for half-maximumal activation, and [Ca]; is the intracellular
calcium concentration level. IK and BK channels can be activated
by low stimuli of the intracellular calcium concentration. There-
fore, in some studies, the open probability for the IK and BK chan-
nels is considered to be one (i.e., fX“C = 1) and the current car-
ried through these channels is modeled with Goldman-Hodgkin-
Katz equation (Eq. (8)) [38].

2 £2yyM-N
- vn ZcFVn Ky —
Xeake K Xeake RT

[KInexp—2egpi—

—zKFV

(8)

/M.
I KXC KC

1—exp

where X denotes IK or BK, n”XC i< is the CaKC channel density per
unit area of the membrane, PV~

. P x is the permeability coefficient
for the potassium ions through the CaKC channels, and zg is the
ionic charge for potassium ion, zx = 1.

CaKC channels of high conductance (BK) are expressed ubig-
uitously in smooth muscle tissues, especially in vascular smooth
muscle, where the outward current is mainly attributed to the
calcium-activated potassium current [39-42]. The current through
a single high conductance calcium-activated potassium channel
can be obtained through Eq. (9).

:M—N BKcakc [ yyM—N M-N
U B = SBKeacJo (V -V reu) 9)

In this equation, ffKC“KC is the open probability of the CaKC channel
and is given by Eq. (10). The time-course of channel’s open prob-
ability consists of fast and slow components. These two compo-
nents are denoted as fBKC”KC and fSBKC“"C in Eq. (10) and are ob-
tained through Egs. (11) and (12). C; and G are the corresponding
fast and slow activation constant coefficients (e.g., in Yang et al.’s

model [31] Cf =0.65 and C; = 0.35).
ngCaKC — Cf f}?KCaKC + G fSBKCaKC (10)
deKCaKC fBKCaK( _ fBK(aKC
f _f f (11)
dt 1 BKcake
fr
dfBKearc FBKcake _ FBKcaxc
f S — fS f S ( -1 2 )
dt 1 BKcac
fS

In Egs. (11) and (12), ffo“KC (ms) and T};C’KC (ms) are the correspon-
dence mean time constants for the fast and slow open probabil-
ity, rspectively (e.g., in Yang et al. model [31], T BKC"KC = 0.5 ms for

fast and slow activation gate and erC“KC 11. 5 ms). ffKC“KC rep-
resents the steady state open probability of the high conductance
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CaKC channel. The steady-state open probability of the high con-
ductance calcium-activated potassium channel (_,',31<C”’<C) is voltage-
dependent and is described by the Boltzmann relationship that is
shifted leftward by V1 gk, mV [31] and can be obtained through
Eq. (13).

- 1.0
BKca
fBeae ) (13)
1.0 + exp| e
f?KCaKC — f_‘SBKcm(c _ ngCaKC (1 4)

where kg, is the high conductance CaKC channel’s constant in
the unit of mV and Vy 3 gk, is the half-activation potential for
the high conductance CaKC channels and can be obtained through
Eq. (15).

Vl/szKCuKC =A ]Og[ca],‘ + B (15)

where A and B are constants and determine the voltage shift per
decade increase in intracellular calcium concentration (e.g., in Yang
et al. model [31] A= —45.0, B = 198.55).

3.1.3. Voltage gated potassium channel (VGPC, k;)

Voltage-gated potassium channels, also known as VGPC or K,
play a vital role in returning the depolarized cell to a resting state
[27]. When the membrane potential becomes less negative or more
positive, the VGPC channels limit further membrane depolarization
and help repolarize nerve and muscle cells after action potentials
[43,44]. Therefore, this type of voltage-gated family of potassium
channels is distinct from “inward” rectifying potassium channels
(IRKCs), which drive the membrane potential back to the resting
potential by impacting the flow of charged potassium ions into
the cell. For this reason, they are also known as “delayed rectifier”
or “outward rectifying” potassium channels. The potassium current
carried through a single VGPC channel can be obtained through
Eq. (16) [31].

ik, = g, (fXV)? (VIQ/I N V;?/Im’,\l ) (16)

where g, represents the cell conductance for VGPC channels, fXV
represents the steady state open probability of the K, channel and
is given by Eq. (17).

IR0 = Coffr + Gt (17)

In this equation, f}"’ and fKv denote the fast and slow compo-
nents of the channel activation process, respectively and are two
exponential components of the activation process and C; and G
are their correspondence coefficients (e.g., in Yang et al.’s model
C;=0.65 and G = 0.35) [31]. The fast (f}“’) and slow (fX¥) com-

ponents are obtained through Eqs. (18) and (19), respectively.

df}(u fKu fKu

(18)
K

dt ff“

dfKv Ky fKv

gst — fO r}(ufs (19)

where T}‘f” and r}j” denote the respective time constants for the
fast and slow components of the channel activation process and

are obtained through Eqs. (20) and (21), respectively.
_(V#{I*N + V.[}(u)
Kv 2|
Ty, _Arffvexp 7 BTEU (20)
i
—(VWA{I_N + Vo)
Kv 5 )2
T Ar}gyexp ( kr}w + BTIKSV (21)
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In these equations, Atf, Vv, k kv, and Bff are all constant numbers
f f

(e.g., in Yang et al. model [31] for r};” these parameters are defined

as: A, =210.99, V_x, = 214.34, k_x, = 195.35, and B;, = —20.59,
Iy ) i Ir

and for 'L'}?’ they are defined as: r}” these parameters are defined

as Aff = 821.39, V kv = 31.59, erV = 27.46, and Bff = 0.19). More-
s Is S s

over, in Eq. (18) fKV represents the steady-state open probability

of the voltage-gated potassium channels that is voltage-dependent

and is described by Boltzmann’s relationship that is shifted left-

ward by Vy,5y (in mV unit) [31] and can be obtained through

Eq. (22).

f'Kv 1.0
o

(22)
M-N
10+exp<7(v 1 )

Ku

where kg, is the K channel’s constant in the unit of mV and V; 5 iy
is the half-activation potential for the K, channels and can be ob-
tained through Eq. (23) [29,31].

Vipxw=A (23)

Here A is a constant number and determines the leftward volt-
age shift (e.g., in Yang et al. model [31] A= —1.77 mV).

Hodgkin and Huxley [45] developed a mathematical model to
find the current through K, channels from their experimental re-
sults in 1990. Their model is given by Eq. (24).

ix kv = &K, (Vm - VK,rev) (24)

where g, represents the cell conductance for VGPC channels
(units conductance/area) and can be obtained by Eq. (25).

g, = g, (25)
dn

Gt =on(1-10) - Bin® (26)
In Eq. (25), g, is a constant for VGPC conductance per unit area

of the membrane and n is a dimensionless variable which can vary
between 0 and 1. Eq. (26) describes a time course behavior of the
n in which B8, and «; are rate constants (unit s—!') and they are
functions of membrane voltage.

3.14. ATP-sensitive potassium (K) channel (Karp)

ATP-sensitive potassium channel is gated by the intracellular
adenosine triphosphate (ATP) and adenosine diphosphate (ADP)
concentration level, where an increase in the ADP/ATP ratio opens
Kurp channels [46]. KATP channels are present in a number of tis-
sues, including muscle, pancreatic beta cells and the brain [47-49].
Kuarp may also be found on subcellular membranes (e.g., sarcolem-
mal (“sarcKATP”), mitochondrial (“mitoKATP”), or nuclear (“nucK-
ATP”)) [50]. The ionic current through these channels can be ob-
tained through Eq. (27) [29,51].

S 7 (VA V) @7)

In this equation, g, , is the cell conductance for the Kqrp chan-
nels which gi, , depends on extracellular potassium concentration
([K]o) and can be obtained through Eq. (28), and fo““’ is the open
probability for K4rp channels at a given ATP concentration and is
modeled by a Hill equation (Eq. (29).)

K
8karp = 8%%( [K]o )nm" (28)

Ik, Karp =

[K]ref

In Eq. (28), [K],ey is the reference K concentration and ngarp is a
constant number.

1
KATP _ 29
fo 1+ ( [A;(Til’], ) TKATP ( )
0.5
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The Kurp open probability, fK4TP, can be obtained through Eq. (29),
where [ATP); is the intracellular ATP concentration and kg5 and
ngarp are the Hill model parameters. Edwards et al. [29] assumed
the ATP concentration remains fixed, and consequently, fXATP re-
mains a constant number.

3.1.5. Two-pore-domain potassium (K) channel (K2P)
Two-pore-domain potassium channels are expressed in both ex-
citable cells (those that can be electrically stimulated, resulting
in the creation of electric currents and action potentials such as
a neuron and muscle cells) and nonexcitable cells [52,53]. These
channels are always open (i.e., fXleakchannels — 1) and produce base-
line (leaky) current across the cell. The current through these
channels can be obtained by using Goldman-Hodgkin’s model

(Eq. (30)).

/1M v ZeF2VN K]y — [K]vexp 7ZKFV
I K, leakchannels = PK K2P RT 7zKFV ’N

(30)
1—exp—=-n—

where PM-N' is the membrane permeability for potassium ions

through a single K2P, [K];, and [K]e are the intracellular and ex-
tracellular potassium concentrations, respectively [54].

3.2. Sodium channels (NaC)

Sodium channels have a high selectivity for sodium ions and
play an essential role in regenerating electrical impulses in car-
diac muscle, nerve, and skeletal muscle cells [23,55]. There are two
major categories of sodium channels: (i) epithelial sodium chan-
nels (ENaC) and (ii) voltage-gated sodium channels (Na,). The ionic
current through these channels can be modeled using nonlinear
Goldman-Hodgkin-Katz (GHK) and linear Ohm models, depend-
ing on the type and functionality of the sodium channel. In the
remaining part of this section, a short discussion of each sodium
channel group and its ionic current models are presented. In all of
these models, VM-V is the membrane potential in the unit of mV

and VM-N is the Nernst equilibrium potential of Na ions which is
calculated by Eq. (31).
RT  /[Na]uq
VM N(a) _ _ l ( ( )) 31
Na,rev ZnoF " [Na]n 31

where F is the Faraday’s constant (in Coulombs/moles), R is the
real gas constant (in J/K moles), and T is the absolute temperature
(in K).

3.2.1. Epithelial sodium (Na) channels (ENaC)

Epithelial sodium channels (ENaC) are located on the apical
membrane of epithelial cells in organs, such as distal kidney
tubules, lung, respiratory tract, sweat, and salivary glands, and
they allow a flow of sodium ions from the extracellular fluid in
the lumen into epithelial cells [56,57]. One way to model the
sodium current driven through ENaC channels is by Ohm’s equa-
tion (Eq. (32)).

—vyM- N) (32)

% M-N
IENaC = 1" ENaC8ENaC <Vm Na,rev

where n’/gy,c represents density per area of the channel, ggygc is
the membrane conductance for sodium channels, and VM~V is the
membrane potential in the unit of mV [35,36]. A second way to
describe the sodium current across the cell’s membrane is through
the Goldman-Hodgkin-Katz model (Eq. (33)).

N phen 2z FPVM-N [Na]M—[Na]NexpM

Na,ENaC — ~ Na,ENaC RT 7ZNaFV (33)

1—exp

Where Pz% ENN(gc) is the permeability coefficient for the sodium ions

through the ENaC channels [25,38].
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3.2.2. Voltage gated sodium channel (VGSC, Na,, VONa)

Voltage-gated sodium channel belong to the family of ion chan-
nels that regulate the transmembrane electrical potential. For this
reason, they are known as voltage-gated sodium channels [23]. The
sodium channels on cell membranes in excitable tissues are mostly
from the voltage-gated family of sodium channels. In modeling the
gating mechanism of Na,, some researchers consider a single in-
activation gate [29,58,59], whereas some have considered two in-
activation gates [60-63]. Edwards et al. assume a single activation
gate and a single inactivation gate [29]. Under these assumptions,
the sodium current carried through a single Na, channel can be
obtained through Eq. (34) [29,58].

INu,NaV = glﬁg;mlg\lavhNav (Vm - VIGZ}ZU) (34)

where myg, and hyg, are the activation and inactivation compo-
nents and are obtained through Eqs. (35) and (36), respectively.

dmNau _ TﬁNa., - mNay

dt Tm (35)
tha,, _ BNav — hNa‘,

de Ty (36)

In Egs. (35) and (36), mpg, and BNau' denote the respective volt-
age dependent steady-state values and 7, and 7, are the associ-
ated time constants (e.g., in Edwards’s model, based on data ob-
tained through Zhang group, [58] 7, = 0.1(mS) and 7, = 1(mS)).
The steady-state activation and inactivation values can be modeled
through Egs. (37) and (38), respectively.

