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ABSTRACT
In recent years, simple models of galaxy formation have been shown to provide reasonably
good matches to available data on high-redshift luminosity functions. However, these pre-
scriptions are primarily phenomenological, with only crude connections to the physics of
galaxy evolution. Here we introduce a set of galaxy models that are based on a simple phys-
ical framework but incorporate more sophisticated models of feedback, star formation, and
other processes. We apply these models to the high-redshift regime, showing that most of the
generic predictions of the simplest models remain valid. In particular, the stellar mass–halo
mass relation depends almost entirely on the physics of feedback (and is thus independent
of the details of small-scale star formation) and the specific star formation rate is a simple
multiple of the cosmological accretion rate. We also show that, in contrast, the galaxy’s gas
mass is sensitive to the physics of star formation, although the inclusion of feedback-driven star
formation laws significantly changes the naive expectations. While these models are far from
detailed enough to describe every aspect of galaxy formation, they inform our understanding
of galaxy formation by illustrating several generic aspects of that process, and they provide
a physically-grounded basis for extrapolating predictions to faint galaxies and high redshifts
currently out of reach of observations. If observations show violations from these simple
trends, they would indicate new physics occurring inside the earliest generations of galaxies.

Key words: cosmology: theory – dark ages, reionization, first stars – galaxies: high-redshift,
formation

1 INTRODUCTION

Galaxy evolution is one of the most fundamental aspects of astro-
physics, but it remains mysterious even today thanks to a number
of complex processes including star formation, turbulent feedback,
chemical evolution, and disc dynamics. These and other physical
mechanisms, many of them only crudely understood, interact to
determine each system’s evolution. Over and above these inter-
nal processes, galaxies are also influenced by their environments:
nearby systems interact with each other, and radiation backgrounds
can affect the state of the gas inside galaxies, especially at early
times. The complex interplay of all these processes presents a chal-
lenging physics problem, and for many years galaxy evolution was
approached almost exclusively through numerical simulations and
semi-analytic models. Many of these have focused on the first bil-
lion years of the Universe’s history, including Dayal et al. (2013);
Mutch et al. (2016); Yung et al. (2019); Vogelsberger et al. (2020);
Hutter et al. (2020).

Meanwhile, over the past few decades, a number of large sur-
veys have measured the properties of galaxy populations from the
present day, back through the “cosmic noon" of star formation
I ∼ 2–3, and even during the first billion years of galaxy formation
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(I >∼ 6). These studies have shown that most galaxies are part of well-
defined populations that obey apparently simple scaling relations,
such as the fundamental plane, the Tully-Fisher relation, and either
the star-forming main sequence or the red sequence. The evident
simplicity of these relations suggests the existence of fundamental
and generic mechanisms at the heart of galaxy formation.

In the past decade, several simple, analytic models have
emerged to try to explain that simplicity. “Semi-empirical mod-
els" use a small number of relations, calibrated to observations and
sometimesmore complicated numerical simulations, to describe the
evolving galaxy population (e.g., Behroozi et al. 2013; Tacchella
et al. 2013; Mason et al. 2015; Sun & Furlanetto 2016; Mirocha
et al. 2017; Tacchella et al. 2018; Behroozi et al. 2019). Such mod-
els have shown, for example, that the halo accretion rate and the star
formation efficiency follow simple trends. Although the inferred
relations match qualitative expectations of galaxy formation, these
models do not try to identify a specific physical explanation for
them.

A complementary set of simple analytic galaxy evolution mod-
els have attempted to elucidate these trends (Bouché et al. 2010;
Davé et al. 2012; Dekel et al. 2013; Lilly et al. 2013; Furlanetto
et al. 2017; Mirocha 2020). For example, the “minimal bathtub
model" (Dekel et al. 2013) assumes that galaxies are machines that
accrete gas onto an interstellar medium (ISM), from which stars
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form through some imposed prescription and feedback from those
stars ejects a fraction of the gas. The bathtub model suggests some
universal aspects of galaxy formation (which we will examine in
section 3), such as a tight link between the specific star formation
rate and the cosmological accretion rate. Several other models have
shown that the balance between star formation and feedback pro-
vides a reasonable fit to luminosity functions at very high redshifts
(Trenti et al. 2010; Tacchella et al. 2013, 2018; Mason et al. 2015;
Furlanetto et al. 2017). (The high-redshift regime is a useful test of
such models, because many of the most poorly-understood galaxy
evolution processes, such as galaxy quenching, are largely irrelevant
in this regime.)

However, such models are only a small step away from semi-
empirical treatments, because they take such a simplistic view
of the underlying galaxy formation processes. It is thus not clear
whether their conclusions remain valid in more sophisticated (and,
one hopes, realistic) models. In particular, they cannot leverage
the improvements made over the past several years in our under-
standing of star formation and feedback. Over this time, analytic
descriptions of these processes have improved tremendously, often
informed by the results of detailed numerical simulations. For ex-
ample, Faucher-Giguère et al. (2013, hereafter FQH13) showed how
the assumption that stellar feedback provides turbulent support to
galaxy discs can fix the star formation rate. In contrast, Krumholz
et al. (2018, hereafter K18) showed how other support mechanisms
(principally radial transport), as well as the chemistry of molecu-
lar hydrogen, affect the star formation law. Semenov et al. (2018,
hereafter S18) provided a third approach, in which star formation is
regulated by the cycling of gas between a star-forming phase and the
general ISM. Meanwhile, Thompson & Krumholz (2016) and Hay-
ward & Hopkins (2017) have shown how feedback can be modeled
efficiently in an inhomogeneous galaxy disc. While there remains
controversy over the connections between these small-scale pro-
cesses and the large-scale galactic environment, these approaches
offer a much closer window into the fundamental physics of star
formation than the minimalist models.

In this paper, we introduce a new set of analytic galaxy evo-
lution models that use these state-of-the-art analytic prescriptions
for star formation and feedback to track galaxy growth over cosmo-
logical timescales, providing a flexible framework to contrast the
predictions of different pictures. We build these prescriptions on the
foundation of the simple minimalist bathtub model in order to test
how its generic predictions fare when more physical processes are
included. We intentionally include a broad range of star formation
models in order to test the importance of assumptions underlying
those processes. Including more sophisticated treatments also al-
lows us to examine additional galaxy observables (such as the gas
mass, the circumgalactic medium, and chemistry), permitting us
to examine whether population-level measurements can distinguish
different models of star formation and feedback.

While all of these prescriptions are still simplistic compared to
full semi-analytic models and numerical simulations, the flexibility
of our treatment allows us to vary the assumptions behind star
formation and feedback quite dramatically and identify trends that
are robust with respect to these basic processes. Such results help
us to understand how we might extrapolate our understanding of
galaxy physics to unknown populations (including both faint and
high-I galaxies). They also provide a “null test" to help identify
flaws in our basic understanding of galaxies. For example, we shall
see that the stellar mass evolution in all of our models is nearly
independent of the star formation law but depends strongly on the
feedback prescription. If observations find qualitatively different

stellar mass evolution than our models, this suggests that we should
focus on understanding feedback to improve the models.

Of course, these models are by no means a first-principles
description of galaxy evolution. Of particular importance, we as-
sume that galaxies form discs that support themselves in a quasi-
equilibrium state over cosmological timescales, as also assumed by
the star formation prescriptions we use. This is likely not true at very
early times: the halo dynamical time is ∼ 1/

√
�d̄ℎ ∼ C� /

√
18c2,

where d̄ℎ ∼ 18c2 d̄<, d̄ℎ is the mean halo density, d̄< is the mean
matter density in the Universe, and C� is the Hubble time. At these
early times, this dynamical time can be comparable to or even
smaller than the timescale for massive stars to evolve, so that it
will be difficult for stellar feedback and star formation to come into
equilibrium (Faucher-Giguère 2018; Orr et al. 2019). This naturally
explains the burstiness found in simulated galaxies during this era
(e.g., Teyssier et al. 2013; Hopkins et al. 2014; Agertz & Kravtsov
2015; Kimm et al. 2015), an aspect that wewill not try tomodel. Our
model is probably more applicable to later times during this era, and
to relatively large galaxies, where the quasi-equilibrium approach is
most likely to be valid. That said, the extrapolation to earlier times
does help to define a baseline against which non-equilibrium effects
can be compared.

We also note that the equilibrium assumption can be problem-
atic at later times as well. For example, many local dwarf galaxies
appear to have gas depletion times comparable to or even longer
than the Hubble time (Cannon et al. 2015; Jameson et al. 2016).
In such a case, star formation does not proceed rapidly enough to
bring the galaxy into the equilibrium state (unless the star forma-
tion is accompanied by strong feedback driving rapid mass loss, but
that does not appear to be the case in these systems), so that more
sophisticated prescriptions are necessary (e.g., Forbes et al. 2014b).
We will not apply our formalism to dwarfs at low redshifts, but we
caution the reader that similar effects may apply to dwarf galaxies
at early times.

In section 2, we describe our assumptions about dark matter
halo growth. In section 3, we review the simplest “bathtub" galaxy
formation models, including how cosmological evolution affects
their predictions. Then, in section 4 we show how some simple
physically-motivated prescriptions for star formation and feedback
affect the bathtubmodel predictions. In section 5, we supplement the
model with descriptions of gas recycling and chemical evolution. In
section 6, we introduce some state-of-the-art models that motivate
the simple prescriptions of the previous section, while in section 7
we describe models that include a star-forming gas-phase. Next, in
section 8, we examine how individual galaxies evolve over time in
these models, and in section 9 we examine their consequences for
galaxy populations and scaling relations. Finally, we conclude in
section 10.

The numerical calculations here assume Ω< = 0.308, ΩΛ =
0.692, Ω1 = 0.0484, ℎ = 0.678, f8 = 0.815, and =B = 0.968,
consistent with the recent results of Planck Collaboration et al.
(2018). Unless specified otherwise, all distances quoted herein are
in comoving units.

2 THE COSMOLOGICAL CONTEXT: DARKMATTER
HALOES

2.1 Halo growth

We assume that galaxies inhabit dark matter haloes and let
=ℎ (<, I) 3< be the comoving number density of dark matter haloes
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Quasi-equilibrium models of star-forming disc galaxies 3

with masses in the range (<, < + 3<) at a redshift I. We write this
as

=ℎ (<, I) = 5 (f) d̄
<
3 ln
(1/f)
3<

, (1)

where d̄ is the comoving matter density, f(<, I) is the rms fluctua-
tion of the linear density field, smoothed on a scale <, and 5 (f) is
a dimensionless function. We take 5 (f) from a fit to recent high-I
cosmological simulations (Trac et al. 2015). This version differs
from other common implementations (Sheth & Tormen 2002; Tin-
ker et al. 2008) by ∼ 20% for halo masses >∼ 1010 "� , but because
we only use the halo abundances to derive accretion rates in this
paper, such uncertainties do not affect our results significantly.

We also assume that haloes begin forming stars above a speci-
fied minimummass <min, which we take to be equivalent to a virial
temperature of 104 K, where hydrogen lines allow gas to cool to
high densities (Loeb & Furlanetto 2013).

Our model follows haloes as they grow galaxies, so we require
the halo accretion rates. In the spirit of constructing a simple model,
we will assume that this accretion occurs smoothly and steadily,
varying significantly only on cosmological timescales. Simulations
have commonly measured relations similar to (McBride et al. 2009;
Fakhouri et al. 2010; Goerdt et al. 2015; Trac et al. 2015)

¤<ℎ = �<
`ℎ
ℎ
(1 + I)V , (2)

where � ∼ 0.03 Gyr−1 is a normalization constant, <ℎ is the halo
mass, ` >∼ 1 in the simulations,1 and V ≈ 5/2 in thematter era. Dekel
et al. (2013) (see also Neistein et al. 2006; Neistein & Dekel 2008)
argued that this form can be understood through the extended Press-
Schechter approach (Lacey & Cole 1993), in which `ℎ comes from
the shape of the matter power spectrum, while V ≈ 5/2 emerges
from the redshift dependence of the halo mass function.

