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a b s t r a c t 

Mathematical modeling of membrane transporters and ion channels helps researchers obtain a thorough 

understanding of the complex regulation process between membrane transporters, estimate the changes 

and uncertainties of their mechanisms, and study how disorders in these procedures may cause disease. 

A unified mathematical framework that includes most available models for ion channels and transporters 

can help scientists choose the appropriate model more conveniently. In this regard, this work presents 

a comprehensive, up-to-date set of currently available mathematical equations for modeling ion chan- 

nel and membrane transporter mechanisms. This paper aims to provide a mathematical framework for 

modeling molecule transport, such as nutrients, inorganic ions, drugs, and toxins, across the cell through 

membrane transporters and ion channels. Our purpose is to substantially save the time and resources 

needed to find the mathematical models available for different classes of membrane transporters and 

improve communication between scientists with different backgrounds interested in this field. 

© 2021 Elsevier Ltd. All rights reserved. 
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. Introduction 

Ion channels and membrane transporters, including symporters, 

ntiporters, and pumps, are essential determinants for biological 

rocesses that involve nutrition, signaling, neurotransmission, cell 

ommunication, and drug uptake or efflux [1–4] . Dysfunctionalities 

n membrane transporter operation can contribute to the develop- 

ent of diseases, such as diabetes, cystic fibrosis, cardiovascular 

isease, chronic disease, and several other complex diseases [5–9] . 

herefore, it is essential to have a better understanding of mem- 

rane transporter mechanisms and their underlying operating con- 

itions. Both experimental and mathematical/computational meth- 

ds are required to understand these mechanisms, and both cat- 

gories are not mutually exclusive. Mathematical models can be 

ombined with quantitative experiments and use the underlying 

hysiology to reproduce the system’s known data. They are par- 

icularly useful for identifying drug targets because they provide 

ultiple perturbations or multiple knockouts to be tested in silico 

ithout the need for carefully controlled inhibitor dosing studies 

10] . Kinetic models are one type of membrane transporter math- 

matical model that can help estimate the conformational transi- 
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ions between distinct states. These models explain how solute car- 

iers utilize the electrochemical gradient to establish and maintain 

 substrate gradient. Kinetic models also provide realistic quanti- 

ative predictions of the substrate flux transported by transporters 

nder initial conditions and at steady-state conditions [4,11] . They 

llow for predicting the intra- and extracellular substrate concen- 

rations maintained by a transporter at steady state when the con- 

ersion efficiency between the driving solute’s electrochemical gra- 

ient and the substrate is low [11,12] . 

Mathematical models of the kinetic mechanisms of transporters 

re often developed using biochemical models, kinetic equations, 

ill expression, and Michaelis–Menten equations [13,14] . Modeling 

hese mechanisms is challenged by the incredible diversity of bind- 

ng order, in which kinetic parameters are mostly unknown. Fur- 

hermore, these mathematical models are mostly valid with the as- 

umptions that generated them. Therefore, there is a need to iden- 

ify the fundamental mechanisms constraining the transport flux 

ates by membrane transporters and the available data for the set 

f parameters needed to use these models [15] . 

In regard to ion channels, ion channels’ electrophysiological 

odels are widely developed using Ohm’s Law, mass-action ki- 

etics, and Goldman–Hodgkin equations. In using the nonlinear 

oldman–Hodgkin model, the diffusion coefficient and the elec- 

rokinetic mobility of the ion through the ion channels are the con- 

rolling parameters. The linear Ohmic model requires the specifica- 

ion of the membrane electric conductance to the studied ion. 

https://doi.org/10.1016/j.ijheatmasstransfer.2021.121423
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Conventions 

Square brackets: Typically are used with letters (e.g., 

[A], [B], [EA]) to indicate the concen- 

tration of the substrate 

Subscripts E and its When used with reaction or transport 

compounds (e.g., ENa , quantities (e.g., reaction rate 

E Cl, E NaCl): constants, translocation rate, concen- 

tration, flux), these refer to carrier 

and to the carrier-substrate complex, 

respectively 

Superscripts o and i: When used with reaction or transport 

quantities (e.g., concentration, flux), 

these refer to the transport domain in 

a system with multiple domains (i.e., 

outside the cell or inside the cell, l: 

luminal, ‘i,c’: intracellular, bl: basolat- 

eral) 

Physics constants 

F Faraday’s constant 96,490 (A s/mol) 

R Universal gas constant 8.314 (J/(mol K)) 

Abbreviations 

AAT Amino Acid Transporters 

C aC C Calcium dependent Chloride Channel 

CF T R Cystic Fibrosis Transmembrane conductance Reg- 

ulator 

IRKC Inward-Rectifier Potassium (K) Channels 

C aKC Calcium-Activated Potassium (K) Channels 

V GP C Voltage Gated Potassium Channel 

KAT P ATP-sensitive Potassium (K) Channel 

K2 P Two-Pore-domain potassium (K) channel 

ENaC Epithelial Sodium (Na) Channels 

V GSC Voltage Gated Sodium Channel ( V GSC, Na v , 

V ONa ) 

SOC Store Operated Channels 

H/KAT Pase Hydrogen-Potassium ATPase 

H − AT Pase Proton ATPase 

P MCA Plasma Membrane Calcium ATPase 

SERCA Sacro Endoplasmic Reticulum Calcium ATPase 

NaKAT Pase Sodium Potassium ATPase pump 

NKC C Sodium Potassium Chloride Cotransporter 

KC C Chloride Potassium Cotransporter 

NC C Sodium Chloride Cotransporter 

NBC Sodium Bicarbonate Cotransporter 

SGLT Sodium Glucose Symporter 

NCX Sodium Calcium Exchanger 

NHE Sodium Hydrogen Exchanger 

Greek symbols 

ηh Hill coefficient 

Other symbols 

C i Volume-averaged molar concentration of species 

‘ i ’ 

C i Molar concentration of species ‘ i ’ 

C L The concentration of unbound ligand for the Hill 

model 

D i Diffusion coefficient of species ‘ i ’ 

E Electric field 

f channel o Open probability of the ion channel 

F con v ection Axial volumetric convection fluid flow rate in the 

tube 

n ′ ′ M−N 
C aC C The CaCC channel density per membrane area 
2 
g Cl the maximum whole cell conductance for chlo- 

ride anions 

f C l,C aC C o The open probability of the CaCC channels 

V M−N 
Cl 

The Nernest potential for the chloride ions 

n ′ ′ M−N(a ) 
CF T R The CFTR channel density per membrane area 

P M−N(a ) 
C l,C F T R 

The permeability coefficient for the CFTR channel 

V M−N 
K 

The Nernst equilibrium potential for potassium 

ions 

g kir The cell conductance for potassium ions through 

IRKC channels 

f k,kir 
o The open probability of these channels 

k kir The inward rectifier constant(the steepness factor 

of conductance-voltage relationship) 

V 1 / 2 ,Kir The half-activation potential 

g K v The cell conductance for K v channels 

f̄ Kv 
o The steady state open probability of the K v chan- 

nel 

g KAT P The cell conductance for the KATP channels 

f KAT P o The open probability for KATP channels at a given 

ATP concentration 

P M−N 
K,K2 P 

The membrane permeability for potassium ions 

through a single K2P 

n ′ ′ NaC Density per area of the NaCC channel 

g NaC The membrane conductance for sodium channels 

V M−N 
Na 

The Nernst equilibrium potential of Na ions 

P M−N(a ) 
N a,EN aC 

The permeability coefficient for the sodium ions 

through the ENaC channels 

m Na v The activation component of the Na v channel 

h Na v The inactivation component of the Na v channel 

j Na v The slow inactivation gates of the Na v 

n ′ ′ M−N 
CaKC The number of CaKC channel density per unit 

area of the membrane 

g CaKC The maximum whole-cell conductance for the 

CaKC channels 

f K,CaKC 
o The open probability for CaKC channels 

ηCaKC The Hill coefficient for the CaKC open probability 

K CaKC 
Ca 

Potassium concentration at half of the maximum 

reaction rate for the CaKC open probability 

P M−N 
K,X CaKC 

The permeability coefficient for the potassium 

ions through the CaKC channels 

K CaKC 
Ca 

Potassium concentration at half of the maximum 

reaction rate for the CaKC open probability 

V M−N 
Ca,re v The Nernst equilibrium potential of calcium ions 

g max 
Ca L 

The maximum cell conductance for calcium L- 

type channels 

f 
Ca l 
o The activation probability of calcium L-type chan- 

nels 

f 
Ca l 
d 

The inactivation probability of calcium L-type 

channels 

V 
Ca l M−N 

1 / 2 , f d 
The half-activation potentials for Ca l channels 

V 
Ca l M−N 

1 / 2 , f o 
The half-inactivation potentials for Ca l channels 

P 
M−N 

C a,C aL The permeability coefficient for the calcium ions 

through the Ca L channels 

m Ca t The activation gating component of the Ca L chan- 

nels 

h Ca t The inactivation gating component of the Ca L 
channels 

P M−N(a ) 
N a,EN aC 

The permeability coefficient for the sodium ions 

through the ENaC channels 

g max 
Ca,SOC 

The maximum cell conductance for calcium ions 

through SOC channels 
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f SOC o The open probability of the SOC channels 

P M−N(a ) 
Ca,SOC 

The apical membrane permeability coefficient for 

the calcium through SOC channels 

P M−N(a ) 
Na,SOC 

The apical membrane permeability coefficient for 

the sodium ions through SOC channels 

f SOC o The open probability for SOC channels 

J max 
H,HAT Pase 

The maximum hydrogen flux through H − AT Pase 

pumps 

I max 
SERCA 

The maximum current through the SERCA pump 

ηSERCA The Hill coefficient for the SERCA pump 

[ Ca ] er The calcium concentration in the endoplasmic 

reticulum (ER) 

[ Ca ] sr The calcium concentration in the smooth endo- 

plasmic reticulum (SR) 

K ion The ion dissociation constant of the ion 

P Cl/HCO 3 The permeability of the membrane to the 

Cl/HCO 3 exchanger per unit area of the mem- 

brane 

I max 
NCX 

The maximal NCX current flux in (μA μF) 

g i,channel Membrane conductance for channels of ion ‘ i ’ 

(channel conductance) 

g When used in the carrier-mediated transport 

equations (e.g., g M 

A 
, g) B M ), it indicates the translo- 

cation rate constant 

I ′ ′ i,channel Net current density of ion ‘ i ’ through the ion 

channels 

J ionchannel The ion flux through the ion channels 

J waterchannel The water flux through the water channels 

J uniporter The transported flux driven via uniporters 

J 
NakAT pase 
Na + The maximum steady-state efflux of the sodium 

ions 

K NaK 
Na 

The saturation constants for the intracellular 

sodium ions 

K NaK 
K 

The saturation constants for the extracellular 

potassium ions 

K Na i The NaKATPase pump affinity for sodium ions 

K K i The NaKATPase pump affinity for potassium ions 

I max 
NaK 

The maximum NaK ATPase current 

J AT Pase The transported flux driven via ATPase pumps 

J antiporter The transported flux driven via antiporters 

J symporter The transported flux driven via symporters 

k + Binding rate constant (e.g., k + 
A 

is the binding con- 

stant for solute A) 

k − Unbinding rate constant (e.g., k −
A 
is the unbinding 

constant for solute A) 

K When used in the carrier-mediated transport 

equations (e.g., K M 

A 
= k −M 

A 
/k + M 

A 
, K M 

B = k −M 

B 
/k + N 

B 
), it 

indicates the dissociation constant for a reaction 

step. 

K A The ligand concentration at which half-saturation 

is achieved, for Hill model 

K M 

i 
Equilibrium constant coefficient for substrate ‘ i ’ in 

domain M 

K m Michaelis–Menten rate constant, which is the 

substrate concentration at half the maximum rate 

( V max ) 

O 
channel 
i 

The total number of open channels per unit area 

of the membrane 

P m 

i 
Membrane permeability coefficient to the solute 

‘ i ’ 

T Temperature 
b

3 
V max Maximum reaction velocity achieved at the satu- 

rated substrate concentrations for the Michaelis–

Menten model 

V m Membrane voltage or membrane electric poten- 

tial 

V i,re v Membrane reversal potential for a single ion ‘ i ’ 

z i Ionic charge number on an ion ‘ i ’ 

Over several decades, many different channels and transporter 

odels have been developed for various cell types, organs, and 

issues [5,12,16–18] . The models for each channel and carrier dif- 

er from one another concerning their mechanisms and the so- 

ute transported. Furthermore, transporter kinetic models aiming 

o predict transported fluxes typically require knowledge of the ki- 

etic properties of chain reaction steps, such as binding associa- 

ion and dissociation rate constants, transporter turnover rates, and 

ubstrate and transporter affinities [19] . An explicit model for the 

embrane transporter and ion channel of a tissue’s cell is unnec- 

ssary in most circumstances. Alternatively, when parameters for 

hannels and transporters of one type of cell are unknown, as is 

ften the case, the assumption of using the data of those channels 

nd transporters for other available cells or their isoforms is con- 

idered. Therefore, collecting most, if not all, the available models 

nitedly in one framework can help researchers choose a better 

tting model for their study, more conveniently. 

This article is the second of two papers that the authors pre- 

ared to summarize the mathematical models used to understand 

nd engineer the membrane carriers’ mechanisms. The first article 

20] focused on the essential terminology required to understand 

nd model biological transport mechanisms and compile currently 

vailable models. The authors developed an inclusive mathemati- 

al framework for mass transport mechanism models in different 

issue compartments, including cells, capillaries, and gland ducts, 

ith a primary focus on the mechanisms of membrane-mediated 

ransporters such as channels, uniporters, symporters, pumps, and 

ntiporters without emphasizing any specific group of membrane 

ransporters or ion channels [20] . 

This article intends to complete the developed framework for 

athematical models of membrane transporters by focusing on 

arious transport models via specific classes of essential membrane 

ransporters and ion channels. To that end, the present work gath- 

rs most of the mathematical models that have been derived to 

redict the nutrient and ion transport rate by ion channels and 

embrane transporters. The classifications of the ion channels and 

embrane transporters for different cell types and phenomena in- 

erpretation are addressed. Specifically, it determines the critical 

ssumptions that the models make, all the details necessary for 

odeling the membrane transporters’ mechanisms and presents 

he conditions by which the models are chosen, which of- ten go 

nreported. In this work, the provided ion channel models and the 

lectrophysiological models are mostly based on Ohm’s Law, mass- 

ction kinetics, and Goldman–Hodgkin equations, and the mem- 

rane transporter models (i.e., symporters, antiporters, and pumps) 

re based on the membrane transporters’ kinetic mechanisms. All 

hannels or transporters with more than one model are presented. 

epending on the purpose of using the model, one can use the 

ne that bests fits the study. Models are used from various mod- 

ling studies, which mainly include epithelial and endothelial cell 

odels. 

The two works together, (the first article [20] and the article in 

and) aim to create a comprehensive mathematical modeling tool- 

ox for biological transport mechanisms at different levels, which 

nables researchers to apply the model to different tissues’ cells 

y choosing the model applicable to the desired transporters and 
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hannels in a more convenient way. Our purpose is to substantially 

ave the time and resources needed to study the different mem- 

rane transport classes and improve communication between sci- 

ntists with different backgrounds in the physiology community. 

. Model construction 

Transport across the cell membrane can be mediated via spe- 

ific groups of integrated membrane proteins known as trans- 

orters, including channels (ion channels and water channels), 

umps, carrier-mediated proteins (uniporters, symporters, and an- 

iporters), and receptor-mediated transporters. This paper covers 

he mathematical models of the following known ion channels, 

umps, symporters (cotransporters), and antiporters (exchangers) 

see Fig. 1 ): 

Ion channels : The ion channel section ( Section 3 ) includes mod- 

ls for different families of potassium channels, sodium channels, 

alcium channels, and chloride channels. Potassium channel sec- 

ions ( Section 3.1 ) include models for inward-rectifier potassium 

hannels (IRKC, Kir), calcium-activated potassium channels (CaKC), 

oltage-gated potassium channels (VGPC), ATP-sensitive potassium 

hannels ( K AT P ), and two-pore-domain potassium channels (K2P). 

odium channel sections ( Section 3.2 ) include the models for ep- 

thelial sodium channels (ENaC) and voltage-gated sodium channels 

 V GSC or Na v or V ONa ) . Calcium channel models are discussed in

ection 3.3 . The family of L-type voltage-gated calcium channels (L- 

ype), T-type voltage-gated calcium channels (T-type) , and store oper- 

ted calcium channels (SOC) are included. Finally, chloride channel 

odels, including cystic fibrosis transmembrane conductance regula- 

or (CFTR) and calcium-dependent chloride Channels (CaCC) groups 

re are discussed in Section 3.4 . 

ATPase pumps : The sodium-potassium ATPase pump (Na-K AT- 

ase), ( Section 4.1 ), proton ATPase pumps (v-type and H/K AT- 

ase) ( Section 4.2 ), and calcium ATPase pump ( Section 4.4 ) (PMCA,

ERCA) are the three types of ATPase pumps discussed in this 

ork. 

Cotrasnporters: Models for cotransporters (symporters) are dis- 

ussed in Section 5 . Different mathematical models for sodium- 

otassium-chloride cotransporter (NKCC) (5.1) , potassium chlo- 

ide cotransporter (KCC) ( Section 5.2 ), sodium chloride cotrans- 

orter (NaCl) ( Section 5.3 ), sodium bicarbonate cotransporter 

NBC) ( Section 5.4 ), sodium phosphate cotransporter (NaPO-4) 

 Section 5.5 ), sodium glucose symporter (SGLT) ( Section 5.6 ), and 

mino acid transporter ( Section 5.7 ) are presented. 

Exchangers: Exchangers’ (antiporters’) section ( Section 6 ) 

ncludes models for chloride bicarbonate exchanger (BCE) 

 Section 6.1 ) [21,22] , sodium calcium exchanger (NCX) 

 Section 6.2 ), and sodium hydrogen exchanger (NHE) ( Section 6.3 ). 

. Ion channels 

This section includes models to compute the ionic current 

ransferred through the specific types of ion channels, namely, 

otassium channels ( Section 3.1 ), sodium channels ( Section 3.2 ), 

alcium channels ( Section 3.3 ), and chloride channels ( Section 3.4 ). 

.1. Potassium channels 

Potassium channels are the most diverse ion channel group 

nd play a vital role in regulating the membrane resting poten- 

ial. Potassium channels are classified based on their selectivity 

or potassium ions over other ions, the way they are gated, and 

heir conductance properties [23,24] . There are five major classes 

f potassium channels: calcium activated potassium channels ( C aKC ), 

nward-rectifier potassium channels ( K ir , IRK), voltage Gated potas- 

ium channel (VGPC), ATP-sensitive potassium channel (KATP) , and 
4 
wo-pore-domain potassium channel (leak channels) [25] . The ionic 

urrent through these channels can be obtained using both non- 

inear Goldman–Hodgkin-Katz (GHK) and linear Ohm models; de- 

ending on the type of potassium channel and its functionality, 

ne is preferred to the other. In the remaining part of this section, 

 short discussion of each potassium channel group and its several 

ell-known current models are presented. In all of these models, 

 
M−N 
K 

is the Nernst equilibrium potential of potassium ( K) ions and 

s calculated by Eq. (1) . 