1

N, = Vi) G7)
1+exp —
- 1
hna, = (38)
v an\;I—N VM—N
1 exp( PR

where Vy 5 m and V; , , are the half-activation and half-inactivation
voltages for Na, channels and ki, g, and kj, j,, are the correspond-
ing channel’s gating slope in the unit of mV.

Beeler and Reuter [61] proposed a three gated formulation for
obtaining the current through these channels: closed, open, and in-
activated [61-63]. Their model is given by Eq. (39).

INa.Na, = 8Ng, m?\lavhNavjNav (Vm - Vl\%;gv) (39)

where myg,, hyg,, and jyg, are the activation, inactivation and
slow inactivation gates (components) and can be obtained through
Eqgs. (40)-(42), respectively.

dmNa,, _ rhNal, - mNa,,

dt Tm (40)
thal, _ HNav - hNa.,

de Ty (41 )
djNaV _ ]TNaV - jNau
TG (42)

In these equations, myg,, I_lNa,/, and fNaU are the respective steady-
state values for the activation, inactivation, and slow inactiva-
tion components and Ty, T, and T; denote the associated time
constants. The steady-state values, Mg, leﬂv, and fNa,, can be
obtained via Eqs. (38), (43), and (45), respectively. The time-
constants, T,m (ms), 7, (ms)and t; (ms), are defined in terms of
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transition rates through Eqs. (46)-(48), respectively.
1

mNﬂu = —(UM-N_yM-N (43)
<1 + exp(g(v'" km»‘;l,,/zwav)))z
- 1
hNav = M-N _UM-N (44)
(l + exp(i(vm ,;x:/z"m“")»z
- 1
]Nal, = (VMNyM-N (45)
(1 + exp(4’" ij:/ZJN“U ))2
Tm = O PBm (46)
1
= —F (47)
"7 oy + P
1
Tj=— 1 (48)
T+ By

In Eqs. (46)-(48), am, Bm are the activation kinetics and «y, B,
a;, and B; are the inactivation kinetics of the associated time con-
stants (Tm, Ty, and t;). The voltage dependency of transition rates
(am, Bm, ap, By, @), and B;) are defined using Eyring derived ex-
ponential Eqs. (49)-(53) [64,65].

1

1+exp T’"
ForallrangeofVp, : Ag By
le = (VMTN+V ) + <VMTN*V )
He,(p(milﬁnr) 1+exp<m72ﬁ"‘>
Ko 26m
(49)
op = 0
A
ForVm = —40: § By = —— (50)
1+exp<mT1ﬂ“>
h
For Vi, < —40:
—(Vn V™)
ap :AahEXp<T,,”) (51)
Bn = Ag,exp(ag, Vi) + Bg,exp(bg Vin)
o= 0
Ag.exp(—ag Vin)
. =
FOT'Vm >—-40: ﬂj = (7(‘,111\{14#2’3]‘)) (52)
1+exp 7
j
(Aajexp(uujvm)—Bu]eXp(baij))(Vm'*—ij)
O[j = Vg .
T+exp(——L)
ForVm < —40: Agexp(ag V) ! (53)
Bi = S ST =T
1+exp T]
j

In these equations, Ay, Aﬂ, dq, ag, Ba, Bﬂ, ba, bﬁ, Vs Vﬂ are all
model parameters which can be determined through fitting the ion
channel models to the experimental data.

Similarly, Ebihara and Johnson [60] and Luo-Rudy [59] also
considered a three gated mechanisms for the Na, channels. Their
models are similar to the three gating mechanism model discussed
in Eq. (39).
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3.3. Calcium channels

Calcium channels play a critical role in releasing neurotrans-
mitters from the presynaptic neuron into the synaptic cleft. These
channels are present in both the plasma membrane and the intra-
cellular organelle membrane. Calcium channels across the plasma
membrane create a net calcium flux to the cell, which results in
the accumulation of calcium ions in the cytoplasm and functions
as a chemical trigger for other cellular mechanisms, such as exci-
tation, secretion of hormones and neurotransmitters, muscle con-
tractions, and adjustment of the gating mechanism of calcium-
dependent channels [25,66-72]. Most of the calcium channels are
not always open, and they have gating mechanisms. These chan-
nels shift to the open state either due to a change in the volt-
age across the membrane, voltage-gated calcium channels (VGCC),
or through binding a ligand to the channel, ligand-gated calcium
channels [66,73].

The voltage-gated calcium channels (VGCCs) are closed at rest-
ing membrane potential and become open (activated) by mem-
brane depolarization and allow calcium ion movement into the
cytoplasm. VGCCs are slightly permeable to sodium ions (Nat),
and for this reason, they are also known as Ca-Na channels. How-
ever, in contrast to the NaCa exchanger, which transfers calcium
ions out of the cell, these channels contribute to the cytosol’s cal-
cium influx [74]. Voltage-gated calcium channels are grouped into
different types based on their biophysical and molecular prop-
erties. L-type, N-type, P-type, and T-type channels are the four
major types of voltage-gated calcium channels identified. L-type
calcium channels function in excitation-secretion coupling of en-
docrine cells and some neurons. N-type calcium channels are re-
stricted to neurons where they function in neurotransmitter re-
lease. P-type channels are restricted to Purkinje cells, where they
mediate depolarization-induced repetitive spikes. T-type Ca chan-
nels, which deactivate more slowly than any other Ca channel,
mediate depolarization-induced repetitive spikes in endocrine cells
and neurons [73,75,76].

There are different types of ligand-gated calcium channels, both
on the plasma membrane and intracellular organelle membrane.
store operated calcium channels, IP3 receptors, and ryanodine recep-
tors are three significant groups of calcium channels that are acti-
vated by ligand binding mechanisms. The store-operated channels
are present in the plasma membrane of all of the nonexcitable cells
(all cells except myocytes, neurons, and endocrine cells), which
cannot be gated by voltage-gating mechanisms and are gated by
a decrease in the calcium concentration level in the the ERSR (two
of the intracellular organelles) [68,77,78]. SOC channels are stud-
ied mostly regarding their role in calcium entry into the cytoplasm
from the extracellular milieu. SOCs are permeable to other cations,
particularly sodium ions, as well. Consequently, SOC channels are
classified as nonselective cation channels due to their different
conductance for some other cations [79,80].

There are two major classes of ligand-gated calcium channels
available on the “intracellular organelle’s membrane,” which re-
lease calcium from the intracellular stores (ER, SR, endosomal lyso-
some) cytoplasm, IP3 receptors, and ryanodine receptors. The un-
derlying mechanism of these ligand-gated calcium channels in-
volves binding the ligand to the channel to turn it into the ac-
tive form. Thus, in mathematical modeling of these channels, the
concentration of corresponding ligands and kinetic terms such as
dissociation constant, association constants, binding constants, and
unbinding constants should be considered. Due to the complexity
involved in their models, these models are not discussed here, and
the interested reader is referred to references [81,82]. More mod-
els for ligand-gated calcium channels on the intracellular organelle
membrane (e.g., [P3 receptor) can be found in De Young and Keizer
[83], Mak et al. [84]. A review of the existing models of the inositol

International Journal of Heat and Mass Transfer 177 (2021) 121423

trisphosphate receptor (IPR) can be found in Edwards and Pallone
[29], De Young and Keizer [83], Sneyd and Falcke [85]. The model
describing the kinetic mechanism flux across the Ryanodine Recep-
tor (RyR) family of calcium channels can be found in Keizer and
Levine’s work [86]. Other models of the RyR family can be found in
Edwards and Pallone [29], Spiro and Othmer [86], Jafri et al. [87].
In this work, the available models to obtain the calcium cur-
rent through L — type, T — type, and SOC families of calcium chan-
nels are studied. The ionic current through these channels can be
obtained using nonlinear Goldman-Hodgkin-Katz (GHK) and lin-
ear Ohm model, in which depending on the type of the calcium
channel and its functionality, one is preferred to the other. In the
remaining part of this section, a short discussion of each group of
calcium channels and several well-known current models is pre-
sented. In all of these models, V¥~V is membrane potential (in
volts) and VM-N is the Nernst equilibrium potential of calcium ions

Ca,rev
and is calculated by Eq. (54).
M-N _ [Ca]o)
VCa rev — ZCaF ln( [Ca],- (54)

where F is the Faraday’'s constant (in Coulombs/moles), R is the
real gas constant (in J/K moles), and T is the absolute temperature
(in K), [Ca], is the extracellular concetration of the calcium ions,
and [Ca]; is the intracellular concentration of the calcium ion.

3.3.1. L-type voltage-gated calcium channels

The L-type voltage-gated calcium channels comprise the largest
family of membrane VGCCs expressed in various cells, such as
skeletal muscle, cardiac cells, ventricular myocytes, smooth mus-
cles, and dendritic cells [88]. The L-type voltage and time-
dependent calcium channels can be modeled using the Ohm and
nonlinear GHK models.

These channels are highly selective for calcium ions; however,
they have a relatively low permeability for sodium and potassium
ions [23]. The current through L-type calcium channels can be
modeled by the nonlinear Goldman-Hodgkin-Katz (GHK) current
equation, which is stated in Eq. (55).

22F2vM N V,-NCN _ )/MCMEXPL

[reMN — pM 55
: RT 1—exp=Zfn— ‘Z‘FV 2)
Tt ™ = INa + I + " (56)

where ‘7’ refers to any of the ions between calcium ions, sodium
ions, and potassium ions. C{" and C{V’ are the concentration of the
ion ‘" in regions N and M, respectively (in mM), P, is permeability
(in cm/s) of ion ‘7", z; is its valence, yN, and yM are the activity
coefficient (a.c.) of the ion. The total current through the L-type
calcium channel is then obtained through Eq. (56) [25,25,89,90].

The voltage-dependency of the L-type calcium channels can be
modeled using Ohm equation, as in Eq. (57) [29,31].

a; ¢Ca M-N M-N
ICaL —g?aL 0 Ifg I(Vm VCa rev (57)
where ggfLX is the maximum cell conductance for calcium L-type
channels. The two terms ff % and fdca’ represent the activation and

inactivation probability of the Ca; channels, accordingly, which is a

dynamic function of the membrane voltage. foca‘ and fgal are ex-
pressed as in Eqs. (58) and (59) and their multiplication product

(ie., fg 4 fga’) represents the fraction of the Ca; open channels.

[ =Gl + G (58)

dfgal f{‘a1 fCa[
— = 59
dt ‘[-Zal ( )
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df?a‘ fCal fCa,
dr — ~  Caq
dt Tf, 1

(60)

In these equations, f_ga’ and fga’ represent the steady state values
of fga’ and jfa’ and can be obtained through Egs. (61) and (62),

respectively. rfcdal and chfa, denote the respective time constants for

activation and inactivation gates, respectively, and they depend on
the membrane potential. These time constants, rfcda’ and rfcfa’ , can
be obtained through Eqs. (63) and (64), respectively.

1.0

fCar _ 61
fg —(vM- ”+vf/"2'}” ) (61)
1.0+exp| ——a——
K
- 1.0
fo = (62)
W NN 1€ M= N)
1.0 +exp| 2l ~
kfa,
r/—(Vn+V gy )
Ca; _ /‘d 2
T = Atfc:, exp o - + Brf:l (63)
L Ty
—(Vm =V fcﬂ,)
Ca; —Aa i 2 B 4
T chf,exp k L + ;ll (64)
L Uiy
In Eqs. (61) and (62), f/az’fM N and Vlf/azz?/l N are half-activation and

half-inactivation potentials for Ca; channels, which are considered
Ca;,M-N Ca, Ca),M-N _ ,Cq
to be constant (i.e., V1/2f _A and V1/2f _Afo ).
3.3.2. T-type voltage-gated calcium Channels
The calcium current through the T-type family of the voltage-
dependent calcium channels of neurons can be expressed by
Eq. (65) [91-94].

ZcaF Vi
22 peyy-n [Cali = [Ca]oexp(67>

RT 1- exp(i’zf“ﬁ}’” 7”)

IMN

M,
CaCa, = Peq caiMeq, fica,

(65)

where ﬁg]}’\éL represents the permeability coefficient for the cal-
cium ions through the Ca; channels and m¢,, and he,, are the ac-
tivation and inactivation gating components (parameters) of the
Ca; channels. Huguenard et al. [91] developed a set of empirical
equations describing the voltage dependency of each of these gat-
ing variables. Their developed equations are given in Eqs. (66) and
(67).

dmCaf _ ﬁlCa[ Mcq,

dt - Tnc’lar (66)
dh  h—h
E - Th (67)
mfﬂz = 7(V‘}\A—N+VM Ny (68)

1+ exp(4'” kmCal/Z .mCay )

= 1
heq, = (69)

1+ exp(—w "V ﬁ'caf))

Knc ag

10
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In these equations, mc, and ECat are the respective steady-state
values for mc,, and he,, gating variables and 5% and rhc"f denote
the associated time constants which can be classified and obtained
as below.