However, this relation has not been tested at very high redshifts
or at very small masses, which are of particular interest to us.
We therefore use a slightly more sophisticated prescription for the
accretion rate in our full model, though we will use equation (2) to
develop intuition. Themodel is described in detail in Furlanetto et al.
(2017), but in short we assume that haloes maintain their number
density as they evolve, in a similar fashion to abundance matching
(Vale & Ostriker 2004; van Dokkum et al. 2010). We demand that
at any given pair of redshifts I1 and I2 a halo has masses <1 and
<2 such that∫ ∞

<1
3< =ℎ (<, I1) =

∫ ∞

<2
3< =ℎ (<, I2). (3)

The accretion rate ¤<(<, I) follows by assuming that this is true for
all redshifts and all halo masses. Furlanetto et al. (2017) showed
that this model agrees reasonably well with the simulation rates
where the comparison can be made but departs at high redshifts
and small masses. Like equation (2), it leads to roughly exponential
halo growth, <ℎ (I) ∝ 4−UI .

For simplicity, we will ignore scatter in this relation: though
mergers are an important part of halo growth, even at moderate
redshifts the majority of matter is acquired through smooth ongoing
accretion (Goerdt et al. 2015). This assumption allows us to build
our model as a simple set of differential equations.

1 For example, McBride et al. (2009) find `ℎ = 1.127 at moderate
redshifts, while Trac et al. (2015) find `ℎ = 1.06 at I ∼ 6–10 and
108 <∼ (<ℎ/"�) <∼ 1013.

2.2 Halo properties

We assume that galaxy discs have radii proportional to their halo
virial radii, Avir ∝ <

1/3
ℎ
(1 + I)−1, with a half-mass radius A3 =

�A Avir, where �A is a constant determined, in the standard disc
formation model, by the spins imparted to the halo through large-
scale torques (Mo et al. 1998).We take �A = 0.02 as a fiducial value,
slightly larger than expected from Kravtsov (2013) and Somerville
et al. (2018). Thus

A3 = 0.28
(
�A

0.02

) (
<ℎ

1011 "�

)1/3 (
1 + I

7

)−1
kpc. (4)

We also assume for simplicity that disks have uniform surface den-
sity and take <6 = 2cΣ6A2

3
.

Next, we require a relationship between the rotational velocity
in the disc and the host halo. We assume the discs are embedded
in cosmological halos following the Navarro et al. (1997) profile,
whose key parameter is the halo concentration, which determines
the halo’s scale radius, AB = Avir/2ℎ . We use

2ℎ =
15

1 + I

(
<ℎ

1012 "�

)−0.2
, (5)

which was proposed by Faucher-Giguère (2018) as a compromise
between earlier results (Seljak 2000; Bullock et al. 2001). In such
halos, the maximum orbital velocity is

Emax ≈ 0.46
(

ln(1 + 2ℎ)
2ℎ

− 1
1 + 2ℎ

)−1/2
E2 , (6)

where E2 is the halo circular velocity. We then assume that, if dark
matter were the only source of gravity, the orbital velocity within the
galaxy disc would be a constant multiple of this, Eorb,d = �orbEmax.
We take �orb = 0.9, which Faucher-Giguère (2018) argued matches
the Tully-Fisher relation at I <∼ 2.

We estimate the contribution of the baryonic component’s
gravity to the rotational velocity by assuming that it is distributed
spherically (or, equivalently for our purposes, has a Mestel disk
profile). Then the contribution of baryons to the orbital velocity is
E2

orb,b =
√
�<1/A3 , where we take <1 to include both stars and

gas in the disk and assume that half of the total baryonic mass in
the disk is inside the scale radius. However, with our assumptions
the baryonic contribution is almost always subdominant.

Finally, the orbital timescale is Corb ≈ 2cA3/Eorb. For context,
it is useful to note that the orbital times in these galaxies are very
short indeed. A useful approximation can be attained by assuming
an isothermal dark matter profile, with no baryons, and evaluating
the orbital timescale Corb at the characteristic disc radius A3 . Then,

Corb ∼ 18
(
�A

0.02

) (
7

1 + I

)3/2
Myr. (7)

3 THE BATHTUB MODEL

We now describe a simple model of galaxy formation within these
dark matter haloes. We will construct the model in stages so as to
emphasize the relevant physics and its uncertainties.We beginwith a
model similar to the “bathtub"model (Bouché et al. 2010;Davé et al.
2012; Dekel & Mandelker 2014, see also the similar “regulator"
model of Lilly et al. 2013). First, we assume that baryonic matter
accretes onto a halo with a rate ¤<2,6 = (Ω1/Ω<) ¤<ℎ fixed by
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cosmology. This gas builds a reservoir (the galaxy’s diffuse ISM)
of mass <6 from which stars will form.2

Stars form within the ISM at a rate ¤<∗. For now, we write this
rate as ¤<∗ = <6/Csf , where Csf is a parameter to be determined
that may depend on the halo properties. We also assume that feed-
back from the stars returns a fraction (1 − `) of this material to
the star-forming phase of the ISM on very short timescales. The
return fraction obviously depends on the definition of “very short
timescales" and the properties of the stellar population, but for sim-
plicity we take a constant ` = 0.25, which roughly matches the
return fraction for a Chabrier IMF after 100 Myr (see Fig. 11 of
Benson 2010). The more detailed model of Tacchella et al. (2018)
find that this estimate is reasonable at I <∼ 6 but overestimates the
return fraction at earlier times. We do not consider time evolution in
order to keep our model as simple as possible. Feedback driven by
star formation also ejects mass from the diffuse gas at a rate [ ¤<∗,
where in general the mass-loading parameter [ is also a function of
the galaxy’s properties. Then we can write

¤<6 = ¤<2,6 − (` + [) ¤<∗, (8)
¤<∗ = <6/Csf . (9)

Note that, because only a fraction ` of the mass forming stars
remains inside those objects, the stellar mass at later times is `
multiplied by the integral of the star formation rate.

To develop intuition, for now we will forego our abundance-
matching accretion rate prescription and instead use the approximate
form for the accretion rate in equation (2), setting `ℎ = 1. We will
consider the evolution of a galaxy inside a halo that begins to form
stars when it has a mass <0 at I0. Then,

<ℎ (I) = <04
−Uℎ (I−I0) , (10)

for some constant Uℎ . Excursion set estimates suggest U ≈ 0.79
at moderate redshifts (Neistein & Dekel 2008), but our abundance
matching approach finds somewhat larger values at early times. We
will also assume for simplicity that [ � 1 > `, so that ` + [ ≈ [.

3.1 The bathtub model in its simplest incarnation

Dekel & Mandelker (2014) made simple choices for the input pa-
rameters, taking [ as a constant (over both mass and redshift) and
assuming the star formation time to be proportional to the galaxy
orbital timescale, Csf = Corb/n with n also a constant. In this picture,
a constant fraction of the galaxy’s gas is cycled into stars over each
orbital period. In that case, if the accretion rate and star forma-
tion timescale are treated as constants, equations (8) and (9) have
analytic solutions, in which the gas mass approaches a constant
value, <6 (C) = ¤<2,6g(1 − 4−C/g ), where g ≈ Csf/[. If the accre-
tion rate changes on timescales much larger than g, this reduces to
<6 (C) ≈ ¤<2,6g, where now both factors on the right-hand side are
(slowly-varying) functions of cosmic time.

In this limiting case, Dekel & Mandelker (2014) write <6 as
a fraction of <0 = (Ω1/Ω<)<ℎ , the total baryonic mass that has
ever accreted onto the halo. We will refer to this as the gas retention
fraction -6 ≡ <6/<0 . Then,

-6 ≈
Csf
[Cacc

=
1
n[

Corb
Cacc

, (11)

2 A more realistic treatment allows a fraction 52,∗ of this material to arrive
in the form of stars, with the remainder being gas; see Dekel & Mandelker
(2014). We simplify our picture by focusing on the buildup of a monolithic
galaxy.

where the accretion time Cacc = <0/ ¤<2,6. Thus -6 ∝ (1 + I)/n[
in this simple model: the relative size of the galaxy’s gas reservoir
decreases slowly with time.

Dekel & Mandelker (2014) identified four basic implications
of this simple picture, which also occur in similarmodels (Lilly et al.
2013): (i) Because <6 (C) ≈ ¤<2,6g, the star formation rate is ¤<∗ =
¤<2,6/[. In this limit, the ISM reaches a steady state in which gas
accretion is balanced by star formation and its associated feedback
and is surprisingly independent of the star formation efficiency n . (ii)
On the other hand, -6 – and hence the gas mass itself – is inversely
proportional to n , because a lower star formation efficiency requires
the ISM to have more fuel in order to maintain the equilibrium state.
(iii) Like the dark matter halo itself, the stellar content of halos grow
exponentially with redshift, because ¤<∗ ∝ ¤<2,6. (iv) Finally, in this
equilibrium state the star formation rate is directly proportional
to the overall accretion rate. Thus the specific star formation rate
(SSFR) only depends on the accretion timescale Cacc – all the other
parameters cancel in the ratio ¤<∗/<∗. Measurements of the SSFR
will only probe the physics of star formation to the extent that the
minimal bathtub model’s assumptions are violated.

3.2 The bathtub model with cosmological evolution

We now incorporate cosmological evolution explicitly into the bath-
tubmodel. To do so, it is convenient to rewrite the equations in terms
of redshift, so we will define primes to be derivatives with respect
to I. We will also define <̃ ≡ </<0 and write

Corb ≡ Corb,0

(
1 + I0
1 + I

)3/2
≡
�dyn√
Δvir

� (I)−1, (12)

where Δvir is the virial overdensity and �dyn is a correction of
order unity. (The redshift dependence here is approximate, ignoring
changes to the halo and disc structure.)

Then the relevant equations become

<̃′
ℎ

<̃ℎ
= −|<̃′0 | (13)

<̃′6
<̃6

= −|<̃′0 |
[
-−1
6 −

n (` + [)
|<̃′0 |�orb

(
1 + I
1 + I0

)]
, (14)

<̃′∗ = −`<̃6
[
n

�orb

(
1 + I
1 + I0

)]
, (15)

- ′6 = -6

(
<̃′6
<̃6
−
<̃′
ℎ

<̃ℎ

)
, (16)

where <̃′0 ≡ − ¤<0/<0 × [� (I0) (1 + I0)]−1 and �orb = (1 +
I0)�dynΔ

−1/2
vir are both constants for a given halo. Here Δvir = 18c2

is the virial overdensity of a collapsed halo. The last of these equa-
tions is not independent of the others, but it will be useful for
providing intuition.

In the last section, we found that -6 varies relatively slowly
with time – unlike the halo and stellar masses, which grow expo-
nentially. We also expect that -6 � 1, because much of the gas
will be expelled through feedback and/or turned into stars. Then, if
- ′6 ≈ 0, the term in parentheses in equation (16) must vanish. This
factor is determined by a combination of three processes: dark mat-
ter accretion, gas accretion, and star formation (plus its associated
feedback). But the two accretion terms have very different effects:
the gas component is enhanced by a factor -−1

6 � 1, because the gas
disc contains only a small fraction of the halo’s baryonic mass. Thus
cosmological accretion has a much more significant relative effect
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on the baryonic component. In order to drive - ′6 ≈ 0, we therefore
must have the cosmological gas accretion nearly cancelled by the
combination of star formation and feedback, which is described by
the last term in equation (14). Examining these terms, we see that
we must have -6 ∝ 1/[n (` + [)] for this cancellation to occur
(though there is also some modest redshift dependence). Because
<6 ∝ -6, the gas reservoir has the same scaling, and we recover
essentially the same behavior as in the simpler model, including the
parameter dependence. The key difference is that the gas reservoir
grows exponentially with time, so as to keep -6 roughly constant.