 
M−N 
K,re v = 

RT 

z K F 
ln 

(
[ K] M(out) 

[ K] N(in ) 

)
(1) 

here F is Faraday’s constant (in Coulombs/moles), R is the real 

as constant (in J/K moles), T is the absolute temperature (in K), 

nd [ K] M(out) and [ K] N(in ) are the potassium concentration in the 

xtracellular and intracellular regions, respectively. 

.1.1. Inward-rectifier potassium (K) channels (IRKC, Kir) 

Inward-rectifier potassium channels, also known as IRKC or Kir, 

llow the movement of potassium ions more readily into the cell 

inward direction) than out of the cell [26,27] . The current flowing 

hrough the individual IRKC or Kir channels is a function of potas- 

ium ion concentration and membrane voltage and is obtained 

hrough Eq. (2) [28–31] . 

 
M−N 
K,kir 

= g kir f 
k,kir 
o (V M,N 

m 
−V M−N 

K,re v ) (2) 

here g kir is the cell conductance for potassium ions through Kir 

hannels, f k,kir 
o represents the open probability of these channels, 

 
M−N 
m 

is the membrane potential and V M−N 
K,re v is the Nernst equilib- 

ium potential for potassium ions. 

The Kir channel conductance, g kir , is a function of potassium 

on concentration in the extracellular region (outside the cell) 

nd membrane voltage [28,32,33] and can be obtained by Eq. (3) , 

here g max 
kir 

is a constant [28] . The open probability of the Kir chan- 

el ( f k,kir 
o ) is well described by the Boltzmann relationship, which 

s shifted leftward by V 1 / 2 ,kir in mV unit ( Eq. (4) ). 

 kir = g max 
kir 

(
[ K] e 

[ K] re f 

)
n kir (3) 

f k,kir 
o = 

1 

1 + exp 

(
V M−N 
m −V 1 / 2 ,kir 

k kir 

) (4) 

here k kir is the inward-rectifier constant (in mV), which is also 

nown as the steepness factor of the conductance-voltage relation- 

hip [28] , and V 1 / 2 ,Kir is the half-activation potential (in mV) and 

unction of the intracellular potassium concentration ( [ K] i ). The 

alf-activation potential for Kir channels can be modeled through 

q. (5) [31] . 

 1 / 2 ,kir = A log [ K] i + B (5) 

ere, A and B are constants and determine the voltage shift per 

ecade increase in intracellular potassium concentration 

.1.2. Calcium-activated potassium (K) channels (CaKC) 

Calcium-activated potassium channels, known as C aKC s, play an 

mportant role in regulating potassium concentration in the cell 

34] . These channels are classified based on their conductance level 

o large conductance ( BK or maxiK ), intermediate conductance (IK), 

nd small conductance ( SK). The BK family of C aKC s regulates in- 

racellular calcium concentration and membrane voltage, and they 

revent a large, sustained depolarization of the cell. BK channels 

an be activated by membrane depolarization and/or the rise in 

he intracellular calcium concentration. The SK and IK groups are 

oltage-sensitive and can be activated by a low level of intracellu- 

ar calcium concentration [27] . 
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Fig. 1. Schematic representation of most of the important transporters and channels across the cell membrane considered in this work. 
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The potassium current through all three groups of calcium- 

ependent potassium channels (i.e., SK , IK , and BK ) can be ob- 

ained by Eq. (6) . 

 
′ ′ M−N 
K,X CaKC 

= n ′ ′ M−N 
X CaKC 

g X CaKC f 
K,X CaKC 
o A 

(
V M−N 
m 

−V M−N 
K,re v 

)
(6) 

n this equation ( Eq. (6) ), X denotes SK or IK or BK, n ′ ′ M−N 
CaKC is the 

aKC channel density and represents the number of CaKC channels 

er unit area of the membrane, g CaKC is the maximum whole-cell 

onductance for the potassium channels (in nS unit), and f K,CaKC 
o is 

he open probability for CaKC channels [35–37] . The open proba- 

ility for the CaKC channels ( f K,CaKC 
o ) located on the apical face is

odeled by Hill model ( Eq. (7) ). 

f K,CaKC 
o = 

1 

1 + 

(
K CaKC 
Ca 

[ Ca ] i (c) 

)
ηCaKC 

(7) 

here ηCaKC is the Hill coefficient, K CaKC 
Ca 

is the potassium concen- 

ration for half-maximumal activation, and [ Ca ] i is the intracellular 

alcium concentration level. IK and BK channels can be activated 

y low stimuli of the intracellular calcium concentration. There- 

ore, in some studies, the open probability for the IK and BK chan- 

els is considered to be one (i.e., f K,CaKC 
o = 1 ) and the current car-

ied through these channels is modeled with Goldman–Hodgkin- 

atz equation ( Eq. (8) ) [38] . 

 
′ ′ M,N 
K,X CaKC 

= n ′ ′ X CaKC P M−N 
K,X CaKC 

z 2 K F 
2 V M−N 

m 

RT 

[ K ] M − [ K ] N exp 
−z K F V 

M−N 
m 

RT 

1 − exp −z K F V 
M−N 
m 

RT 

(8) 

here X denotes IK or BK, n ′ ′ X CaKC is the CaKC channel density per 
nit area of the membrane, P M−N 

K,X CaKC 
is the permeability coefficient 

or the potassium ions through the CaKC channels, and z K is the 

onic charge for potassium ion, z K = 1 . 

C aKC channels of high conductance ( BK) are expressed ubiq- 

itously in smooth muscle tissues, especially in vascular smooth 

uscle, where the outward current is mainly attributed to the 

alcium-activated potassium current [39–42] . The current through 

 single high conductance calcium-activated potassium channel 

an be obtained through Eq. (9) . 

 
M−N 
K,BK CaKC 

= g BK CaKC f 
BK CaKC 
o 

(
V M−N 
m 

−V M−N 
K,re v 

)
(9) 

n this equation, f 
BK CaKC 
o is the open probability of the CaKC channel 

nd is given by Eq. (10) . The time-course of channel’s open prob- 

bility consists of fast and slow components. These two compo- 

ents are denoted as f 
BK CaKC 
f 

and f 
BK CaKC 
s in Eq. (10) and are ob- 

ained through Eqs. (11) and (12) . C f and C s are the corresponding 

ast and slow activation constant coefficients (e.g., in Yang et al.’s 

odel [31] C f = 0 . 65 and C s = 0 . 35 ). 

f BK CaKC o = C f f 
BK CaKC 
f 

+ C s f 
BK CaKC 
s (10) 

df BK CaKC 
f 

dt 
= 

f̄ BK CaKC 
f 

− f BK CaKC 
f 

τ BK CaKC 
f f 

(11) 

df BK CaKC s 

dt 
= 

f̄ BK CaKC s − f BK CaKC s 

τ BK CaKC 
f s 

(12) 

n Eqs. (11) and (12) , τCaKC 
f f 

(ms) and τCaKC 
f s 

(ms) are the correspon- 

ence mean time constants for the fast and slow open probabil- 

ty, rspectively (e.g., in Yang et al. model [31] , τ
BK CaKC 
f f 

= 0 . 5 ms for

ast and slow activation gate and τ
BK CaKC 
f s 

= 11 . 5 ms ). f̄ 
BK CaKC 
o rep- 

esents the steady state open probability of the high conductance 
6 
aKC channel. The steady-state open probability of the high con- 

uctance calcium-activated potassium channel ( ̄f 
BK CaKC 
o ) is voltage- 

ependent and is described by the Boltzmann relationship that is 

hifted leftward by V 1 / 2 ,BK CaKC mV [31] and can be obtained through 

q. (13) . 

f̄ BK CaKC o = 

1 . 0 

1 . 0 + exp[ 
−(V M−N 

m −V M−N 
1 / 2 ,BK CaKC 

) 

k CaKC 
] 

(13) 

f̄ BK CaKC 
f 

= f̄ BK CaKC s − f̄ BK CaKC o (14) 

here k BK CaKC is the high conductance CaKC channel’s constant in 

he unit of mV and V 1 / 2 ,BK CaKC is the half-activation potential for 

he high conductance CaKC channels and can be obtained through 

q. (15) . 

 1 / 2 ,BK CaKC = A log [ Ca ] i + B (15) 

here A and B are constants and determine the voltage shift per 

ecade increase in intracellular calcium concentration (e.g., in Yang 

t al. model [31] A = −45 . 0 , B = 198 . 55 ). 

.1.3. Voltage gated potassium channel (VGPC, k v ) 

Voltage-gated potassium channels, also known as VGPC or K v , 

lay a vital role in returning the depolarized cell to a resting state 

27] . When the membrane potential becomes less negative or more 

ositive, the VGPC channels limit further membrane depolarization 

nd help repolarize nerve and muscle cells after action potentials 

43,44] . Therefore, this type of voltage-gated family of potassium 

hannels is distinct from “inward” rectifying potassium channels 

 IRKCs), which drive the membrane potential back to the resting 

otential by impacting the flow of charged potassium ions into 

he cell. For this reason, they are also known as “delayed rectifier”

r “outward rectifying” potassium channels. The potassium current 

arried through a single VGPC channel can be obtained through 

q. (16) [31] . 

 K,K v = g K v ( f 
Kv 
o ) 2 

(
V M−N 
m 

−V M−N 
K,re v 

)
(16) 

here g K v represents the cell conductance for VGPC channels, f 
Kv 
o 

epresents the steady state open probability of the K v channel and 

s given by Eq. (17) . 

f Kv 
o = C f f 

Kv 
f + C s f 

Kv 
s (17) 

n this equation, f Kv 
f 

and f Kv 
s denote the fast and slow compo- 

ents of the channel activation process, respectively and are two 

xponential components of the activation process and C f and C s 
re their correspondence coefficients (e.g., in Yang et al.’s model 

 f = 0 . 65 and C s = 0 . 35 ) [31] . The fast ( f Kv 
f 
) and slow ( f Kv 

s ) com-

onents are obtained through Eqs. (18) and (19) , respectively. 

df Kv 
f 

dt 
= 

f̄ Kv 
o − f Kv 

f 

τ Kv 
f f 

(18) 

df Kv 
s 

dt 
= 

f̄ Kv 
o − f Kv 

s 

τ Kv 
f s 

(19) 

here τ Kv 
f f 

and τ Kv 
f s 

denote the respective time constants for the 

ast and slow components of the channel activation process and 

re obtained through Eqs. (20) and (21) , respectively. 

Kv 
f f 

= A τ Kv 
f f 

exp 

[ ( −(V M−N 
m 

+ V τ Kv 
f f 

) 

k τ Kv 
f f 

) 

2 

] 

− B τ Kv 
f f 

(20) 

Kv 
f s 

= A τ Kv 
f s 

exp 

[ ( 

−(V M−N 
m 

+ V τ Kv 
f s 

) 

k τ Kv 
f s 

) 

2 

] 

+ B τ Kv 
f s 

(21) 
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n these equations, A τ f 
, V τKv 

f 
, k τKv 

f 
, and B τ f 

are all constant numbers

e.g., in Yang et al. model [31] for τ Kv 
f f 

these parameters are defined 

s: A τ f f 
= 210 . 99 , V τKv 

f 
= 214 . 34 , k τKv 

f 
= 195 . 35 , and B τ f f 

= −20 . 59 ,

nd for τ Kv 
f s 

they are defined as: τ Kv 
f f 

these parameters are defined 

s A τ f s 
= 821 . 39 , V τKv 

s 
= 31 . 59 , k τKv 

s 
= 27 . 46 , and B τ f s 

= 0 . 19 ). More-

ver, in Eq. (18) f̄ Kv 
o represents the steady-state open probability 

f the voltage-gated potassium channels that is voltage-dependent 

nd is described by Boltzmann’s relationship that is shifted left- 

ard by V 1 / 2 ,Kv (in mV unit) [31] and can be obtained through 

q. (22) . 

f̄ Kv 
o = 

1 . 0 

1 . 0 + exp 

(−(V M−N 
m −V M−N 

1 / 2 ,Kv ) 

k Kv 

) (22) 

here k Kv is the K v channel’s constant in the unit of mV and V 1 / 2 ,Kv 
s the half-activation potential for the K v channels and can be ob- 

ained through Eq. (23) [29,31] . 

 1 / 2 ,Kv = A (23) 

Here A is a constant number and determines the leftward volt- 

ge shift (e.g., in Yang et al. model [31] A = −1 . 77 mV ). 

Hodgkin and Huxley [45] developed a mathematical model to 

nd the current through K v channels from their experimental re- 

ults in 1990. Their model is given by Eq. (24) . 

 K,Kv = g K v 

(
V m −V K,re v 

)
(24) 

here g K v represents the cell conductance for VGPC channels 

units conductance/area ) and can be obtained by Eq. (25) . 

 K v = g ◦Kv n 
4 (25) 

dn 

dt 
= αn 

(
1 − n (t) 

)
− βn n (t) (26) 

n Eq. (25) , g ◦
Kv is a constant for VGPC conductance per unit area

f the membrane and n is a dimensionless variable which can vary 

etween 0 and 1. Eq. (26) describes a time course behavior of the 

 in which βn and αn are rate constants (unit s 
−1 ) and they are 

unctions of membrane voltage. 

.1.4. ATP-sensitive potassium (K) channel ( K AT P ) 

ATP-sensitive potassium channel is gated by the intracellular 

denosine triphosphate (ATP) and adenosine diphosphate (ADP) 

oncentration level, where an increase in the ADP/ATP ratio opens 

 AT P channels [46] . KATP channels are present in a number of tis- 

ues, including muscle, pancreatic beta cells and the brain [47–49] . 

 AT P may also be found on subcellular membranes (e.g., sarcolem- 

al (“sarcKATP”), mitochondrial (“mitoKATP”), or nuclear (“nucK- 

TP”)) [50] . The ionic current through these channels can be ob- 

ained through Eq. (27) [29,51] . 

 K,K ATP = g K ATP f 
K ATP 
o 

(
V M−N 
m 

−V M−N 
K,re v 

)
(27) 

n this equation, g K ATP is the cell conductance for the K AT P chan- 

els which g K ATP depends on extracellular potassium concentration 

 [ K] o ) and can be obtained through Eq. (28) , and f 
K ATP 
o is the open

robability for K AT P channels at a given ATP concentration and is 

odeled by a Hill equation ( Eq. (29) .) 

 KAT P = g max 
KAT P 

(
[ K] o 

[ K] re f 

)
n KATP (28) 

n Eq. (28) , [ K] re f is the reference K concentration and n KAT P is a

onstant number. 

f KAT P o = 

1 

1 + 

(
[ AT P] i 
k 

)
ηKATP 

(29) 
0 . 5 

7 
he K AT P open probability, f 
KAT P 
o , can be obtained through Eq. (29) , 

here [ AT P ] i is the intracellular ATP concentration and k 0 . 5 and 

KAT P are the Hill model parameters. Edwards et al. [29] assumed 

he ATP concentration remains fixed, and consequently, f KAT P o re- 

ains a constant number. 

.1.5. Two-pore-domain potassium (K) channel (K2P) 

Two-pore-domain potassium channels are expressed in both ex- 

itable cells (those that can be electrically stimulated, resulting 

n the creation of electric currents and action potentials such as 

 neuron and muscle cells) and nonexcitable cells [52,53] . These 

hannels are always open (i.e., f Kl eakchannel s 
O 

= 1 ) and produce base- 

ine (leaky) current across the cell. The current through these 

hannels can be obtained by using Goldman–Hodgkin’s model 

 Eq. (30) ). 

 
′ ′ M,N 
K,l eakchannel s = P M−N 

K,K2 P 

z 2 K F 
2 V M−N 

m 

RT 

[ K ] M − [ K ] N exp 
−z K F V 

M−N 
m 

RT 

1 − exp −z K F V 
M−N 
m 

RT 

(30) 

here P M−N 
K,K2 P 

is the membrane permeability for potassium ions 

hrough a single K2P, [ K] i , and [ K] e are the intracellular and ex-

racellular potassium concentrations, respectively [54] . 

.2. Sodium channels (NaC) 

Sodium channels have a high selectivity for sodium ions and 

lay an essential role in regenerating electrical impulses in car- 

iac muscle, nerve, and skeletal muscle cells [23,55] . There are two 

ajor categories of sodium channels: (i) epithelial sodium chan- 

els ( ENaC) and (ii) voltage-gated sodium channels ( Na v ) . The ionic

urrent through these channels can be modeled using nonlinear 

oldman–Hodgkin–Katz (GHK) and linear Ohm models, depend- 

ng on the type and functionality of the sodium channel. In the 

emaining part of this section, a short discussion of each sodium 

hannel group and its ionic current models are presented. In all of 

hese models, V M−N 
m 

is the membrane potential in the unit of mV 

nd V M−N 
Na 

is the Nernst equilibrium potential of Na ions which is 

alculated by Eq. (31) . 

 

M−N(a ) 
Na,re v = 

RT 

z Na F 
ln 

(
[ Na ] M(l) 

[ Na ] N(i ) 

)
(31) 

here F is the Faraday’s constant (in Coulombs/moles), R is the 

eal gas constant (in J/K moles), and T is the absolute temperature 

in K). 

.2.1. Epithelial sodium (Na) channels (ENaC) 

Epithelial sodium channels (ENaC) are located on the apical 

embrane of epithelial cells in organs, such as distal kidney 

ubules, lung, respiratory tract, sweat, and salivary glands, and 

hey allow a flow of sodium ions from the extracellular fluid in 

he lumen into epithelial cells [56,57] . One way to model the 

odium current driven through ENaC channels is by Ohm’s equa- 

ion ( Eq. (32)) . 

 ENaC = n ′ ′ ENaC g ENaC 
(
V M−N 
m 

−V M−N 
Na,re v 

)
(32) 

here n ′ ′ ENaC represents density per area of the channel, g ENaC is 
he membrane conductance for sodium channels, and V M−N 

m 
is the 

embrane potential in the unit of mV [35,36] . A second way to 

escribe the sodium current across the cell’s membrane is through 

he Goldman–Hodgkin–Katz model ( Eq. (33) ). 

 
M,N 
N a,EN aC 

= P M−N 
N a,EN aC 

z 2 Na F 
2 V M−N 

m 

RT 

[ N a ] M − [ N a ] N exp 
−z Na F V 

M−N 
m 

RT 

1 − exp −z Na F V 
M−N 
m 

RT 

(33) 

here P M−N(a ) 
N a,EN aC 

is the permeability coefficient for the sodium ions 

hrough the ENaC channels [25,38] . 
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.2.2. Voltage gated sodium channel ( V GSC, Na v , V ONa ) 

Voltage-gated sodium channel belong to the family of ion chan- 

els that regulate the transmembrane electrical potential. For this 

eason, they are known as voltage-gated sodium channels [23] . The 

odium channels on cell membranes in excitable tissues are mostly 

rom the voltage-gated family of sodium channels. In modeling the 

ating mechanism of Na v , some researchers consider a single in- 

ctivation gate [29,58,59] , whereas some have considered two in- 

ctivation gates [60–63] . Edwards et al. assume a single activation 

ate and a single inactivation gate [29] . Under these assumptions, 

he sodium current carried through a single Na v channel can be 

btained through Eq. (34) [29,58] . 