A Ca,
Cay T
YTt = — = — + B_c
ForallrangeofVp, : exp(*"""wki:’"m))+exp ((v,’){’ k:::”’”)) oS
(70)
-Vt o)
ForVy, > —-80 mV : =A oG exp f + B o (71)
Thﬂr h

(Vn+V Cag )
ForV,, < —80 mV : { Tl = Ao exp———
h rh”z
3.3.3. Store operated channels (SOC)

Two comprehensive mathematical models describing the cal-
cium and sodium fluxes through SOC channels are presented here:
one is the model developed by Edwards et al. [29], and the other is
developed by Silva et al. [30]. A general mathematical model repre-
senting the calcium current through SOC was developed by Lebeau
et al. [69] and formulated by Edwards [29]. Edwards et al. modeled
the calcium current by applying the Ohm model Eq. (72)) and then
used the nonlinear Goldman-Hodgkin-Katz model in addition to
the relative sodium permeability through these channels to relate
the sodium current through these channels to that of the calcium
current (eq. (73).

Ieasoc = 8o fo* (Vi ™ = Viarev) (72)
o (B (e ()
INasoc = Icasoc 22 PSOC x —ZCGFV
Ca' C [Ca]; — [Ca]oexp( —<4rm—
1- exp(i’zf"ﬂ/ )
x (73)

1- exp(L’“Fv )

Here, gfi’%,c is the SOC channel's maximum conductance for cal-

cium ions, and f3° is the open probability of the SOC channels,
which can be obtained through Eq. (74).

1
SOC __
f - 14 [Ca]’lsoc

T
K. Sgcoc

(74)

where [Ca]s is the calcium concentration in the ER/SR compart-
ments, nsoc is the Hill coefficient for the SOC channels, and Ksoc
is the calcium concentration at which the open probability is 50%.
Eq. (74) represents the dependency of the open probability of the
SOC channels on the calcium concentration in the ER/SR compart-
ments. Silva et al. [30] obtained calcium and sodium fluxes using
the Goldman-Hodgkin-Katz current model through Eqs. (75) and
(76), respectively.

JMN —AM NpM—N(a) anvr’r\l/[_N [Ca); — [Ca]oexpfszV 5)
Ca,SOC Ca,SOC RT - expM
MN _ pAM-NpM- N(a)ZNaFZVM N'[Na); - [Na]oexpﬂ 6)
Na,S0C Na,SO0C RT M

1—exp

where sz S’gé”) and P,Q’L s%(cu) are the apical membrane permeability
coefficients for the calcium and sodium ions through SOC channels,

respectively. In Silva et al.’s model [30], the calcium permeability
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through the SOC channels was considered to be constant, and the
sodium permeability through these channels was considered to be
regulated by the extracellular calcium concentration and calculated
through Eq. (77).

VN Poc
Pha.soc = - (77)
1+ (ﬁ)ﬂso@m

The total current through the SOC channel following the Edwards
et al. model can be obtained through Eq. (78).

MN _ £SOC(JMN MN
IS6¢ ot = fo (ICa,SOC + INa,soc)

(78)
where f39C is the open probability for SOC channels and is ob-

tained through Eq. (79).

s0C 1

fo _a(]+([lc<saolgr)7lsoc)+b
This equation, similar to Eq. (74), represents the SOC’s activa-
tion mechanism due to decreased calcium concentration in the
ER/SR compartments. The mathematical framework describing the
calcium-binding mechanism by the SOC channel and the calcium
fluxes through SOC channels was developed by Kowalsky et al.,
which is out of the scope of this work, and the interested reader is
referred to reference [95].

(79)

3.4. Chloride channels

Chloride channels can be occupied by different ions and have
relatively low selectivity for chloride ions [96]. These channels are
classified based on the way they are gated, their conductance prop-
erties, and their selectivity for chloride ions over the other ions.
The cystic fibrosis transmembrane conductance regulator (CFTR)
and calcium-dependent chloride channels (CaCC) are two of the
most dominant chloride channel families.

In the remaining part of this section, a short discussion of each
chloride channel’s group and its several well-known current mod-
els are presented. In all of these models, V¥~V is the transmem-
brane potential (in mV) and VM-V is the Nernest equilibrium po-
tential for the chloride (CI) ions and is obtained by Eq. (80).

_ RT [Cllna
yM-N@ _ &, O]
a zaF \ [Cllyg

where F is the Faraday’s constant (F = 96490 Coulombs/moles), R
is the real gas constant (R = 8.315 J/(mol K)), and T is the absolute
temperature (in Kelvin), [Cl]yoyr) and [Cllygn) are the potassium
concentration in the extracellular and intracellular regions, respec-
tively.

(80)

3.4.1. Calcium dependent chloride channels (CaCC)
Calcium-dependent chloride channels, known as CaCCs, are
present in both excitable cells, such as skeletal muscle, and nonex-
citable cells, such as some endocrine cells [96]. CaCC activation
and, consequently, the current carried through these channels de-
pend on the intracellular calcium concentration. The current car-
ried by chloride ions through these channels can be estimated us-
ing Eq. (81).
I e = A S )
where n”&gé’ is the CaCC channel density per membrane area,
N'is the maximum whole cell conductance (in siemens units)

(81)

cl

for chloride anions, fS4C“C is the open probability of the CaCC
channels and is a function of intracellular calcium concentration.
The CaCC open probability functionality can be modeled by using
the Hill model [35] in Eq. (82).

fCl,CaCC _ 1
o =

— (82)
Kea
T+ (ﬁ)’lmw

1
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where Kcqec is the Hill parameter for CaCC model and [Ca]yq)
is the intracellular calcium concentration. For some cells such as
the acinar cells, the steady state open probability is described by
using the Arreola et al. model (1996) [97] and is obtained by
Eq. (83) [37,98].

fCI.CaCC _ 1 (83)
0 B K? K
1+ Kz(ﬁ - 1)
—0.13FyM-N —0.24FVM-N
K = 234exp<T)Kz = 0.58exp<T)

In Eq. (83), K; and K, are the equilibrium constants in the unit of
nM and are voltage-dependent.

For some cells, a high positive membrane voltage can enhance
the calcium-dependent activation of the CaCC channels, producing
outward rectification of the chloride current through the CaCC [99].
Silva et al. [30] modeled this activation dependency by using the
Boltzman function as shown in Eq. (84). Their model considered
two types of open probability: 1) calcium-dependent activation
and 2) high positive Vp-enhanced calcium-dependent activation
(f CaCC, HPV) [30]. Calcium-dependent activation of CaCCA was
modeled by using a Hill function, and high positive Vm-enhanced
calcium-dependent activation, which produces outward rectifica-
tion of Ic,cc, was modeled using a Boltzmann function (Egs. (86)-
(88)).

1
fCl.CaCC — fCuCC,HPV (84)
0 0 14 (%ﬁf)’“
d fEacCHPY _ JCacCHPY _ pCacC HPY (s5)
dt Tcace
FCaCCHPY _
Je - (Vo VESS5r) (8%
1+ exp——y—+=
Vislfmax = 0V 2In2 + 1 (87)
1 Vin — 1L\,
T V) = ———exp| — 88
cacc (Vi) T P( (ﬁa) (88)

In Eq. (84), fg“CC’HPV represents the steady-state open probabil-
ity of the CaCC channels and is described by Boltzmann’s relation-
ship (Eq. (86)). tcacc is the time constant of the voltage activation
and is obtained by fitting the data to a Gaussian function and get-
ting the corresponding constants (i.e., o and w in Eq. (88)). Vfﬁﬂ%ax
is the half-maximum for voltage dependency and can be obtained

by Eq. (87).

3.4.2. Cystic fibrosis transmembrane conductance regulator (CFTR)

Cystic fibrosis transmembrane conductance regulator (CFTR)
channels provide a pathway for the movement of chloride ions
from the cell into the duct lumen [100]. The chloride cur-
rent through the CFTR channel can be obtained by applying
the nonlinear Goldman-Hodgkin-Katz (GHK) model and using
Eq. (89) [101].

M-N FUp M@
N ey ZaF >V " [Clly — [Cllvexp™
CFTR CI,CFTR RT 2qFVM-N@
1 RT

I//M.N(G) _
Cl,CFTR —

—exp
(89)

MR is the CFTR channel density per mem-

is the permeability coefficient for the CFTR

In this equation, n

M—N(a)
brane area, PCLCFTR

an\l/I—N(a)

channel, and is the apical membrane potential in the unit
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of mV. A second way to obtain the chloride current through CFTR
channels is through Ohm’s model (Eq. (90)) [38].

I//M*N(a) _ . 1/M=N(a)

—N ¢CI,CFTR (yyM—N(a)
cl,cFTR = M CFTR fo (Vi

M-N(a)
CFTR -V )

Cl,rev

(90)

where fSECFTR js the open probability of the CFTR channel and can
hold the constant number at rest potential [35,102]. CFTR channels
have a selectivity filter that favors the permeation of chloride ions
over other ions. However, they are also relatively permeable to bi-
carbonate anions. One general approach to consider the selectivity
filter of CFTR channels to bicarbonate anions in the CFTR current
models is to find the permeation ratio of CFTR channels for bi-
carbonate anions relative to that for chloride anions [36,103]. The
Ohmic model can then be applied to obtain the chloride and bicar-
bonate currents through the CFTR channels through Eqgs. (91) and
(92), respectively [36].

M-N(a) M=N ~ ~

I"cicrrr = 1 crrr8erTR (Vn’\{l N VCI\I/{reI:) (91)
M=N(a) M-N M=N _ \/M=N

I"yicos.crrr = ' crrrBE&CrTR (Vm - VHC(B,E,,) (92)

In these equations, f represents the ratio of the membrane con-
ductance through the CFTR channel for bicarbonate ions relative to
the chloride anions (Eq. (93)), n”CMF}'Z is the CFTR channel density
per membrane area, and gcrrg is the (membrane) conductance for
CFTR channel.
_ 8CFTR HCO3
ECFTRCI

Whitcomb et al. [103] wused the effective permeability
(g7 ([XmorilXInoro)) for the CFTR channels to obtain the effec-
tive conductance of the cell to each of the ions based on their
concentrations. Here, [X]; and [X], refers to concentrations of
chloride or bicarbonate anions, inside (i) and outside (o) the cell,
respectively. They expressed the chloride and bicarbonate current
fluxes by applying the Ohmic model through Eqs. (94) and (95),
respectively.

(93)

yM-N_— _ _yM-N M-N _CFTR M—N(a) M-N

Faicerr=n CFTR(g’glI ggl (Vm —Veire (94)
1/M—N _ . 1/M=N —M-N CFTR M~-N(a) M-N

Fhco, crrr =1 CFTR(g%COg HCO3 (Vm — Viico, rev (95)

where g¥-N([x]y[x]y) is the effective permeability and can be ob-
tained through Eq. (96).

in(bf)
-N XIN

— 96
g N ([xIulxIn) = [XIulx]y Xy — [XIn (96)
Further, the Nernst potential for Chloride ions, Vc"f;eﬁ, and bicar-

VM —-N

bonate ions, HCOy. rev®

respectively.

can be obtained through Egs. (97), and (98),

_ RT [Cl]
M-N@) _ & N(D
Clrev ZCIFln<[Cl]M(i)> (97)
_ RT [HCOs3 ]y
M-N _
VHCO3,I‘€‘U - ZHCO3FIn<[HCO3 ]M) (98)

where F is the Faraday’s constant (in Coulombs/moles), R is the
real gas constant (in J/K moles), and T is the absolute temperature
(in K).

4. ATPase model

This section includes several kinetic models of ATPase
pumps, namely, sodium potassium ATPase pump (Section 4.1),
proton-ATPase pump (4.2), hydrogen-potassium ATPase pumps
(Section 4.2), and calcium-ATPase pumps (4.4).
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4.1. Sodium potassium ATPase pump (Na-K ATPase)

Sodium-potassium ATPase (Na-K ATPase) pumps are electro-
genic pumps that are essential for maintaining the intracellular
concentration of sodium and potassium ions at the desired cellu-
lar level, maintaining the membrane potential, and regulating the
cell volume, which prevents the cell from lysis [104]. NaK ATPase
pumps hydrolysis the ATP molecules to actively transport Na* ions
out of the cell and K™ ions into the cell. Reaction Eq. (99) summa-
rizes the overall transport reaction mechanism. In each cycle (one
turnover of the pump), three sodium ions exit the cell, while two
potassium ions enter the cell [105].