Figure 1 illustrates these results with (exact) solutions to the
model. In this, and in our later calculations, we begin tracking a
halo when it crosses the threshold for atomic cooling at I8 . We
initialize our galaxies with simple estimates of the gas and stellar
fractions and then solve our evolution equations until they converge
to smooth solutions (which usually occurs after ΔI ≈ 1). We then
re-initialize the halo at I8 using the gas and stellar fractions from
the smooth solutions. This procedure to set our initial conditions
reduces transient behavior from an initial burst of star formation,
which is not captured by the assumptions of our model. (Regardless
of our choice of initial conditions, the rapid growth of halos in these
regimes renders our assumptions unimportant for I <∼ I8 − 1.)

The bottom panel of Figure 1 shows the total mass in the gas
and stellar phases, while the top panel normalizes those quantities
to the baryonic mass associated with the halo (so -∗ = <∗/<0).
Consider first the solid curves, which vary the feedback parameter
[ across two orders of magnitude. Both the gas and stellar masses
are nearly proportional to (` + [). Meanwhile, the dashed and dot-
dashed curves vary n across two orders of magnitude. While the
gas masses vary strongly across these cases, as expected, the stellar
masses are mostly independent. The exception is the low efficiency
case (n = 0.0015), for which the star formation timescale is so long
that the initial transient adjustment is quite long. Finally, also note
that both -6 and -∗ are nearly constant over this entire period –
with the gas fraction decreasing slowly (as more is converted to
stars) and the stellar fraction increasing slowly.

4 POWER-LAW PRESCRIPTIONS FOR STAR
FORMATION AND FEEDBACK

The key shortcoming of the model so far is that the parameters n and
[ are constants that must be prescribed by hand. Next, we will show
that more flexible prescriptions for these efficiencies do not strongly
affect the main conclusions of the model. We begin by describing
more general parameterizations (including their motivation) in sec-
tions 4.1 and 4.2, and we incorporate them into our model in section
4.3.

4.1 The Star Formation Rate–Surface Density Relation

Motivated by the observed relations between the surface density of
the star formation rate, ¤Σ∗, and the total gas surface density, Σ6, we
will now introduce star formation prescriptions that depend on Σ6.
Most famously, Kennicutt (1998) showed that, when averaged over
large regions of galaxies,

¤Σ∗ ≈ 10−5
(

Σ6

"� pc−2

)1.4
"� pc−2 Myr−1. (17)

Since then, many observations have further explored this Kennicutt-
Schmidt law (e.g., Kennicutt & Evans 2012), including at smaller
scales (e.g., Kennicutt et al. 2007) and higher redshifts (e.g., Bouché

Figure 1. Solutions to the minimal bathtub model for a halo with < ≈
1011 "� at I = 5. The bottom panel shows the halo mass (dotted curve),
gas mass (thick curves), and stellar mass (thin curves). The top panel shows
the gas and stellar fractions, relative to (Ω1/Ω<)<ℎ .

et al. 2007a), and exploring relations between ¤Σ∗ and the molecular
gas content and/or orbital time scale (e.g., Leroy et al. 2013; Bouché
et al. 2007b).

To interpret theKennicutt-Schmidt law, it is convenient towrite

¤Σ∗ ≡ ngal
ff

Σ6

Cdisc
ff

, (18)

where ngal
ff is the star formation efficiency per disc free-fall time

averaged over the entire galaxy and Cdisc
ff is the free-fall time at

the mean density of the disc. If gas clouds form stars with a fixed
efficiency ngal

ff per free fall time Cdisc
ff , if the disc dominates the

local density (and hence the free-fall time), and if Σ6 ∝ d6, the
local three-dimensional gas density, we would have ¤Σ∗ ∝ Σ

3/2
6 ,

close to the observed relation. Many local observations show that
n

gal
ff ≈ 0.015 over a wide range of environments (e.g., Krumholz
et al. 2012; Salim et al. 2015; Leroy et al. 2017, though see Murray
2011; Lee et al. 2016), which provides a very simple model for star
formation and a starting point for our model.

We will later examine some models for the origin of this rela-
tion, but for now we write ¤Σ∗ as a power law function of the disk
gas density Σ6, normalized by an efficiency parameter n∗,0,

¤Σ∗ = n∗,0
Σ6,0

Cdisc
ff,0

(
Σ6

Σ6,0

)j (
1 + I
1 + I0

) Z
, (19)

where we will leave j and Z as free parameters for now; the explicit
redshift dependence allows, for example, for the star formation law
to depend on the galaxy’s orbital time, etc. (The models we will
consider later have j ≈ 1–2.) Our simplest star formation prescrip-
tion (labeled ‘KS’ for Kennicutt-Schmidt) will take j = 1.4 and
Z = 0, as in equation (17).

In this work we wish to integrate over the entire galaxy disc
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6 Furlanetto

Figure 2. Bathtub models with varying feedback prescriptions. The short-
dashed, dotted, and dot-dashed curves use the power-law prescription of
eq. (20) for the feedback law. These correspond to momentum-regulated,
energy-regulated, and mass dependence from energy regulation but inde-
pendent of redshift. The solid curve uses the inhomogeneous feedback law
of Hayward & Hopkins (2017), which will be described in section 6.4. In
all cases, we have chosen parameters so that they have roughly the same
mass-loading parameter at I = 5.

to obtain the total star formation rate. In principle, we can do so
by following gas as it flows inward (Muñoz & Furlanetto 2012;
Forbes et al. 2014a). However, following Krumholz et al. (2018)
we will simply average over the disc parameters by multiplying the
star formation rate evaluated at the disc’s scale radius by a factor
q0 ∼ 2, which parameterizes the effects of area-averaging.

4.2 A simple outflow model

The simplest approach to model gas outflows is to balance the feed-
back generated by star formation – in particular, supernovae – with
a condition for gas to escape the host system. In Furlanetto et al.
(2017), we balanced the rate at which the accreting gas delivers
binding energy with the rate at which supernovae supply feedback
energy, which suggests a scaling [ ∝ <−2/3

ℎ
(1+ I)−1. Alternatively,

demanding that the momentum provided by supernovae accelerates
the remaining gas reservoir to the escape velocity of the halo de-
mands that [ ∝ <−1/3

ℎ
(1 + I)−1/2. For now, we will write a general

form that allows for the feedback prescription to vary with halo
mass and cosmic time:

[ = [0

(
<ℎ

<0

)−b (
1 + I
1 + I0

)−f
, (20)

where [0, b, and f are constants. Satisfactory fits to the high-I
luminosity functions can be found with reasonable choices for the
proportionality constants (Furlanetto et al. 2017), although the cur-
rent observations prefer a prescription that is redshift-independent
(Mirocha et al. 2017; Mirocha 2020), indicating that the simplest
feedback descriptions are not complete.

In this framework, the mass-loading parameter evolves as a
galaxy accretes more material, through its dependence on halo mass
or redshift (or both). Figure 2 shows some examples of applying dif-
ferent feedback prescriptions to the bathtub model. The upper panel
shows [, while the lower panel shows the gas and stellar reten-
tion fractions. We have normalized the curves so that they produce
roughly the same value of [ at I = 5 for ease of comparison. These
curves follow a single halo as it grows over time, so the evolution is a
combination of both the explicit I-dependence and the growing halo
mass. Note that, when b ∼ 2/3, the gas retention fraction evolves
significantly over this interval. However, the qualitative conclusions
of the bathtub model still apply, because -6 is always very small
and the evolution is significantly slower than that of the halo mass
accretion rate.

4.3 Insights from Power-Law Prescriptions

With these prescriptions, we can rewrite the basic system of equa-
tions for galaxy evolution in terms of the surface densities. In non-
dimensional form, and again assuming [ � 1, the equations become

<̃′
ℎ

= −M0<̃ℎ , (21)

<̃′6 = <̃6M0

[
− 1
-6

+ [0 ¤-∗,0
(
-6

-6,0

)U-
<̃
U<
ℎ

(
1 + I
1 + I0

)UI ]
, (22)

<̃′∗ = M0 ¤-∗,0
(
-6

-6,0

)V-
<̃
V<
ℎ

(
1 + I
1 + I0

)VI
(23)

- ′6 = -6

(
<̃′6
<̃6
−
<̃′
ℎ

<̃ℎ

)
, (24)

where we have introduced the dimensionless constants M0 =

( ¤<0/<0)/(�0
√
Ω<) and ¤-∗,0 = ¤<∗,0/ ¤<6,0. Here ¤<∗,0 =

¤Σ∗,0_2A2
E,0 and -6,0 = Σ6,0_2A2

E,0/ ¤<6,0. The exponents are:

U- = j − 1, (25)
U< = (j − 3b − 1)/3, (26)
UI = 2j − f − 9/2 + Z, (27)
V- = j, (28)
V< = (2 + j)/3, (29)
VI = 2j − 9/2 + Z . (30)

These equations have qualitatively similar solutions to those
of the bathtub model:

(i) First, let us assume that the solutions have -6 ∼ constant�
1. As before, this implies that the star formation rate (plus associated
feedback) and baryonic accretion rate roughly cancel. By balancing
the two terms in square brackets in equation (22), we see that this
requires that -6 ∝ ( ¤Σ∗,0[0)−1/j: just as before, the gas fraction
depends on both the normalization of the star formation efficiency
(here expressed as ¤Σ∗,0) and the mass-loading parameter.

(ii) Because -6 is nearly constant, the gas and stellar mass
components grow nearly exponentially with time. To see this, con-
sider equation (23), where the -6 factor is nearly constant while
the explicit redshift dependence is mild. Meanwhile, V< ∼ 1, so the
stellar mass grows at a similar rate to the halomass.We have already
argued that the two terms in the square brackets in equation (22)
roughly cancel at all redshifts, so we expect <̃′6 ∝ <̃6.

(iii) This in turn implies that SSFR ∝ (1 + I)5/2 (approxi-
mately), nearly independently of the details of the star formation law
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Quasi-equilibrium models of star-forming disc galaxies 7

Figure 3. The effects of gas recycling in bathtubmodels. The curves follow a
halo that ends at<ℎ ≈ 1011 "� at I = 5. All assume momentum-regulated
feedback. Top: Evolution of the gas retention fraction -6 (thick curves) and
the similar star formation efficiency -∗ (thin curves). Bottom: The gas and
stellar masses (thick and thin curves, respectively), as well as the total halo
mass (dotted curve).

– mirroring the growth of the specific mass accretion rate (SMAR)
of galaxies, SMAR ∝ (1 + I)5/2 according to simulation fits. As
pointed out by Lilly et al. (2013) with their gas regulator model
(very similar in spirit to the bathtub model) and as part of the semi-
empirical model of Behroozi et al. (2013), such a relation is quite
generic, albeit with an offset between the two. The offset occurs
because the star formation rate traces the total gas mass, rather than
the cosmological accretion rate, and has an efficiency determined
by several parameters with mild redshift dependence. But the offset
is always only a factor of a few.

(iv) This system, like the bathtub model, also implies <∗ ∝
1/[0, with no dependence on the normalization of the star formation
efficiency. To see this, note that equation (23) yields <̃′∗ ∝ ¤Σ∗,0-

V-
6 .

But, in the equilibrium state, equation (22) implies -V-6 ∝ -U-+16 ∝
1/( ¤Σ∗,0[0), which finally yields <∗ ∝ 1/[0.