 N a,N a v = g max 
Na v 

m 
3 
Na v 

h Na v 

(
V m −V M−N 

Na,re v 

)
(34) 

here m Na v and h Na v are the activation and inactivation compo- 

ents and are obtained through Eqs. (35) and (36) , respectively. 

dm Na v 

dt 
= 

m̄ Na v − m Na v 

τm 

(35) 

dh Na v 
dt 

= 

h̄ Na v − h Na v 
τh 

(36) 

n Eqs. (35) and (36) , m̄ Na v and h̄ Na v , denote the respective volt- 

ge dependent steady-state values and τm and τh are the associ- 
ted time constants (e.g., in Edwards’s model, based on data ob- 

ained through Zhang group, [58] τm = 0 . 1( mS ) and τh = 1( mS ) ).

he steady-state activation and inactivation values can be modeled 

hrough Eqs. (37) and (38) , respectively. 

¯  Na v = 

1 

1 + exp 

(−(V M−N 
m + V M−N 

1 / 2 ,mNa v 
) 

k mNa v 

) (37) 

¯
 Na v = 

1 

1 + exp 

(
(V M−N 

m + V M−N 
1 / 2 ,hNa v 

) 

k hNa v 

) (38) 

here V 1 / 2 ,m 
and V 1 / 2 ,h are the half-activation and half-inactivation 

oltages for Na v channels and k m,Na v and k h,Na v are the correspond- 

ng channel’s gating slope in the unit of mV . 

Beeler and Reuter [61] proposed a three gated formulation for 

btaining the current through these channels: closed, open, and in- 

ctivated [61–63] . Their model is given by Eq. (39) . 

 N a,N a v = g max 
Na v 

m 
3 
Na v 

h Na v j Na v 

(
V m −V M−N 

Na,re v 

)
(39) 

here m Na v , h Na v , and j Na v are the activation, inactivation and 

low inactivation gates (components) and can be obtained through 

qs. (40) –(42) , respectively. 

dm Na v 

dt 
= 

m̄ Na v − m Na v 

τm 

(40) 

dh Na v 
dt 

= 

h̄ Na v − h Na v 
τh 

(41) 

dj Na v 
dt 

= 

j̄ Na v − j Na v 
τ j 

(42) 

n these equations, m̄ Na v , h̄ Na v , and j̄ Na v are the respective steady- 

tate values for the activation, inactivation, and slow inactiva- 

ion components and τm , τh , and τ j denote the associated time 

onstants. The steady-state values, m̄ Na v , h̄ Na v , and j̄ Na v can be 

btained via Eqs. (38) , (43) , and (45) , respectively. The time- 

onstants, τm (ms), τh (ms),and τ j (ms), are defined in terms of 
8 
ransition rates through Eqs. (46) –(48) , respectively. 

¯  Na v = 

1 (
1 + exp 

(−(V M−N 
m −V M−N 

1 / 2 ,mNa v 
) 

k mNa v 

))
2 

(43) 

¯
 Na v = 

1 (
1 + exp 

(
(V M−N 

m + V M−N 
1 / 2 ,hNa v 

) 

k hNa v 

))
2 

(44) 

j̄ Na v = 

1 (
1 + exp 

(
(V M−N 

m + V M−N 
1 / 2 , jNa v 

) 

k jNa v 

))
2 

(45) 

m = αm βm (46) 

h = 

1 

αh + βh 

(47) 

j = 

1 

α j + β j 

(48) 

n Eqs. (46) –(48) , αm , βm are the activation kinetics and αh , βh , 

j , and β j are the inactivation kinetics of the associated time con- 

tants ( τm , τh , and τ j ). The voltage dependency of transition rates 

 αm , βm , αh , βh , α j , and β j ) are defined using Eyring derived ex- 

onential Eqs. (49) –(53) [64,65] . 

 oral l rangeofV m : 

⎧ ⎪ ⎪ ⎨ 

⎪ ⎪ ⎩ 

αm = 
1 

1+ exp 
(

−(V M−N 
m + V 1 αm ) 

k αm 

)
βm = 

A βm 

1+ exp 
(

(V M−N 
m + V 1 βm ) 

k βm 

) + 

B βm 

1+ exp 
(

(V M−N 
m −V 2 βm 

) 

k 2 βm 

)

(49) 

 orV m ≥ −40 : 

⎧ ⎨ 

⎩ 

αh = 0 

βh = 

A βh 

1+ exp 
(

−(V M−N 
m + V 1 βh 

) 

k βh 

) (50) 

or V m < −40 : 
 

αh = A αh 
exp 

(−(V m + V Na v αh 
) 

k Na v αh 

)
βh = A βh 

exp(a βh 
V m ) + B βh 

exp(b βh 
V m ) 

(51) 

 orV m ≥ −40 : 

⎧ ⎪ ⎨ 

⎪ ⎩ 

α j = 0 

β j = 

A β j 
exp(−a β j 

V m ) 

1+ exp 
( 

−(V M−N 
m + V 2 β j 

) 

k β j 

) (52) 

 orV m < −40 : 

⎧ ⎪ ⎪ ⎪ ⎪ ⎨ 

⎪ ⎪ ⎪ ⎪ ⎩ 

α j = 

(
A α j 

exp(a α j 
V m ) −B α j 

exp(b α j 
V m ) 

)
(V m + V 1 α j 

) 

1+ exp( 
V+ V 2 α j 

k α j 
) 

β j = 

A β j 
exp(a β j 

V m ) 

1+ exp 
( 

−(V M−N 
m + V 2 β j 

) 

k β j 

) (53) 

n these equations, A α , A β , a α , a β , B α , B β , b α , b β , V α , V β are all

odel parameters which can be determined through fitting the ion 

hannel models to the experimental data. 

Similarly, Ebihara and Johnson [60] and Luo–Rudy [59] also 

onsidered a three gated mechanisms for the Na v channels. Their 

odels are similar to the three gating mechanism model discussed 

n Eq. (39) . 
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.3. Calcium channels 

Calcium channels play a critical role in releasing neurotrans- 

itters from the presynaptic neuron into the synaptic cleft. These 

hannels are present in both the plasma membrane and the intra- 

ellular organelle membrane. Calcium channels across the plasma 

embrane create a net calcium flux to the cell, which results in 

he accumulation of calcium ions in the cytoplasm and functions 

s a chemical trigger for other cellular mechanisms, such as exci- 

ation, secretion of hormones and neurotransmitters, muscle con- 

ractions, and adjustment of the gating mechanism of calcium- 

ependent channels [25,66–72] . Most of the calcium channels are 

ot always open, and they have gating mechanisms. These chan- 

els shift to the open state either due to a change in the volt- 

ge across the membrane, voltage-gated calcium channels (VGCC) , 

r through binding a ligand to the channel, ligand-gated calcium 

hannels [66,73] . 

The voltage-gated calcium channels (VGCCs) are closed at rest- 

ng membrane potential and become open (activated) by mem- 

rane depolarization and allow calcium ion movement into the 

ytoplasm. VGCCs are slightly permeable to sodium ions ( Na + ), 
nd for this reason, they are also known as Ca-Na channels . How- 

ver, in contrast to the NaCa exchanger, which transfers calcium 

ons out of the cell, these channels contribute to the cytosol’s cal- 

ium influx [74] . Voltage-gated calcium channels are grouped into 

ifferent types based on their biophysical and molecular prop- 

rties. L-type, N-type, P-type, and T-type channels are the four 

ajor types of voltage-gated calcium channels identified. L-type 

alcium channels function in excitation-secretion coupling of en- 

ocrine cells and some neurons. N-type calcium channels are re- 

tricted to neurons where they function in neurotransmitter re- 

ease. P-type channels are restricted to Purkinje cells, where they 

ediate depolarization-induced repetitive spikes. T-type Ca chan- 

els, which deactivate more slowly than any other Ca channel, 

ediate depolarization-induced repetitive spikes in endocrine cells 

nd neurons [73,75,76] . 

There are different types of ligand-gated calcium channels, both 

n the plasma membrane and intracellular organelle membrane. 

tore operated calcium channels, IP3 receptors , and ryanodine recep- 

ors are three significant groups of calcium channels that are acti- 

ated by ligand binding mechanisms. The store-operated channels 

re present in the plasma membrane of all of the nonexcitable cells 

all cells except myocytes, neurons, and endocrine cells), which 

annot be gated by voltage-gating mechanisms and are gated by 

 decrease in the calcium concentration level in the the ERSR (two 

f the intracellular organelles) [68,77,78] . SOC channels are stud- 

ed mostly regarding their role in calcium entry into the cytoplasm 

rom the extracellular milieu. SOCs are permeable to other cations, 

articularly sodium ions, as well. Consequently, SOC channels are 

lassified as nonselective cation channels due to their different 

onductance for some other cations [79,80] . 

There are two major classes of ligand-gated calcium channels 

vailable on the “intracellular organelle’s membrane,” which re- 

ease calcium from the intracellular stores (ER, SR, endosomal lyso- 

ome) cytoplasm, IP3 receptors, and ryanodine receptors. The un- 

erlying mechanism of these ligand-gated calcium channels in- 

olves binding the ligand to the channel to turn it into the ac- 

ive form. Thus, in mathematical modeling of these channels, the 

oncentration of corresponding ligands and kinetic terms such as 

issociation constant, association constants, binding constants, and 

nbinding constants should be considered. Due to the complexity 

nvolved in their models, these models are not discussed here, and 

he interested reader is referred to references [81,82] . More mod- 

ls for ligand-gated calcium channels on the intracellular organelle 

embrane (e.g., IP3 receptor) can be found in De Young and Keizer 

83] , Mak et al. [84] . A review of the existing models of the inositol
9 
risphosphate receptor (IPR) can be found in Edwards and Pallone 

29] , De Young and Keizer [83] , Sneyd and Falcke [85] . The model

escribing the kinetic mechanism flux across the Ryanodine Recep- 

or (RyR) family of calcium channels can be found in Keizer and 

evine’s work [86] . Other models of the RyR family can be found in

dwards and Pallone [29] , Spiro and Othmer [86] , Jafri et al. [87] . 

In this work, the available models to obtain the calcium cur- 

ent through L − type , T − type , and SOC families of calcium chan- 

els are studied. The ionic current through these channels can be 

btained using nonlinear Goldman–Hodgkin–Katz (GHK) and lin- 

ar Ohm model, in which depending on the type of the calcium 

hannel and its functionality, one is preferred to the other. In the 

emaining part of this section, a short discussion of each group of 

alcium channels and several well-known current models is pre- 

ented. In all of these models, V M−N 
m 

is membrane potential (in 

olts) and V M−N 
Ca,re v is the Nernst equilibrium potential of calcium ions 

nd is calculated by Eq. (54) . 

 
M−N 
Ca,re v = 

RT 

z Ca F 
ln 

(
[ Ca ] o 

[ Ca ] i 

)
(54) 

here F is the Faraday’s constant (in Coulombs/moles), R is the 

eal gas constant (in J/K moles), and T is the absolute temperature 

in K), [ Ca ] o is the extracellular concetration of the calcium ions, 

nd [ Ca ] i is the intracellular concentration of the calcium ion. 

.3.1. L-type voltage-gated calcium channels 

The L -type voltage-gated calcium channels comprise the largest 

amily of membrane VGCCs expressed in various cells, such as 

keletal muscle, cardiac cells, ventricular myocytes, smooth mus- 

les, and dendritic cells [88] . The L -type voltage and time- 

ependent calcium channels can be modeled using the Ohm and 

onlinear GHK models. 

These channels are highly selective for calcium ions; however, 

hey have a relatively low permeability for sodium and potassium 

ons [23] . The current through L -type calcium channels can be 

odeled by the nonlinear Goldman–Hodgkin–Katz (GHK) current 

quation, which is stated in Eq. (55) . 

 

Ca l ,M−N 

i 
= P M 

i 

z 2 
i 
F 2 V M−N 

m 

RT 

γ N 
i 
C N 
i 

− γ M 

i 
C M 

i 
exp −z i F V 

M−N 
m 

RT 

1 − exp −z i F V 
M−N 
m 

RT 

(55) 

 

Ca l ,M−N 

total 
= I 

Ca l 
Na 

+ I 
Ca l 
Ca 

+ I 
Ca l 
K 

(56) 

here ‘ i ’ refers to any of the ions between calcium ions, sodium 

ons, and potassium ions. C N 
i 

and C M 

i 
are the concentration of the 

on ‘ i ’ in regions N and M, respectively (in mM), P i is permeability

in cm/s) of ion ‘ i ’, z i is its valence, γ
N 
i 
, and γM 

i 
are the activity

oefficient (a.c.) of the ion. The total current through the L -type 

alcium channel is then obtained through Eq. (56) [25,25,89,90] . 

The voltage-dependency of the L-type calcium channels can be 

odeled using Ohm equation, as in Eq. (57) [29,31] . 

 Ca,L = g max 
Ca L 

f 
Ca l 
o f 

Ca l 
d 

(V M−N 
m 

−V M−N 
Ca,re v ) (57) 

here g max 
Ca L 

is the maximum cell conductance for calcium L-type 

hannels. The two terms f 
Ca l 
o and f 

Ca l 
d 

represent the activation and 

nactivation probability of the Ca L channels, accordingly, which is a 

ynamic function of the membrane voltage. f 
Ca l 
o and f 

Ca l 
d 

are ex- 

ressed as in Eqs. (58) and (59) and their multiplication product 

i.e., f 
Ca l 
o × f 

Ca l 
d 

) represents the fraction of the Ca L open channels. 

f 
Ca l 
o = C f f 

Ca l 
f 

+ C s (58) 

df 
Ca l 
d 

dt 
= 

f̄ 
Ca l 
d 

− f 
Ca l 
d 

τCa l 
f d 

(59) 



S. Zaheri and F. Hassanipour International Journal of Heat and Mass Transfer 177 (2021) 121423 

I

o  

r

a

t

b

τ

τ

I

h

t

3

d

E

I

w

c

t

C

e

i

(

m

h

I

v

t

a

F

F

F

3

c

o  

d

s

e

t

u

t

t

c

I

I

H

c

w

w

m

i

E

S

m

t

(

I

I

w

c

df 
Ca l 
f 

dt 
= 

f̄ 
Ca l 
o − f 

Ca l 
f 

τCa l 
f f 

(60) 

n these equations, f̄ 
Ca l 
d 

and f̄ 
Ca l 
o represent the steady state values 

f f 
Ca l 
d 

and f 
Ca l 
o and can be obtained through Eqs. (61) and (62) ,

espectively. τ
Ca l 
f d 

and τ
Ca l 
f f 

denote the respective time constants for 

ctivation and inactivation gates, respectively, and they depend on 

he membrane potential. These time constants, τ
Ca l 
f d 

and τ
Ca l 
f f 

, can 

e obtained through Eqs. (63) and (64) , respectively. 

f̄ 
Ca l 
d 

= 

1 . 0 

1 . 0 + exp 

(
−(V M−N 

m + V Ca l ,M−N 

1 / 2 , f d 
) 

k 
Ca l 
f d 

) (61) 

f̄ 
Ca l 
o = 

1 . 0 

1 . 0 + exp 

(
(V M−N 

m + V Ca l ,M−N 

1 / 2 , f o 
) 

k 
Ca l 
f o 

) (62) 

Ca l 
f d 

= A 
τ
Ca l 
f d 

exp 

[ ( −(V m + V 
τ
Ca l 
f d 

) 

k 
τ
Ca l 
f d 

) 

2 

] 

+ B 
τ
Ca l 
f d 

(63) 

Ca l 
f f 

= A 
τ
Ca l 
f f 

exp 

⎡ 

⎣ 

⎛ 

⎝ 

−(V m −V 
τ
Ca l 
f f 

) 

k 
τ
Ca l 
f f 

⎞ 

⎠ 
2 

⎤ 

⎦ + B 
τ
Ca l 
f l 

(64) 

n Eqs. (61) and (62) , V 
Ca l ,M−N 

1 / 2 , f d 
and V 

Ca l ,M−N 

1 / 2 , f o 
are half-activation and 

alf-inactivation potentials for Ca l channels, which are considered 

o be constant (i.e., V 
Ca l ,M−N 

1 / 2 , f d 
= A 

Ca l 
f d 

and V 
Ca l ,M−N 

1 / 2 , f o 
= A 

Ca l 
f o 

). 

.3.2. T -type voltage-gated calcium Channels 

The calcium current through the T -type family of the voltage- 

ependent calcium channels of neurons can be expressed by 

q. (65) [91–94] . 

 
M−N 
C a,C a t 

= P 
M−N 

C a,C aL m 
3 
Ca t 

h Ca t 
z 2 Ca F 

2 V M−N 
m 

RT 

[ C a ] i − [ C a ] o exp 

(
−z Ca F V 

M−N 
m 

RT 

)
1 − exp 

(
−z Ca F V 

M−N 
m 

RT 

)
(65) 

here P 
M−N 

C a,C aL represents the permeability coefficient for the cal- 

ium ions through the Ca L channels and m Ca t and h Ca t are the ac- 

ivation and inactivation gating components (parameters) of the 

a L channels. Huguenard et al. [91] developed a set of empirical 

quations describing the voltage dependency of each of these gat- 

ng variables. Their developed equations are given in Eqs. (66) and 

67) . 

dm Ca t 

dt 
= 

m̄ Ca t − m Ca t 

τCa t 
m 

(66) 

dh 

dt 
= 

h̄ − h 

τh 
(67) 

¯  Ca t = 

1 

1 + exp 

(−(V M−N 
m + V M−N 

1 / 2 ,mCa v 
) 

k mCa v 

) (68) 

¯
 Ca t = 

1 

1 + exp 

(
(V M−N 

m + V M−N 
1 / 2 ,hCa t 

) 

k hCa t 

) (69) 
r

10 
n these equations, m̄ Ca t and h̄ Ca t are the respective steady-state 

alues for m Ca t and h Ca t gating variables and τ
Ca t 
m 

and τCa t 
h 

denote 

he associated time constants which can be classified and obtained 

s below. 

 oral l rangeofV m : 

{ 

τCa t 
m 

= 

A 
τ
Ca t 
m 

exp 

(
−(V M−N 

m + V 1 τm ) 
k 1 τm 

)
+ exp 

(
(V M−N 
m + V 2 τm ) 

k 2 τm 

) + B 
τ
Ca t 
m 

(70) 

 orV m ≥ −80 mV : 

{
τCa t 
h 

= A 
τ
Ca t 
h 

exp 

[−(V m + V 
τ
Ca t 
h 

) 

k 
τ
Ca t 
h 

]
+ B 

τ
Ca t 
h 

(71) 

 orV m < −80 mV : 

{
τCa t 
h 

= A 
τ
Ca t 
h 

exp 
(V m + V 

τ
Ca t 
h 

) 

k 
τ
Ca t 
h 

.3.3. Store operated channels (SOC) 

Two comprehensive mathematical models describing the cal- 

ium and sodium fluxes through SOC channels are presented here: 

ne is the model developed by Edwards et al. [29] , and the other is

eveloped by Silva et al. [30] . A general mathematical model repre- 

enting the calcium current through SOC was developed by Lebeau 

t al. [69] and formulated by Edwards [29] . Edwards et al. modeled 

he calcium current by applying the Ohm model Eq. (72) ) and then 

sed the nonlinear Goldman–Hodgkin–Katz model in addition to 

he relative sodium permeability through these channels to relate 

he sodium current through these channels to that of the calcium 

urrent (eq. (73) . 