ATP + 3Na +y; +2K+y = ADP + Pi + 3Na +y +2K+y (99)

The flux transported by NaKATPase can be obtained by using a
Hill-type equation [106]. Egs. (54a) and (54b) in Zaheri and Has-
sanipour [20] can be used to model the transported flux. The
sodium and potassium fluxes across the pump are expressed by
using Eqs. (100) and (101).

NakAT pase _ NakATpase.max( [NG]M(i) )3 ( [K]N(e) )2
Na* Na* [Nalmy + Knay, [Klnce) + Kiy
(100)
-2
Il;lkaTpase — (? )][I:IIZI:ATpase (101 )

where ]NaMT pase

N+ is the maximum steady-state efflux of the sodium
ions and is the function of membrane potential. K§ and KX are
the saturation constants for the intracellular sodium (mM) and the
extracellular potassium ions, accordingly [22]. Kyg; and Ky; are the
pump affinity for sodium and potassium ions and can be obtained

through Eqgs. (102) and (103), respectively [106-110].

Knai = KX (1+ ﬁ) (102)
ANak

Kici = K§X (1 + [N“]") (103)
bnak

where ayq¢ and bygk are the constants are constants that depend
on the types of cells each can take different values.

Ammonium (NH4;) competes with potassium ions for the
same binding site. Therefore, in the presence of ammonium
(NH4) Eq. (101) changes to Eq. (105), and the ammonium and
potassium relative affinity regulates the relation between the
transported fluxes of potassium and ammonium through the
Eq. (106) [111,112].

Pump _ [NaKATPase,max [Na]C 3 [K]bl 2 (—104)
Na Na [Na]c + Knq [K]p + K
2
e (105)
Jiba  [NH4]e Ky (106)

JPP T Kyna (K

Luo and Rudy [113] evaluated the voltage dependency of the
current through NaKATPase pumps (Iyq) at different levels of
sodium concentration at the extracellular region ([NaJo) and mod-
eled this voltage dependency for cardiac ventricular tissue through
Eq. (107) [29,113].

[NG 1.5 [K]
IM—N — [max cyt ( cyt )( out ) 107
Nak NaKwNaK [Na gy‘? + Kr1ng\la,o(1 [K]out + K x ( )
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cyt _ 1
1+OJZBMpC@Jwg¢>+0%ﬁawp«%§g>
1

Nak =
(108a)
[Na]our 1
7\ 673

In this equation, I% is the maximum NaK ATPase current in

» “Nak
(WA pF-1) unit and ¥ captures the membrane voltage influence
on Iygk and is a function of the extracellular sodium concentration
on the current produced by NaK ATPase pumps and can be ob-
tained through Eq. (108a) in combination with Eq. (108b). Ky, k is
the potassium ([K]) half-saturation constant (in mM) for NaK AT-
Pase, and K ng, is sodium ([Na]) half-saturation constant for NaK
ATPase in mM units.

Hartman et al. [38] also included a weak dependence of
the NaKATPase turnover rate on basolateral membrane potential
[22,38]. Their model is given by Eq. (109).

_ [Na]c [K]pi b
.]pump = Ppump([Na]C T I<Na>3 ([K]bl n KK)Z(G X Vm +b) (109)

Here, ‘a x Vi (b) + b’ represents the effect of membrane volt-
age on the current carried by NaK ATPase pumps, in which ‘@’
(in the unit of (mV)~1) and ‘b’ (no unit) are constants and when
the membrane is at steady-state reduced membrane potential, this
voltage correction term is equal to 1 (i.e., a x Viy(b) +b=1), and
Poump is the membrane permeability coefficient in the unit of
pmol cm—2 h-1.

Sohma et al. [22] developed a simplified model for describing
the transported flux by NaKATPase pump (Eq. (110)) based on the
reparametrization of the Hartman and Hoffman [38,108] models.

[Na]; 3 [K]y
[Na]; + K]I\}lgl( [K]p + KIIQIGK

(108b)

INakATPase = Ppump < )2 (V,il_bl - Vrev)

(110)

Moreover, Smith and Crampin [114] mathematically described
the detailed kinetic mechanism of transport through the NaK AT-
Pase pump, which is out of the scope of this work, and the inter-
ested reader is referred to [114].

4.2. Proton-ATPase (H-ATPase)

ATP-driven proton pumps actively transport hydrogen ions
across the cell membrane through hydrolysis of adrenalin triphos-
phate (ATP) molecules. These pumps are classified based on their
conformational structure into three groups: V-type, P-type, and F-
type. Here, a short discussion of several well-known proton pump
current and flux models are presented. In some of these models,
the contribution of electrical and chemical components (electro-
chemical potential dependency) is considered.

Andersen et al. experimentally found a dependency between
the hydrogen flux and the electrochemical potential difference
across the membrane [115]. This electrochemical potential density
is considered in Eqgs. (111) and (112). Eq. (111) represents the model
to obtain the flux of protons due to the proton pump located on an
“apical” membrane and Eq. (112) represents the equivalent model
for the case in which the pump is located on the “basolateral”
membrane [109].

M—N(a) max 1
JH HATPase — ~—JH,HATPase M-N (111)
\ \ —-N(a) M-N(a)
1+ exP(C(UH - 1}1/2,H—ATPclse))
JU-NGD) max, 1 (112)
H.HATPase — JH, ase M-N(b) M-N(b)
1+ eXP(*C(VH ~ V12 H-ATPase )
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In these equations, Jjj4 py IS the maximum hydrogen flux (ie.,
the flux of the ion at saturation) through H — ATPase pumps,
{\75, ’;’17 Arpase 1S the electrochemical potential difference where the
flux is half of its maximum value, ¢ is the coefficient representing
the steepness of the function, v}‘j’*N is the electrochemical poten-
tial difference of hydrogen from the M (cytosol) region to the N
(luminal) region. The hydrogen flux driven through proton pumps

can also be obtained by applying the Hill model (Eq. (113)).

[H Inccen

m)ﬁff) = JiHiarp (113)
,H—ATPase s ase . ,M(cell)

Kt 11~ atpase + [H Imccenny
where Ji % pae 1S the maximum hydrogen flux through H — AT Pase

pumps and Ky y_arpese is the affinity of the pump to the H* ion
[107].

4.3. Hydrogen-potassium ATPase (H/KATPase)

Nadal et al. [116] developed a nongastric H-K ATPase model
based on Weinstein's schematic kinetic diagram, which includes
competition between the NH; and Na* ions with hydrogen and
potassium ions, respectively. Following Nadal et al’s model, the
net transported flux for sodium, potassium, hydrogen, and ammo-
nia from the cytosol region to the luminal (I or N) region, can be
obtained through Eqs. (114)-(117), respectively [116].

]Ir\llflt.HK—ATPase = kf\fa[P,-Na]l - kf\}a[PiNa]c (114)
Tk _arpase = KigIK]i — KR [K]c (115)
jfl(,elt-ll(—ATPase = kE[PiH]l - kf{'[Pz‘H]c (116)

NH4.HK-ATPase = Kia[NHA] — kijyy4[NH4]c (117)

In these equations, (Eqs. (114)-(117)) ki and k§ are the translo-
cation rate constants with X bound from the lumen to the cy-
tosol and the cytosol to the lumen (where X is Na*, K+, H*, or
NH4), respectively. [X]' and [X]¢ are the densities of the luminal
and cytosolic facing enzymes, respectively, with X bound (where
X is [PNa], [K], [BH], or [NH4]). Moreover, in these equations, the
flux is taken positive from the lumen to the cytosol direction.

4.4. Calcium ATPase pumps (Ca — ATPase):

4.4.1. Plasma membrane calcium ATPase (PMCA)

Plasma membrane calcium ATPase pumps, also known as PMCA,
in addition to the sodium-calcium exchanger, are responsible for
the cell's calcium ion efflux. PMCA’s function is vital for regu-
lating the amount of calcium in the cells, as it has a direct im-
pact on the other channels’ mechanisms and cellular mechanisms
[117-120]. The energy required to eject calcium ions from the cell
through PMCA pumps is supplied through ATP molecule hydrolysis.
Because of this enzymatic manner, the calcium flux and the equiv-
alent current through this pump are modeled using the Michaelis-
Menten equation, which leads to Eqgs. (118), and (119), respectively
[30,37,89,98,120,121].

1
Iowca = IITI\Z?A Kpwca ca (118)
( [CG]M(.')| )’IPMCA
M(i)-Nee) _ _ Ipmca _ VPMCA[CG];\]/;)Z? (119)
P = F R o + ICal
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In Eqs. (118) and (119), npyca is the Hill coefficient of the
pump and Km is the calcium concentration at which the maxi-
mum pump current is delivered. Furthermore, the negative sign
in Eq. (119) shows the calcium flux direction to be out of the
cell. More information on detailed kinetic studies of this family of
pumps can be found in Graf and Penniston [122], Kojiro et al. [123].

4.4.2. Sacro endoplasmic reticulum calcium ATPase (SERCA)

SERCA is a family of sar-coplasmic reticulum (SR) calcium
pumps that actively transport calcium ions into the SR against
their electrochemical gradients to control calcium ion elevation in
the cytoplasm region. Different mathematical models have been
developed over the years to obtain the calcium ion flux through
these pumps. These models can be classified as unidirectional
models and bidirectional models.

Here, a unidirectional model for the movement of calcium ions
from the cell cytoplasm to the SERCA is represented. Some mod-
els that consider bidirectional movements can be found in Higgins
et al. [124], Koivumadki et al. [125].

The unidirectional transported flux of calcium through SERCA
is mostly modeled by using the Hill equation (Eq. (120))
[30,31,37,98,113,125,126].

1
K TISERCA
1 ()
where [JF, is the maximum current through the pump and
Nserca 1S the Hill coefficient (mostly considered to be nsgpca =1
OT Nsgrea = 2 [30,31,37,98,113,125,126]).

The transported calcium flux models through SERCA pumps
can become slightly more complicated, as experimental evidence
indicates that the SERCA pumping rate is accentuated by cal-
cium concentration outside the SR in the endoplasmic reticulum
(ER) [127]. Sneyd et al. modeled this extracellular calcium de-
pendency and represented the flux through the SERCA pump by
Eq. (121) [125,128].

Isgrea = IggRea (120)

1) 1
1+ (i yitserea [Cal]er

Kserca

Jserca = JSERen (121)

where [Ca]er is the calcium concentration in the endoplasmic retic-
ulum (ER) region [128]. Shanon et al. [129] fit the SR calcium up-
take data to a second term equation that accounts for back flux
and leak current. Their developed model is given in Eq. (122).

Vo (21— Vo 2
Jserea = " "
v (fh)r+ ()

where Viqx, Knyp, and ny are the Hill parameters for the forward
pump flux and Viaxr, Kmr, and 7, are the same parameters for back-
ward pump flux. Moreover, the product K([Ca]sr — [Ca);) represents
the leak portion of the flux.

Shannon et al. took the similarity assumption for Viqx and n
values for forward and backward pump fluxes in Eq. (122) and
considered zero to be the leak current. Their model is given by
Eq. (123) [29,90].

[Cali \ nserca _ (%)rlserca
Kmf Kmr

1 + <lca]i)7lserca + (%)nserca

+K([Caly — [Cal))  (122)

Isgrea = ISgRea (123)

5. Cotransporters

This section includes several kinetic models of the impor-
tant cotransporters (or symporters), namely, sodium-potassium-
chloride cotransporter (Section 5.1), potassium chloride cotrans-
porter (Section 5.2), sodium chloride cotransporter (Section 5.3),
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sodium bicarbonate cotransporter Section 5.4, sodium phos-
phate cotransporter (Section 5.5), sodium glucose symporter
(Section 5.6), and amino acid symporter (Section 5.7).

5.1. Sodium potassium chloride symporter (NKCC)

Sodium-potassium-chloride cotransporter (Na* — K+ —Cl~ co-
transporter or NKCC) is a member of the cation-chloride cotrans-
porter family, whose function is regulated by extracellular con-
centrations of sodium (Na) and potassium (K) ions and intracel-
lular chloride anions (Cl) [130]. Structural analysis of the NKCC
transporter kinetic mechanism has led to the construction of sev-
eral kinetic models for the transport mechanism by members of
the NKCC family. Two isoforms of the NKCC protein are currently
known. One isoform is NKCC2, which is found exclusively in the
kidney, and the other is NKCC1, which is found in nearly all cell
types. More details about these isoform structures and their role in
the regulation of cellular functions under physiological and patho-
physiological conditions can be found in Russell [131], Orlov et al.
[132], D’Andrea et al. [133], Iwamoto et al. [134], Lytle et al. [135].

