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Supersymmetry (SUSY) relating bosons and fermions plays an important role in unifying different
fundamental interactions in particle physics. Since no superpartners of elementary particles have been

observed, SUSY, if present, must be broken at low-energy. This makes it important to understand how
SUSY is realized and broken, and study their consequences. We show that an N = (1,0) SUSY, arguably
the simplest type, can be realized at the edge of the Moore-Read quantum Hall state. Depending on the

absence or presence of edge reconstruction, both SUSY-preserving and SUSY broken phases can be
realized in the same system, allowing for their unified description. The significance of the gapless fermionic
Goldstino mode in the SUSY broken phase is discussed.

DOI: 10.1103/PhysRevLett.126.206801

Introduction.—Supersymmetry (SUSY) [1] is a theoreti-
cal construction that relates bosons and fermions. Its
presence may resolve the hierarchy problem between weak
interaction and gravity [2], and bring in new particles as
candidates of dark matter [3,4]. Furthermore, the super-
string theory being one of the leading candidates to unify
all four fundamental interactions relies on SUSY [5]. All
these make the idea of SUSY very appealing. However, no
superpartners of standard model elementary particles have
been observed yet. Therefore, SUSY must be broken at
low-energy, even if it is an underlying symmetry of nature.

In addition to looking for possible signatures of SUSY
from high-energy experiment (mostly at the Large Hadron
Collider) [6,7], proposals of realizing SUSY and a related
concept, supersymmetric quantum mechanics [8], in other
systems have been proliferating recently, ranging from
quantum optics [9-11], cold atoms [12-19], lattice models
[20-30], and condensed matters [31-47]. In many of these
cases SUSY emerge at isolated critical points. It would be
highly desirable to explore systems that exhibit SUSY in
stable phases and, in particular, can be driven through a
phase transition at which SUSY breaks spontaneously.

In this Letter, we demonstrate the existence of an
N = (1,0) SUSY in the edge theory of the Moore-Read
(MR) state [48], when the bosonic and fermionic edge
modes, which are superpartners of each other, have the
same velocity. The MR state is a candidate state exhibiting
non-Abelian topological order in quantum Hall (QH) states
at the filling factor v = 1 for bosons [49-54], or half-
integer filling factors for fermions [55-69]. We show that
the unreconstructed MR edge has a supersymmetric ground
state. We further demonstrate that SUSY is broken by edge
reconstruction, which can be triggered by softening of
the edge confinement potential. This allows for a unified
study of SUSY and its breaking in the same system.
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The spontaneous breaking of SUSY results in a massless
Goldstino fermion mode in the reconstructed phase, which
in turn is the indication of underlying SUSY.

Chiral supersymmetry in Moore-Read edge.—We start
by reviewing the edge theory of the MR state described by
the action [70],

So = [ didx [-0,0(0, + 1,000 -+ w0, + 170w,
1)

in terms of a chiral Bose mode ¢ and a copropagating
Majorana fermion mode y. The rescaled Bose mode ¢ =
¢/\Anv is defined, so p(x) = d.p = \/7r—/z—/((’9x¢/2ﬂ),
where 0,¢/2x is the particle number density along the
edge, parametrized by coordinate x.

We define the SUSY transformation:

Sp = ey, (2)
61// = _ieax(p’ (3)

where € is an infinitesimal Grassmannian parameter. When
vy = vy = v, Sy is invariant under the SUSY transforma-
tion up to a boundary term,

55, = —e / dtdxa%[w(a, Fod)el (4

In a QH liquid, 0,¢ and O,p satisfy the periodic
boundary conditions (PBCs), d,¢(x) = d.¢(x + L) and
0,¢0(x) = 0,p(x+ L). Thus, 88y =0 if the fermionic
mode satisfies the PBC, y(x) = w(x + L) also. Here, L
is the length of the edge, or the circumference in a