 
M−N 
Ca,SOC = g max 

Ca,SOC f 
SOC 
o 

(
V M−N 
m 

−V M−N 
Ca,re v 

)
(72) 

 
M−N 
Na,SOC = I M−N 

Ca,SOC 

(
z 2 Na P 

SOC 
Na 

z 2 
Ca 
P SOC 
Ca 

)
×

⎛ 

⎝ 

[ N a ] i − [ N a ] o exp 

(
−z Na F V 

M−N 
m 

RT 

)
[ C a ] i − [ C a ] o exp 

(
−z Ca F V 

M−N 
m 

RT 

)
⎞ 

⎠ 

×

⎛ 

⎝ 

1 − exp 

(
−z Ca F V 

M−N 
m 

RT 

)
1 − exp 

(
−z Na F V 

M−N 
m 

RT 

)
⎞ 

⎠ (73) 

ere, g max 
Ca,SOC 

is the SOC channel’s maximum conductance for cal- 

ium ions, and f SOC o is the open probability of the SOC channels, 

hich can be obtained through Eq. (74) . 

f SOC o = 

1 

1 + 

[ Ca ] 
ηSOC 
sr 

K 
ηSOC 
SOC 

(74) 

here [ Ca ] sr is the calcium concentration in the ER/SR compart- 

ents, ηSOC is the Hill coefficient for the SOC channels, and K SOC 
s the calcium concentration at which the open probability is 50%. 

q. (74) represents the dependency of the open probability of the 

OC channels on the calcium concentration in the ER/SR compart- 

ents. Silva et al. [30] obtained calcium and sodium fluxes using 

he Goldman–Hodgkin–Katz current model through Eqs. (75) and 

76) , respectively. 

 
M,N 
Ca,SOC 

= A M−N 
m 

P M−N(a ) 
Ca,SOC 

z 2 Ca F 
2 V M−N 

m 

RT 

[ C a ] i − [ C a ] o exp 
−z Ca F V 

M−N 
m 

RT 

1 − exp −z Ca F V 
M−N 
m 

RT 

(75) 

 
M,N 
Na,SOC 

= A M−N 
m 

P M−N(a ) 
Na,SOC 

z 2 Na F 
2 V M−N 

m 

RT 

[ N a ] i − [ N a ] o exp 
−z Na F V 

M−N 
m 

RT 

1 − exp −z Na F V 
M−N 
m 

RT 

(76) 

here P M−N(a ) 
Ca,SOC 

and P M−N(a ) 
Na,SOC 

are the apical membrane permeability 

oefficients for the calcium and sodium ions through SOC channels, 

espectively. In Silva et al.’s model [30] , the calcium permeability 
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hrough the SOC channels was considered to be constant, and the 

odium permeability through these channels was considered to be 

egulated by the extracellular calcium concentration and calculated 

hrough Eq. (77) . 

 
M−N 
Na,SOC = 

P max 
SOC 

1 + 

(
[ Ca ] o 

K SOC,Ca o 

)
ηSOC,Na 

(77) 

he total current through the SOC channel following the Edwards 

t al. model can be obtained through Eq. (78) . 

 
M,N 
SOC,total 

= f SOC o 

(
I M,N 
Ca,SOC 

+ I M,N 
Na,SOC 

)
(78) 

here f SOC o is the open probability for SOC channels and is ob- 

ained through Eq. (79) . 

f SOC o = a 

(
1 

1 + 

(
[ Ca ] sr 
K SOC 

)
ηSOC 

)
+ b (79) 

his equation, similar to Eq. (74) , represents the SOC’s activa- 

ion mechanism due to decreased calcium concentration in the 

R/SR compartments. The mathematical framework describing the 

alcium-binding mechanism by the SOC channel and the calcium 

uxes through SOC channels was developed by Kowalsky et al., 

hich is out of the scope of this work, and the interested reader is 

eferred to reference [95] . 

.4. Chloride channels 

Chloride channels can be occupied by different ions and have 

elatively low selectivity for chloride ions [96] . These channels are 

lassified based on the way they are gated, their conductance prop- 

rties, and their selectivity for chloride ions over the other ions. 

he cystic fibrosis transmembrane conductance regulator (CFTR) 

nd calcium-dependent chloride channels (CaCC) are two of the 

ost dominant chloride channel families. 

In the remaining part of this section, a short discussion of each 

hloride channel’s group and its several well-known current mod- 

ls are presented. In all of these models, V M−N 
m 

is the transmem- 

rane potential (in mV) and V M−N 
Cl 

is the Nernest equilibrium po- 

ential for the chloride ( Cl) ions and is obtained by Eq. (80) . 

 

M−N(a ) 
Cl 

= 

RT 

z Cl F 
l n 

(
[ Cl ] N(l) 

[ Cl ] M(i ) 

)
(80) 

here F is the Faraday’s constant ( F = 96490 Coulombs / moles ), R 

s the real gas constant ( R = 8 . 315 J/(mol K)), and T is the absolute

emperature (in Kelvin), [ Cl] M(out) and [ Cl] N(in ) are the potassium 

oncentration in the extracellular and intracellular regions, respec- 

ively. 

.4.1. Calcium dependent chloride channels (CaCC) 

Calcium-dependent chloride channels, known as C aC C s, are 

resent in both excitable cells, such as skeletal muscle, and nonex- 

itable cells, such as some endocrine cells [96] . CaCC activation 

nd, consequently, the current carried through these channels de- 

end on the intracellular calcium concentration. The current car- 

ied by chloride ions through these channels can be estimated us- 

ng Eq. (81) . 

 
′ ′ M−N 
C l,C aC C = n ′ ′ M−N 

C aC C g 
M−N 
Cl 

f C l,C aC C o (V M−N 
m 

−V M−N(a ) 
Cl 

) (81) 

here n ′ ′ M−N 
C aC C is the CaCC channel density per membrane area, 

 
M−N 
Cl 

is the maximum whole cell conductance (in siemens units) 

or chloride anions, f C l,C aC C o is the open probability of the CaCC 

hannels and is a function of intracellular calcium concentration. 

he CaCC open probability functionality can be modeled by using 

he Hill model [35] in Eq. (82) . 

f C l,C aC C o = 

1 

1 + 

(
K C aC C 
[ Ca ] 

)
ηC aC C 

(82) 
i 

11 
here K C aC C is the Hill parameter for CaCC model and [ Ca ] M(i ) 

s the intracellular calcium concentration. For some cells such as 

he acinar cells, the steady state open probability is described by 

sing the Arreola et al. model (1996) [97] and is obtained by 

q. (83) [37,98] . 

f C l,C aC C o = 

1 

1 + K 2 

(
K 2 
1 

[ Ca ] 2 
i 

+ 
K 1 

[ Ca ] i 
+ 1 

) (83) 

 1 = 234 exp 

(−0 . 13 F V M−N 
m 

RT 

)
K 2 = 0 . 58 exp 

(−0 . 24 F V M−N 
m 

RT 

)
n Eq. (83) , K 1 and K 2 are the equilibrium constants in the unit of

M and are voltage-dependent. 

For some cells, a high positive membrane voltage can enhance 

he calcium-dependent activation of the CaCC channels, producing 

utward rectification of the chloride current through the CaCC [99] . 

ilva et al. [30] modeled this activation dependency by using the 

oltzman function as shown in Eq. (84) . Their model considered 

wo types of open probability: 1) calcium-dependent activation 

nd 2) high positive V m -enhanced calcium-dependent activation 

f CaCC, HPV) [30] . Calcium-dependent activation of CaCCA was 

odeled by using a Hill function, and high positive Vm-enhanced 

alcium-dependent activation, which produces outward rectifica- 

ion of I C aC C , was modeled using a Boltzmann function ( Eqs. (86) –

88) ). 

f C l,C aC C o = f C aC C,HPV 
o 

1 

1 + ( K C aC C 
[ Ca ] i 

) η1 

(84) 

d f C aC C,HPV 
o 

d t 
= 

f̄ C aC C,HPV 
o − f C aC C,HPV 

o 

τC aC C 
(85) 

f̄ C aC C,HPV 
o = 

1 

1 + exp 
−
(
V m −V C aC C 

hal fmax 

)
V C aC C 

(86) 

 
C aC C 
hal fmax = σ

√ 

2 ln 2 + μ (87) 

C aC C (V m ) = 

1 

σ
√ 

2 π
exp 

(
−
(
V m − μ√ 

2 σ

)
2 

)
(88) 

In Eq. (84) , f̄ C aC C,HPV 
o represents the steady-state open probabil- 

ty of the CaCC channels and is described by Boltzmann’s relation- 

hip ( Eq. (86) ). τC aC C is the time constant of the voltage activation 

nd is obtained by fitting the data to a Gaussian function and get- 

ing the corresponding constants (i.e., σ and μ in Eq. (88) ). V C aC C 
hal f max 

s the half-maximum for voltage dependency and can be obtained 

y Eq. (87) . 

.4.2. Cystic fibrosis transmembrane conductance regulator (CFTR) 

Cystic fibrosis transmembrane conductance regulator (CFTR) 

hannels provide a pathway for the movement of chloride ions 

rom the cell into the duct lumen [100] . The chloride cur- 

ent through the CFTR channel can be obtained by applying 

he nonlinear Goldman–Hodgkin–Katz (GHK) model and using 

q. (89) [101] . 

 
′ ′ M,N(a ) 
C l,C F T R = n ′ ′ M−N(a ) 

CF T R P M(a ) 
C l,C F T R 

z 2 
Cl 
F 2 V M−N(a ) 

m 

RT 

[ C l] N − [ C l] M exp 
z Cl F V 

M−N(a ) 
m 

RT 

1 − exp z Cl F V 
M−N(a ) 
m 

RT 

(89) 

n this equation, n ′ ′ M−N(a ) 
CF T R is the CFTR channel density per mem- 

rane area, P M−N(a ) 
C l,C F T R 

is the permeability coefficient for the CFTR 

hannel, and V M−N(a ) 
m 

is the apical membrane potential in the unit 
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f mV . A second way to obtain the chloride current through CFTR 

hannels is through Ohm’s model ( Eq. (90) ) [38] . 

 
′ ′ M−N(a ) 
C l,C F T R = n ′ ′ M−N(a ) 

CF T R g M−N 
CF T R f 

C l,C F T R 
o (V M−N(a ) 

m 
−V M−N(a ) 

Cl,re v ) (90) 

here f C l,C F T R o is the open probability of the CFTR channel and can 

old the constant number at rest potential [35,102] . CFTR channels 

ave a selectivity filter that favors the permeation of chloride ions 

ver other ions. However, they are also relatively permeable to bi- 

arbonate anions. One general approach to consider the selectivity 

lter of CFTR channels to bicarbonate anions in the CFTR current 

odels is to find the permeation ratio of CFTR channels for bi- 

arbonate anions relative to that for chloride anions [36,103] . The 

hmic model can then be applied to obtain the chloride and bicar- 

onate currents through the CFTR channels through Eqs. (91) and 

92) , respectively [36] . 

 
′ ′ M−N(a ) 
C l,C F T R = n ′ ′ M−N 

CF T R g CF T R 

(
V M−N 
m 

−V M−N 
Cl,re v 

)
(91) 

 
′ ′ M−N(a ) 
HCO 3 ,CF T R = n ′ ′ M−N 

CF T R βg CF T R 

(
V M−N 
m 

−V M−N 
HCO 3 ,re v 

)
(92) 

n these equations, β represents the ratio of the membrane con- 

uctance through the CFTR channel for bicarbonate ions relative to 

he chloride anions ( Eq. (93) ), n ′ ′ M−N 
CF T R is the CFTR channel density 

er membrane area, and g CF T R is the (membrane) conductance for 

FTR channel. 

= 

g CF T R,HCO 3 

g C F T R,C l 

(93) 

Whitcomb et al. [103] used the effective permeability 

 g i −o 
x ([ x ] Mori [ x ] Noro ) ) for the CFTR channels to obtain the effec-

ive conductance of the cell to each of the ions based on their 

oncentrations. Here, [ X ] i and [ X ] o refers to concentrations of 

hloride or bicarbonate anions, inside (i) and outside (o) the cell, 

espectively. They expressed the chloride and bicarbonate current 

uxes by applying the Ohmic model through Eqs. (94) and (95) , 

espectively. 

 
′ ′ M−N 
C l,C F T R = n ′ ′ M−N 

CF T R ( g 
M−N 
Cl g CF T R Cl ) 

(
V M−N(a ) 
m 

−V M−N 
Cl,re v 

)
(94) 

 
′ ′ M−N 
HCO 3 ,CF T R 

= n ′ ′ M−N 
CF T R ( g 

M−N 
HCO 3 

g CF T R HCO 3 ) 
(
V M−N(a ) 
m 

−V M−N 
HCO 3 ,re v 

)
(95) 

here g M−N 
x ([ x ] M 

[ x ] N ) is the effective permeability and can be ob-

ained through Eq. (96) . 

 
M−N 
x ([ x ] M [ x ] N ) = [ x ] M [ x ] N 

ln 
(
[ x ] M 
[ x ] N 

)
[ x ] M − [ x ] N 

(96)

urther, the Nernst potential for Chloride ions, V M−N 
Cl,re v , and bicar- 

onate ions, V M−N 
HCO 3 ,re v 

, can be obtained through Eqs. (97) , and (98) ,

espectively. 

 

M−N(a ) 
Cl,re v = 

RT 

z Cl F 
l n 

(
[ Cl ] N(l) 

[ Cl ] M(i ) 

)
(97) 

 
M−N 
HCO 3 ,re v = 

RT 

z HCO 3 F 
ln 

(
[ HCO 3 ] N 
[ HCO 3 ] M 

)
(98) 

here F is the Faraday’s constant (in Coulombs/moles), R is the 

eal gas constant (in J/K moles), and T is the absolute temperature 

in K). 

. ATPase model 

This section includes several kinetic models of ATPase 

umps, namely, sodium potassium ATPase pump ( Section 4.1 ), 

roton-ATPase pump (4.2) , hydrogen-potassium ATPase pumps 

 Section 4.2 ), and calcium-ATPase pumps (4.4) . 
12 
.1. Sodium potassium ATPase pump (Na-K ATPase) 

Sodium-potassium ATPase (Na-K ATPase) pumps are electro- 

enic pumps that are essential for maintaining the intracellular 

oncentration of sodium and potassium ions at the desired cellu- 

ar level, maintaining the membrane potential, and regulating the 

ell volume, which prevents the cell from lysis [104] . NaK ATPase 

umps hydrolysis the ATP molecules to actively transport Na + ions 
ut of the cell and K + ions into the cell. Reaction Eq. (99) summa-

izes the overall transport reaction mechanism. In each cycle (one 

urnover of the pump), three sodium ions exit the cell, while two 

otassium ions enter the cell [105] . 

T P + 3 Na + M +2 K+ N � ADP + P i + 3 Na + N +2 K+ M (99) 

he flux transported by NaKATPase can be obtained by using a 

ill-type equation [106] . Eqs. (54a) and (54b) in Zaheri and Has- 

anipour [20] can be used to model the transported flux. The 

odium and potassium fluxes across the pump are expressed by 

sing Eqs. (100) and (101) . 

 

NakAT pase 
Na + = J NakAT pase,max 

Na + 

(
[ Na ] M(i ) 

[ Na ] M(i ) + K Na M 

)
3 
(

[ K] N(e ) 

[ K] N(e ) + K K N 

)
2 

(100) 

 

NakAT pase 
K + = ( 

−2 

3 
) J NakAT pase 

Na + (101) 

here J 
NakAT pase 
Na + is the maximum steady-state efflux of the sodium 

ons and is the function of membrane potential. K NaK 
Na 

and K NaK 
K 

are 

he saturation constants for the intracellular sodium (mM) and the 

xtracellular potassium ions, accordingly [22] . K Na i and K K i are the 

ump affinity for sodium and potassium ions and can be obtained 

hrough Eqs. (102) and (103) , respectively [106–110] . 

 Na i = K NaK Na 

(
1 + 

[ K] i 
a NaK 

)
(102) 

 K i = K NaK K 

(
1 + 

[ Na ] e 

b NaK 

)
(103) 

here a NaK and b NaK are the constants are constants that depend 

n the types of cells each can take different values. 

Ammonium ( NH 4 ) competes with potassium ions for the 

ame binding site. Therefore, in the presence of ammonium 

NH4) Eq. (101) changes to Eq. (105) , and the ammonium and 

otassium relative affinity regulates the relation between the 

ransported fluxes of potassium and ammonium through the 

q. (106) [111,112] . 

 

Pump 
Na 

= J NaKAT Pase,max 
Na 

(
[ Na ] c 

[ Na ] c + K Na 

)
3 

(
[ K] bl 

[ K] bl + K K 

)
2 (104) 

 

pump 
K 

+ J pump 
NH4 

= −2 

3 
J pump 
Na 

(105) 

J pump 
NH4 

J pump 
K 

= 

[ NH4] e 

K NH4 

· K K 
[ K] e 

(106) 

Luo and Rudy [113] evaluated the voltage dependency of the 

urrent through NaKATPase pumps ( I NaK ) at different levels of 

odium concentration at the extracellular region ([Na]o) and mod- 

led this voltage dependency for cardiac ventricular tissue through 

q. (107) [29,113] . 

 
M−N 
NaK = I max 

NaK ψ 

cyt 
NaK 

( [ Na ] 1 . 5 cyt 

[ Na ] 1 . 5 cyt + K 1 . 5 
m,Na,α1 

)(
[ K] out 

[ K] out + K m,K 

)
(107) 
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cyt 
NaK 

= 

1 

1 + 0 . 1245 exp 

(
−0 . 1 V 

M−N 
m F 
RT 

)
+ 0 . 365 σ exp 

(
−V M−N 

m F 
RT 

)
(108a) 

= 

1 

7 

(
[ Na ] out 

67 . 3 
− 1 

)
(108b) 

In this equation, I max 
NaK 

is the maximum NaK ATPase current in 

μA μF −1 ) unit and ψ 

cyt 
NaK 

captures the membrane voltage influence 

n I NaK and is a function of the extracellular sodium concentration 

n the current produced by NaK ATPase pumps and can be ob- 

ained through Eq. (108a) in combination with Eq. (108b) . K m,K is 

he potassium ( [ K] ) half-saturation constant (in mM ) for NaK AT- 

ase, and K m,Na, is sodium ( [ Na ] ) half-saturation constant for NaK

TPase in mM units. 