Lytle et al. [136], Delpire and Gagnon [137] developed a quan-
titative transport model for NKCC1, which follows a “first on last
off” binding order. In the first step, the carrier faces the extracel-
lular side of the membrane (M or o) and binds to chloride ions
(Cl). After the complex ECly is formed, a sodium ion (Na) binds
to ECly and forms the ECINay; complex, followed by the binding
of a second Cl ion to form complex ECINaCly. Finally, potassium
ions (K ions) bind to the transporter to give the fully loaded car-
rier complex ECINaCIKy,. In this model, the carriers can translo-
cate across the membrane in all states (i.e., in the empty, partially
loaded, and fully loaded states), and the unbinding reactions occur
in the reverse order of binding [136-138]. Lytle et al.'s model was
reparametrized and schematically shown in Figure 14a in Zaheri
and Hassanipour [20]. Under combined equilibrium and steady-
state assumptions, the chloride, sodium, and potassium fluxes can
be obtained through Egs. (124a)-(124c), respectively.

M,N(net) __
CI.NKCC — [Elnkee

( o (g’gf‘ClM +g i CIMNaY +gl CIMNGYCE ™ gt CIM NUMCIHMKM)

Ry Rnn-+RNRym

(124a)

R (gIEVCl CIN+ g3 g CIVNGN 183 o CIV NGV C ”N+ggcwncu<dNN aNCl”NKN)
N Ry RnN-+RNRym

M MNgM MNgMc'™M MNgMc]'™M M
Ru (8 C1VNGM 488 e CI NGV ™M gl CIMNGVCE MKV

]l\l\;lal\l]\l(llggtc) = [Elnkee RuRnn+RnRm
R (81 Na+ 83, 1 NaCU gl I NI KV )
- RmRyn+RnRum
(124b)
IIZI I\IJ\;((ng — [Elwce (RNN(gﬁ”aNﬂc,KClMNuMCl;:lle(r’:;);g\,lwé\:/’(fgaNﬂc,KClNNa"’Cl’/NKN ))
(124¢)
where [El: = [Elm + [ECl]p + [ECINalp + [ECINaCl]py +

[ECINaCIK ]y + [ECINaCIK]y + [ECINaCl]y + [ECINa]ly + [ECl]n + [E]n
Kion is the equilibrium constant of the ion in the unit of mmol
and the normalized concentrations are:

M _ [Cly M _ Naly ~pM _ Qv M _ _[KIu
M = ot Na*t = it art = ar =y KV = o
;e CNa Nl CINaCIK
N = [KI]VN' NaN = ILIB;]N N = I[<N]N KN = le[qu
A CINa ABA CINaCIK

Ry =1+ CIM + CIMNa™ + CIMNaMcI'™ + cIMNaMc1™MgM
Ry =1+ CIN 4+ CINNaN + CINNaVcI'’N + CINNaNc"NgN
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Ryt = 8 + gM,CIM 4 gM  CIMNGM + g, CIMNaMcl'™ +
& vac CIMNaMcr MM

Ry = 8Y + g CIN + ey CINNGY + gl o CIVNaNCI ™
ggczNaczKClNNaNCl”NKN

A different quantitative model of the transported ionic flux due
to the NKCC transporter was developed by Benjamin et al. in 1997
[139]. Their model has been widely used in modeling the NKCC
transporter in the secretory epithelial cell family, which has NKCC1
in the basolateral face.

Benjamin et al. [139] considered the symmetric order of
binding and unbinding (first-on first-off) with a different bind-
ing/unbinding order mechanism. In their model, the order of bind-
ing is as follows: first, the Na ion binds to the carrier on surface
M of the membrane to form the complex ENay then the first Cl
ion binds to ENay, and forms the complex ENaCly,. This binding is
followed by the binding of K ions and the formation of the com-
plex ENaClKy, complex. In the last binding step, the second Cl ion
is bound, and the full complex ENaCIKCly; is formed on the M face
of the membrane. In this model, the partially loaded carriers are
not capable of translocating, and only the fully bounded and free
(unbounded) transporters are considered to be able to cross the
membrane. After the translocation of the fully loaded complex to
the other side of the membrane, unbinding occurs in symmetric
order to the binding order, that is, Na* unbinds first, next CI~ ion
is unbound, followed by unbinding of K+ ion, and finally, the sec-
ond CI~ unbinds from the complex [98,131,137,140].

Their model contains about 30 terms, which is reparameterized
in the equivalent model of Figure 15 in [20]. The steady-state turn
over rate of the NKCC cotransporter is given by Eq. (125a), and
the corresponding fluxes for Na, Cl, and K can be obtained through
Eqgs. (125b)-(125d), respectively.

]M'N (net)
symporter

= [El

(gg’NacchlNaMClMKMC’NM>gg - (gﬁ’Nac,KC, NGNCINKNCI”N>g’g'
X
RuRn + RnRum

) (125a)

M,N (net M,N (net

JNa,S)(/rr!rfplrter :]symlggfte)r (125b)
M,N(net) M,N(net)

]Cl,sy;z;orter = stympgrier (125¢)
M,N(net) M,N(net)

]K,symn:orter :]sympgreter (125d)
where |Els = [Elm + [ENalp; + [ENaCl]p + [ENaCIK ]y, +

[ENaCIKCl]p + [ENaCIKCI]y + [ENaCIK]y + [ENaCl]y + [ENa]y +
(Eln-

Kion is the equilibrium constant of the ion in the unit of mmol
and the normalized concentrations are:

M _ [Naly ~m _ [Clly oM _ [Kly nM _ [Clly
Na _K—M,Cl _KT,K _KM—,CI =
[ Iola] flcal(il [ Iév]acm N [CIEI]GCII(CI
N _ aln N _ N N _ N N N
Na™ = (7=, CIY = gt K = gt Na'"™ = 7~
NaCIKCI BCB ABC NaCIKCI

The resistance parameters are defined as:

Ry =1+ NaM + NaMCIM 4+ NaMCIMKM + NaMcIMgMcr™

Ry =1+ 4 kNcI'"™ 4+ cINKNCI'™ + NaNcINKNer'™N

Rum = gy’ +g¥Nac1Kc1N"MC1MKMaNM

Ry = 8§ + ZnaciaN aVcINger ™

Weinstein et al. in 2009 [141], considered the order of binding
for NKCC as Benjamin’s group (i.e., Na*, Cl, K, and the second Cl
and for the dissociation to happen as Na™ first, CI~, K*, and the
second CI~). However, in their model, they considered competition
between ammonium and potassium ions for the same binding site
[141]. Here, their model is transformed to the general form of the
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resistance parameters from and net uptake flux of Na™ and K* are
expressed in Eqs. (126a) and (126b), respectively.

M,N(net) _ N Rvm—g¥ R
]Na.NKCC = [E]f(R;RNNJrRZRMM) (1262)
M.N(net) _ (&MeccNa™ KM (CIM)2 )Ry — (e Na KN (CIN)? YRy

K.NKCC  — [E]t( — RMRNN+RN£:\IA’(A;C (126b)

where [E]; = RylE]y + Ry[E]n represents the total carrier concen-
tration of the KCC transporter on either side of the membrane. [E]
represents the concentration of the empty NKCC carrier. Ry, Ry,
Ry, and Ryy are the resistance parameters and defined as:

Ry =1+ NaM + NaMCIM + NaMKMCIM + NaMKM (CIM)2 +
NaMNH4MCIM 4 NaVNHM (CIM)?

Ry =1+CIN+ KNCIN + KN(CIN)2 + NaVKN (CIN)? + NHYCIN +
NH4" (CIN)2 + NaNNHY + (CIN)?

Ruvm = ¥ + g oo NaVKM (CIM)? + g’EV'NNH4CCNaMNH4M(c1M)2

R = &8 + &iniccNaVKN (CIN)? + gy, ccNa“NH4N (CIN)?

Kion is the equilibrium constant of the ion in the unit of mmol.
By applying the symmetry assumption for the equilibrium constant
coefficients on the two sides of the membrane, there is no “M”
or “N”, designation and the normalized concentrations can be ex-
pressed as

M _ [Nay oM _ [Kly ~M _ [Cly M _ [NHjly
Na¥ = R , KM = R , CI" = o) , NH;" = Ror

N _ [Naly N _ [Kly ~N _ [Clly N _ [NHyly
Na" = R KN = R , CIN = e , NH," = R

NKCC transporters can also be modeled by using the simple
model. Here, two simplified models are presented: Eq. (127) and
(131).

A commonly used reduced NKCC model initially developed by
Verkman and Alpern [142] and later was reparametrized in Fig-
ure 17 of [20]. In this simplified model, the rapid equilibrium
assumption, quasi-steady-state assumption, and symmetric carrier
assumption are discussed. Furthermore, it is assumed that the
binding and unbinding steps do not follow a particular sequential
order. Under these assumptions, the net outward NKCC turnover
rate is given by Eq. (127), and the transported flux of Na, Cl, and K
ions can be obtained from Egs. (128)-(130), respectively [38].

[Nalye) [KImce) [ClI3y o) — INaInG) [KIny [CTR

M-N __ Psymporter
Inkecz = Prkcea b 1 1[ Wb o 1][ e, 1]
Rve T Re T Ra T
(127)
M,N(net) __ yM,N(net)
Na.NKkcC2 = Inkecz (128)
M,N(net) __ yM.N(net)
Jinkecz =JInkee (129)
M,N(net) __ 5jM,N
Jeinkeca = ke (130)

Here, Jykccz is the turn over rate of transporter NKCC, in the units
of peq cm~2 h~! (defined as positive for the flux into the cell) and
Pykccz is the permeability coefficient for the transporter NKCC2.

Eq. (131) represents one other simplified model developed by
Palk et al. [37] to obtain the net outward NKCC turnover rate.

1 — oy [Na;[K]i[CIT? )
Knice + e[ Nali[Ki[Cl]

where [E]t is the NKCC transporter density per membrane area,
'nkce 1S a constant in the unit of 1/s, oy and o are dimension-
less constants, Kygcc is a constant in a unit of mM—4 [37,143].

Inkee = [Elnkee (TNKCC (131)
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5.2. Potassium chloride symporter (KCC)

The potassium chloride symporter is a membrane transporter
that functions in the electroneutral movement of potassium (K+)
and CI~ across the plasma membrane of many cells [144], includ-
ing the renal proximal tubule [145] and the neuron [146]. It con-
tributes to renal chloride reabsorption and to transport chloride
across the basolateral membrane with a stoichiometric ratio of
1K™ : 1CI~. This suggests that the transmembrane voltage does not
drive the overall transport process of K™ and CI~ via the KCC, and
the transport process does not directly generate a membrane cur-
rent that may change the transmembrane voltage [147,148]. More-
over, the KCC cotransporter is bidirectional and can mediate net
ion efflux or influx. Depending on the dominant K* and CI~ chem-
ical potential gradients and the physiological ranges of intracellular
Cl~ and extracellular K* concentrations, KCCs can act to either ex-
trude or store chloride ions [144,149]. KCC cotransporters may also
transport ammonium, which competes with potassium (K) for the
same binding sites on the carrier [150,151].

Figure 16 of [20] represents a competitive KCC transport mech-
anism of potassium, chloride, and ammonium ions, in which am-
monium competes with potassium for the same binding sites on
the KCC. In this configuration, in the first step, Cl ion (A in Figure
16 of [20]) binds to the empty carrier (E), followed by the binding
of K ions (B in Figure 16 of [20]) or NH4 (C in Figure 16 of [20])
ions to form the complex ECIK or ECINH,4, respectively. Next, the
formed complexes cross the membrane (ECIKy or ECINH4y), where
they undergo dissociation reactions in which Cl unbinds last from
both complexes. In this model, it is assumed that the carrier can
exist in four different states on each side of the membrane and
that only the fully loaded (ECIK and ECINH4) and empty carriers
(E) can cross the membrane. Under equilibrium and steady-state
assumptions, net outward fluxes of Cl, K and NH4 can be obtained
through Eqs. (132a)-(132c), respectively.

M,N(net) _ [E] (glgaKClMKM)RNN - (ggCIKCINKN)RMM (132a)
K.Kct ‘ RuRnN + RnRum
MN(net) _ (gg/ICINH4ClMNH2/[ )RNN - (glgClNH4ClNNH£lV )RM’V’
JNH4.KCI = [El: RuRnn + RvRum
(132b)
M,N(net) (g’!:'/’ClKClMﬂM+gII\EACINH4 CIMNHQ”)RNN’ (g’EVC,KClNI(N+g'gC,NH4ClNNHy)RMM
kel T [E][ RvRyn+RyRvm
(132¢)
where  [E]; = [E]p + [ECl]y + [ECIK]p + [ECINH4 ]y + [ECINH |y +

[ECIK]n + [ECl]y + [E]N-
Kion is the equilibrium constant of the ion in the unit of

mmol and the normalized concentrations are: CIM = %,KM =
a

[Kly M _ [NH4]y N _ [Aly N _ [Kiy N _ [NH4ly
1<,"{"NH4 ="y | CIN = KW , KN = K ,NH; = K”H4

The resistance parameters are defined as:

Ry=1+CM+CIMKM + CIMNHY | Ry=1+CIN+CINKN +
CINNHY

Rvm = g + gt CIMKM + gEMC,NH4C1MNHQ4 |
SraCIVKN + gJI:‘ICINH4ClNN Hy!