© 2021 American Physical Society


https://orcid.org/0000-0003-1685-8944
https://orcid.org/0000-0003-2530-7423
https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevLett.126.206801&domain=pdf&date_stamp=2021-05-19
https://doi.org/10.1103/PhysRevLett.126.206801
https://doi.org/10.1103/PhysRevLett.126.206801
https://doi.org/10.1103/PhysRevLett.126.206801
https://doi.org/10.1103/PhysRevLett.126.206801

PHYSICAL REVIEW LETTERS 126, 206801 (2021)

disk-shaped sample. The boundary condition of w(x)
depends on the number of non-Abelian quasiparticles in
the bulk of the QH liquid. If this number is odd (even), then
w(x) has a periodic (antiperiodic) boundary condition
[70,71]. Even in the case of anti-PBC, the symmetry-
breaking boundary term has a negligible effect for suffi-
ciently large L. This condition can be reached in a real
sample. Hence, we assume the boundary term vanishes
throughout our work. Meanwhile, we do not include
quasihole or quasiparticle in our discussion, so that addi-
tional low-energy excitations can be avoided. It is natural
for them to be absent in the ground state of a quantum Hall
liquid.

To better understand SUSY of Eq. (1), we consider the
corresponding Hamiltonian:

Ho= [ ln0w) —ivwoids. (9

Now, ¢(x) and y(x) become field operators that satisfy the
quantization rules

(9(x). 0,0()] = =5 5x =) (6)

W)y} = 5o ). 7

The SUSY transformation in Egs. (2) and (3) is generated
by the supercharge,

0-2 / drp()0,0(x) = 25" (olws + pev)), (8)

k>0

which is Hermitian and satisfies Q = Q. To switch to the
momentum-space representation, we define the Fourier
transform of the Bose field,

1 .
¢00:>7f§;ekwb ©)

and a similar transform for the fermion field. Note p;, =
ikg; being the Fourier transform of p(x) = 0,¢ satisfies
the Kac-Moody algebra [py. p)] = kéy. ,/2. By writing H,,
in the momentum-space representation,

Vp — 0
Hy=12 E [wopipr + vkwiw] + > : E k. (10)
k>0 k>0

it is easy to show [H,, Q] =0 when v, = v,, which is
SUSY by definition. In particular, one finds that the ground
state of H, is the vacuum of chiral bosons and Majorana
fermions. We denote this vacuum state as |vac). It satisfies
prlvac) = 0 and yy|vac) = 0 for all k > 0, thus the ground
state is annihilated by Q:

Ql|vac) =0, (11)

and therefore supersymmetric. It is also clear the bosonic
mode ¢ and Majorana fermion mode y are superpartners of
each other, and when v, = vy, they have identical spectra,
which is a consequence and direct manifestation of SUSY.

The SUSY along the MR edge discussed above is an
N = (1,0) SUSY [72,73], which is the simplest type
consisting of only one real supercharge. It is also known
as an N' = 1/2 SUSY [74]. In string theory, it is common

to define the light-cone coordinates x* = (x* + x')/v/2 to
describe left and right movers. The A = (1,0) SUSY
algebra is generated by a supercharge Q. satisfying
{0,,0,}=2P, =2i0/0x". This is possible only if
the Lorentz group has an irreducible representation, in
which left-moving and right-moving fermions can be
decoupled. One possible case is the (1 4+ 1) dimensions.
In this case, chiral Majorana fermions (usually known as
Majorana-Weyl fermions in high energy physics) exist [75].
A more general N' = (p,q) SUSY can be constructed
if one also includes the supercharge (Q_ satisfying
{0_,0_} =2P_. A general discussion on this can be
found in the work by Hull and Witten [72].