Hartman et al. [38] also included a weak dependence of 

he NaKATPase turnover rate on basolateral membrane potential 

22,38] . Their model is given by Eq. (109) . 

 pump = P pump 

(
[ Na ] c 

[ Na ] c + K Na 

)
3 

(
[ K] bl 

[ K] bl + K K 

)
2 (a ×V b m 

+ b) (109) 

Here, ‘ a ×V m (b) + b’ represents the effect of membrane volt- 

ge on the current carried by NaK ATPase pumps, in which ‘a’ 

in the unit of ( mV ) −1 ) and ‘b’ (no unit) are constants and when

he membrane is at steady-state reduced membrane potential, this 

oltage correction term is equal to 1 (i.e., a ×V m (b) + b = 1 ), and

 pump is the membrane permeability coefficient in the unit of 

mol cm 
−2 h −1 . 

Sohma et al. [22] developed a simplified model for describing 

he transported flux by NaKATPase pump ( Eq. (110) ) based on the 

eparametrization of the Hartman and Hoffman [38,108] models. 

 NaKAT Pase = P pump 

(
[ Na ] i 

[ Na ] i + K NaK 
Na 

)
3 

(
[ K] bl 

[ K ] bl + K NaK 
K 

)
2 (V i −bl 

m 
−V re v ) 

(110) 

Moreover, Smith and Crampin [114] mathematically described 

he detailed kinetic mechanism of transport through the NaK AT- 

ase pump, which is out of the scope of this work, and the inter- 

sted reader is referred to [114] . 

.2. Proton-ATPase (H-ATPase) 

ATP-driven proton pumps actively transport hydrogen ions 

cross the cell membrane through hydrolysis of adrenalin triphos- 

hate (ATP) molecules. These pumps are classified based on their 

onformational structure into three groups: V-type, P-type , and F- 

ype . Here, a short discussion of several well-known proton pump 

urrent and flux models are presented. In some of these models, 

he contribution of electrical and chemical components (electro- 

hemical potential dependency) is considered. 

Andersen et al. experimentally found a dependency between 

he hydrogen flux and the electrochemical potential difference 

cross the membrane [115] . This electrochemical potential density 

s considered in Eqs. (111) and (112) . Eq. (111) represents the model 

o obtain the flux of protons due to the proton pump located on an

apical” membrane and Eq. (112) represents the equivalent model 

or the case in which the pump is located on the “basolateral”

embrane [109] . 

 

M−N(a ) 
H,HAT Pase 

= −J max 
H,HAT Pase 

1 

1 + exp 
(
ζ (νM−N(a ) 

H 
− νM−N(a ) 

1 / 2 ,H−AT Pase 
) 
) (111) 

 

M−N(b) 
H,HAT Pase 

= J max 
H,HAT Pase 

1 

1 + exp 
(
−ζ (νM−N(b) 

H 
− νM−N(b) 

1 / 2 ,H−AT Pase 
) 
) (112) 
13 
n these equations, J max 
H,HAT Pase 

is the maximum hydrogen flux (i.e., 

he flux of the ion at saturation) through H − AT Pase pumps, 

 
M−N 
1 / 2 ,H−AT Pase 

is the electrochemical potential difference where the 

ux is half of its maximum value, ζ is the coefficient representing 

he steepness of the function, νM−N 
H 

is the electrochemical poten- 

ial difference of hydrogen from the M (cytosol) region to the N 

luminal) region. The hydrogen flux driven through proton pumps 

an also be obtained by applying the Hill model ( Eq. (113) ). 

 

M(i ) −N(e ) 
H,H−AT Pase 

= J max 
H,HAT Pase 

[ H 
+ ] M(cel l ) 

K M(cel l ) 
H,H−AT Pase 

+ [ H 
+ ] M(cel l ) 

(113) 

here J max 
H,HAT Pase 

is the maximum hydrogen flux through H − AT Pase 

umps and K H,H−AT Pase is the affinity of the pump to the H 
+ ion 

107] . 

.3. Hydrogen-potassium ATPase (H/KATPase) 

Nadal et al. [116] developed a nongastric H-K ATPase model 

ased on Weinstein’s schematic kinetic diagram, which includes 

ompetition between the NH 
+ 
4 

and Na + ions with hydrogen and 

otassium ions, respectively. Following Nadal et al.’s model, the 

et transported flux for sodium, potassium, hydrogen, and ammo- 

ia from the cytosol region to the luminal (l or N) region, can be 

btained through Eqs. (114) –(117) , respectively [116] . 

 
net 
Na,HK−AT Pase = k lc Na [ P i Na ] l − k cl Na [ P i Na ] c (114) 

 
net 
K,HK−AT Pase = k lc K [ K] l − k cl K [ K] c (115) 

 
net 
H,HK−AT Pase = k lc H [ P i H] l − k cl H [ P i H] c (116) 

 
net 
NH 4 ,H K−AT Pase = k lc NH4 [ NH4] l − k cl NH4 [ NH4] c (117) 

n these equations, ( Eqs. (114) –(117) ) k lc 
X 

and k cl 
X 

are the translo-

ation rate constants with X bound from the lumen to the cy- 

osol and the cytosol to the lumen (where X is Na + , K + , H 
+ , or

H4 + ), respectively. [ X] l and [ X] c are the densities of the luminal 

nd cytosolic facing enzymes, respectively, with X bound (where 

 is [ P i Na ] , [ K] , [ P i H ] , or [ NH 4] ). Moreover, in these equations, the

ux is taken positive from the lumen to the cytosol direction. 

.4. Calcium ATPase pumps ( Ca − AT Pase ): 

.4.1. Plasma membrane calcium ATPase (PMCA) 

Plasma membrane calcium ATPase pumps, also known as P MCA , 

n addition to the sodium-calcium exchanger, are responsible for 

he cell’s calcium ion efflux. PMCA’s function is vital for regu- 

ating the amount of calcium in the cells, as it has a direct im- 

act on the other channels’ mechanisms and cellular mechanisms 

117–120] . The energy required to eject calcium ions from the cell 

hrough PMCA pumps is supplied through ATP molecule hydrolysis. 

ecause of this enzymatic manner, the calcium flux and the equiv- 

lent current through this pump are modeled using the Michaelis–

enten equation, which leads to Eqs. (118) , and (119) , respectively 

30,37,89,98,120,121] . 

 PMCA = I max 
PMCA 

1 

1 + 

(
K PMCA,Ca i 

[ Ca ] M(i ) 

)
ηPMCA 

(118) 

 

M(i ) −N(e ) 
PMCA 

= − I PMCA 

z Ca F 
= 

V PMCA [ Ca ] 
ηPMCA 

M(i ) 

K 
ηPMCA 

PMCA,Ca 
+ [ Ca ] 

ηPMCA 

M(i ) 

(119) 
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In Eqs. (118) and (119) , ηPMCA is the Hill coefficient of the 

ump and Km is the calcium concentration at which the maxi- 

um pump current is delivered. Furthermore, the negative sign 

n Eq. (119) shows the calcium flux direction to be out of the 

ell. More information on detailed kinetic studies of this family of 

umps can be found in Graf and Penniston [122] , Kojiro et al. [123] .

.4.2. Sacro endoplasmic reticulum calcium ATPase (SERCA) 

SERCA is a family of sar-coplasmic reticulum (SR) calcium 

umps that actively transport calcium ions into the SR against 

heir electrochemical gradients to control calcium ion elevation in 

he cytoplasm region. Different mathematical models have been 

eveloped over the years to obtain the calcium ion flux through 

hese pumps. These models can be classified as unidirectional 

odels and bidirectional models. 

Here, a unidirectional model for the movement of calcium ions 

rom the cell cytoplasm to the SERCA is represented. Some mod- 

ls that consider bidirectional movements can be found in Higgins 

t al. [124] , Koivumäki et al. [125] . 

The unidirectional transported flux of calcium through SERCA 

s mostly modeled by using the Hill equation ( Eq. (120) ) 

30,31,37,98,113,125,126] . 

 SERCA = I max 
SERCA 

1 

1 + 

(
K SERCA 

[ Ca ] M(cyt) 

)ηSERCA 
(120) 

here I max 
SERCA 

is the maximum current through the pump and 

SERCA is the Hill coefficient (mostly considered to be ηSERCA = 1 

r ηSERCA = 2 [30,31,37,98,113,125,126] ). 

The transported calcium flux models through SERCA pumps 

an become slightly more complicated, as experimental evidence 

ndicates that the SERCA pumping rate is accentuated by cal- 

ium concentration outside the SR in the endoplasmic reticulum 

ER) [127] . Sneyd et al. modeled this extracellular calcium de- 

endency and represented the flux through the SERCA pump by 

q. (121) [125,128] . 

 SERCA = J max 
SERCA 

( 1 ) 

1 + ( [ Ca ] i 
K SERCA 

) ηserca 

1 

[ Ca ] er 
(121) 

here [ Ca ] er is the calcium concentration in the endoplasmic retic- 

lum (ER) region [128] . Shanon et al. [129] fit the SR calcium up-

ake data to a second term equation that accounts for back flux 

nd leak current. Their developed model is given in Eq. (122) . 

 SERCA = 

V max f 

(
[ Ca ] i 
K mf 

)
η f −V maxr 

(
[ Ca ] sr 
K mr 

)
ηr 

1 + 

(
[ Ca ] i 
K mf 

)
η f + 

(
[ Ca ] sr 
K mr 

)
ηr 

+ K([ Ca ] sr − [ Ca ] i ) (122) 

here V max f , K mf , and η f are the Hill parameters for the forward 

ump flux and V maxr , K mr , and ηr are the same parameters for back- 

ard pump flux. Moreover, the product K([ C a ] sr − [ C a ] i ) represents

he leak portion of the flux. 

Shannon et al. took the similarity assumption for V max and η
alues for forward and backward pump fluxes in Eq. (122) and 

onsidered zero to be the leak current. Their model is given by 

q. (123) [29,90] . 

 SERCA = I max 
SERCA 

(
[ Ca ] i 
K mf 

)
ηserca −

(
[ Ca ] sr 
K mr 

)
ηserca 

1 + 

(
[ Ca ] i 
K mf 

)
ηserca + 

(
[ Ca ] sr 
K mr 

)
ηserca 

(123) 

. Cotransporters 

This section includes several kinetic models of the impor- 

ant cotransporters (or symporters), namely, sodium-potassium- 

hloride cotransporter ( Section 5.1 ), potassium chloride cotrans- 

orter ( Section 5.2 ), sodium chloride cotransporter ( Section 5.3 ), 
14 
odium bicarbonate cotransporter Section 5.4 , sodium phos- 

hate cotransporter ( Section 5.5 ), sodium glucose symporter 

 Section 5.6 ), and amino acid symporter ( Section 5.7 ). 

.1. Sodium potassium chloride symporter (NKCC) 

Sodium-potassium-chloride cotransporter ( Na + − K + −Cl − co- 

ransporter or NKCC) is a member of the cation-chloride cotrans- 

orter family, whose function is regulated by extracellular con- 

entrations of sodium (Na) and potassium (K) ions and intracel- 

ular chloride anions (Cl) [130] . Structural analysis of the NKCC 

ransporter kinetic mechanism has led to the construction of sev- 

ral kinetic models for the transport mechanism by members of 

he NKCC family. Two isoforms of the NKCC protein are currently 

nown. One isoform is NKCC2, which is found exclusively in the 

idney, and the other is NKCC1, which is found in nearly all cell 

ypes. More details about these isoform structures and their role in 

he regulation of cellular functions under physiological and patho- 

hysiological conditions can be found in Russell [131] , Orlov et al. 

132] , D’Andrea et al. [133] , Iwamoto et al. [134] , Lytle et al. [135] . 

Lytle et al. [136] , Delpire and Gagnon [137] developed a quan- 

itative transport model for NKCC1, which follows a “first on last 

ff” binding order. In the first step, the carrier faces the extracel- 

ular side of the membrane (M or o) and binds to chloride ions 

 Cl). After the complex ECl M 
is formed, a sodium ion ( Na ) binds

o ECl M 
and forms the EClNa M 

complex, followed by the binding 

f a second Cl ion to form complex EC lNaC l M 
. Finally, potassium 

ons (K ions) bind to the transporter to give the fully loaded car- 

ier complex EC lNaC lK M 
. In this model, the carriers can translo- 

ate across the membrane in all states (i.e., in the empty, partially 

oaded, and fully loaded states), and the unbinding reactions occur 

n the reverse order of binding [136–138] . Lytle et al.’s model was 

eparametrized and schematically shown in Figure 14a in Zaheri 

nd Hassanipour [20] . Under combined equilibrium and steady- 

tate assumptions, the chloride, sodium, and potassium fluxes can 

e obtained through Eqs. (124a) –(124c) , respectively. 

J M,N(net) 
C l,NKC C 

= [ E] NKCC 

R NN 

(
g M 
ECl 

C l M + g M 
EClNa 

C l M Na M + g M 
EC lNaC l 

C l M Na M C l ′ ′ M + g M 
EC lNaC lK 

C l M Na M C l ′ ′ M K M 
)

R M R NN + R N R MM 

R MM 

(
g N 
ECl 

C l N + g N 
EClNa 

C l N Na N + g N 
EC lNaC l 

C l N Na N C l ′ ′ N + g N 
EC lNaC lK 

C l N Na N C l ′ ′ N K N 
)

R M R NN + R N R MM 

) (124a) 

 

M,N(net) 
Na,NKCC 

= [ E] NKCC 

(
R NN 

(
g M 
EClNa 

C l M Na M + g M 
EC lNaC l 

C l M Na M C l ′ ′ M + g M 
EC lNaC lK 

C l M Na M C l ′ ′ M K M

R M R NN + R N R MM 

−
R MM 

(
g N 
EClNa 

C l N Na N + g N 
EC lNaC l 

C l N Na N C l ′ ′ N + g N 
EC lNaC lK 

C l N Na N C l ′ ′ N K M 
)

R M R NN + R N R MM 

)
(124b) 

 

M,N(net) 
K,NKCC 

= [ E] NKCC 

(
R NN (g 

M 
EC lNaC lK 

C l M Na M C l ′ ′ M K M ) −R MM (g 
N 
EC lNaC lK 

C l N Na N C l ′ ′ N K N ) 
R M R NN + R N R MM 

)
(124c) 

here [ E ] t = [ E ] M 
+ [ E Cl] M 

+ [ E ClNa ] M 
+ [ E C lNaC l] M 

+
 EC lNaC lK] M 

+ [ EC lNaC lK] N + [ EC lNaC l] N + [ EC lNa ] N + [ EC l] N + [ E] N 
K ion is the equilibrium constant of the ion in the unit of mmol 

nd the normalized concentrations are: 

Cl M = 

[ Cl] M 
K M 
Cl 

, Na M = 

[ Na ] M 
K M 
ClNa 

, Cl ′ ′ M = 

[ Cl] M 
K M 
C lNaC l 

, K M = 

[ K] M 
K M 
C lNaC lK 

Cl N = 

[ A ] N 
K N 
A 

, Na N = 

[ B ] N 
K N 
ClNa 

, Cl ′ ′ N = 

[ A ] N 
K N 
ABA 

, K N = 

[ C] N 
K N 
C lNaC lK 

R M 
= 1 + Cl M + Cl M Na M + Cl M Na M Cl ′ ′ M + Cl M Na M Cl ′ ′ M 

K M 

R = 1 + Cl N + Cl N Na N + Cl N Na N Cl ′ ′ N + Cl N Na N Cl ′ ′ N K N 
N 
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R MM 
= g M 

E + g M 

ECl 
Cl M + g M 

EClNa 
Cl M Na M + g M 

EABA 
Cl M Na M Cl ′ ′ M + 

 
M 

EC lNaC lK 
C l M Na M C l ′ ′ M 

K M 

R NN = g N E + g N 
ECl 

Cl N + g N 
EClNa 

Cl N Na N + g N 
EC lNaC l 

Cl N Na N Cl ′ ′ N + 

 
N 
EC lNaC lK 

C l N Na N C l ′ ′ N K N 
A different quantitative model of the transported ionic flux due 

o the NKCC transporter was developed by Benjamin et al. in 1997 

139] . Their model has been widely used in modeling the NKCC 

ransporter in the secretory epithelial cell family, which has NKCC1 

n the basolateral face. 

Benjamin et al. [139] considered the symmetric order of 

inding and unbinding (first-on first-off) with a different bind- 

ng/unbinding order mechanism. In their model, the order of bind- 

ng is as follows: first, the Na ion binds to the carrier on surface 

 of the membrane to form the complex ENa M 
then the first Cl

on binds to ENa M 
and forms the complex ENaCl M 

. This binding is 

ollowed by the binding of K ions and the formation of the com- 

lex ENaClK M 
complex. In the last binding step, the second Cl ion 

s bound, and the full complex ENaC lKC l M 
is formed on the M face

f the membrane. In this model, the partially loaded carriers are 

ot capable of translocating, and only the fully bounded and free 

unbounded) transporters are considered to be able to cross the 

embrane. After the translocation of the fully loaded complex to 

he other side of the membrane, unbinding occurs in symmetric 

rder to the binding order, that is, Na + unbinds first, next Cl − ion 

s unbound, followed by unbinding of K+ ion, and finally, the sec- 

nd Cl − unbinds from the complex [98,131,137,140] . 

Their model contains about 30 terms, which is reparameterized 

n the equivalent model of Figure 15 in [20] . The steady-state turn 

ver rate of the NKCC cotransporter is given by Eq. (125a) , and 

he corresponding fluxes for Na, Cl, and K can be obtained through 

qs. (125b) –(125d) , respectively. 

J M,N(net) 
symporter = [ E] t 

×
((

g M 
ENaC lKC l 

Na M C l M K M C l ′ ′ M 
)
g N E −

(
g N 
ENaC lKC l 

Na N C l N K N C l ′ ′ N 
)
g M E 

R M R NN + R N R MM 

)
(125a) 

 

M,N(net) 
Na,symporter 

= J M,N(net) 
symporter (125b) 

 

M,N(net) 
Cl,symporter 

= 2 J M,N(net) 
symporter (125c) 

 

M,N(net) 
K,symporter 

= J M,N(net) 
symporter (125d) 

here [ E ] t = [ E ] M 
+ [ E Na ] M 

+ [ E NaCl] M 
+ [ E NaClK] M 

+
 ENaC lKC l] M 

+ [ ENaC lKC l] N + [ ENaC lK] N + [ ENaC l] N + [ ENa ] N + 

 E] N . 

K ion is the equilibrium constant of the ion in the unit of mmol 

nd the normalized concentrations are: 

Na M = 

[ Na ] M 
K M 
Na 

, Cl M = 

[ Cl] M 
K M 
NaCl 

, K M = 

[ K] M 
K M 
NaClK 

, Cl ′ ′ M = 

[ Cl] M 
K M 
NaC lKC l 

, 

Na N = 

[ Na ] N 
K N 
NaC lKC l 

, Cl N = 

[ Cl] N 
K N 
BCB 

K N = 

[ K] N 
K N 
ABC 

, Na ′ ′ N = 

[ Cl] N 
K N 
NaC lKC l 

. 