As in the bathtub model, these equations imply that the stellar
mass of a galaxy depends only on the feedback model, while the
gas content adjusts itself based on the star formation model so as to
produce the “correct" mass in stars. In this picture, measuring the
small-scale star formation physics inside galaxies requires measure-
ments of the gas content in addition to the stellar content, because
the galaxy-averaged efficiency is driven almost entirely by feedback.

5 GAS RECYCLING AND CHEMICAL EVOLUTION

Before considering another layer of complexity for feedback and
star formation, we now add two additional physical components to
the model.

5.1 The circumgalactic medium and gas recycling

To this point, we have assumed that gas expelled from the galaxy
disc leaves the system entirely. However, some of this gas may be
ejected at relatively low velocity, and in real galaxies much of it
falls back onto the galaxy disc before a long period has elapsed.

We therefore assume that the ejected gas can follow two paths.
A fraction 5res will eventually fall back onto the disc.We assume that
this gas is re-accreted on a timescale proportional to the dynamical
time of the virialized dark matter halo, CA = 5A Cdyn. As a fiducial
value, we set 5A = 1. The remainder of the ejected gas escapes the
halo entirely, never to be re-accreted. We therefore introduce a new
parameter [res ≤ [ that specifies the rate at which gas is delivered
to the reservoir; then gas is ejected entirely from the system with
a mass-loading factor [out = [ − [res. For our power-law outflow
model, equation (20), we take 5res = [res/[ to be a free parameter.

We therefore supplement our system of equations with an ad-
ditional equation tracking the gas reservoir:

¤<6 = ¤<2,6 − (` + [) ¤<∗ + <A /CA (31)
¤<A = [res ¤<∗ − <A /CA . (32)

Figure 3 shows that recycling does not have any signifiant
qualitative effects on the models: it essentially reduces the value of
[, but because the halo is growing rapidly with time anyway, it only
changes the stellar and gas masses by factors <∼ 2.

5.2 Chemical evolution

These models also allow us to track the chemical evolution of galax-
ies, so we introduce the metal mass in the galaxy’s ISM, </ . We
assume that the stellar population returns a metal mass H/ ¤<∗ to
the ISM over a short timescale, where they must mix with the gas
there. In one limit, the metals are mixed uniformly with the gaseous
ISM so that the ejected metal mass is simply a fraction / of the
total ejected mass. In the opposite limit, the metals are trapped by
the stellar winds and launched immediately out of the galaxy. We
capture these limiting cases by assuming that a fraction 5< of the
metals produced are injected directly into the wind (c.f., Peeples &
Shankar 2011; Forbes et al. 2014b). Thus, letting / = </ /<6 be
the ISM metallicity and letting <A ,/ be the mass of metals in the
ejected material,

¤</ = −(1 + [)/ ¤<∗ + (1 − 5<)H/ ¤<∗ + <A ,/ /CA , (33)
¤<A ,/ = [res/ ¤<∗ + 5<H/ ([res/[) ¤<∗ − <A ,/ /CA , (34)

where in the second line we have assumed that the metals do mix
uniformly within the hot reservoir and between the gas that is re-
tained by and ejected from the halo. In our calculations, we take
H/ = 0.03 (Benson 2010) and assume that solar metallicity corre-
sponds to / = 0.0142 (Asplund et al. 2009). The effectiveness of
direct metal ejection has recently been estimated by (Forbes et al.
2019) using a suite of semi-analytic models. They find that most
(∼ 80%) of the metals produced by massive stars are carried away
with the wind, albeit with substantial uncertainties. We will con-
sider the cases 5< = 0 and 0.5 in this work; a larger value will
simply decrease the overall metallicity of the galaxies.

6 FEEDBACK-DRIVEN STAR FORMATION LAWS

In section 4, we introduced simple power-law descriptions of both
star formation and feedback. In this section, we describe a state-of-
the-art analytic framework that motivates such relations. In sections

MNRAS 000, 1–20 (2015)



8 Furlanetto

6.2 and 6.3, we describe two such models for the star formation
law, while in section 6.4 we describe a framework for implementing
momentum-regulated feedback.

6.1 Star-forming disc properties

We first collect some necessary properties of galaxy discs. The fun-
damental assumptions of many modern star formation models are
that: (1) the galaxy disc’s vertical support is provided by turbulence
stirred – at least in part – by stellar feedback and (2) star formation
occurs inside molecular clouds, whose own formation is regulated
by gravitational instabilities in the disk. The latter can be expressed
through the Toomre (1964) parameter&, which determines whether
a region in a rotating disc is locally unstable to gravitational col-
lapse. In detail, the parameter depends on the partitioning of the
system into gas, stars, etc. For a gas-dominated disc, the criterion is

&6 =
^f6

c�Σ6
, (35)

where f6 is the gas velocity dispersion and ^ is the epicyclic fre-
quency. For a disk with a flat rotation curve (which we will assume
for simplicity), ^ =

√
2Ω. Real discs are mixtures of stars and gas;

the former contribute to the gravitational balance but do not partic-
ipate in the gravitational collapse. We approximate their effects on
stability following Romeo & Falstad (2013) and K18 by assuming
that they modify the effective & parameter for marginal stability to
& = 56,&&6, where

56,& =
Σ6

Σ6 + [2f2
6/(f2

6 + f2
∗ )]Σ∗

, (36)

where Σ∗ is the surface density of the stellar component and f∗
is its velocity dispersion. We assume for simplicity that f∗ = f6:
although this is certainly too simplistic at I <∼ 2, at high redshifts
our discs have so few stars throughout most of their evolution that
it makes little difference to the model results. Note that in all of
our models the discs are strongly gas-dominated, except possibly at
I <∼ 7.

The resulting star formation rates will depend on several prop-
erties of the disc. First, the disc free-fall time can be obtained by
balancing the vertical components of gravity and pressure, yielding
(K18)

Cdisc
ff =

√
3c

32�dg,mp
=

c&

4 56,&

√
3 56,%qmp

2
1
Ω
, (37)

where 56,% is a dimensionless factor of order unity parameterizing
the contribution of stellar and dark components to vertical equilib-
rium, and qmp is the total midplane pressure relative to the turbulent
contribution. For each of these, we take the fiducial values of K18 in
our numerical calculations (see their Table 1).3 Regardless of these
corrections, the free-fall time is comparable to the orbital time.

For a disc composed of gas and stars, the scale height can be
written (Forbes et al. 2012)

ℎ ≈
f2
6

c� [Σ6 + (f6/f∗)Σ∗]
≡

f2
6

c�Σ6q&
, (38)

3 We note that K18 assume 56,% = 0.5, which is not necessarily consistent
with our assumptions about the stellar contribution to 56,& : neglecting dark
matter, gas-dominated discs would have 56,% ≈ 1. We set 56,% = 0.5 as
a default, however, because we find dark matter generally provides a larger
contribution than in local galaxies. Fortunately, this assumption has only a
modest effect, with its largest effect on the gas surface density.

where q& is another correction factor of order unity.

6.2 Star formation regulated by stellar feedback

One conceptually simple limit is if feedback from star formation
maintains discs near a point of marginal global stability. As gas
accretes onto a disc, it becomes more unstable to gravitational frag-
mentation and hence star formation. But feedback from the stars
injects energy into the medium, increasing the turbulent velocity
dispersion f6 until fragmentation slows down. This limiting case,
explored in FQH13, results in an especially simple star formation
law (see also Thompson et al. 2005; Muñoz & Furlanetto 2012).
We refer the reader to that paper for a more detailed description of
the physical inputs and assumptions; see Faucher-Giguère (2018)
for another simplified treatment and K18 for a discussion of this
assumption in the context of more general models.

FQH13’s fundamental ansatz is that the turbulent disc support
is provided entirely through stellar feedback, which maintains the
disc at marginal Toomre stability. We can therefore derive the star
formation rate by balancing the rate at which stellar feedback adds
energy to the ISM with that at which turbulence dissipates it. The
rate of energy input per unit disk surface area from stellar feedback
is

¤Π∗ =
(
%∗
<∗

)
f6 ¤Σ∗, (39)

where %∗/<∗ is the momentum input rate per unit mass from star
formation. Here we have assumed that the supernova shells dissipate
into the ISM when they decelerate to a velocity ∼ f6, so that they
inject energy∼ %∗f6. For the rate of momentum injection, Martizzi
et al. (2015) estimate(

%∗
<∗

)
M15

= 3, 500
(

/

0.1 /�

)−0.114 (
=H

1 cm−3

)−0.19

×
(

lSN
9.3 × 1048 erg"−1

�

)
km s−1, (40)

where / is the stellar metallicity, =� is the local ISM density, and
lSN is the kinetic energy released by supernovae per stellar mass
formed. We have scaled these factors to our fiducial assumptions,4
but we also introduce an factor 1fb to parameterize the overall
strength of feedback relative to equation (40), so that %∗/<∗ ≡
1fb (%∗/<∗)M15.

For stellar feedback to support the disc through turbulence, the
injected energy must balance the rate at which turbulence dissipates
it. This energy (∼ Σ6fC per unit area, where fC is the turbulent
velocity) is lost over roughly the crossing time Ceddy of the largest
eddy in the turbulent field, which for isotropic turbulence must
be of order the disk scale height. This crossing time is therefore
Ceddy ∼ ℎ/fC , and the energy dissipation rate is

¤ΠC = [
Σ6f

2
C

ℎ/fC
=

2
c�

5) q&q
3/2
nt 5 2

6,&

Ω2f3
6

&2 , (41)

where 5) ∼ 1 is an unknown factor and qnt = fC/f6.
Balancing these two rates, and using equation (18), we obtain

an expression for the required pressure support, written in terms of
the gas velocity dispersion:

f6 =
4
c
√

3
([q&q3/2

nt q
1/2
mp 5

1/2
6,%
)−1ngal

ff

(
%∗
<∗

)
. (42)

4 Given the other uncertainties, we do not vary the assumed momentum
injection rate with the galaxy parameters (=� and / ).
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Quasi-equilibrium models of star-forming disc galaxies 9

In combination with equation (35), we see that the large range in
Σ6 amongst observed galaxies must translate into either substantial
variation in & or in f6. The latter implies that at least one of
the factors on the right-hand side of equation (42) must vary – in
particular, unless the assorted non-dimensional factors all change
dramatically with galaxy properties, the star formation efficiency
n

gal
ff must vary significantly.

Thus, if galaxy discs remain in a condition of marginal grav-
itational stability, the required efficiency is (see eq. 54 in K18):

n
gal
ff =

c
√

3
4
([q&q3/2

nt 5
1/2
6,%

q
1/2
mp )

(
%∗
<∗

)−1
f6 . (43)

Inserting this expression into equation (18), we find

¤Σ∗ = c�[ 56,&q&q3/2
nt

(
%∗
<∗

)−1
Σ2
6 . (44)

The same scaling holds even if one assumes a turbulent ISM inwhich
& varies across the disc, so that only some regions are unstable
(FQH13). We also note that assuming that ngal

ff is constant, but
allowing & to vary, leads to the same scaling in the star formation
law (Ostriker & Shetty 2011). The key assumption in all cases is
that star formation is the only mechanism generating the turbulence
that supports the disc.

6.3 Star formation regulated by radial transport

The FQH13 approach, in which stellar feedback provides all the
turbulent support for the gas disc, remains controversial. K18 argue
that the steepness of the SFR law in these models compared to the
observed relation (cf. eq. 44 and 17), together with their requirement
that the star formation efficiency increase in high-density regions,
make such an approach untenable. According to the K18 models,
stellar feedback plays a role in supporting discs but is insufficient
for most star-forming galaxies because the star formation efficiency
per free-fall time within molecular clouds, nGMC

int , is fixed at 0.015,
placing an upper limit on the amount of support that supernovae
can provide. In this picture, the remainder of the turbulent support
is generated by non-axisymmetric instabilities triggered by radial
transport of gas through the galaxy disc (Krumholz&Burkert 2010).