To relate our work with SUSY in a more transparent
manner, as well as to prepare for introduction of more
general SUSY Lagrangians that allow for edge
reconstruction, we summarize the superfield formalism
for the A/ = (1,0) SUSY in the (1 + 1) dimensions
below [72-74]. The superfield lives in a superspace

R2' = (#,x,0%), with the fermionic coordinate 6%
satisfying
00" ox 0
602 =0, —=1, — =0, ot = ——.
(&%) T00t RS A / 00"
(12)

The Bose field ¢(x) and Majorana fermion field y(x) in
the previous discussion can be grouped into a scalar
superfield,

D = ¢p(x) + 0 w(x). (13)
In the present work, we define the superderivative as

0 0
P — / _
D= i i6 . (14)

and the supercharge acting in the superspace as

0 0
=—i——+0"—. 15
< o0t + Ox (15)
This satisfies {Q, D} = 0 and [Q, 9,] = 0. In addition, D
and Q satisfy {D,D}={0Q,Q} =-2i0, =2P [76],
where P is the total momentum operator acting in the
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superspace. The SUSY transformation in Egs. (2) and (3)
can be reformulated as 6® = ie Q®. Using the superfield
formalism, one can construct SUSY-invariant actions
systematically:

S = / dtdxd6™ W(®, D"®, /D). (16)

Here, W can be an arbitrary function of the superfield and
its derivatives. The orders m and n need not be equal, and
the spatial derivative of @ is actually included since
D*® = —i),®. The function W can be expanded in a
power series of O7. The term with 0% changes by a spatial
derivative under the SUSY transformation [2]. Hence, 6S
is a boundary term. If it vanishes, then S is invariant. We
assume v, = vy = v in the following discussion. The edge
theory (1) can be rewritten as

So = —i / dtdxdorD®(0, + v0,)®.  (17)

This verifies that S, is invariant under the SUSY trans-
formation generated by O.

It is important to clarify the differences between our
work and other common SUSY models in high energy
physics. First, the SUSY that appears in the present work is
not an extension of the Lorentz symmetry. It is reflected in
the definitions of D, Q, and the corresponding SUSY
algebra. All of them just contain d, but not d,. Therefore,
space and time are not treated equally in our case. We
emphasize that this feature originates from the definition of
SUSY algebra itself, but not the seeming absence of
Lorentz invariance due to the chirality of our theory. In
fact, a recent work pointed out that the Floreanini-Jackiw
action of chiral boson can be a gauge-fixed version of a
manifestly Lorentz invariant theory [77]. Second, the Bose
field ¢ in our present case is chiral, which differs from the
nonchiral Klein-Gordon field in high energy physics. Since
all fields in our system are chiral, it is fair to call the SUSY
in the present case as a chiral V' = (1,0) SUSY. Note that
the same model was mentioned briefly by Sonnenschein
[78]. Finally, the SUSY in the present work is realized in
the (1 + 1)-D spacetime. In superstring theory, the space-
time needs to be ten dimensional [5]. The N = (1,0)
SUSY in 2D is a symmetry in the worldsheet or a
compactified manifold [72,73], which cannot be observed
directly.

In 2D electron gas systems like that hosted by GaAs, the
MR state is a candidate to describe the edge of the v = 5/2
fractional QH state [55,56]. In such systems numerical
work showed that v;, > v due to the long-range Coulomb
interaction and the charged nature of the Bose mode ¢, and
the fact that y is a neutral mode [79,80]. Hence, it is
unlikely to realize the above SUSY there. On the other hand
QHE can also be realized in charge-neutral ultracold atomic

systems [49-54]. In particular, previous numerical works
have shown robust formation of the MR state at v = 1 for
bosons with short-range repulsive interaction [49-53]. In
this case the condition v, = v, can be realized by tuning
the confinement (or trapping) potential. We would like to
emphasize however, even if v, # vy, which means the
theory of Eq. (1) does not have SUSY, its ground state,
which is the vacuum of the bosonic and fermionic modes
and independent of the velocities, remains supersymmetric
and satisfies Eq. (11). We thus find the ground state is more
(super)symmetric than the Hamiltonian if v, # vy, and we
can have a ground state that possesses SUSY without
fine-tuning, as long as edge reconstruction does not occur.
This further demonstrates the relevance and importance of
N = (1,0) SUSY. We now turn to the case of edge
reconstruction.