In the absence of the NH; competitor (i.e., Jyps+ xc; = 0) the
values for NH; related terms become zero (ie, yN=yM =0,
NHM = NH} =0, and gE’V'aMLI4 = g’g’aNm =0), and the net flux of the
Cl~ is expressed by Eq. (133) while the K flux still can be obtained
through Eq. (132a).

(£) (&M CIM BM) Ry — (i CINK™) Ry
‘ RmRNN + RnRym

Ry =g} +

KCl _
cl- —

(133)
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In 2010, Weinstein [112] developed a model for KCC to com-
pute the unidirectional fluxes through chloride potassium with
ammonium transport by assuming rapid equilibrium. Weinstein
[112] considered the first-on first-off binding mechanism for the
KCC symporter, where potassium (K) ions or ammonium ions
(NHy) are the first ions that bind to the transporter, and they un-
bind first. In the first step, either potassium ion (K*) or ammo-
nium (NH,4) ion (which competes with potassium ion for the same
binding site) binds to the empty carrier (E) and forms the com-
plexes EK or ENH4, respectively. This step is followed by the bind-
ing of chloride ions and the formation of EKCl and ENH4CI com-
plexes. Next, the formed complexes cross the membrane (EKCly or
ENHA4Cly), where they undergo dissociation reactions in which Cl
unbinds last from both complexes. In this model, it is assumed that
only the fully loaded (EKCI and ENH4Cl) and empty carriers (E) can
cross the membrane [112]. Under equilibrium and steady-state as-
sumptions, net outward fluxes of K, NH4, and Cl can be obtained
through Egs. (134a)-(134c) respectively [112].

M,N(net) __ [E] (ng\:'/IKClKMClM)RNN - (g{l;!KClKNClN)RMM (1343)
kicc = LEE RuRnN + RnRum
MNer) _ (F] (&¥11,NHY'CIM)Run — (&R, i NHACIN) Ruana
JNH4,I<CI — Lkl RyRNN + RyRum
(134b)
M,N(net) (g?KaKMClM*g%/’NH‘,clNH‘IAWClM)RNN’ (grE\IKCII<NClN+ggNH4CINH"IVCIN)RMM
CI,KCl = [E][ RyRnn+RNRyim

(134c¢)

where [E]; = Ry[E]y + Ry[E]n represents the total carrier concen-
tration of the KCC transporter on either side of the membrane. [E]
is the concentration of the empty carrier. Ry, Ry, Ry, and Ryy are
the resistance parameters and defined as:

Ry =1+KM + KMCIM + NHMCIM |
NHJCIN

MM | oM MM
Rum = g + e KMC + 8w, NHy €l |
N pNCIN | N NN

ekl K CI + 8py, o NH, Cl

Kijon is the equilibrium constant of the ion in the unit of

mmol and the normalized concentrations are: KM = [llg# M =

Ry =1+CIN + KNCIN +

Ryn =g +

K
[Clly  yyM — [NH4ly KN = Kin N — Al ygN — [NHaly
KM 4 KM Kl KN 4 1<p,’,_,4

5.3. Sodium chloride cotransporter (NCC)

The sodium chloride cotransporter (NCC) is a member of the
family of electroneutral cation-coupled chloride cotransporters that
is exclusively expressed in the apical membrane of the distal con-
voluted tubule segment of the kidney nephron [152]. NCC is vital
for maintaining fluid and salt balance, as it functions in reabsorb-
ing sodium and chloride ions from the tubular fluid into the cells
of the distal convoluted tubule of the nephron [153].

Weinstein in 2005 [154] developed a model to obtain the ion
flux transported by NCC based on the kinetic characterization of
NCC. This model is also depicted in Figure 11 of [20], where A and
B refer to Na and Cl ions, respectively, and only the fully loaded
carrier can cross the membrane, and the partially loaded carri-
ers cannot translocate across the membrane (i.e., gga = ggp = 0)
[20,154]. In the NCC model (developed by Weinstein [154]), the
NCC carrier can be oriented toward the M surface of the mem-
brane, where either Na or Cl may bind to it to form the complex
ENay,; or ECly;, respectively. Next, these complexes undergo another
association reaction to form the fully loaded carrier-solute complex
(ENCICIM).
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In this configuration, it is assumed that there are no restric-
tions on the order of binding, and only the empty carrier and fully
loaded carrier can cross the membrane, and the partially loaded
carriers cannot translocate across the membrane (i.e., gga = kg =
0). Under equilibrium and steady-state assumptions, net outward
transported fluxes of sodium (Na) and chloride (Cl) ions by NaCl
cotransporter can be obtained through Eqs. (135a) and (135b), re-
spectively [20,154].

M.N(net) (&, Na™MCIM) (g)— (& NGV CIN ) ()

Jance = [E]f< e RurRon TR R - (135a)
Na™ciM) (gh)— (g Na ™I

o = (B (S e ) (135)

where [E]e = [Ely + [ECl]y + [ENaly; + [ENaCl]ys + [ENaCl]y +

[ENa]y + [ECl]y + [E]n represents the total carrier concentration of
the NCC transporter on either side of the membrane.

Ry, Ry, Ry, and Ry are the resistance parameters and defined
as:

Ry = (1+NaM + CIM  Na'MCIM) |
Na’NCIN)

Ryt = &' + ZnayNa™CIM | Ry = g + gyoNaNCIN

Kion is the equilibrium constant of the ion in the unit of

. . M
mmol and the normalized concentrations are: NaM = % Na'™ =
‘Na

Ry = (1 +NaN +CIN +

N Cl N N N
[AZ]MCIM _ [K# | Na¥ = [KaN]N Na'N = [;]N CIN = x

[Clln
KN
CINa Cl 'Na CINa

5.4. Sodium bicarbonate cotransporter (NBC)

The sodium bicarbonate cotransporter (NBC) plays an essential
role in the acid-base balance of the cell and in regulating intracel-
lular pH in a variety of cells [155,156] such as neurons [156-158],
cardiac myocytes [159-161], vascular smooth muscle [156,162,163],
and fibroblasts [155,164,165]. The transport direction through NBCs
can be inward or outward, and they can be categorized as elec-
trogenic (NBCe) or neutral (NBCn) [166]. Electrogenic NBCs (NBCs)
play key roles in bicarbonate anion (HCO3) reabsorption by the re-
nal proximal tubule and HCO; secretion by the pancreatic duct
(1HCOs3 : 1Na stoichiometry). Electroneutral NBC (NBCn) regulates
pH in vascular smooth muscle and is expressed in/near axons in
the brain [156].

Over the years, for both electroneutral and electrogenic families
of the NBCs (i.e., NBCn and NBCe), several models have been de-
veloped that can be used to mathematically describe the turnover
rate of the NBC transporter. Some of the well-known models are
discussed below.

Sohma et al. [167], considered a general 1Na : nHCO3 electro-
genic cotransporter, NBCe, and developed a model for the NBCe
turnover rate. They used a six-state kinetics scheme [168] to quan-
titatively describe the kinetics of NBCe in renal proximal tubule
cells. This kinetic scheme is also depicted in Figure 12 of [20],
where A and B refer to Na and nHCOs ions, respectively. Sohma
et al. [167] assumed the following: (1) HCO3 ions are lumped to-
gether, and the symporter has a single binding site that binds
Na ions and HCOs5; ions with sequential binding steps; only the
empty carrier and the fully loaded carrier can cross the mem-
brane (i.e., the partially loaded carriers cannot translocate across
the membrane). (2) that dissociation constants for each ion at in-
tracellular and extracellular sides of the membrane are the same
(ie, KN =KV M=Ky, and Kﬁfcb': :1<gggg = Kuco,) (3) the ki-
netic at Vn’;”‘"(b” = 0 the translocation velocity for the fully loaded
carrier and empty carrier from outside to inside and inside to
outside were the same (i.e., gﬁ”,\;}’XHC% = ggfzaMan% = ZENantco, and
g N = g™ = g¢) (4) finally, the translocation step between of
the loaded carrier from inside to outside or outside to inside is
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voltage-dependent (that is, the kinetic steps between the intracel-
lular loaded carrier (ENanHCOsy(;)) and the extracellular loaded
carrier (ENanHCO3y ) is voltage independent) but the transloca-
tion step between E; (intracellular empty carrier) and E, (extracel-
lular empty carrier) is voltage-dependent (carrying the net charge
of n—1) [168]. Under these assumptions, the turnover rate of the
electrogenic [167]. Under these assumptions, the turnover rate of
the electrogenic Na* — nHCO; cotransporter, NBCe, can be obtained
by Eq. (136a).

JInBce = Pupce
[Nal [HCO3]}, [Nalc[HCO3]?
( ’ﬁ\faK:'-'lcozb[)xd)]_( KnaKficos )Xd)2
[Na]y [HCO3]}, Na]. _, [Na]c[HCO3]¢
(¢2 +gl< KSLKQCM bl)) <1 * % + ZN“K;I’CW ) (136a)
[Na][HCO3]? Na]. , [Na]y[HCO3];
- <¢1 +g< KnaKticos )) (l + % + KSI“K"'I‘CM bl)
—(1 — n)Fp-N®D
b1 = exP<(2)RTm (136b)
1 — n)Fy-Neh
by = e"p<()zmm (136¢)

where ¢; and ¢, define the dependency of the NBCe translo-
cation rate on membrane voltage and can be obtained through
Eqgs. (136b) and (136¢). Pypce is the membrane permeability to the
NBCe symporter, ‘n’ is the coupling ratio of HCO3 ions to one Na
ion in the NCB, cotransporter, g’ is the velocity constant ratio of
the translocation step of the fully loaded carrier to the empty car-
rier (ie., g = gE’V“"ﬂ), and Ky, and Kyco, are the dissociation con-
stant for binding of Na and HCO3 ions to NBCe, respectively.

In 2004, Whitcomb et al. [103] used the proximal rat duct
cell model [167] and developed a simplified model for the 1Na:
nHCO5 electromagnetic cotransporter (NBCe) model for the prox-
imal pancreatic duct cell. They reduced Sohma et al.’s complex
model [167] to one simplified linear model that can be used to
compute the turnover rate of the NBCe cotransporter. Their model
is given in Eq. (137).

]NBCe = gnbc(vm - Enbc) (137)
where

Nal;[HCO3]"
—— (Nal k (138)

F(n—1) " [NaJ,[HCO3]"

The 1Na : 1HCO3 electroneutral cotransporter, NBCn, can follow the
six-state kinetic mechanism depicted in Figure 12 of [20], where
A and B refer to Nat and HCO3, respectively, and M and N re-
fer to the two sides of the cell membrane. In this configuration,
in the first step, the carrier faces the intracellular side (M side) of
the membrane and binds to Na* ions. After the complex ENay, is
formed, a HCO3 ion binds to ENay to form the ENaHCOs5;,; com-
plex to give the fully loaded carrier complex ENaHCO3M. In this
model, similar to Sohma’s model ([167]), only the empty carrier
(E) and the fully loaded carrier (ENaHCO3) can translocate across
the membrane, and the unbinding reactions occur in the reverse
order of binding (i.e., on the other side of the membrane, the first
HCO5 ion unbinds from the translocated loaded carrier, and then
the Nat ion unbinds). Under these assumptions, the steady-state
turnover rate of the NBCn can be obtained through Eq. (139a) and
corresponding fluxes for sodium and bicarbonate ions can be ob-
tained through Eqs. (139b) and (139c¢), respectively [20,168].

(gl;:/lz\mﬂco3 Na“HCOY)gy — (ggNaHCO3 Na“HCOY)gy!
RmRyn 4 RnRym

]M,N(net) _

NBCn = [E]

(139a)
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M,N(net) __ yM.N(net)
Inangcn =Inec (139b)
M,N(net) M,N(net)
JHCOJ)SBCn =Inpc (139¢)
where [Elt = [E]pm + [ENaly + [ENaHCO3 ]y + [ENaHCO3 |y +

[ENaly + [E]y represents the total carrier concentration of the
NBCn transporter on either side of the membrane. Ry, Ry, Rym,
and Ry are the resistance parameters and defined as:

Ry = (14 NaM + NaMHCOY) | Ry = (1 + NaV + NaVHCOY)

Rym = (gl’!_'/l +g’l§'/INaHCO3 NaMHCOgVI) | Ry = (g’g +

NHCON
gIE’NchoJ\Ja HCO3)
Kion is the equilibrium constant of the ion in the unit of
mmol and the normalized concentrations are: Na¥ = [{:#, HCOY =
Na
HCO Na HCO
[KM 3]M| NaN = [KN]N' HCOQ’: [N 3N
NaHCO3 Na NaHCO3

Fong et al. [36] developed a simplified model for the elec-
troneutral sodium bicarbonate cotransporter that transports both
Na and HCO5; in the same direction. Their model is given in
Eq. (140) [36].