In this case, themaximumsurface density that can be supported
by star formation is

Σmax
6,B 5

=
8
√

2
√

3c�

n
gal
ff 56,&

&[qmpq&q
3/2
nt 5

1/2
6,%

(
%∗
<∗

)
C−1
orb. (45)

Whenever the surface density exceeds this value, the remaining
support is provided by gravitational inflow, so that the star forma-
tion rate increases less rapidly with surface density than otherwise
expected.

In this picture, K18 write the surface density of the star forma-
tion rate as

¤Σ∗ = 5sf
Σ6

Csf,rt
, (46)

where 5sf is the fraction of the gas able to form stars and the star
formation timescale is Csf,rt = C

disc
ff /nGMC

int , where nGMC
int = 0.015 by

fiat.5 For now, we can take 5sf = 1, but we will revisit this parameter
in the next section.

5 K18 also demand that Csf,rt < Csf,max = 2 Gyr, the value found in galaxies
like the Milky Way where the molecular gas breaks into discrete clouds.

6.4 Outflows in a turbulent gas disc

The same picture of turbulence stirred by stellar feedback (or other
sources) also provides an elegant method to estimate the effects
of outflows (Thompson & Krumholz 2016; Hayward & Hopkins
2017). In particular, we imagine a turbulent, inhomogeneous ISM
and assume that gas can be blown out of the disc if stellar feedback
is sufficiently strong on a local level.

In particular, if supernova blast waves cool and lose their ther-
mal energy in the disc, Hayward & Hopkins (2017) argue that the
relevant criterion for gas to escape is whether the momentum car-
ried by radiation and supernova blastwaves can accelerate material
to the disc escape velocity within one disc turbulent coherence time
Ceddy ∼ Corb ∼ A3/E2 (after which the density field is assumed to
reset, scrambling the momentum injection). In the model, the vari-
able column density induced by turbulence means that the feedback
accelerates each patch to a different terminal velocity. Only regions
with a terminal velocity exceeding the disc escape velocity are lost.
In this picture, the condition for a gas parcel to escape the galaxy
is6

¤Σ∗
(
%∗
<∗

)
> Σ6

Eesc
Ceddy

→ Σ6 < Σ
max,p
6 =

(
%∗
<∗

) ¤Σ∗√
2E2Ω3

, (47)

where Eesc =
√

2E2 is the local escape velocity.
We therefore require a model for the turbulent density field,

which we take from Hayward & Hopkins (2017). Here, the proba-
bility that a mass element is in a region with surface density Σ is
lognormal,

?ISM (G) =
1√

2cf2
lnΣ

exp

(
− (G − Ḡ)

2

2f2
lnΣ

)
, (48)

where G = ln(Σ/〈Σ〉), Ḡ = f2
lnΣ, f

2
lnΣ ≈ ln(1 + 'M2/4), where

the Mach number isM = f6/2B and ' is a function of the Mach
number and the shape of the turbulent power spectrum; see eq.
(14) of Thompson & Krumholz (2016) for details. To estimate the
Mach number, we assume that the sound speed is 2B,4 ≈ 12 km/s,
appropriate for primordial gas at ) ≈ 104 K. However, in some
very small haloes we can have fC < 2B,4. We therefore assume
that photoheating from H II regions can also drive turbulence and
takeM = (22

B,4 + f
2
C )1/2/2B,4. (Our results are not sensitive to the

details of these choices.)
The fraction of the ISM that is ejected per coherence time is

then

5out =

∫ Gout

−∞
?ISM (G)3G =

1
2

[
1 − erf

(
−2Gout + f2

lnΣ
2
√

2flnΣ

)]
, (49)

where Gout = ln(Σ6,max/
〈
Σ6

〉
).

Finally, the mass-loading factor is

[ =
5out

〈
Σ6

〉
Ω3

¤Σ∗
. (50)

To estimate themass fraction that is ejected entirely from the system,
we assume that gas able to escape the halo entirely must be provided
a momentum per unit mass of 5ejEesc, where 5ej > 1. As a fiducial

High-I galaxies have sufficiently high surface densities that this restriction
will not be important.
6 As in Hayward & Hopkins (2017), we implicitly assume that the momen-
tum injected from stellar feedback is uniformly spread throughout the galaxy
disc, even though most star formation is occurring in areas with large Σ6 .
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value, we set 5ej = 3. In this case, [res is composed of gas imparted
enough energy to escape the disc but not enough to meet this more
stringent threshold.

Although the physics of the turbulent outflow model is consid-
erably deeper than the parameterized form of equation (20), it never-
theless approximately reduces to that form if [ � 1. To see this, let
us consider the star formation prescriptions in sections 6.2 and 6.3.
In the former case, ¤Σ∗ ∝ Σ2

6, so Σmax
6 /

〈
Σ6

〉
∝ ( ¤Σ∗Corb)/(Σ6E2) ∝

<ℎ/(A3E2
2). But A3 ∝ <

1/3
ℎ
(1 + I)−1 and E2 ∝ <1/2

ℎ
/A3 , so this is

roughly constant – in reality, Gout and 5out vary slowly in such mod-
els, with 5out ∼ 1/2. Then, [ ∝ 5outΣ6Ω3/ ¤Σ∗ ∝ <−1/3

ℎ
(1 + I)−1/2.

Thus the mass and redshift scaling are identical to the case of naive
momentum-regulation, at least in the limit of strong outflows and
discs supported purely through stellar feedback. Figure 2 illustrates
how similar this model is to the naive approach.

In the model with radial transport, ¤Σ∗ ∝ Σ6/Corb (assuming
for simplicity that 5sf → 1). Then Σmax

6 /
〈
Σ6

〉
∝ <−1/3

ℎ
(1 + I)−1/2,

which means that this parameter decreases rapidly as halos grow
(although the actual fraction of ejected gas varies more slowly,
because Gout depends on the logarithm of the ratio). However, in
the mass-loading factor, the ratio Σ6Ω3/ ¤Σ∗ is nearly constant in
this model. Thus [ ∝ 5out, which carries all the mass and redshift
dependence in this regime.

7 THE STAR-FORMING GAS PHASE

The final layer of complexity in our star formation model is to
distinguish between two ISM phases, one of which forms stars and
one of which acts as a warmer gas reservoir. Note that this is not
a necessary component: FQH13, for example, do not include it,
assuming that the marginal stability condition will essentially force
the star-forming phase to grow until enough stars can be formed.

7.1 Star formation in molecular gas

One common criterion for star-forming gas is that it be molec-
ular. We implement this approximately by following Krumholz
(2013), who consider the formation of molecular hydrogen in galax-
ies (building upon Krumholz et al. 2009b,a). Themolecular fraction
is governed by the balance between the interstellar radiation field
(which suppresses molecule formation) and self-shielding of the
clouds (which depends on the cloud column density and metallic-
ity).

The model has two simple limits, which describe the full
Krumholz (2013) results accurately enough for our purposes.7 As-
suming chemical equilibrium between destruction of H2 by Lyman-
Werner photons and creation on dust grains, the molecular fraction
is governed by the dimensionless parameter

j =
5dissfd2�

∗
0

=CNMR
, (51)

where 5diss ≈ 0.1 is the fraction of absorptions of the Lyman-
Werner photons by H2 molecules that result in dissociation, f3 ≈
10−21 (///�) cm−2 is the dust absorption cross section per hydro-
gen nucleus for Lyman-Werner photons, �∗0 = 7.5 × 10−4� ′0 cm−3

7 The approximation can be improved in the transition regime between these
two limits; we do not attempt to do here largely to illustrate that even the
more abrupt threshold condition in the simplified model still has no obvious
effect on the overall galaxy evolution.)

is the number density of Lyman-Werner photons, � ′0 is the inten-
sity of the interstellar radiation field in units of the local Solar
value, =CNM is the number density of the cold neutral phase, and
R ≈ 10−16.5 (///�) cm3 s−3 is the rate coefficient for H2 formation
on the surface of dust grains. The H2 fraction – which in this model
we associate with the fraction of the ISM in the star-forming phase,
5sf – can then be approximated by (McKee & Krumholz 2010)

5sf = 1 − (3/4)B/(1 + B/4) (52)

for B < 2 or zero otherwise. Here

B ≈ ln(1 + 0.6j + 0.01j2)
0.6g2

, (53)

and

g2 = 0.066 52
(

Σ6

1 "� pc−2

) (
/

/�

)
. (54)

Finally, 52 is the ratio between the surface densities of the cold
phase and the surface density averaged over our galactic disks.
Following Krumholz (2013), we take 52 = 5, although there are no
observations of this clumping factor in high-I galaxies.We also note
that the model will break down at very low metallicities because the
H2 cannot then formquickly enough;Krumholz (2013) estimate that
this occurs at / <∼ 0.01/� , which would affect the earliest phases of
star formation inside galaxies.

In the high surface density regime (Wolfire et al. 2003),

j ≈ 3.1
(

1 + 3.1(///�)0.365

4.1

)
. (55)

In practice, this leads to a molecular fraction that is zero below a
(metallicity-dependent) threshold (corresponding to B = 2 in equa-
tion 53) and then rises rapidly.

However, below this threshold we must account for the disc
pressure support. In this limit, for which 5sf � 1, Krumholz (2013)
shows that the fraction approaches

5sf ≈
1
3

(
2 − 440 Gyr

52 (///�)=CNM,hs

¤Σ∗
Σ6

)
, (56)

where =CNM,hs is the density of the cold medium in this limiting
case: it is determined by the balance between the vertical component
of gravity and the thermal pressure of the cold medium. In the limit
in which the dark matter and/or stars dominate the local density,
=CNM,hs ∝ Σ6. Then, if we write ¤Σ∗ ∝ 5sfΣ6, as in equation (46)
and rearrange, we find that 5sf ∝ Σ6 in the limit in which the fraction
is small (see Fig. 1 ofKrumholz 2013). Thus, from equation (18), we
see that at low surface densities ¤Σ∗ ∝ Σ2

6, while above the transition
threshold (where 5sf saturates), ¤Σ∗ ∝ Σ6.

Figure 4 compares the star formation laws resulting from these
different Σ6-based prescriptions. Note that the K18 model depends
on the galaxy properties beyond the surface density; here we apply
it to a 1011 "� halo at I = 8, taking / = (1, 0.03) /� for the thick
and thin curves. In the K18 models, the sharp feature is induced
by the transition to efficient H2 formation. Because this process
is driven by dust grains, the surface density at which it occurs
depends on metallicity: 5sf increases only at significantly larger
column densities in the thin curve (though note that at such low
metallicities H2 formation is so slow that themodelmay be breaking
down; Krumholz 2013).

We must emphasize that the normalization of these star forma-
tion laws is quite uncertain, as both the FQH13 and K18 scenarios
have several unknown parameters. Here we have used the fiducial
choices of K18 for simplicity. Below, we will find that high-I galax-
ies are always in the high-surface density limit, Σ6 >∼ 100 "� pc−2.
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Figure 4. Comparison of star formation laws for our different prescrip-
tions. The solid black curve is the empirical Kennicutt-Schmidt law. The
long-dashed curves apply the model to a 1011 "� halo at I = 8, taking
/ = (1, 0.03) /� , respectively. Note that the curves are normalized to be
similar in the surface density range most relevant to our models Σ6 ∼ 102–
103 "� pc−2.