The resistance parameters are defined as: 

R M 
= 1 + Na M + Na M Cl M + Na M Cl M K M + Na M C l M K M C l ′ ′ M 

R N = 1 + Cl ′ ′ N + K N Cl ′ ′ N + C l N K N C l ′ ′ N + Na N C l N K N C l ′ ′ N 

R MM 
= g M 

E 
+ g M 

ENaC lKC l 
Na M C l M K M C l ′ ′ M 

R NN = g N 
E 

+ g N 
ENaC lKC l 

Na N C l N K N C l ′ ′ N 
Weinstein et al. in 2009 [141] , considered the order of binding 

or NKCC as Benjamin’s group (i.e., Na + , Cl, K, and the second Cl
nd for the dissociation to happen as Na + first, Cl −, K + , and the
econd Cl −). However, in their model, they considered competition 

etween ammonium and potassium ions for the same binding site 

141] . Here, their model is transformed to the general form of the 
15 
esistance parameters from and net uptake flux of Na + and K + are 
xpressed in Eqs. (126a) and (126b) , respectively. 

 

M,N(net) 
Na,NKCC 

= [ E] t 

(
g N E R MM −g M E R NN 
R M R NN + R N R MM 

)
(126a) 

 

M,N(net) 
K,NKCC 

= [ E] t 

(
( g M ENKCC Na 

M K M (Cl M ) 2 ) R NN −( g N ENKCC Na N K N (Cl N ) 2 ) R MM 

R M R NN + R N R MM 

)
(126b) 

here [ E ] t = R M 
[ E ] M 

+ R N [ E ] N represents the total carrier concen-

ration of the KCC transporter on either side of the membrane. [ E] 

epresents the concentration of the empty NKCC carrier. R M 
, R N , 

 MM 
, and R NN are the resistance parameters and defined as: 

R M 
= 1 + Na M + Na M Cl M + Na M K M Cl M + Na M K M ( Cl M ) 2 + 

 a M NH 4 
M Cl M + N a M NH 

M 

4 
( Cl M ) 2 

R N = 1 + Cl N + K N Cl N + K N (Cl N ) 2 + Na N K N (Cl N ) 2 + NH 
N 
4 Cl 

N + 

H 4 
N (Cl N ) 2 + Na N NH 

N 
4 

+ (Cl N ) 2 

R MM 
= g M 

E 
+ g M 

ENKCC 
Na M K M (Cl M ) 2 + g M 

EN N H 4 CC 
Na M NH 4 

M (Cl M ) 2 

R NN = g N 
E 

+ g N 
ENKCC 

Na N K N (Cl N ) 2 + g N 
EN N H 4 CC 

Na N NH 4 
N (Cl N ) 2 

K ion is the equilibrium constant of the ion in the unit of mmol. 

y applying the symmetry assumption for the equilibrium constant 

oefficients on the two sides of the membrane, there is no “M”

r “N”, designation and the normalized concentrations can be ex- 

ressed as 

Na M = 

[ Na ] M 
K Na 

, K M = 

[ K] M 
K K 

, Cl M = 

[ Cl] M 
K Cl 

, NH 4 
M = 

[ NH 4 ] M 
K NH 4 

Na N = 

[ Na ] N 
K Na 

, K N = 

[ K] N 
K K 

, Cl N = 

[ Cl] N 
K Cl 

, NH 4 
N = 

[ NH 4 ] N 
K NH 4 

NKCC transporters can also be modeled by using the simple 

odel. Here, two simplified models are presented: Eq. (127) and 

131) . 

A commonly used reduced NKCC model initially developed by 

erkman and Alpern [142] and later was reparametrized in Fig- 

re 17 of [20] . In this simplified model, the rapid equilibrium 

ssumption, quasi-steady-state assumption, and symmetric carrier 

ssumption are discussed. Furthermore, it is assumed that the 

inding and unbinding steps do not follow a particular sequential 

rder. Under these assumptions, the net outward NKCC turnover 

ate is given by Eq. (127) , and the transported flux of Na, Cl, and K

ons can be obtained from Eqs. (128) –(130) , respectively [38] . 

 
M−N 
NKC C 2 = P symporter 

NKC C 2 

[ Na ] M(e ) [ K] M(e ) [ Cl] 
2 
M(e ) 

− [ Na ] N(i ) [ K] N(i ) [ Cl] 
2 
N(i ) [ 

[ Na ] N(i ) 

K Na 
+ 1 

] [ 
[ K] N(i ) 

K K 
+ 1 

] [ 
[ Cl] N(i ) 

K Cl 
+ 1 

] 
2 

(127) 

 

M,N(net) 
Na,NKC C 2 

= J M,N(net) 
NKC C 2 

(128) 

 

M,N(net) 
K,NKC C 2 

= J M,N(net) 
NKC C 2 

(129) 

 

M,N(net) 
C l,NKC C 2 

= 2 J M,N 
NKC C 2 

(130) 

ere, J NKC C 2 is the turn over rate of transporter NKCC, in the units 

f μeq cm 
−2 h −1 (defined as positive for the flux into the cell) and

 NKC C 2 is the permeability coefficient for the transporter NKCC2. 

Eq. (131) represents one other simplified model developed by 

alk et al. [37] to obtain the net outward NKCC turnover rate. 

 NKCC = [ E] NKCC 

(
r NKCC 

1 − α1 [ Na ] i [ K] i [ Cl] 
2 
i 

K NKCC + α2 [ Na ] i [ K] i [ Cl] i 
2 

)
(131) 

here [ E] t is the NKCC transporter density per membrane area, 

 NKCC is a constant in the unit of 1 / s , α1 and α2 are dimension-

ess constants, K is a constant in a unit of mM 
−4 [37,143] . 
NKCC 
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.2. Potassium chloride symporter (KCC) 

The potassium chloride symporter is a membrane transporter 

hat functions in the electroneutral movement of potassium ( K + ) 
nd Cl − across the plasma membrane of many cells [144] , includ- 

ng the renal proximal tubule [145] and the neuron [146] . It con- 

ributes to renal chloride reabsorption and to transport chloride 

cross the basolateral membrane with a stoichiometric ratio of 

 K + : 1 Cl −. This suggests that the transmembrane voltage does not 

rive the overall transport process of K + and Cl − via the KCC, and 

he transport process does not directly generate a membrane cur- 

ent that may change the transmembrane voltage [147,148] . More- 

ver, the KCC cotransporter is bidirectional and can mediate net 

on efflux or influx. Depending on the dominant K + and Cl − chem- 

cal potential gradients and the physiological ranges of intracellular 

l − and extracellular K + concentrations, KCCs can act to either ex- 
rude or store chloride ions [144,149] . KCC cotransporters may also 

ransport ammonium, which competes with potassium (K) for the 

ame binding sites on the carrier [150,151] . 

Figure 16 of [20] represents a competitive KCC transport mech- 

nism of potassium, chloride, and ammonium ions, in which am- 

onium competes with potassium for the same binding sites on 

he KCC. In this configuration, in the first step, Cl ion (A in Figure 

6 of [20] ) binds to the empty carrier (E), followed by the binding

f K ions (B in Figure 16 of [20] ) or NH 4 (C in Figure 16 of [20] )

ons to form the complex EClK or EClNH 4 , respectively. Next, the 

ormed complexes cross the membrane ( EClK N or EClNH4 N ), where 

hey undergo dissociation reactions in which Cl unbinds last from 

oth complexes. In this model, it is assumed that the carrier can 

xist in four different states on each side of the membrane and 

hat only the fully loaded (EClK and EClNH4) and empty carriers 

E) can cross the membrane. Under equilibrium and steady-state 

ssumptions, net outward fluxes of Cl, K and NH 4 can be obtained 

hrough Eqs. (132a) –(132c) , respectively. 

 

M,N(net) 
K,KCl 

= [ E] t 

(
g M 

EClK 
Cl M K M 

)
R NN −

(
g N 
EClK 

Cl N K N 
)
R MM 

R M R NN + R N R MM 

(132a) 

 

M,N(net) 
NH 4 ,KCl 

= [ E] t 

(
g M 

EClNH 4 
Cl M NH 

M 

4 

)
R NN −

(
g N 
EClNH 4 

Cl N NH 
N 
4 

)
R MM 

R M R NN + R N R MM 

(132b) 

 

M,N(net) 
C l,KC l 

= [ E] t 

(
g M 
EClK 

C l M βM + g M 
EClNH 4 

C l M NH M 4 

)
R NN −

(
g N 
EClK 

C l N K N + g N 
EClNH 4 

C l N NH N 4 

)
R MM 

R M R NN + R N R MM 

(132c) 

here [ E ] t = [ E ] M 
+ [ E Cl] M 

+ [ E ClK] M 
+ [ E ClNH 4 ] M 

+ [ E ClNH 4 ] N +
 E ClK] N + [ E Cl] N + [ E ] N . 

K ion is the equilibrium constant of the ion in the unit of 

mol and the normalized concentrations are: Cl M = 

[ Cl] M 
K M 
Cl 

, K M = 

[ K] M 
K M 
K 

, NH 
M 

4 = 

[ NH4] M 
K M 
C 

| Cl N = 

[ A ] N 
K N 
Cl 

, K N = 

[ K] N 
K N 
B 

, NH 
N 
4 = 

[ NH 4 ] N 
K N 
NH 4 

The resistance parameters are defined as: 

R M 
= 1 + Cl M + Cl M K M + Cl M NH 

M 

4 | R N = 1 + Cl N + Cl N K N +
l N NH 

N 
4 

R MM 
= g M 

E 
+ g M 

EClK 
Cl M K M + g M 

EClNH 4 
Cl M NH 

M 

4 
| R NN = g N 

E 
+

 
N 
EClK 

C l N K N + g N 
EClNH 4 

C l N NH 
N 
4 

In the absence of the NH 
+ 
4 

competitor (i.e., J NH4 + ,KCl = 0 ) the 

alues for NH 4 related terms become zero (i.e., γ N = γM = 0 , 

 H 
M 

4 
= N H 

N 
4 

= 0 , and g M 

EClNH 4 
= g N 

ECLNH 4 
= 0 ), and the net flux of the

l − is expressed by Eq. (133) while the K flux still can be obtained 

hrough Eq. (132a) . 

 
KCl 
Cl − = [ E] t 

(
g M 

EClK 
Cl M βM 

)
R NN −

(
g N 
EClK 

Cl N K N 
)
R MM 

R R + R R 
(133) 
M NN N MM 

16 
In 2010, Weinstein [112] developed a model for KCC to com- 

ute the unidirectional fluxes through chloride potassium with 

mmonium transport by assuming rapid equilibrium. Weinstein 

112] considered the first-on first-off binding mechanism for the 

CC symporter, where potassium (K) ions or ammonium ions 

 NH 4 ) are the first ions that bind to the transporter, and they un-

ind first. In the first step, either potassium ion ( K + ) or ammo-

ium ( NH 4 ) ion (which competes with potassium ion for the same 

inding site) binds to the empty carrier (E) and forms the com- 

lexes EK or ENH4 , respectively. This step is followed by the bind- 

ng of chloride ions and the formation of EKCl and ENH4 Cl com- 

lexes. Next, the formed complexes cross the membrane ( EKCl N or 

NH4 Cl N ), where they undergo dissociation reactions in which Cl 

nbinds last from both complexes. In this model, it is assumed that 

nly the fully loaded (EKCl and ENH4Cl) and empty carriers (E) can 

ross the membrane [112] . Under equilibrium and steady-state as- 

umptions, net outward fluxes of K, NH4, and Cl can be obtained 

hrough Eqs. (134a) –(134c) respectively [112] . 

 

M,N(net) 
K,KCC 

= [ E] t 

( (
g M 

EKCl 
K M Cl M 

)
R NN −

(
g N 
EKCl 

K N Cl N 
)
R MM 

R M R NN + R N R MM 

) 

(134a) 

 

M,N(net) 
NH 4 ,KCl 

= [ E] t 

(
g M 

ENH 4 Cl 
NH 

M 

4 Cl 
M 

)
R NN −

(
g N 
ENH 4 Cl 

NH 
N 
4 Cl 

N 
)
R MM 

R M R NN + R N R MM 

(134b) 

 

M,N(net) 
C l,KC l 

= [ E] t 

(
g M 
EKCl 

K M C l M + g M 
ENH 4 Cl 

NH M 4 C l 
M 

)
R NN −

(
g N 
EKCl 

K N C l N + g N 
ENH 4 Cl 

NH N 4 C l 
N 

)
R MM 

R M R NN + R N R MM 

(134c) 

here [ E ] t = R M 
[ E ] M 

+ R N [ E ] N represents the total carrier concen-

ration of the KCC transporter on either side of the membrane. [ E] 

s the concentration of the empty carrier. R M 
, R N , R MM 

, and R NN are

he resistance parameters and defined as: 

R M 
= 1 + K M + K M Cl M + NH 

M 

4 
Cl M | R N = 1 + Cl N + K N Cl N +

H 
N 
4 Cl 

N 

R MM 
= g M 

E 
+ g M 

EKCl 
K M Cl M + g M 

ENH 4 Cl 
NH 

M 

4 
Cl M | R NN = g N 

E 
+

 
N 
EKCl 

K N C l N + g N 
ENH 4 Cl 

NH 
N 
4 
C l N 

K ion is the equilibrium constant of the ion in the unit of 

mol and the normalized concentrations are: K M = 

[ K] M 
K M 
K 

, Cl M = 

[ Cl] M 
K M 
Cl 

, NH 
M 

4 
= 

[ NH4] M 
K M 
C 

| K N = 

[ K] N 
K N 
B 

, Cl N = 

[ A ] N 
K N 
Cl 

, NH 
N 
4 

= 

[ NH 4 ] N 
K N 
NH 4 

.3. Sodium chloride cotransporter (NCC) 

The sodium chloride cotransporter (NCC) is a member of the 

amily of electroneutral cation-coupled chloride cotransporters that 

s exclusively expressed in the apical membrane of the distal con- 

oluted tubule segment of the kidney nephron [152] . NCC is vital 

or maintaining fluid and salt balance, as it functions in reabsorb- 

ng sodium and chloride ions from the tubular fluid into the cells 

f the distal convoluted tubule of the nephron [153] . 

Weinstein in 2005 [154] developed a model to obtain the ion 

ux transported by NCC based on the kinetic characterization of 

CC. This model is also depicted in Figure 11 of [20] , where A and

 refer to Na and Cl ions, respectively, and only the fully loaded 

arrier can cross the membrane, and the partially loaded carri- 

rs cannot translocate across the membrane (i.e., g EA = g EB = 0 ) 

20,154] . In the NCC model (developed by Weinstein [154] ), the 

CC carrier can be oriented toward the M surface of the mem- 

rane, where either Na or Cl may bind to it to form the complex 

 Na M 
or E Cl M 

, respectively. Next, these complexes undergo another 

ssociation reaction to form the fully loaded carrier-solute complex 

 ENaCl ). 
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In this configuration, it is assumed that there are no restric- 

ions on the order of binding, and only the empty carrier and fully 

oaded carrier can cross the membrane, and the partially loaded 

arriers cannot translocate across the membrane (i.e., g EA = g EB = 

 ). Under equilibrium and steady-state assumptions, net outward 

ransported fluxes of sodium (Na) and chloride (Cl) ions by NaCl 

otransporter can be obtained through Eqs. (135a) and (135b) , re- 

pectively [20,154] . 

 

M,N(net) 
N a,N CC 

= [ E] t 

(
(g M 

ENaCl 
Na ′ M Cl M )(g N E ) −(g N 

ENaCl 
Na ′ N Cl N )(g M E ) 

R M R NN + R N R MM 

)
(135a) 

 

M,N(net) 
C l,NC C 

= [ E] t 

(
(g M 

ENaCl 
Na ′ M Cl M )(g N E ) −(g N 

ENaCl 
Na ′ N Cl N )(g M E ) 

R M R NN + R N R MM 

)
(135b) 

here [ E ] t = [ E ] M 
+ [ E Cl] M 

+ [ E Na ] M 
+ [ E NaCl] M 

+ [ E NaCl] N +
 E Na ] N + [ E Cl] N + [ E ] N represents the total carrier concentration of

he NCC transporter on either side of the membrane. 

R M 
, R N , R MM 

, and R NN are the resistance parameters and defined

s: 

R M 
= (1 + Na M + Cl M + Na ′ M Cl M ) | R N = (1 + Na N + Cl N +

a ′ N Cl N ) 
R MM 

= g M 

E 
+ g M 

ENaCl 
Na ′ M Cl M | R NN = g N 

E 
+ g N 

ENaCl 
Na ′ N Cl N 

K ion is the equilibrium constant of the ion in the unit of 

mol and the normalized concentrations are: Na M = 

[ Na ] M 
K M 
Na 

Na ′ M = 

[ Na ] M 
K M 
ClNa 

Cl M = 

[ Cl] M 
K M 
Cl 

| Na N = 

[ Na ] N 
K N 
Na 

Na ′ N = 

[ Na ] N 
K N 
ClNa 

Cl N = 

[ Cl] N 
K N 
Cl 

.4. Sodium bicarbonate cotransporter (NBC) 

The sodium bicarbonate cotransporter (NBC) plays an essential 

ole in the acid-base balance of the cell and in regulating intracel- 

ular pH in a variety of cells [155,156] such as neurons [156–158] ,

ardiac myocytes [159–161] , vascular smooth muscle [156,162,163] , 

nd fibroblasts [155,164,165] . The transport direction through NBCs 

an be inward or outward, and they can be categorized as elec- 

rogenic (NBCe) or neutral (NBCn) [166] . Electrogenic NBCs (NBCs) 

lay key roles in bicarbonate anion ( HCO 
−
3 
) reabsorption by the re- 

al proximal tubule and HCO 
−
3 

secretion by the pancreatic duct 

 1 HCO 3 : 1 Na stoichiometry). Electroneutral NBC (NBCn) regulates 

H in vascular smooth muscle and is expressed in/near axons in 

he brain [156] . 

Over the years, for both electroneutral and electrogenic families 

f the NBCs (i.e., NBCn and NBCe ), several models have been de- 

eloped that can be used to mathematically describe the turnover 

ate of the NBC transporter. Some of the well-known models are 

iscussed below. 