U k3 kEING" Loty [HCO3™ Jenniy — k3 kg [Na*]e[HCO3~ ]
NBen = TNBCn R [Na+ [,[HCO3; + ks ki + kg [Na* Jo[HCO3~ ],
(140)

14 . . + — +
where Nypey 1S NBCn density per membrane area, ks' k5, k6, k
rate constant in mM s—1.

¢ are

5.5. Sodium phosphate cotransporter (NPT)

The sodium-phosphate cotransporter (NPT), also known as the
sodium-dependent phosphate transporter, plays a central role in
phosphate transport and maintains normal cellular functions such
as cellular metabolism, signal transduction, nucleic acid synthe-
sis, and lipid synthesis [169]. NPTs use the sodium-electrochemical
gradient to drive phosphate translocation against its concentration
gradient and absorb phosphate ions from the interstitial fluid. The
sodium-phosphate cotransporter family members differ in their
Na:Pi stoichiometry, and they are categorized as electrogenic and
electroneutral. The electrogenic NPTs transport three sodium ions
per phosphate molecule (3Na* : Pi cotransport stoichiometries),
while the electroneutral NPT transports two sodium ions per phos-
phate (2Na* : Pi cotransport stoichiometries) [170,171].

Elmariah et al. proposed a kinetic model for sodium-phosphate
cotransporter that displays 2Na : 1HPO,4 stoichiometry (electroneu-
tral NPT) [172]. Their kinetic scheme is identical to the kinetic
scheme shown in Figure 14 of [20]. In this kinetic scheme, the NPT
carrier, E, transports sodium ions (Na) and phosphate ions (PO4)
in a ratio of 2Na : PO4 in a sequential binding order manner. In
the first step, the carrier faces the M side of the membrane and
binds to a Na ion. After the complex ENay, is formed, an ion of
HPO, binds to ENay to form the ENaPO,4), complex, followed by
the binding of a second ion of Na* to form the fully loaded car-
rier ENaHPO4Na,,. In this model, the carriers can translocate across
the membrane in all states (i.e., in the empty, partially loaded,
and fully loaded states), and the unbinding reactions occur in the
reverse order of binding. The net outward fluxes of sodium ions
(Na*) and phosphate ions (PO,4) transported via the cotransporter
are obtained by Eqs. (141a) and (141b), respectively [20,172].

JM,N(net)

Na,NaPO4

E Ry (g’éANaNaM+g%4NuP04 NaMPOf‘{’Jrg’g”NUP%NuNaMPOQ”Na"M)
=[El: RyRnn+RyRum

(141a)

N
Rum (ggA Na"+-g¥vepo, Na"POY +&Hnapo, naNa" PO Na'” )
RvRnn+RnRvm

18

International Journal of Heat and Mass Transfer 177 (2021) 121423

]M,N(net) — [E] Rnn (ggvap%N“MPO4M+g¥NuPo4NaN”MPO4MNuNM)
PO4,NaPO, — t RyRnn+RNRum
N NpoN NpoNNg''N (141b)
Rum (gENuPU4 Na™PO, +g2’NaI’O4NuNa PO;Na )
- RuRnn+RnRum
where [Ele = [Elm + [ENalps + [ENaPO4]y + [ENaPO4Naly +

|[ENaPO4Na]y + [ENaPO4]y + [ENa]y + [E]y represents the total
carrier concentration of the NBCn transporter on either side of the
membrane. Ry, Ry, Ry, and Ryy are the resistance parameters
and defined as:

Ry =1+ Na + NaMPOM 4 NaMPOMNa™ |
NaNPOY + NaVPOYNa""

Rym = g + gih ,NaM +gg”NaPO4NaMPo4M +
gIE/INaPo‘lNaNaMP O}'N a™

_ N NpON NpANNq//N
Ryn = 8 + 8y Na +g§EVNaPO4Na PO, +g§3\]NaPO4NaNa POy Na
Kjon is the equilibrium constant of the ion in the unit of mmol
and the normalized concentrations are:

NaM — [7(%]’1\/1 Poﬁ/l _ [PA5’)4]M' Na'™ — l{/lNa]M | NaN =
Na NaPOy NaPO4Na

Ry =1+Na" +

[Naly N _
KN POy =
[Na]y

N
KNaPO4Na

N
[’:VO4]N Na'N =
Napo,,

5.6. Sodium glucose symporter (SGLT)

The sodium-glucose transporter (SGLT) is a carrier that uses the
electrochemical potential gradient produced during the transport
of sodium ions to import glucose molecules into the cell in the
opposite direction of its gradients. During this transport, glucose
and sodium ions move in the same direction, while glucose uti-
lizes the energy produced from transporting the sodium ions with
1Na* : 1glucose stiochiometry [173]. The electrogenic Na-coupled
glucose transporter follows a six-state kinetic mechanism (similar
to Figure 13 of [20]), where some of the rate con- stants may be
dependent on the membrane potential [174-176]. However, the ef-
fect of membrane potential on the resistance parameters (R terms)
in the flux equation must be considered individually by checking
their definitions individually and checking whether they have rate-
limiting translocation rate constants (e.g, gg or ggs). More details
about the kinetic properties of the electrogenic Na-coupled glucose
transporter, such as the identification of rate-limiting steps and of
the voltage dependence (translocation and/or Na binding), can be
found in Thorsen et al. [106], Parent et al. [177].

Here, we represent a simplified model to calculate the net glu-
cose transported flux by electrogenic Na-coupled transporters de-
veloped by Verkman et al. [142]. Their model is expressed in
Eq. (142) [142].

yM=N(a)

[glucose]N[Na]N—[glucose]M[Na]Mexp<— e
]M—N(a)

__ pM-N(a) Vp NOF
sar = Pegrr exp( " RT

1—exp(— W)
(142)
where PY-N@

<ot is the permeability of the membrane to SGLT per
1 cm? of the membrane (mol/s/cm?), VM-N is the membrane volt-
age, F is the Faraday’s constant, R is the universal gas constant, and
T is the temperature in Kelvin.

5.7. Amino acid transporters (AAT)

Amino acid molecules can be transported across the cell mem-
brane using the energy produced during the sodium ion transport
process. The sodium-amino acid transport mechanism can be mod-
eled similarly to the sodium-glucose transport mechanism. There-
fore, the sodium flux transported by amino acid transporters can
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be obtained by using Eq. (143), which was developed by Verkman
et al. [142].

M—N(a) yM-N@E
Py exp ( BT
M—N(a)F

[AminoAcid]N[Na]N—[AminoAcid]M[Na]Mexp(— V’"T

M—N(a)
l—exp(— i E— RT F)

M-N(a) _
AAT -

(143)

X

where ]Q”A’TN(“) is the turn over rate of the Na-coupled amino acid
cotransporter, PAAI/Q}N(“) is the permeability of the membrane to the

Na-coupled amino acid transporter per 1 cm? of the membrane
(mol/s/cm?), VM-N is the membrane voltage, F is the Faraday’s
constant, R is the universal gas constant, and T is the temperature
in Kelvin.

6. Excheangers

This section includes several kinetic models of exchang-
ers (antiporters), namely, bicarbonate chloride exchanger (BCE)
(Section 6.1), sodium calcium exchanger (Section 6.2), and sodium
hydrogen exchanger (NHE) (Section 6.3).

6.1. Bicarbonate chloride exchanger (BCE)

Bicarbonate chloride exchanger (BCE) is an electroneutral an-
tiporter that allows the exchange of bicarbonate ions for chloride
ions across the cellular membrane and plays an essential role in
both secretory and nonsecretory cells. The existence of the bicar-
bonate chloride anion exchanger on the apical membrane of se-
cretory and epithelial cells has been reported in several studies
[178,179]. The presence of this exchanger on the apical face re-
sults in fluid and HCO3 secretion into the lumen. More informa-
tion about the physiology of this anion exchanger can be found in
Bonar and Casey [21], Fong et al. [36]. The transport direction of
HCOj3 ions is from (internal) M to (external) N, and CI ion move-
ment occurs simultaneously in the opposite direction.

Weinstein [180] developed a model to obtain the ion flux trans-
ported by BCEs. This model is also depicted in Figure 20 of [20]. In
this depicted mechanism, termed the “ping-pong” mechanism, the
anion exchanger, BCE, has a single binding site (transport site) to
which Cl ions and HCO3 ions competitively bind, and only loaded
and empty carriers can cross the membrane. In the first step, HCO3
ions bind to the membrane carrier on the outside surface. Assum-
ing that the binding of chloride to the carrier occurs simultane-
ously on the other side of the membrane, HCO3-carrier (EHCOs3)
and Cl-carrier (ECl) complexes are formed on opposite sides of the
membrane. After translocation of the formed complexes, each of
the complexes undergoes a dissociation reaction. These dissocia-
tion reactions lead to the release of HCO3 ions and Cl ions from
the N (inside) and M (outside) faces of the membrane, respectively.
Under the rapid binding assumption, the chloride and bicarbonate
ion fluxes through the chloride bicarbonate exchanger (BCE) can be
obtained through Egs. (143a) and (143Db), respectively.

[g[g'Hcog 8 HCOY (CIV) — g’[}]HCO;;ngICl HCOY (CIM)]

Jaisce = Ex RmRoo + RnRee )
Ji —E [8Fhco, 8t (CIMHCOY) — &hyico, 8 (CIVHCOY)
Hcos.sce = Et RymRoo + RyRee
(143b)

where [E]; = [E]y + [EHCOs 1y + [EClly + [Eln + [EHCOs ]y + [ECl]y

HCO: Cl HCO: Cl
HCOI3V’ _ [KM3]Mv cM — [K# | HCOIB\I _ [KN 3]N_ CIN = %
HCO3 cl HCO3 cl
Ry =1+ HCOY +CIM | Ry = 1 + HCOY +CIN
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Rum = gIE/IHCO3 HCOY' + gjt,CIM | Ry = gcho3 HCOY + gy CI

Sohma et al. [22] developed a simplified model for BCE, which
is represented in Figure 22 of [20]. In using this model, A and B re-
fer to Cl ions and HCO3 ions, respectively, and for a BCE located on
the apical membrane, M refers to the luminal region and i refers
to the intracellular region (i.e., M = I, and N = i). The turn over rate
of the BCE transporter can be obtained through Eq. (144)

[CILHCO3].—[Cl]c[HCO3],

Joce = Poce
[HC03))

[Heo3]c y (Il o
HCO3

Khcos 7" Ko

+

KaKicos | (1+1le + )

(144)

[HC03];

icty
Ot + Khcos

Ker

[Cllc , [HCo3]c
X %+ Kiicos ))

where Jpcg is the turn over rate of the CI/HCO3; exchanger
(nmol/min/cm?2), Pgcr = ggce[Ee] is the permeability of the mem-
brane to BCE per 1 cm? of the membrane (mol/s/cm?), and K and
Khco, are the dissociation constants for CI and HCOs, respectively
in the unit of mM.

Fong et al. [21,36] developed a more simplified model for cal-
culating the BCE turnover rate. For simplicity, they assumed that
the transport kinetics for all states of the carrier (all isoforms) and
ligand binding steps are identical and defined the positive direc-
tion of flux as chloride ions entering the cell and bicarbonate ions
exiting the cell. Under these assumptions, they expressed the BCE

turnover rate by Eq. (145),
v kKo, [Cle) [HCO3InG) — kg Kpco, [ClnG) [HCO3]me)

Jece =1 = — 145
PO T K [CTTce) + Ko, THCOIG) + Ko, [HCO3Tuce) + kg [Clvg) (145)

where ”gcs is BCE density per membrane area, k,.+ and k; are the
dissociation and association rate constants for the ion ‘', respec-
tively. The subscript e or M refers to the exterior space, being ei-
ther the apical or basolateral compartments.

6.2. Sodium calcium exchanger (NCX)

The sodium-calcium exchanger (NCX) is the second most im-
portant transporter that mediates calcium ion efflux from the cell.
It couples the electrochemical potential energy produced during
the favorable transport of the sodium ions to the cell to trans-
port the calcium ions out of the cell against their chemical gra-
dient. This exchanger can also work in a reverse direction, which
causes the influx movement of the calcium ions [181]. Although
their transport stoichiometries have not been determined with
certainty, significant numbers of experiments suggest that three
sodium ions drive each calcium ion’s transport (efflux) out of the
cell (i.e. 3Nat gy + Ca®*;, = 3Na*;, + Ca?toy) [182-184]. Therefore,
the NaCa exchanger is known to be electrogenic and voltage-
dependent, as it results in the net movement of the positive ions
into the cell per cycle.