7.2 Star formation regulated by gas cycling

An alternative approach to defining the star-forming phase is based
on Semenov et al. (2017, 2018), who appeal to processes that cycle
gas between a diffuse phase and the star-forming gas. The model
is agnostic to the properties of that star-forming phase (other than
requiring that it is self-gravitating and thus subject to collapse), and
it does not explicitly require the star-forming gas to be molecular.
We write the mass fluxes ¤<6→sf and ¤<sf→6 to describe the flow
between the star-forming gas (whose mass is <sf) and the diffuse
ISM (for which we use <6). In this picture, local feedback from
young stars as well as dynamical processes rapidly dissipate clouds,
before much of their gas is able to form stars. But dynamical and
thermal instabilities regenerate star-forming clouds, and it is the
balance between these processes that regulates star formation. We
obtain this system of equations for the phases of baryonic matter
(diffuse gas, star-forming gas, ejected gas, and stars) in and around
the galaxy:

¤<6 = − ¤<6→sf + ¤<sf→6 − [ ¤<∗ + <A /CA (57)
¤<sf = ¤<6→sf − ¤<sf→6 − ` ¤<∗ (58)
¤<∗,tot = ` ¤<∗ (59)
¤<A = [res ¤<∗,ISM − <A /CA . (60)

The keys to this picture are the timescales governing how gas
moves between the various phases. As before, we let 5sf = <sf/<6
be the fraction of the galaxy’s gas mass in the star-forming phase.

S18 parameterize the mass fluxes as

¤<6→sf =
(1 − 5sf)<6
g6→sf

, (61)

¤<sf→6 = ¤<fb
sf→6 + ¤<

dyn
sf→6, (62)

¤<fb
sf→6 = b ¤<∗, (63)

¤<dyn
sf→6 =

5sf<6

g
dyn
sf→6

, (64)

¤<∗ =
<sf
g∗
, (65)

where ¤<fb
sf→6 is the rate at which star-forming clouds are destroyed

by stellar feedback, ¤<dyn
sf→6 is the rate at which dynamical processes

shred clouds, b is the mass-loading factor from feedback (defined
locally within clouds, rather than integrated over an entire galaxy),
and we have introduced three timescales (g6→sf , g

dyn
sf→6, and g∗) to

parameterize how fast the processes occur. Note that we have now
defined the star formation rate through the mass in this gas phase,
so we have introduced a new timescale g∗ to describe how rapidly
this “star-forming" gas is turned into stars.

We take g∗ = gdisc
ff /nGMC

int for this timescale.8 Here, gdisc
ff is

the free-fall time (which we assume to apply to molecular clouds as
well)9 and nGMC

int is the star formation efficiency (i.e., the fraction
of cloud mass turned into stars per free-fall time); as in the K18
model, we take nGMC

int = 0.015 as a fiducial value.
Star-forming clouds form through turbulence, cooling, and

large-scale gravitational instabilities, a combination of which fix
g6→sf . S18 find that the resulting timescale is comparable to the
orbital time of their simulated galaxy (see also Semenov et al.
2017). We therefore write the relevant cloud formation timescale as
g6→sf = �6→sf C

disc
ff , where �6→sf is an unknown parameter. We

take �6→sf = 1 as a fiducial value.
Feedback drives gas from the star-forming clouds back to the

diffuse ISM through photoionization, winds, and especially super-
novae. In their simulations, S18 calibrated their local feedback input
to Martizzi et al. (2015), corrected for numerical losses, and found
b ≈ 60 for their fiducial parameters. We scale this parameter in the
same way they did. Note that, although this parameter is related to
the mass-loading parameter [, it describes feedback on a different
physical scale – how gas is ejected from star-forming clouds into
diffuse ISM, rather than out of the galaxy.

The timescale gdyn
sf→6 represents the rate at which dynamical

processes like turbulent shear and differential rotation disperse
clouds. S18 find that g6→sf/g

dyn
sf→6 ∼ 4 in their simulations, i.e.

clouds are disrupted quite rapidly relative to their formation. How-
ever, this calibration is measured in galaxies similar to the Milky
Way, where star formation is relatively slow and the star-forming
phase is subdominant. Our galaxies are in a much different regime,
and furthermore their dynamical times are far smaller than that of

8 Note the analogy here to the bathtub model in the star-formation timescale
definition – but the S18 model applies that timescale to individual clouds
rather than the galaxy as a whole, and includes additional physics regulating
each cloud.
9 S18 show that, in Milky-Way like systems, the free-fall time is a few
million years and not particularly sensitive to the star formation and feedback
prescriptions. However, at very early times this can still be longer than the
dynamical time of galaxy-sized halos. We therefore use equation (37) for
this timescale.
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the Milky Way. We therefore set g6→sf/g
dyn
sf→6 = �dyn, assuming

that these processes remain linked but varying the relative timescale.
As a fiducial value, we take �dyn = 1/4, which we find matches
more closely to the other star formation models we consider in the
relevant regime, as we will show in the next section. In practice,
this means that dynamical processes form star-forming clouds much
more rapidly than they disperse them, which may reflect the higher
surface densities of our discs compared to Milky Way analogs.

In this model, galaxies typically approach a “quasi-
equilibrium" approximation in which the mass fraction in the
star-forming phase changes only slowly (relative to the dynamical
timescales), so that by equation (58) we have

¤<∗ ≈ ¤<6→sf − ¤<sf→6 . (66)

This is analogous to the slow growth of the ISM in the bathtub
model across cosmological timescales. In this approximation, the
galaxy-wide gas depletion time gdep = <6/ ¤<∗ can be written (S18)

gdep = (1 + b)g6→sf +
(
1 + �dyn

) gdisc
ff
n int

GMC
. (67)

This expression offers powerful insights into the processes regulat-
ing star formation in galaxies. The first term represents a picture in
which clouds form on a timescale g6→sf and are fully “processed"
into stars, subject only to their feedback. In that case, only a fraction
1/(1+b) of the gas is actually turned into stars, with the rest ejected
into the surrounding medium (from which it must again fragment
into clouds to formmore stars). Any given gas parcel must therefore
cycle into clouds (1 + b) times before it is transformed into stars.

But this is not the full picture, because clouds do not immedi-
ately process their stars. Instead, only a fraction n int

GMC is transformed
per free-fall time. Thus, even in the absence of feedback, the ex-
pected depletion time of any given cloud is gdisc

ff /n int
GMC, which is

increased by a factor (1 + �dyn) because of dynamical destruction.
While starburst galaxies are typically assumed to be in the

“feedback-limited" regime, equation (67) reveals an important wrin-
kle: if dynamical processes disrupt clouds on times comparable to
the orbital time, the second term cannot be ignored. At high red-
shifts, clouds are processing gas into stars on similar timescales
to the rate at which the clouds themselves are forming. Given the
assumed inefficiency of star formation on that timescale, both the
feedback parameter b and the cloud-scale star formation efficiency
n int

GMC are important to this model – this is in contrast to the FQH13
model, in which the assumption that feedback supports the disc
eliminates the dependence on the efficiency parameter. In the con-
text of the gas cycling picture, the FQH13 assumption essentially
requires that either clouds themselves form more efficiently or that
they form stars more efficiently than their local analogs. This is also
why we choose a small fiducial value for�dyn: otherwise dynamical
destruction of clouds essentially caps the star formation efficiency.

In either case, in the limit in which equation (67) applies, the
gas cycling picture reduces approximately to the bathtub model. It
implies ¤<∗ ≈ <6/[ g6→sf], where  is a constant in our model.
This has the same form as in the bathtub equations.

We emphasize that the S18 model takes a very different per-
spective on star formation than the other models we have described,
as it does not attempt to connect star formation to any of the global
galaxy parameters. As a result, for example, the star formation rate
is only indirectly a function of the gas surface density. It should
be possible to connect the S18 picture more closely with “global"
models, but we do not do so here because considering a range

Figure 5. The halo mass-star formation efficiency relation in our models,
where 5∗ = ¤<∗/ ¤<2,6 , at I = 7. The darker thin dotted lines show themodels
of Furlanetto et al. (2017), which provide a reasonable match to observed
luminosity functions. The thin lines are the same relation in our models,
where we have adjusted the feedback parameter in each case to provide
a reasonable match at low masses (see text). The thick curves include a
correction reducing the accretion rate onto very massive haloes.

of contrasting models of star formation helps us to understand its
robust and generic properties.

8 EVOLUTION OF A DISC GALAXY

Having now reviewed a variety of approaches to describing star
formation in galaxies, we next examine how individual galaxies
evolve in these models; in section 9, we will consider how the
results depend on the galaxy’s mass and redshift.

8.1 Choosing our model parameters

Whilewewill not rigorously test these star formationmodels against
observations, we do want to ensure that they are reasonable analogs
to real systems. All of our fiducial models will use the Hayward
& Hopkins (2017) feedback prescription, but we include several
star formation prescriptions: (1) the FQH13 star formation law, in
which stellar feedback supports the disc (shown by solid lines in
most figures); (2) the K18 model, in which radial transport supports
the disc at high surface densities and star formation only occurs
in molecular gas (long-dashed lines); (3) the gas cycling model of
S18 (short-dashed lines); and (4) a simple model in which the star
formation is assumed to follow the Kennicutt (1998) relation (dotted
lines).

The most incisive tests of galaxy formation at high redshifts
remain luminosity functions, of which there are nowmanymeasure-
ments with reasonably good statistics at the bright end (e.g., Bradley
et al. 2012; McLure et al. 2013; Bouwens et al. 2015; Finkelstein
et al. 2015; McLeod et al. 2016; Morishita et al. 2018; Bouwens
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et al. 2019; Bowler et al. 2017, 2020). Because the UV luminosity
traces recent star formation, these measurements essentially provide
constraints on the star formation rate as a function of halo mass.

In Furlanetto et al. (2017), we compared a “minimalist" model
of galaxy formation centered around the feedback models of section
4.2 to these luminosity functions. We found that such a model pro-
vided reasonably good matches to the observations. The thin dotted
curves in Figure 5 shows the instantaneous star formation efficiency,
5∗ = ¤<∗/ ¤<2,6, in three such models: one assumes momentum-
regulated feedback, while the others (with steeper mass dependence
at <ℎ <∼ 1011 "�) assume energy regulation.

We “calibrate" the parameters of our new models (shown by
the other thin curves in Figure 5) by ensuring that their 5∗–"ℎ re-
lations are roughly similar to the momentum-regulated minimalist
model. To do so, we have adjusted the feedback efficiency parame-
ter 1fb in each case: the FQH13, K18, S18, and KS models require
1fb = 3.6, 4, 7, and 4, respectively. Given the many uncertain pa-
rameters in all of these models, and the many physical processes
they ignore, we do not regard such adjustments as physically mean-
ingful. For example, Figure 3 shows that assumptions about gas
recycling introduce similar order unity uncertainties. In any case,
unless otherwise specified we use these parameters in the remainder
of the paper.

Although these adjustments work reasonably well for small
haloes, they all overproduce stars when <ℎ >∼ 3 × 1011 "� . There
are (at least) two potential solutions to this problem invoked at
lower redshifts: one is that galaxies inside massive, hot haloes do
not accrete much of the gas that flows onto their halo (Faucher-
Giguère et al. 2011), while another is that the star formation is
ongoing but the UV light is extinguished by dust (which should
be most prevalent in these old, higher-metallicity systems). To pro-
vide a better match to the observations, we incorporate the reduced
accretion rate measured in simulations by Faucher-Giguère et al.
(2011) (shown by the thick curves in Fig. 5), as described in detail
in Furlanetto et al. (2017). Dust extinction could easily make up the
remaining difference (Mirocha et al. 2020).

8.2 Effects of the star formation law

Figure 6 shows how an example galaxy that reaches <ℎ = 1011 "�
at I = 5 (and begins forming stars at I8 = 25) evolves according
to these four star formation prescriptions. The top left panels show
the gas and stellar masses (bottom) and the retention fractions -6
and -∗ (top; thick curves for gas and thin curves for stars). The top
right panels show the gas depletion time relative to the Hubble time
as well as SSFR × C� (i.e., the number of times the stellar mass
doubles over one Hubble time). The bottom left panels show the
ISM metallicity and the mass-loading parameter. The bottom right
panels show the surface density of gas and of the star formation rate
in the models.