Spontaneous SUSY breaking in edge reconstruction.—
The above discussion showed that the simplest version of
the MR edge possesses SUSY. Can SUSY be broken in the
same system? The answer is yes, and as we show below, it
is closely tied with another very important and common
piece of physics, namely, edge reconstruction [81-84],
which we now review.

In addition to having the above simple edge structure, it
is possible for a QH liquid to undergo edge reconstructions.
This may originate from the interplay of Coulomb inter-
action and the confining potential in electronic systems
[81-84], and similar physics is relevant to cold atom
systems. To illustrate the physical idea, we digress a
bit and review the field theoretical description of
edge reconstruction in the Laughlin state. When edge
reconstruction is absent, the Laughlin state has a single
chiral Bose mode ¢ along the edge [85]. The corresponding
low-energy excitations along the edge are chiral bosons
with momenta k0. By taking momentum dependence of
electron-electron interaction into account, Yang showed
that the (bosonic) edge excitation has a nonlinear energy
dispersion [86]:

e(k) = v(k — ak® + bk> + - - ), k>0. (18)

Here, all coefficients v, a, and b are positive. When
a>a, =2v/b, e(k) attains its global minimum at a
nonzero momentum k,. In this situation, the many-body
ground state of the system is no longer given by the vacuum
with no chiral bosons. Instead, these bosons can occupy
quantum states with momenta k = k; to minimize the
energy of the system. This leads to an increase in the
momentum along the edge, and corresponds to an edge
reconstruction. To have a stable ground state, it is necessary
to include a repulsive interaction between the bosons,
which originates from nonlinearity of the edge confinement
potential. Taking all the above into consideration, the
Laughlin edge is described by the Hamiltonian
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Her =2 v(1—ak® + bk )pip+ V. (19)
k>0

The symbol V denotes the momentum-space representation
of the repulsive interaction [86]

V= / 13(0,0)° + 14(9,0)*]d. (20)

Is it possible to construct a supersymmetric field theory
for edge reconstruction in the MR state? The answer is
positive and can be achieved from the superfield formalism.
We observe that a part of the following superfield action,

Sint = —l/ dtdxd9+[u3(6x(l>)2 + u4(3xq))3ﬂ)<l)

= —/ drV + i/ dtdx [2u30,¢ + 3us(0,0)* WOy

:—/dtv—/dthF

—— [ v, @)

reproduces the action of V for the Bose field in Eq. (20).
Moreover, the result shows that an additional term Vg is
required, such that the action S;,, remains invariant under
the SUSY transformation in Egs. (2) and (3). Based on the
above discussion, we propose a more general supersym-
metric theory for the MR edge:

Hyg =20 (1= ak® + bk*)(plpi + ki) + Vi
k>0

(22)

Here, V,, is the momentum-space representation of V.
Thanks to this term, the supersymmetric edge theory is an
interacting field theory, which cannot be diagonalized
analytically as in Eq. (10). It is interesting that the theory
requires an interaction between the Bose field and the
Majorana fermion field. The assumption of having the same
dispersion for bosonic and fermionic modes may require a
delicate fine-tuning. Nevertheless, it may be still achievable
since both confining potential and interaction in cold atom
systems can be tuned with a high degree of flexibility.
Following the logic in the Laughlin state, the MR state
undergoes an edge reconstruction when a > a,.. We denote
the resultant reconstructed MR edge ground state as |®),
which contains a finite number of bosons and fermions with
momenta k > 0 and unlike the vacuum state |vac), has a
finite momentum density [86]. Now, we show that the SUSY
is broken spontaneously in |®@,). A generic state |®) satisfies

(@[{Q.0}|®) > 0. (23)

Since {Q.Q} =2H,/v=2P, |vac) is the only zero
momentum state that satisfies (vac|{Q, Q}|vac) =0 and
therefore supersymmetric. Instead (@ |{Q, Q}|®y) > 0 and
from Eq. (23), O|®,) # 0. Because |®) is not annihilated
by the supercharge Q, this ground sate breaks the SUSY
spontaneously.