Mullins et al. [185] developed a detailed model to determine
the flux transported by NCX exchangers for the cardiac tissue. Their
full model is relatively complex and involves many unknown rate
coefficients. Noble and DiFrancesco [62] decreased the number of
parameters in Mullins et al.’s model [185] based on the fact that
sodium concentration changes are relatively small during the few
action potentials [62]. Therefore, Noble and DiFrancesco [62] as-
sumed that some of the terms in the Mullins model are constant
and drove an intermediate version of the Mullins model. Their
model is given in Eq. (146).

Incx = knex

5 [Na]?NO( [CG]OEXP( (ﬂw(x{;T)VVnuF) _ [Na]g)vcx [Ca],-exp(f ("NCX*ZZ)R(;*T)VmF)
1+ dwcx ([Nalg* [Cal; + [Na]{**[Calo)

(146)
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where kycx is the scaling factor that scales the exchange cur-
rent for a given energy barrier and determines the magnitude of
the current. The value of kNCX varies based on the calcium con-
centration in the extracellular region and the membrane voltage.
r characterizes the position of the energy barrier in the electri-
cal field (0 <r < 1) that controls the voltage dependence of the
[62,184,186], and dycx is the denominator constant.

kncx in Eq. (146) is not constant and it is a function of reac-
tion rates as well as the concentration of the ions in internal and
external regions. A Hill-type instantaneous Ca;-dependent activa-
tion term can be included in modeling NCX in cardiac myocytes
and pancreatic B-cells [30,187]. By considering a Hill-type manner
for the dependence of intracellular calcium concentration in addi-
tion to considering the stoichiometry of the NaCa exchanger to be
nNa : Ca, the current through a general nNa : Ca electrogenic ex-
changer can be obtained by using Eq. (147) [30,188].

Incx = chx( ! )
1+ [N('Xm INCX.h
147
[Na]?”cx [Ca]oexp( (HNCXZ}?VVWIF)*[NG]ZNCX [Ca]iexp<f (nNCX—Q?(TIJ)VmF> ( )
T+dyex ([Nalg"X [Cal;+[Na]{NX [Ca], )
In this equation, gncx is the NCX conductance, I(If,ng is the in-

tracellular calcium concentration ([Cal;) for half activation of NCX
current, Nycx p is the Hill coefficient for half activation of NCX cur-
rent, nycx is the NCX stoichiometry, r is the voltage dependence
Eyring rate theory partition parameter, and dycx is the denomina-
tor constant for NCX [30,188].

In 2001, Weber et al. [186,189] developed a model that accounts
for the asymmetric affinities of the exchangers on the two sides of
the membrane and the effect of the calcium and sodium concen-
trations on the current flux carried by the NCX exchanger. Their
model is given by Eq. (148).

I — [max 1
NCX NCX ) K Tl
+(cat o) "Hi

i(M)
NGNS [Calyo exp ) ~INaTN [Cal o exp( — Igpnt ) (148)
A(1+ksa[exp(—%))
A = [Na]g**[Ca]; + [Na]{**[Calo + K caol Na]™
; INCX 149
+K Rl Calo(1 + 71[<CHC]) + Kin cail NaJg"> (1 + 7[1\,’33 g )"”CX (149)
where I[J% is the maximal NCX current flux in (nA pF), ksgr is a

constant in (uM) that represents exchanger saturation, and term
A is defined by Eq. (149). In Eq. (149) K Nae» Kin.Nai» Km.caer Km.cai
are the binding affinities. These binding affinities are defined as:
Ky cqi is the internal calcium half-saturation constant for the NCX
in (UM), Kin cqo is the external calcium half-saturation constant for
the NCX in (mM), K;;, ngi is the internal sodium half-saturation con-
stant for the NCX in (mM), and Kp, g is the external sodium half-
saturation constant for the NCX in (mM) [29,31,90,113,186,189].

6.3. Sodium hydrogen exchanger (NHE)

The sodium-hydrogen exchanger, summarized as NHE, plays an
essential role in maintaining the cell’s pH, as it provides the ma-
jor pathway for acid efflux from the cell [190,191]. The number of
available binding sites on the NHE transporter is limited, and there
can be competition for the available binding site of the NHE be-
tween H* and NH4+ [186,192,193].

In 1995, Weinstein [194] developed a kinetic model for NHE
to compute the transported fluxes through NHE with ammonium
transport. This competitive model is depicted in Figure 21 of [20],
where A, B, and C refer to sodium, hydrogen, and ammonium, re-
spectively. The transported fluxes of the sodium, hydrogen, and
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ammonium can be obtained by using Eqs. (150)-(152), respec-
tively.

SinaNa™ (g HN + ginaNHY) — ginaNa" (g HY + gihaNHY)

INHE = Er
“ RmRNN + RnRym
(150)
JNHE _ | it H" (gngNa" + i NHY) — gy H (gl Na™ + gl NHY")
H ' RmRNN + RnRum
(151)
JNHE SthuaNHY' (8EnoNa" + gy HY) — ginua NHY (8t Na™ + gt HY)
NHgt = RmRNN + RnRym
(152)
where [E]¢ = [E]y + [ENaly + [EH]y + [ENHg ]y + [E]y + [ENa]y +

|[EH]y + [ENH,4 ]y represents the total carrier concentration of the
NBCn transporter on either side of the membrane. The super-
scripts ‘M’ and ‘N’ refer to the internal and external sides of the
membrane; accordingly, gena» EH. SEnH4 are the translocations
of the exchanger for the carrier bound to Na‘*, H*, and NH,",
respectively, in units of per second (s 1).

Ry, Ry, Ryms and Ryy are the resistance parameters and defined
as:

Ry =1+Na" + HM + NHM | Ry =1+ Na" + HN + NHY

Ry = gk NaV + gt HM + gg/'NH4NHQ/' IRnn = gy NaN +
geyHY + 341:‘]NH4NH!1V

Kjon is the equilibrium constant of the ion in the unit of mmol
and the normalized concentrations are:

NaM = % HM = Wl NHY = 7“7(’54:1'\4 | NaN =

_ [NHgly

NHY = o

In the absence of the competitor, the model depicted in Fig-
ure 20 in Zaheri and Hassanipour [20] can provide a better under-
standing of the transport mechanism by the Na*/H* exchanger. In
this model, A represents the Nat cations and B denotes the H™
ions, and the transported fluxes for sodium and hydrogen ions can
be obtained by using Eqs. (153) and (154), accordingly [192,195].

e _ , St (N0 HY) — gy (NGH')
e _

[Na]y HN —
KN

[H]n
KN

RvRyn + RnRvm (153)
JNHE _ E, in8ina (HYNa") — gl giy, (H"Na") (154)

RuRnn + RnRym

Sohma et al. [22] developed a simplified model for the one-
to-one transport of sodium and hydrogen ions through the NHE
antiporter. Their model is re-driven in Figure 22 of [20], where A
refers to Na*™ ions and B denotes the H* ions. This model assumes
that the empty antiporter does not cross the membrane and the
turnover rate constants ggygy for movement from the M to the N
side of the membrane and vice-versa are the same (i.e., gﬁ”NuH =
g’g’NaH = gpnan ), and the dissociation constants for each solute on
both faces are the same (ie., KM = KN =Kys, KM =K =Ky). In
addition, the model assumes that the antiporter has a single bind-
ing site for the transported ions and the transported ions compete
for the same binding sites.

Under these assumptions, the steady-state turnover rate of the
NHE can be derived from Eq. (155).

(INalmn [HIne = [Nalne) [HImery)

[Na] [H] [Na] IH]
KnaKn ((1+ K’\N/Ia(bl)+ ”ggb’))( KN(C)+ K‘;J.,(C))

INHE = PyhE

'Na

Hlm by
+ KH( )

where Pyye = [E¢|gvue represents the membrane permeability co-
efficient for the sodium-hydrogen exchanger (NHE) in unit of

(155)

INaln(e) | Hnge [Nalpgepry
+(1+ [ )( Kna
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mol/s/cm? (permeability per 1 cm?), and Ky, and Ky are the dis-
sociation constants in mM unit.

There are several other detailed models for the NHE transport
mechanism that are out of the scope of this work, and the inter-
ested reader is referred to references [196-199].

7. Discussion and conclusion

Mathematical and computational modeling of the ion channels
and membrane transporters are widely acknowledged for examin-
ing each transporter’s mechanism, the interactions between dif-
ferent transporters, estimating the changes and uncertainties in
outcomes, reproducing and analyzing the experimental data, and
predicting any new phenomena caused by membrane disorders.
Mathematical models are also useful for identifying drug targets
and recognizing key control points that would be useful for drug
screening trials.

The present work aimed to consolidate the mathematical mod-
els that have been developed for the specific types of ion chan-
nels and membrane transporters across the cell membrane in one
paper. To this end, literature searches were performed to identify
studies aiming to drive mathematical models for the ion chan-
nels and membrane transporters, and each model was then trans-
formed into a general identical parametric form. The mathemati-
cal models describing transport mechanisms through the ion chan-
nels and membrane carriers were discussed, and the controlling
parameters required for these models were highlighted. Some ion
channels are better modeled using linear Ohm models, and some
are modeled using the Goldman-Hodgkin-Katz model. The nonlin-
ear Goldman-Hodgkin-Katz model and the linear Ohmic model for
ion channels including chloride channels (CaCC, CFTR), potassium
channels (IRKC, CaKC, VGPC), sodium channels (NaC, NaV), and cal-
cium channels (SOC, L-type, T-type, VGCC) were presented. lon
channel models were mostly classified based on their current and
voltage relationships. Ohm’s law is mainly better used to consider
a nonzero resting potential difference across the plasma mem-
brane of cells. The detailed gating models for the current through
voltage-sensitive ion channels (which respond to membrane elec-
tric potential variation) and concentration-dependent ion channels
(which open in response to stimuli such as ATP or calcium concen-
trations) were discussed.

In the same fashion, various available kinetic models for dif-
ferent pumps, symporters, and antiporters were presented. These
transporters were categorized into various groups, and available
models for their function’s quantitative descriptions were provided.
Models for ATPase pumps, such as H ATPase (v-type, H/K ATPase),
calcium ATPase pump (Ca-ATPase, PMCA, SERCA), and sodium-
potassium ATPase pump (Na-K ATPase), are presented. Mod-
els for symporters such as sodium-potassium-chloride symporter
(NKCC), chloride potassium symporter (KCC), sodium chloride
symporter (NaCl), sodium bicarbonate symporter (NBC), sodium-
phosphate symporter (NaPO-4), sodium-glucose transporter (SGLT),
and amino acid transporter and antiporters such as chloride
bicarbonate exchanger (BCE), sodium-calcium exchanger (NCX),
and sodium-hydrogen exchanger (NHE) were presented. Carrier-
mediated transport mechanisms such as symporters, antiporters,
and pumps were described by using kinetic reaction equations, and
the thermal behavior of the transporting molecules was captured
in the reaction rate coefficients. These models are experimentally
traceable, which allows them to be used as reflective tools to ex-
amine the behavior of transporters and make predictions. More-
over, they describe how the transported substrate’s apparent affin-
ity is affected by the co-ion concentration and vice versa in differ-
ent mechanisms.

Both detailed and simplified models were provided to facilitate
selecting the appropriate kinetic model for transforming the ex-
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perimentally obtained kinetic data for each specific type of trans-
porter. The differences among different models arose from the
binding and unbinding order of the solutes and the assumptions
applied for various reaction steps. Depending on the scientist’s ex-
pertise, the study’s purpose, the knowledge of the model parame-
ters, and the desired level of complexity of the systems to be mod-
eled, one or more of these models may be applied.

In conclusion, mathematical and quantitative studies of mem-
brane transporter mechanisms and ion channels can play a signif-
icant role in guiding efforts to optimize new techniques in pre-
venting, diagnosing, and treating diseases caused by membrane
disorders and engineering drug delivery. Furthermore, mathemat-
ical and computational modeling of membrane transporters has
provided an excellent opportunity to improve communication be-
tween scientists with different backgrounds in the physiology com-
munity and holds tremendous promise for biomedical research.
The present work intended to unite the previously done works in
mathematical modeling of membrane transporter mechanisms and
ion channel fields and to shed light on new research directions
for future studies on this topic. We hope that scientists can use
this work as a suitable tool for theoretical simulation and analysis
of the transporters’ cooperative work and engineer the mechanism
and interaction of individual membrane transporters more conve-
niently.
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