By calibrating the feedback parameters in the previous section,
we have ensured that all of these models have I = 5 stellar masses
that differ by <∼ 50%. But their stellar populations also evolve simi-
larly throughout their histories, as expected from the bathtub model,
despite their fundamentally different approaches to star formation.
The stellar masses grow exponentially, with very similar specific
star formation rates that parallel the cosmological accretion rate.
Additionally, within each model the gas fraction -6 and the sur-
face density Σ6 vary only slowly over this entire time interval. The
relative constancy of -6 can be understood through our analytic
treatment in section 4.3.

The most obvious difference between the models is in the gas

mass: as in the bathtub model, the star formation rate is mostly de-
termined by the feedback prescription, so the gas mass must adjust,
according to the star formation law, to fulfill that condition. The
bottom right part of Figure 6 helps explain the resulting gas frac-
tions. Most of our star formation prescriptions are based on the gas
surface density. We have Σ6 ∼ 102–103 "� pc−2 – characteristic
of starbursts at lower redshifts. Our calibration of the different star
formation laws essentially requires that they all have similar ¤Σ∗ in
this regime (as seen in Figure 4), but there are still some variations.
The FQH13 model predicts very large star formation rates, because
vigorous star formation is required to support such discs ( ¤Σ∗ ∝ Σ2

6);
the K18 model is slightly more efficient in this regime, as we have
normalized it. The “required" gas mass is thus relatively small. The
KS prescription, on the other hand, requires the disc to be more
massive in order to generate sufficient star formation.

The S18 model differs from the others in that it does not rely
on the gas surface density to determine the star formation rate;
indeed, it makes no assumptions about how the disc is supported.
Thus the star formation rate only increases linearly with the total
gas mass, requiring the surface density to increase substantially.10

(The increased gas mass does decrease the dynamical time of the
galaxy and hence the star formation timescale, but that is a very
modest effect.)

Because the star formation rate in the S18 model varies slowly
with surface density, it is relatively difficult tomatch it to the surface-
density based prescriptions.11 We have already fixed the parameters
of this model differently from those used by S18 to match simula-
tions of Milky Way-type galaxies: we decreased the timescale for
cloud formation and set the time over which dynamical processes
destroy clouds to be significantly longer (in a relative sense). Both of
these increase the star formation rate, decreasing the surface density
so that it becomes closer to the other models. Figure 7 illustrates
these effects. The solid curves use our fiducial parameters. The long-
dashed curves set the timescales for cloud formation and dynamical
destruction to be comparable to those found in the S18 calculations,
�g→sf = 4 and �dyn = 0.25. The slower rate of cloud formation,
coupled with the more rapid destruction, decreases the overall star
formation efficiency, substantially increasing the gas content of the
discs (but also modestly increasing the overall stellar mass at late
times). The dotted curves use our fiducial timescales but decrease
the local mass-loading parameter b0 by a factor of two (without
changing the global mass-loading parameter); this increases both
the gas mass and the stellar mass, as each cloud transforms more
of its mass into stars. Finally, the short-dashed curves ignore the
dynamical destruction of clouds, illustrating that this is already
unimportant with our fiducial parameters.

8.3 Effects of feedback

Figure 8 focuses on the effects of the feedback parameter, %∗/<∗.
The solid curves take our default values for each model, while
the dashed and dotted curves increase it by factors of two and
five, respectively. The three columns use different star formation
laws (FQH13, K18, and S18, from left to right). In the simple
feedbackmodel of section 4.2, themass-loading parameter is simply

10 Alternatively, the gas disc could be physically larger.
11 Note that, with our assumption that Σ6 = <6/(cA2

3
) and that stars form

on a dynamical time, the S18 model has ¤Σ∗ ∝ Σ6/Corb, which is the behavior
to which the K18 model also converges if 5sf ≈ 1. Nevertheless, the S18
prescriptions are less efficient overall.
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Figure 6. Evolution of an example galaxy with a I = 5 mass of 1011 "� (which begins forming stars at I = 25). In each panel, we show results for the FQH13
model (solid curves), K18 model (long-dashed curves), S18 model (short-dashed curves), and KS law (dotted curves). Top Left: Gas and stellar masses (thick
and thin curves, respectively), compared to the total halo mass (dotted curve in bottom panel) and scaled to the baryonic mass associate with the halo (top).
Top Right: Depletion time (bottom) and specific SFR (top). Both are scaled to the Hubble time: thus the top panel is the number of stellar mass-doublings per
Hubble time. Bottom Left: Metallicity evolution (bottom) and instantaneous mass-loading parameter (top). Bottom Right: Surface density of gas (bottom panel)
and the star formation rate (top panel).

proportional to this efficiency factor. In the more complex feedback
model of Hayward & Hopkins (2017), the dependence is more
subtle, but a linear relationship is not far off.

Recall from our discussion of the minimal bathtub model
that the feedback strength affected the galaxies in two ways. First,
-∗ ∝ 1/[, because an increased feedback efficiency evacuates more
gas (i.e., fuel for star formation). This is clearly true in all themodels:
the stellar mass is ultimately determined by feedback. The bathtub
model also predicted that -6 ∝ 1/([Y): the gas mass adjusts to
ensure that the “correct" stellar mass is created, given a particular

star formation efficiency (see Fig. 2). It may therefore seem sur-
prising that the gas retention fraction -6 is very insensitive to the
strength of feedback in all of these models. This is most obvious in
the FQH13 picture, and the reason is simple: that model assumes
that the star formation rate is determined locally by the need to
support the disc through feedback. In that limit, we essentially have
Y ∝ 1/[ (c.f., eq. 43), so that -6 is constant. The other models have
some sensitivity, but in both cases they still rely on stellar feedback
to determine the star formation rate, so the variation of -6 is much
smaller than naively expected from the bathtub model.
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Figure 7. Evolution of a disk galaxy (with has <ℎ = 1011 "� at I = 5) in
the S18 model. The panels are similar to the left panel of Fig. 6 The solid
curves use our fiducial parameter choices. The others vary the parameters
of the S18 model.

8.4 Gas recycling

So far in this section, we have assumed that all the gas ejected from
the disc escapes the system entirely. In Figure 9, we re-introduce the
gas reservoir near the galaxy and allow the material to re-accrete
onto the disc, as described in section 5.1. The solid curves are
identical to those from Figure 6, ignoring recycling. The long-
dashed curves assume that all of the gas remains bound to the
galaxy’s halo and can re-accrete on a timescale Cdyn (i.e., 5A = 1).
This substantially increases the stellar mass and metallicity of the
galaxy, with a somewhat smaller effect on the gas mass. The dotted
and dot-dashed curves decrease the importance of recycling, by
allowing some gas to escape the halo entirely and/or by increasing
the re-accretion timescale. Importantly, however, the addition of
recycling has only a modest qualitative effect on our models – it
certainly increases the star formation rate, but it does not affect the
overall exponential growth, the specific star formation rate, or the
gas fractions.

8.5 Chemical evolution

The bottom left panel of Figure 6 shows the metallicity evolution
for our four different star formation laws. The metallicity increases
exponentially with I, reaching / ∼ 0.1/� when the halo reaches
<ℎ ≈ 1011 "� . This is easy to understand: both the stellar mass (to
which the metal output is proportional) and gas mass increase expo-
nentially with time, and because / = </ /<6, the metallicity will
grow exponentially at a rate determined by the difference between
the stellar mass timescale and the gas disc growth timescale. The
metallicity is quite small for most of the galaxy’s evolution, simply
because the gas disk is so much more massive than the stellar phase.

Additionally, note that even at I = 5 our model galaxy has
a metallicity significantly smaller than comparable systems in the

local Universe. For example, Tremonti et al. (2004), who measured
the mass-metallicity relation at I ∼ 0, found / ∼ 0.5 /� for <∗ ∼
108.5 "� (the stellar mass of this galaxy). However, our results
are much closer to galaxies in the star-forming era. For example,
Sanders et al. (2020) found / ∼ 0.2 /� at I ∼ 3, if we extrapolate
their fit (which as made at <∗ > 109 "�) to the same stellar mass.
The normalization of our model results from a complex interplay
of accreting gas (which we assume to be primordial) and feedback,
the latter of which depends somewhat on the star formation model.
For example, at early times the KS model has a slightly smaller
metallicity than FQH13, because it requires a larger surface density.
The S18 model has the lowest metallicity, even though it also has
the highest gas mass.

The normalization also depends on assumptions about metal
mixing. For example, the short-dashed curves in Figure 9 set 5< =
0.5, so that half of the metals are immediately ejected from the
galaxy. Unsurprisingly, this reduces the ISM metallicity by that
same factor. This decrease can be moderated if some of the ejected
gas is allowed to re-accrete: the other curves show how gas recycling
increases the metallicity, by bringing enriched gas back into the
system.

9 GALAXY POPULATIONS

Having examined how individual galaxies evolve over time, we
now consider how their properties depend on halo mass at a fixed
redshift. Henceforth, we will include gas recycling (with 5A = 1
and 5ej = 3) as well as the suppression of accretion at high masses
described in section 8.1. Otherwise, our parameters will be identical
to the previous section.

9.1 Trends with halo mass

Figure 10 shows several properties of our galaxies at I = 7 (we
will consider other redshifts below). The left column shows the
star formation rate and gas/stellar retention fractions (thick and thin
curves, respectively), the middle column shows the gas surface den-
sity and metallicity, and the right column shows the instantaneous
mass-loading factor and the fraction of baryonic mass associated
with the halo that is in the gas reservoir, -res (i.e., ejected from the
disc but still bound to the halo).

Several important trends are obvious from Figure 10. First, all
the prescriptions provide very similar star formation rates across
the entire mass range The star formation rate increases nearly as
<4/3, which simply reflects the mass dependence of momentum-
regulated feedback. The upper right panel further illustrates this
point: the FQH13 model has [ ∝ <−1/3, though the other models
have slightly steeper declines.

The upper panel in Figure 11 examines the redshift evolution of
[. Here we use the FQH13 star formation model, but the other mod-
els have very similar redshift dependence:wefind that [ ∝ (1+I)1/2,
as expected for a naive implementation of momentum-regulated
feedback. This scaling causes tension with observations (Mirocha
2020) and may require additional physics to match measurements.

Most of the models have discs that retain an increasing fraction
of their gas with halo mass (at least until <ℎ ∼ 1011.5 "� , where
the suppression of accretion becomes important), but the FQH13
model is an exception. In this model, we have already seen that
because the effective star formation efficiency in the disc is inversely
proportional to the feedback strength, -6 is independent of that
value. Because the feedback is the only part of this model that
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Figure 8. The effects of feedback strength on our galaxy formation models. The columns use the FQH13 (left), K18 (center), and S18 (right) star formation
models. In each panel, the solid curve uses our default feedback strength, while the dashed and dotted curves increase the strength by factors of two and five,
respectively. In each column, the upper panels show the instantaneous mass-loading parameter (evaluated at each redshift) and the lower panels show the
fraction of the halo’s baryons in the ISM gas (thick curves) and stellar component (thin curves).

Figure 9. The effects of gas recycling and metal mixing on our galaxy
models. The solid curves show our fiducial model with the FQH13 star
formation law, without gas recycling and assuming perfect metal mixing
( 5< = 0). The short-dashed curve in the top panel shows the metallicity if
5< = 0.5 of the metals are ejected immediately in the outflow. The other
curves vary the gas recycling parameters.

depends on themass, -6 ≈constant in that case. In the other models,
these factors do not cancel, so more massive halos have relatively
larger gas discs, although never by more than about an order of
magnitude. In the S18 case, the discs retain >∼ 10% of the halo’s
baryonic mass over a broad range of halo masses, approaching
an order of magnitude more than the FQH13 discs. This further
demonstrates that the gas masses of galaxy discs can provide a
useful probe of the mechanisms driving star formation, although we
note that the disc masses are certainly also sensitive to other aspects
of the model (such as gas recycling).