Sohma et al. [167] , considered a general 1 Na : nHCO 3 electro- 

enic cotransporter, N BCe , and developed a model for the N BCe 

urnover rate. They used a six-state kinetics scheme [168] to quan- 

itatively describe the kinetics of NBCe in renal proximal tubule 

ells. This kinetic scheme is also depicted in Figure 12 of [20] , 

here A and B refer to Na and nHCO 3 ions, respectively. Sohma 

t al. [167] assumed the following: (1) HCO 3 ions are lumped to- 

ether, and the symporter has a single binding site that binds 

a ions and HCO 3 ions with sequential binding steps; only the 

mpty carrier and the fully loaded carrier can cross the mem- 

rane (i.e., the partially loaded carriers cannot translocate across 

he membrane). (2) that dissociation constants for each ion at in- 

racellular and extracellular sides of the membrane are the same 

i.e., K M−N 
Na 

= K N−M 

Na 
= K Na and K 

M−N 
HCO 3 

= K N−M 

HCO 3 
= K HCO 3 ) (3) the ki-

etic at V M−n (bl) 
m 

= 0 the translocation velocity for the fully loaded 

arrier and empty carrier from outside to inside and inside to 

utside were the same (i.e., g M−N 
ENanHCO 3 

= g N−M 

ENanHCO 3 
= g ENanHCO 3 and 

 
M−N 
E 

= g N−M 

E 
= g E ) (4) finally, the translocation step between of 

he loaded carrier from inside to outside or outside to inside is 
17 
oltage-dependent (that is, the kinetic steps between the intracel- 

ular loaded carrier ( ENanHCO 3 M(i ) ) and the extracellular loaded 

arrier ( ENanHCO 3 N(o) ) is voltage independent) but the transloca- 

ion step between E i (intracellular empty carrier) and E o (extracel- 

ular empty carrier) is voltage-dependent (carrying the net charge 

f n − 1 ) [168] . Under these assumptions, the turnover rate of the 

lectrogenic [167] . Under these assumptions, the turnover rate of 

he electrogenic Na + − nHCO 
−
3 
cotransporter, NBCe , can be obtained 

y Eq. (136a) . 

J NBCe = P NBCe ×(
[ Na ] bl [ HCO 3] 

n 
bl 

K Na K 
n 
HCO 3 

)
×φ1 −

(
[ Na ] c [ HCO 3] 

n 
c 

K Na K 
n 
HCO 3 

)
×φ2 (

φ2 + g ′ 
(

[ Na ] bl [ HCO 3] 
n 
bl 

K Na K 
n 
HCO 3 

))(
1 + 

[ Na ] c 
K Na 

+ 

[ Na ] c [ HCO 3] 
n 
c 

K Na K 
n 
HCO 3 

)
−
(

φ1 + g ′ 
(

[ Na ] c [ HCO 3] 
n 
c 

K Na K 
n 
HCO 3 

))(
1 + 

[ Na ] c 
K Na 

+ 

[ Na ] bl [ HCO 3] 
n 
bl 

K Na K 
n 
HCO 3 

)
(136a) 

1 = exp 

(
−(1 − n ) F V M−N(bl) 

m 

2 RT 

)
(136b) 

2 = exp 

(
(1 − n ) F V M−N(bl) 

m 

2 RT 

)
(136c) 

here φ1 and φ2 define the dependency of the NBCe translo- 

ation rate on membrane voltage and can be obtained through 

qs. (136b) and (136c) . P NBCe is the membrane permeability to the 

BCe symporter, ‘ n ’ is the coupling ratio of HCO 3 ions to one Na

on in the NCB e cotransporter, g 
′ is the velocity constant ratio of 

he translocation step of the fully loaded carrier to the empty car- 

ier (i.e., g ′ = 

g ENanHCO 3 
g E 

), and K Na and K HCO 3 are the dissociation con- 

tant for binding of Na and HCO 3 ions to NBCe , respectively. 

In 2004, Whitcomb et al. [103] used the proximal rat duct 

ell model [167] and developed a simplified model for the 1 Na : 

HCO 3 electromagnetic cotransporter ( NBCe ) model for the prox- 

mal pancreatic duct cell. They reduced Sohma et al.’s complex 

odel [167] to one simplified linear model that can be used to 

ompute the turnover rate of the NBCe cotransporter. Their model 

s given in Eq. (137) . 

 NBCe = g nbc (V m − E nbc ) (137) 

here 

 nbc = 

RT 

F (n − 1) 
ln 

[ Na ] i [ HCO 3] n 
i 

[ Na ] o [ HCO 3] n o 
(138) 

he 1 Na : 1 HCO 3 electroneutral cotransporter, NBCn, can follow the 

ix-state kinetic mechanism depicted in Figure 12 of [20] , where 

 and B refer to Na + and HCO 
−
3 
, respectively, and M and N re-

er to the two sides of the cell membrane. In this configuration, 

n the first step, the carrier faces the intracellular side (M side) of 

he membrane and binds to Na + ions. After the complex ENa M 
is 

ormed, a HCO 3 ion binds to ENa M 
to form the ENaHCO 3 M 

com- 

lex to give the fully loaded carrier complex ENaHCO3M. In this 

odel, similar to Sohma’s model ( [167] ), only the empty carrier 

 E) and the fully loaded carrier ( ENaHCO 3 ) can translocate across 

he membrane, and the unbinding reactions occur in the reverse 

rder of binding (i.e., on the other side of the membrane, the first 

CO 3 ion unbinds from the translocated loaded carrier, and then 

he Na + ion unbinds). Under these assumptions, the steady-state 

urnover rate of the NBCn can be obtained through Eq. (139a) and 

orresponding fluxes for sodium and bicarbonate ions can be ob- 

ained through Eqs. (139b) and (139c) , respectively [20,168] . 

 

M,N(net) 
NBCn 

= [ E] t 
(g M 

ENaHCO 3 
Na M HCO 

M 

3 ) g 
N 
E − (g N ENaHCO 3 Na 

N HCO 
N 
3 ) g 

M 

E 

R M R NN + R N R MM 

(139a) 
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M,N(net) 
Na,NBCn 

= J M,N(net) 
NBC 

(139b) 

 

M,N(net) 
HCO 3 ,NBCn 

= J M,N(net) 
NBC 

(139c) 

here [ E ] t = [ E ] M 
+ [ E Na ] M 

+ [ E NaHCO 3 ] M 
+ [ E NaHCO 3 ] N +

 E Na ] N + [ E ] N represents the total carrier concentration of the

BCn transporter on either side of the membrane. R M 
, R N , R MM 

,

nd R NN are the resistance parameters and defined as: 

R M 
= (1 + Na M + Na M HCO 

M 

3 ) | R N = (1 + Na N + Na N HCO 
N 
3 ) 

R MM 
= (g M 

E 
+ g M 

ENaHCO 3 
Na M HCO 

M 

3 
) | R NN = (g N 

E 
+ 

 
N 
ENaHCO 3 

Na N HCO 
N 
3 
) 

K ion is the equilibrium constant of the ion in the unit of 

mol and the normalized concentrations are: Na M = 

[ A ] M 
K M 
Na 

, HCO 
M 

3 = 

[ HCO 3 ] M 
K M 
NaHCO 3 

| Na N = 

[ Na ] N 
K N 
Na 

, HCO 
N 
3 

= 

[ HCO 3 ] N 
K N 
NaHCO 3 

Fong et al. [36] developed a simplified model for the elec- 

roneutral sodium bicarbonate cotransporter that transports both 

a and HCO 3 in the same direction. Their model is given in 

q. (140) [36] . 

 NBCn = n 
′ ′ 
NBCn 

k + 
5 
k + 
6 
[ Na + ] cel l (i ) [ HCO 3 −] cel l (i ) − k −

5 
k −
6 
[ Na + ] e [ HCO 3 −] e 

k + 
5 
[ Na + ] i [ HCO 3 −] i + k −

5 
k + 
6 

+ k −
6 
[ Na + ] e [ HCO 3 −] e 

(140) 

here n 
′ ′ 
NBCn 

is NBCn density per membrane area, k + 
5 
, k −

5 
, k + 

6 
, k −

6 
are

ate constant in mM s −1 . 

.5. Sodium phosphate cotransporter (NPT) 

The sodium-phosphate cotransporter (NPT), also known as the 

odium-dependent phosphate transporter, plays a central role in 

hosphate transport and maintains normal cellular functions such 

s cellular metabolism, signal transduction, nucleic acid synthe- 

is, and lipid synthesis [169] . NPTs use the sodium-electrochemical 

radient to drive phosphate translocation against its concentration 

radient and absorb phosphate ions from the interstitial fluid. The 

odium-phosphate cotransporter family members differ in their 

a:Pi stoichiometry, and they are categorized as electrogenic and 

lectroneutral. The electrogenic NPTs transport three sodium ions 

er phosphate molecule ( 3 Na + : P i cotransport stoichiometries), 

hile the electroneutral NPT transports two sodium ions per phos- 

hate ( 2 Na + : P i cotransport stoichiometries) [170,171] . 

Elmariah et al. proposed a kinetic model for sodium-phosphate 

otransporter that displays 2 Na : 1 HP O 4 stoichiometry (electroneu- 

ral NPT) [172] . Their kinetic scheme is identical to the kinetic 

cheme shown in Figure 14 of [20] . In this kinetic scheme, the NPT

arrier, E, transports sodium ions ( Na ) and phosphate ions ( P O 4 )

n a ratio of 2 Na : P O 4 in a sequential binding order manner. In

he first step, the carrier faces the M side of the membrane and 

inds to a Na ion. After the complex ENa M 
is formed, an ion of

P O 4 binds to ENa M 
to form the ENaP O 4 M 

complex, followed by 

he binding of a second ion of Na + to form the fully loaded car-

ier EN aHP O 4 N a M 
. In this model, the carriers can translocate across 

he membrane in all states (i.e., in the empty, partially loaded, 

nd fully loaded states), and the unbinding reactions occur in the 

everse order of binding. The net outward fluxes of sodium ions 

 Na + ) and phosphate ions ( P O 4 ) transported via the cotransporter

re obtained by Eqs. (141a) and (141b) , respectively [20,172] . 

 

M,N(net) 
N a,N aPO 4 

= [ E] t 

(
R NN 

(
g M ENa N a 

M + g M ENaPO 4 
N a M PO M 4 + g M EN aPO 4 N a 

N a M PO M 4 N a 
′ ′ M 

)
R M R NN + R N R MM 

−
R MM 

(
g N 
EA 
N a N + g N ENaPO 4 N a 

N PO N 4 + g N EN aPO 4 N a N a 
N PO N 4 N a 

′ ′ N 
)

R M R NN + R N R MM 

) (141a) 
f

18 
 

M,N(net) 
P O 4 ,NaP O 4 

= [ E] t 

(
R NN 

(
g M ENaPO 4 

Na M PO M 4 + g M EN aPO 4 N a 
Na M PO M 4 Na 

′ ′ M 
)

R M R NN + R N R MM 

)

−
R MM 

(
g N ENaPO 4 

Na N PO N 4 + g N EN aPO 4 N a Na 
N PO N 4 Na 

′ ′ N 
)

R M R NN + R N R MM 

) (141b) 

here [ E ] t = [ E ] M 
+ [ E Na ] M 

+ [ E NaP O 4 ] M 
+ [ E N aP O 4 N a ] M 

+
 EN aP O 4 N a ] N + [ EN aP O 4 ] N + [ EN a ] N + [ E] N represents the total

arrier concentration of the NBCn transporter on either side of the 

embrane. R M 
, R N , R MM 

, and R NN are the resistance parameters 

nd defined as: 

R M 
= 1 + Na M + Na M P O 

M 

4 + Na M P O 
M 

4 Na 
′ ′ M 

| R N = 1 + Na N +
 a N P O 

N 
4 + N a N P O 

N 
4 N a ′ ′ N 

R MM 
= g M 

E 
+ g M 

ENa 
Na M + g M 

ENaPO 4 
Na M P O 

M 

4 
+ 

 
M 

EN aPO 4 N a 
Na M P O 

M 

4 
Na ′ ′ M 

R NN = g N 
E 

+ g N 
ENa 

Na N + g N 
ENaPO 4 

Na N P O 
N 
4 

+ g N 
EN aPO 4 N a 

Na N P O 
N 
4 
Na ′ ′ N 

K ion is the equilibrium constant of the ion in the unit of mmol 

nd the normalized concentrations are: 

Na M = 

[ Na ] M 
K M 
Na 

P O 
M 

4 
= 

[ PO 4 ] M 
K M 
NaPO 4 

, Na ′ ′ M = 

[ Na ] M 
K M 
N aPO 4 N a 

| Na N = 

[ Na ] N 
K N 
Na 

P O 
N 
4 

= 

[ PO 4 ] N 
K N 
NaPO 4 

Na ′ ′ N = 

[ Na ] N 
K N 
N aPO 4 N a 

.6. Sodium glucose symporter (SGLT) 

The sodium-glucose transporter (SGLT) is a carrier that uses the 

lectrochemical potential gradient produced during the transport 

f sodium ions to import glucose molecules into the cell in the 

pposite direction of its gradients. During this transport, glucose 

nd sodium ions move in the same direction, while glucose uti- 

izes the energy produced from transporting the sodium ions with 

 Na + : 1 glucose stiochiometry [173] . The electrogenic Na-coupled 

lucose transporter follows a six-state kinetic mechanism (similar 

o Figure 13 of [20] ), where some of the rate con- stants may be

ependent on the membrane potential [174–176] . However, the ef- 

ect of membrane potential on the resistance parameters (R terms) 

n the flux equation must be considered individually by checking 

heir definitions individually and checking whether they have rate- 

imiting translocation rate constants (e.g, g E or g EA ). More details 

bout the kinetic properties of the electrogenic Na-coupled glucose 

ransporter, such as the identification of rate-limiting steps and of 

he voltage dependence (translocation and/or Na binding), can be 

ound in Thorsen et al. [106] , Parent et al. [177] . 

Here, we represent a simplified model to calculate the net glu- 

ose transported flux by electrogenic Na-coupled transporters de- 

eloped by Verkman et al. [142] . Their model is expressed in 

q. (142) [142] . 

 

M−N(a ) 
SGLT 

= P M−N(a ) 
SGLT 

exp 

(
V M−N(a ) 
m F 
RT 

)[ glucose ] N [ Na ] N −[ glucose ] M [ Na ] M exp 

(
− V 

M−N(a ) 
m F 

RT 

)

1 −exp 

(
− V 

M−N(a ) 
m F 

RT 

)

(142) 

here P M−N(a ) 
SGLT 

is the permeability of the membrane to SGLT per 

 cm 
2 of the membrane ( mol / s / cm 

2 ), V M−N 
m 

is the membrane volt- 

ge, F is the Faraday’s constant, R is the universal gas constant, and 

 is the temperature in Kelvin. 

.7. Amino acid transporters (AAT) 

Amino acid molecules can be transported across the cell mem- 

rane using the energy produced during the sodium ion transport 

rocess. The sodium-amino acid transport mechanism can be mod- 

led similarly to the sodium-glucose transport mechanism. There- 

ore, the sodium flux transported by amino acid transporters can 
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e obtained by using Eq. (143) , which was developed by Verkman 

t al. [142] . 

 

M−N(a ) 
AAT 

= P M−N(a ) 
AAT 

exp 

(
V M−N(a ) 
m F 
RT 

)
[ AminoAcid] N [ Na ] N −[ AminoAcid] M [ Na ] M exp 

(
− V 

M−N(a ) 
m F 

RT 

)

1 −exp 

(
− V 

M−N(a ) 
m F 

RT 

) (143) 

here J M−N(a ) 
AAT 

is the turn over rate of the Na-coupled amino acid 

otransporter, P M−N(a ) 
AAT 

is the permeability of the membrane to the 

a-coupled amino acid transporter per 1 cm 
2 of the membrane 

 mol / s / cm 
2 ), V M−N 

m 
is the membrane voltage, F is the Faraday’s 

onstant, R is the universal gas constant, and T is the temperature 

n Kelvin. 

. Excheangers 

This section includes several kinetic models of exchang- 

rs (antiporters), namely, bicarbonate chloride exchanger (BCE) 

 Section 6.1 ), sodium calcium exchanger ( Section 6.2 ), and sodium 

ydrogen exchanger (NHE) ( Section 6.3 ). 

.1. Bicarbonate chloride exchanger (BCE) 

Bicarbonate chloride exchanger (BCE) is an electroneutral an- 

iporter that allows the exchange of bicarbonate ions for chloride 

ons across the cellular membrane and plays an essential role in 

oth secretory and nonsecretory cells. The existence of the bicar- 

onate chloride anion exchanger on the apical membrane of se- 

retory and epithelial cells has been reported in several studies 

178,179] . The presence of this exchanger on the apical face re- 

ults in fluid and HCO3 secretion into the lumen. More informa- 

ion about the physiology of this anion exchanger can be found in 

onar and Casey [21] , Fong et al. [36] . The transport direction of

CO 3 ions is from (internal) M to (external) N, and Cl ion move- 

ent occurs simultaneously in the opposite direction. 

Weinstein [180] developed a model to obtain the ion flux trans- 

orted by BCEs. This model is also depicted in Figure 20 of [20] . In

his depicted mechanism, termed the “ping-pong” mechanism, the 

nion exchanger, BCE, has a single binding site (transport site) to 

hich Cl ions and HCO 3 ions competitively bind, and only loaded 

nd empty carriers can cross the membrane. In the first step, HCO 3 

ons bind to the membrane carrier on the outside surface. Assum- 

ng that the binding of chloride to the carrier occurs simultane- 

usly on the other side of the membrane, HCO 3 -carrier ( EHCO 3 ) 

nd Cl-carrier ( ECl) complexes are formed on opposite sides of the 

embrane. After translocation of the formed complexes, each of 

he complexes undergoes a dissociation reaction. These dissocia- 

ion reactions lead to the release of HCO 3 ions and Cl ions from 

he N (inside) and M (outside) faces of the membrane, respectively. 

nder the rapid binding assumption, the chloride and bicarbonate 

on fluxes through the chloride bicarbonate exchanger (BCE) can be 

btained through Eqs. (143a) and (143b) , respectively. 

 C l,BC E = E t 
[ g M 

EHCO 3 
g N 
ECl 

HCO 
M 

3 (Cl 
N ) − g N EHCO 3 g 

M 

ECl 
HCO 

N 
3 (Cl 

M )] 

R M R 00 + R N R ee 
(143a) 

 HCO 3 ,BCE = E t 
[ g M 

EHCO 3 
g N 
ECl 

(Cl M HCO 
N 
3 ) − g N EHCO 3 g 

M 

ECl 
(Cl N HCO 

M 

3 ) 

R M R 00 + R N R ee 

(143b) 

here [ E ] t = [ E ] M 
+ [ E HCO 3 ] M 

+ [ E Cl] M 
+ [ E ] N + [ E HCO 3 ] N + [ E Cl] N 

HCO 
M 

3 = 

[ HCO 3 ] M 
K M 
HCO 3 

, Cl M = 

[ Cl] M 
K M 
Cl 

| HCO 
N 
3 = 

[ HCO 3 ] N 
K N 
HCO 3 

, Cl N = 

[ Cl] N 
K N 
Cl 

R M 
= 1 + HCO 

M + Cl M | R N = 1 + HCO 
N + Cl N 
3 3 

19 
R MM 
= g M 

EHCO 3 
HCO 

M 

3 
+ g M 

ECl 
Cl M | R NN = g N 

EHCO 3 
HCO 

N 
3 

+ g N 
ECl 

Cl N 

Sohma et al. [22] developed a simplified model for BCE, which 

s represented in Figure 22 of [20] . In using this model, A and B re-

er to Cl ions and HCO 3 ions, respectively, and for a BCE located on 

he apical membrane, M refers to the luminal region and i refers 

o the intracellular region (i.e., M = l, and N = i ). The turn over rate

f the BCE transporter can be obtained through Eq. (144) 

 BCE = P BCE 
[ C l] l [ HCO 3] c −[ C l] c [ HCO 3] l 

K Cl K HCO 3 

(
(1+ [ Cl] c K Cl 

+ [ HCO 3] c K HCO 3 
)( 

[ Cl] l 
K Cl 

+ [ HCO 3] l K HCO 3 
) 

(1+ [ Cl] l K Cl 
+ [ HCO 3] l K HCO 3 

)( [ Cl] c K Cl 
+ [ HCO 3] c K HCO 3 

) 

) (144) 

here J BCE is the turn over rate of the Cl/HCO 3 exchanger 

 nmol / min / cm 
2 ), P BCE = g BCE [ E t ] is the permeability of the mem-

rane to BCE per 1 cm 
2 of the membrane ( mol / s / cm 

2 ), and K Cl and

 HCO 3 
are the dissociation constants for Cl and HCO 3 , respectively 

n the unit of mM . 