Existence of the Goldstino mode.—Since SUSY is a
fermionic symmetry, its spontaneous breaking leads to a
gapless Goldstone fermion mode, also known as Goldstino
[87,88]. The zero-momentum Goldstino state is defined as
0|®,) [89]. This state has the same energy as |®,) because
[Hur, Q] = 0, and is therefore a Majorana zero mode. We
note Majorana zero modes are of tremendous interest
recently, especially in the context of topological phases
and topological quantum computation [90]. In our case the
situation is very different; it is due to symmetry breaking,
but not of the Landau type, because SUSY is an unusual
type of symmetry whose breaking is not described by
Landau theory.

One qualitative difference between Q|®,) and the
Majorana zero modes in topological phases is the former
is a member of a dispersing (and nonchiral) Goldstino
mode, whose wave function is

R}| @) = Z/dxe_iqxwax(,ﬂ@&

=2> (ppWh-a+ PV pig)| @), (24)
p>0

where ¢ is the momentum of the mode. Different from the
case of a Bose-Fermi mixture in which the bosons form a
BEC [14], the process of turning a fermion into a boson or
vice versa cannot be implemented easily in the present case.
At the same time, we should clarify that this inability
does not imply the Goldstino fermion is undetectable. In
fact any single fermion process should couple to the
Goldstino mode.

We now use the variational principle to deduce the
energy dispersion of the Goldstino:

®y|R, (Hyr — Eo)R) |®
A(q):< 0| q( MR . 0) ql 0>~(1q2, (25)
(Do|R,R;| D)

where a > 0. To arrive at the g¢> dispersion, we have
expanded R, and RZ in the power series of ¢. Since [Hyr —
Ey, 0] =0 and (Hyg — Ey)|®y) = 0, the nonvanishing
term has a leading order of ¢>. The existence of such a
gapless, quadratic fermionic mode is (in principle) a clear
indication of underlying SUSY, even though it is sponta-
neously broken. Its presence can (for example) be detected
through its contribution to low-temperature (7') specific heat:
cg ~ /T /a, which dominates the linear T contributions
from edge modes with linear ¢ dispersions (the generic
situation, with or without edge reconstruction [86]).
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In experiment, the system always has a temperature much
lower than the one associated with the energy gap in the
bulk. This gap can only be overcome when the system size is
exponentially large. For systems with finite and not-too-large
sizes, the thermal transport is dominated by the edge
contribution as demonstrated in experiment. Thus, the
contribution from bulk excitations is negligible [91].

Conclusions and outlook.—To summarize, we demon-
strated that the A/ = (1,0) SUSY can be realized at the
edge of the Moore-Read quantum Hall state. This system
can support both supersymmetric and SUSY broken
phases, with the transition between them triggered by
edge reconstruction. Underlying SUSY is manifested by
the existence of a gapless Goldstino fermion with a g>
dispersion when it is broken spontaneously.

Despite its theoretical simplicity, the unreconstructed MR
edge has not been realized experimentally. We hope our
observation that it has a SUSY ground state will provide
additional motivation for experimentalists to look for sys-
tems that can realize it. If successful, it provides a proof of
principle that SUSY can be realized in simple systems made
of either just bosons (at v = 1), or just fermions (at
v =1/2). We believe such proof of principle can be of
great conceptual value, as it demonstrates SUSY can emerge
(reasonably) naturally in simple systems, with no or minimal
fine-tuning. To the best of our knowledge, no other proposals
apart from string theory have been introduced to realize the
N = (1,0) SUSY. Implementing our proposal in condensed
matter or cold atom systems can open the door to study this
simplest kind of SUSY experimentally.

Finally, we note that the bulk excitations in the Moore-
Read state, namely, the Girvin-MacDonald-Platzman mode
and the neutral fermion mode can be viewed as super-
partners [92]. It would be very interesting to pursue their
unified description via a supersymmetric generalization of
the bimetric theory [93]. Also, it will be tempting to
examine the possibility of realizing local supersymmetry
(namely, supergravity) and the associated massive gravitino
[94,95] in QH systems, given the recent excitement of
gravitational analogies [96].
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