The lower center panel in Figure 10 shows that the metallicity

increases with halo mass, as one naively expects. All of our models
have roughly / ∝ <1/3

ℎ
; we will compare this relation to observa-

tions in section 9.2 below. Figure 11 also shows that the metallicity
at a fixed halo mass depends only weakly on redshift, with slightly
higher values at earlier times, because the halos are more tightly
bound at higher redshifts so produce more stars (but also retain
more gas in their discs).

The lower right panel of Figure 10 shows that, in all of the
models, a substantial fraction of the gas remains in the gas reser-
voir, even though we have allowed gas ejected at high velocity to
escape the halo and chosen a relatively fast recycling timescale for
these models. This reservoir is a very crude representation of the
circumgalactic medium, and our models show that such a medium
will likely remain important in high-I galaxies. However, note that
its properties are not particularly sensitive to the star formation law.

In Figure 12we show how the gas and stellar retention fractions
and specific star formation rates depend on redshift; here we use the
K18 model. Note that the SSFR depends only slightly on halo mass
and is always a multiple of the specific mass accretion rate, which
increases rapidlywith redshift. The gas discmass also increaseswith
redshift; this is true of all themodels, though the redshift dependence
is weaker in the FQH13 model. The stellar mass fraction, on the
other hand, changes only slowly with redshift in the K18 model, but
the dependence is stronger in other models.

9.2 Trends with stellar mass

Although variations in galaxy properties with halo mass are useful
from a theoretical perspective, the stellar mass is a much more
straightforward observable (though still very difficult to measure
at such high redshifts!). To that end, Figure 13 shows how two
important quantities vary with stellar mass at I = 7: the mass-
metallicity relation (top panel) and the star formation rate (bottom
panel). In both panels the solid, long-dashed, short-dashed, and
dotted curves show the FQH13, K18, S18, and KS star formation
prescriptions.

In the bottompanel, we see that the star formation rate increases
nearly linearly with stellar mass, aside from a slight turnover at large
masses because of the suppression of accretion in this regime. This
is just another way of saying that the specific star formation rate
is also very nearly constant across the galaxy population (within a
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Figure 10. Galaxy properties at I = 7 in several of our models, as a function of halo mass. Left: The star formation rates (top) and stellar and gas retention
fractions (bottom; thin and thick curves, respectively). Center: Gas surface density (top) and metallicity (bottom). Right: Instantaneous mass-loading factors
(top) and retention fraction for gas ejected from the disc but still bound to the halo, -res (bottom).

Figure 11.Redshift evolution of galaxy properties in the FQH13model. The
upper panel shows the instantaneous mass-loading factor, while the lower
panel shows the gas phase metallicity. The other star formation prescriptions
have similar redshift dependence.

given model, at least). All the models are nearly the same, because
we have chosen parameters that roughly match each other. The thin
dotted line shows the measured SFR-<∗ relation along the “star-
forming main sequence" at I ∼ 0.5 from Noeske et al. (2007), who
measured the relation at <∗ >∼ 109.5 "� , so we can only compare to
the most massive of our galaxies. Unsurprisingly, our models have
muchmore rapid star formation at a fixed stellarmass; this is because
accretion is so much faster at high redshifts. More interestingly, the
I ∼ 0.5 relation is sublinear and hence shallower than our model.
Of course, it is not clear how meaningful the comparison to local
results is, given the very different cosmological context of rapidly-
accreting high-I galaxies.

All of our models have similar metallicity trends. The metal-

Figure 12. Redshift evolution of galaxy properties in the K18 model. The
upper panel shows the specific star formation rate (thick curves) and specific
mass accretion rate (thin curves), while the lower panel shows the gas and
stellar retention fractions.

licity increases with stellar mass as / ∝ <0.25−0.3
∗ . This slope can

be understood quite simply. The metallicity scales as / ∝ <∗/<6.
With momentum-regulated feedback, the star formation efficiency
is ∝ [−1 ∝ <1/3

ℎ
, so <∗ ∝ <4/3

ℎ
. We have found that the gas reten-

tion fraction -6 is roughly independent of mass in all of our models,
so <6 ∝ <ℎ . In this very rough estimate, then, / ∝ <1/3

ℎ
∝ <1/4

∗ ,
which is close to the relation we find in the full models. For context,
we compare the models to the observed relations of Sanders et al.
(2020) at I ∼ 0 and 3. The local relation has a fairly complex shape,
but the I ∼ 3 relation has / ∝ <0.29

∗ , which is very close to the
models. Interestingly, the normalization is also close to the I ∼ 3
value (though far from the local relation).

We have seen in Figure 11 that our models predict very little
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Figure 13. The mass-metallicity relation (top panel) and star formation rate
(bottom panel) as a function of stellar mass at I = 7. In the top panel, we
show measurements from Sanders et al. (2020) at I ∼ 0 and 3 with the thin
dot-dashed and dotted curves, respectively. In the lower panel, we show the
“star-forming main sequence" at I ∼ 0.5 (Noeske et al. 2007) with the thin
dotted curve.

redshift dependence to the halo mass-metallicity relation. Although
we do not show it here, we note that in our models the mass-
metallicity relation is nearly independent of redshift. This is because
both the gas mass and stellar mass depend on feedback in similar
ways in feedback-driven models (see the discussion in section 8.3),
so that the ratio between the two is nearly constant. This is interesting
in light of the similarity of our model results to the Sanders et al.
(2020) observations at I ∼ 3, although they were only able to
measure this slope in galaxies with<★ >∼ 109 "� .. While we cannot
extend our results all the way to I ∼ 3, it is reassuring that they are
comparable, since both focus on star-forming galaxies.

10 DISCUSSION

A deep understanding of galaxy formation and evolution is, without
question, a fundamental goal of astrophysics. The past decade has
seen a revolution in our understanding of many facets of galaxy
evolution, using a wide range of models – from the simplest an-
alytic approaches to detailed numerical simulations. While all of
these approaches have provided important insights, it is challenging
to compare the general conclusions of simple models with more
detailed calculations in a way that improves our physical insight.
In this paper, we have extended a class of “minimalist" models to
includemore sophisticated prescriptions for star formation and feed-
back, thought to be the most fundamental processes driving galaxy
evolution. While analytic, the deeper models are inspired by the
results of numerical simulations. We have included star formation
models that rely on stellar feedback to support the disc (FQH13),
include molecular gas (K18), and treat star formation as regulated
by gas cycling through the phases of the ISM (S18). Additionally,
we include feedback in a turbulent ISM (Thompson & Krumholz

2016; Hayward&Hopkins 2017).We have focused on high-I galax-
ies largely because we can ignore many of the more complicated
aspects of galaxy formation, such as “quenching," in this era.

We found that most of the conclusions of the simplest models
remain valid at this increased level of complexity. In particular: (i)
the overall star formation rate in a galaxy is determined by the feed-
back efficiency (in our model, the mass-loading factor) and is nearly
independent of the details of star formation; (ii) the specific star for-
mation rate is nearly independent of galactic processes and depends
almost entirely on the cosmological accretion rate, so that the stel-
lar mass of a galaxy increases exponentially with redshift; (iii) the
ISM mass also increases exponentially with redshift, maintaining
a nearly constant fraction of the halo mass, with its normalization
determined by the star formation law. This means that the the ISM
mass “self-adjusts" so that the star formation rate reaches the level
required by the feedback law; however, in models in which feedback
regulates star formation on a local level, the ISM mass is much less
sensitive to feedback than expected from the minimalist bathtub
model.

Additionally, we found that our more sophisticated models
obey relatively simple trends across halo mass and redshift that
can be well-approximated by the sorts of prescriptions used in
semi-empirical or “minimalist" analytic models of galaxy forma-
tion. For example, the star formation efficiency is roughly a power
law (or broken power law) with halo mass, and the feedback mass-
loading parameter obeys the expected mass and redshift trends
from momentum-regulated feedback. This is heartening, because
it means that such simple laws – useful in that they can be easily
incorporated into state-of-the-art fitting procedures – can be directly
connected to physical parameters of galaxies, even if the latter are
built from more detailed physics.

Incorporating more sophisticated physics into analytic mod-
els of galaxy formation offers the additional benefit of helping to
identify observables that will enable us to measure such physical
processes. For example, our models all predict that the star forma-
tion rate is nearly independent of the “microphysics" of star for-
mation but depends directly on the feedback efficiency. Only with
simultaneous measurements of the ISM gas can the star formation
law itself be probed. We also find that the gas-phase metallicity
increases steadily with halo mass, as one would expect from pop-
ulation studies at later cosmic times, largely because smaller halos
have had less time to form stars.

The necessity of probing the gas content in order to understand
star formation processes at these early times emphasizes the impor-
tance of multiwavelength observations of high-I galaxies. While
ALMA has already measured some of these properties through dust
and the [CII] and [OIII] lines (e.g., Smit et al. 2018; Carniani et al.
2018; Le Fèvre et al. 2019), this is generally only possible for rel-
atively bright sources. Probing earlier phases in galaxy formation,
when the haloes are still small, may be easiest with intensity map-
ping, in which coarse resolution is used to study fluctuations in
the integrated galaxy populations (Kovetz et al. 2019; Chang et al.
2019). Intensitymapping is powerful because the cumulative light is
dominated by faint sources at these early redshifts (e.g., Robertson
et al. 2015); however, metal emission lines are only indirect probes
of the ISM mass, so their interpretation will certainly require more
detailed modeling (Ferrara et al. 2019; Yang & Lidz 2020).

Of course, our models are far from complete, and any number
of processes that we have neglected could compromise our conclu-
sions. In that sense, they provide a baseline set of models for a “null
hypothesis" test of galaxy physics at early times. Because ourmodels
have shown that qualitatively different star formation prescriptions

MNRAS 000, 1–20 (2015)



Quasi-equilibrium models of star-forming disc galaxies 19

make little difference to the galaxy histories, more detailed descrip-
tions of star formation seem unlikely to change our conclusions
in a qualitative sense. But we have made a number of strong as-
sumptions about galaxy evolution that will break down in certain
populations. For example, most of our models are predicated on a
“quasi-equilibrium" balance between feedback and star formation.
In the early phases of galaxy evolution, when the dynamical time is
very short, such equilibrium may be difficult to establish (Faucher-
Giguère 2018). The resulting burstiness certainly affects our param-
eterization of disc support through stellar feedback, though it is not
clear how. The equilibrium assumption also does not appear to work
in local dwarf galaxies (because their star formation timescales are
too long), suggesting more caution in applying it to small systems
(Forbes et al. 2014b). We have also ignored mergers in our galaxy
evolution models, which will contribute to burstiness as well.

We must also note that, although our physical models can be
approximated by simple analytic models, that does not mean that
such models provide an accurate representation of galaxy obser-
vations. For example, semi-empirical and minimalist models have
found that the best matches to observed luminosity functions are
provided by models in which the star formation efficiency is inde-
pendent of redshift. Our models do predict redshift evolution in the
feedback efficiency (and hence star formation efficiency), because
the binding energy of halos increases at higher redshifts. It is not
clear whether this disparity points to a fundamental flaw of feedback
models, but it certainly deserves further study (e.g., Mirocha 2020).

In this paper, we have not attempted to fit these models to
observations. Measurements of luminosity functions allow us to
calibrate the models, and complementary observations of high-I
galaxies, including spectra, clustering, and ISM properties, that are
now becoming possible will probe galaxy evolution in detail during
this era. We will explore how such observations can probe our
models in future work.
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