Fong et al. [21,36] developed a more simplified model for cal- 

ulating the BCE turnover rate. For simplicity, they assumed that 

he transport kinetics for all states of the carrier (all isoforms) and 

igand binding steps are identical and defined the positive direc- 

ion of flux as chloride ions entering the cell and bicarbonate ions 

xiting the cell. Under these assumptions, they expressed the BCE 

urnover rate by Eq. (145) , 

 BCE = n 
′ ′ 
BCE 

k + 
Cl 
k + 
HCO 3 

[ Cl] M(e ) [ HCO 3] N(i ) − k −
Cl 
k −
HCO 3 

[ Cl] N(i ) [ HCO 3] M(e ) 

k + 
Cl 
[ Cl] M(e ) + k + 

HCO 3 
[ HCO 3] N(i ) + k −

HCO 3 
[ HCO 3] M(e ) + k −

Cl 
[ Cl] N(i ) 

(145) 

here n 
′ ′ 
BCE 

is BCE density per membrane area, k + 
i 

and k −
i 

are the 

issociation and association rate constants for the ion ‘ i ’, respec- 

ively. The subscript e or M refers to the exterior space, being ei- 

her the apical or basolateral compartments. 

.2. Sodium calcium exchanger (NCX) 

The sodium-calcium exchanger (NCX) is the second most im- 

ortant transporter that mediates calcium ion efflux from the cell. 

t couples the electrochemical potential energy produced during 

he favorable transport of the sodium ions to the cell to trans- 

ort the calcium ions out of the cell against their chemical gra- 

ient. This exchanger can also work in a reverse direction, which 

auses the influx movement of the calcium ions [181] . Although 

heir transport stoichiometries have not been determined with 

ertainty, significant numbers of experiments suggest that three 

odium ions drive each calcium ion’s transport (efflux) out of the 

ell (i.e. 3 Na + out + Ca 2+ 
in � 3 Na + in + Ca 2+ 

out ) [182–184] . Therefore, 

he NaCa exchanger is known to be electrogenic and voltage- 

ependent, as it results in the net movement of the positive ions 

nto the cell per cycle. 

Mullins et al. [185] developed a detailed model to determine 

he flux transported by NCX exchangers for the cardiac tissue. Their 

ull model is relatively complex and involves many unknown rate 

oefficients. Noble and DiFrancesco [62] decreased the number of 

arameters in Mullins et al.’s model [185] based on the fact that 

odium concentration changes are relatively small during the few 

ction potentials [62] . Therefore, Noble and DiFrancesco [62] as- 

umed that some of the terms in the Mullins model are constant 

nd drove an intermediate version of the Mullins model. Their 

odel is given in Eq. (146) . 

 NCX = k NCX 

×
( 

[ N a ] n NCX 
i 

[ Ca ] o exp 
(

(n NCX −2) rV m F 
2 RT 

)
− [ N a ] n NCX o [ Ca ] i exp 

(
− (n NCX −2)(1 −r) V m F 

2 RT 

)
1 + d NCX 

(
[ Na ] n NCX o [ Ca ] i + [ Na ] n NCX 

i 
[ Ca ] o 

)
) 

(146) 



S. Zaheri and F. Hassanipour International Journal of Heat and Mass Transfer 177 (2021) 121423 

w

r

t

c

r

c  

[

 

t

e

t

a

f

t

n

c

(

I

t

c

r

E

t

f

t

t

m

I(

λ

+

w  

c

λ
a

K

i

t

s

s

6

e

j

a

c

t

t

t

w

s

a

t

J

J

J

w  

[  

N

s

m

o  

r

 

a

 

g

a

 

u

s

t

i

b

J

J

t

a

r

t

t

s

g

b  

a

i

f

N

J

w

e

here k NCX is the scaling factor that scales the exchange cur- 

ent for a given energy barrier and determines the magnitude of 

he current. The value of kNCX varies based on the calcium con- 

entration in the extracellular region and the membrane voltage. 

 characterizes the position of the energy barrier in the electri- 

al field ( 0 < r < 1 ) that controls the voltage dependence of the

62,184,186] , and d NCX is the denominator constant. 

k NCX in Eq. (146) is not constant and it is a function of reac-

ion rates as well as the concentration of the ions in internal and 

xternal regions. A Hill-type instantaneous Ca i -dependent activa- 

ion term can be included in modeling NCX in cardiac myocytes 

nd pancreatic β-cells [30,187] . By considering a Hill-type manner 

or the dependence of intracellular calcium concentration in addi- 

ion to considering the stoichiometry of the NaCa exchanger to be 

Na : Ca , the current through a general nNa : Ca electrogenic ex- 

hanger can be obtained by using Eq. (147) [30,188] . 

I NCX = g NCX 

(
1 

(1+ 
(

K Ca 
NCX,m 

[ Ca ] i (M) 

)
ηNCX,h 

)
[ N a ] 

n NCX 
i 

[ Ca ] o exp 

(
(n NCX −2) rV m F 

2 RT 

)
−[ N a ] 

n NCX 
o [ Ca ] i exp 

(
− (n NCX −2)(1 −r) V m F 

2 RT 

)
1+ d NCX ( [ N a ] n NCX o [ Ca ] i +[ N a ] 

n NCX 
i 

[ Ca ] o ) 

) (147) 

n this equation, g NCX is the NCX conductance, K Ca 
NCX,m 

is the in- 

racellular calcium concentration ( [ Ca ] i ) for half activation of NCX 

urrent, ηNCX,h is the Hill coefficient for half activation of NCX cur- 

ent, n NCX is the NCX stoichiometry, r is the voltage dependence 

yring rate theory partition parameter, and d NCX is the denomina- 

or constant for NCX [30,188] . 

In 2001, Weber et al. [186,189] developed a model that accounts 

or the asymmetric affinities of the exchangers on the two sides of 

he membrane and the effect of the calcium and sodium concen- 

rations on the current flux carried by the NCX exchanger. Their 

odel is given by Eq. (148) . 

 NCX = I max 
NCX 

(
1 

1+( 
K Ca 
m,NCX 

[ Ca ] i (M) 
) ηHill 

)
[ N a ] 

n NCX 
i (M) 

[ Ca ] N(o) exp 

(
rV m F 
RT 

)
−[ N a ] 

n NCX 
N(o) 

[ Ca ] i (M) exp 

(
− (1 −r) V m F 

RT 

)
λ(1+ k sat exp 

(
− (1 −r) V m F 

RT 

)
) 

) (148) 

= [ N a ] n NCX o [ Ca ] i + [ N a ] n NCX 
i 

[ Ca ] o + K m,Cao [ N a ] n NCX 
i 

 K n NCX 
m,Nai 

[ Ca ] o (1 + 
[ Ca ] i 
K m,Cai 

) + K m,Cai [ Na ] 
n NCX 
o 

(
1 + 

[ Na ] 
n NCX 
i 

K m,Nai 

)
n NCX 

(149) 

here I max 
NCX 

is the maximal NCX current flux in (μA μF), k sat is a

onstant in (μM) that represents exchanger saturation, and term 

is defined by Eq. (149) . In Eq. (149) K m,Nae , K m,Nai , K m,Cae , K m,Cai 

re the binding affinities. These binding affinities are defined as: 

 m,Cai is the internal calcium half-saturation constant for the NCX 

n (μM), K m,Cao is the external calcium half-saturation constant for 

he NCX in (mM), K m,Nai is the internal sodium half-saturation con- 

tant for the NCX in (mM), and K m,Nao is the external sodium half- 

aturation constant for the NCX in (mM) [29,31,90,113,186,189] . 

.3. Sodium hydrogen exchanger (NHE) 

The sodium-hydrogen exchanger, summarized as NHE, plays an 

ssential role in maintaining the cell’s pH, as it provides the ma- 

or pathway for acid efflux from the cell [190,191] . The number of 

vailable binding sites on the NHE transporter is limited, and there 

an be competition for the available binding site of the NHE be- 

ween H 
+ and NH4 + [186,192,193] . 

In 1995, Weinstein [194] developed a kinetic model for NHE 

o compute the transported fluxes through NHE with ammonium 

ransport. This competitive model is depicted in Figure 21 of [20] , 

here A, B, and C refer to sodium, hydrogen, and ammonium, re- 

pectively. The transported fluxes of the sodium, hydrogen, and 
20 
mmonium can be obtained by using Eqs. (150) –(152) , respec- 

ively. 

 
NHE 
Na + = E t 

g M ENa Na 
M (g N EH H 

N + g N ENH4 NH 
N 
4 ) − g N ENa Na 

N (g M EH H 
M + g M ENH4 NH 

M 
4 ) 

R M R NN + R N R MM 

(150) 

 
NHE 
H + = E t 

g M EH H 
M (g N ENa Na 

N + g N ENH4 NH 
N 
4 ) − g N EH H 

N (g M ENa Na 
M + g M ENH4 NH 

M 
4 ) 

R M R NN + R N R MM 

(151) 

 
NHE 
NH 4 

+ = E t 
g M ENH4 NH 

M 
4 (g 

N 
ENa Na 

N + g N EH H 
N ) − g N ENH4 NH 

N 
4 (g 

M 
ENa Na 

M + g M EH H 
M ) 

R M R NN + R N R MM 

(152) 

here [ E ] t = [ E ] M 
+ [ E Na ] M 

+ [ E H] M 
+ [ E NH 4 ] M 

+ [ E ] N + [ E Na ] N +
 E H] N + [ E NH 4 ] N represents the total carrier concentration of the

BCn transporter on either side of the membrane. The super- 

cripts ‘M’ and ‘N’ refer to the internal and external sides of the 

embrane; accordingly, g ENa , g EH , g ENH4 are the translocations 

f the exchanger for the carrier bound to Na + , H 
+ , and NH 4 

+ ,
espectively, in units of per second ( s −1 ). 

R M 
, R N , R MM 

, and R NN are the resistance parameters and defined

s: 

R M 
= 1 + Na M + H 

M + NH 
M 

4 
| R N = 1 + Na N + H 

N + NH 
N 
4 

R MM 
= g M 

ENa 
Na M + g M 

EH 
H 

M + g M 

ENH 4 
NH 

M 

4 
| R NN = g N 

ENa 
Na N +

 
N 
EH 

H 
N + g N 

ENH 4 
NH 

N 
4 

K ion is the equilibrium constant of the ion in the unit of mmol 

nd the normalized concentrations are: 

Na M = 

[ Na ] M 
K M 
Na 

, H 
M = 

[ H] M 
K M 
H 

, NH 
M 

4 
= 

[ NH 4 ] M 
K M 
NH 4 

| Na N = 

[ Na ] N 
K N 
Na 

, H 
N =

[ H] N 
K N 
H 

, NH 
N 
4 = 

[ NH 4 ] N 
K N 
NH 4 

In the absence of the competitor, the model depicted in Fig- 

re 20 in Zaheri and Hassanipour [20] can provide a better under- 

tanding of the transport mechanism by the Na + /H 
+ exchanger. In 

his model, A represents the Na + cations and B denotes the H 
+ 

ons, and the transported fluxes for sodium and hydrogen ions can 

e obtained by using Eqs. (153) and (154) , accordingly [192,195] . 

 
NHE 
Na = E t 

g M 

ENa g 
N 
EH (Na 

M H 
N ) − g N ENa g 

M 

EH (Na 
N H 

M ) 

R M R NN + R N R MM 

(153) 

 
NHE 
H = E t 

g M 

EH g 
N 
ENa (H 

M Na N ) − g N EH g 
M 

ENa (H 
N Na M ) 

R M R NN + R N R MM 

(154) 

Sohma et al. [22] developed a simplified model for the one- 

o-one transport of sodium and hydrogen ions through the NHE 

ntiporter. Their model is re-driven in Figure 22 of [20] , where A 

efers to Na + ions and B denotes the H 
+ ions. This model assumes 

hat the empty antiporter does not cross the membrane and the 

urnover rate constants g ENaH for movement from the M to the N 

ide of the membrane and vice-versa are the same (i.e., g M 

ENaH 
= 

 
N 
ENaH = g ENaH ), and the dissociation constants for each solute on 

oth faces are the same (i.e., K M 

Na = K N Na = K Na , K 
M 

H = K N H = K H ). In

ddition, the model assumes that the antiporter has a single bind- 

ng site for the transported ions and the transported ions compete 

or the same binding sites. 

Under these assumptions, the steady-state turnover rate of the 

HE can be derived from Eq. (155) . 

 NHE = P NHE 
([ N a ] M(bl) [ H] N(c) −[ N a ] N(c) [ H] M(bl) ) 

K Na K H 

((
1+ [ Na ] M(bl) 

K Na 
+ [ H] M(bl) 

K H 

)(
[ Na ] N(c) 

K Na 
+ [ H] N(c) 

K H 

)

+ 
(
1+ [ Na ] N(c) 

K Na 
+ [ H] N(c) 

K H 

)(
[ Na ] M(bl) 

K Na 
+ [ H] M(bl) 

K H 

)) (155) 

here P NHE = [ E t ] g NHE represents the membrane permeability co- 

fficient for the sodium-hydrogen exchanger (NHE) in unit of 
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ol/s/cm 
2 (permeability per 1 cm 

2 ), and K Na and K H are the dis- 

ociation constants in mM unit. 

There are several other detailed models for the NHE transport 

echanism that are out of the scope of this work, and the inter- 

sted reader is referred to references [196–199] . 

. Discussion and conclusion 

Mathematical and computational modeling of the ion channels 

nd membrane transporters are widely acknowledged for examin- 

ng each transporter’s mechanism, the interactions between dif- 

erent transporters, estimating the changes and uncertainties in 

utcomes, reproducing and analyzing the experimental data, and 

redicting any new phenomena caused by membrane disorders. 

athematical models are also useful for identifying drug targets 

nd recognizing key control points that would be useful for drug 

creening trials. 

The present work aimed to consolidate the mathematical mod- 

ls that have been developed for the specific types of ion chan- 

els and membrane transporters across the cell membrane in one 

aper. To this end, literature searches were performed to identify 

tudies aiming to drive mathematical models for the ion chan- 

els and membrane transporters, and each model was then trans- 

ormed into a general identical parametric form. The mathemati- 

al models describing transport mechanisms through the ion chan- 

els and membrane carriers were discussed, and the controlling 

arameters required for these models were highlighted. Some ion 

hannels are better modeled using linear Ohm models, and some 

re modeled using the Goldman–Hodgkin–Katz model. The nonlin- 

ar Goldman–Hodgkin–Katz model and the linear Ohmic model for 

on channels including chloride channels (CaCC, CFTR), potassium 

hannels (IRKC, CaKC, VGPC), sodium channels (NaC, NaV), and cal- 

ium channels (SOC, L -type, T -type, VGCC) were presented. Ion 

hannel models were mostly classified based on their current and 

oltage relationships. Ohm’s law is mainly better used to consider 

 nonzero resting potential difference across the plasma mem- 

rane of cells. The detailed gating models for the current through 

oltage-sensitive ion channels (which respond to membrane elec- 

ric potential variation) and concentration-dependent ion channels 

which open in response to stimuli such as ATP or calcium concen- 

rations) were discussed. 

In the same fashion, various available kinetic models for dif- 

erent pumps, symporters, and antiporters were presented. These 

ransporters were categorized into various groups, and available 

odels for their function’s quantitative descriptions were provided. 

odels for ATPase pumps, such as H ATPase (v-type, H/K ATPase), 

alcium ATPase pump (Ca-ATPase, PMCA, SERCA), and sodium- 

otassium ATPase pump (Na-K ATPase), are presented. Mod- 

ls for symporters such as sodium-potassium-chloride symporter 

NKCC), chloride potassium symporter (KCC), sodium chloride 

ymporter (NaCl), sodium bicarbonate symporter (NBC), sodium- 

hosphate symporter (NaPO-4), sodium-glucose transporter (SGLT), 

nd amino acid transporter and antiporters such as chloride 

icarbonate exchanger (BCE), sodium-calcium exchanger (NCX), 

nd sodium-hydrogen exchanger (NHE) were presented. Carrier- 

ediated transport mechanisms such as symporters, antiporters, 

nd pumps were described by using kinetic reaction equations, and 

he thermal behavior of the transporting molecules was captured 

n the reaction rate coefficients. These models are experimentally 

raceable, which allows them to be used as reflective tools to ex- 

mine the behavior of transporters and make predictions. More- 

ver, they describe how the transported substrate’s apparent affin- 

ty is affected by the co-ion concentration and vice versa in differ- 

nt mechanisms. 

Both detailed and simplified models were provided to facilitate 

electing the appropriate kinetic model for transforming the ex- 
21 
erimentally obtained kinetic data for each specific type of trans- 

orter. The differences among different models arose from the 

inding and unbinding order of the solutes and the assumptions 

pplied for various reaction steps. Depending on the scientist’s ex- 

ertise, the study’s purpose, the knowledge of the model parame- 

ers, and the desired level of complexity of the systems to be mod- 

led, one or more of these models may be applied. 

In conclusion, mathematical and quantitative studies of mem- 

rane transporter mechanisms and ion channels can play a signif- 

cant role in guiding effort s to optimize new techniques in pre- 

enting, diagnosing, and treating diseases caused by membrane 

isorders and engineering drug delivery. Furthermore, mathemat- 

cal and computational modeling of membrane transporters has 

rovided an excellent opportunity to improve communication be- 

ween scientists with different backgrounds in the physiology com- 

unity and holds tremendous promise for biomedical research. 

he present work intended to unite the previously done works in 

athematical modeling of membrane transporter mechanisms and 

on channel fields and to shed light on new research directions 

or future studies on this topic. We hope that scientists can use 

his work as a suitable tool for theoretical simulation and analysis 

f the transporters’ cooperative work and engineer the mechanism 

nd interaction of individual membrane transporters more conve- 

iently. 
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