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We find new effects for gravitational waves and memory in asymptotically flat spacetimes of slow decay.
In particular, we find growing magnetic memory for these general systems. These effects do not arise in
spacetimes resulting from data with fast decay towards infinity, including data that is stationary outside a
compact set. The new results are derived for the Einstein vacuum as well as for the Einstein-null-fluid
equations describing neutrino radiation, where the neutrino distribution falls off slowly towards infinity.
Moreover, they hold for other matter and energy fields coupled to the Einstein equations as long as the data
obey corresponding decay laws and other conditions are fulfilled. The magnetic memory occurs naturally
in the Einstein vacuum regime of pure gravitation, and in the Einstein-matter systems satisfying the
aforementioned conditions. As a main new effect, we find that there is diverging magnetic memory sourced
by the magnetic part of the curvature. In the most extreme case, the magnetic memory, in addition, features
a curl term from the neutrino cloud, growing at the same rate. Electric memory is diverging as well, sourced
by the electric part of the curvature tensor and the corresponding energy-momentum component. Shear
(news) adds to the electric memory. Moreover, a multitude of lower order terms contribute to both electric
and magnetic memory. It has been known that for stronger decay of the data, including data that is
stationary outside a compact set, gravitational wave memory is finite and of electric parity only. The more
general scenarios in this article exhibit richer structures displaying the physics of these more general
systems. We lay open these new structures. Further, we identify a range of decay rates for asymptotically
flat spacetimes for which the new effects occur but with different leading order behavior. The new effects
are expected to be seen in current and future gravitational wave detectors. They have an abundance of
applications of which we mention a few in this paper. Applications include exploring gravitational wave
sources of the above types, detecting dark matter via gravitational waves and other areas of physics.
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I. INTRODUCTION

We derive new effects for gravitational radiation and
memory in asymptotically flat spacetimes of slow decay.
The most interesting new effect is the growing magnetic
memory. In particular, we investigate the Einstein vacuum
and Einstein-null-fluid equations describing neutrino radia-
tion for sources whose distribution decays very slowly
towards infinity. In particular, such sources are not stationary
outside a compact set. The neweffects are expected to be seen
in current and future gravitational wave detectors.
It has been known that gravitational wave sources that

fall off towards infinity like r−1 or faster produce memory
effects that are finite and of electric type only. See [1] for
data as (64), and [2] for data with Oðr−1Þ fall off without
any assumptions on the leading order decay. Thus, mag-
netic memory does not occur for those sources. The latter
include sources that are stationary outside a compact set.
A completely new panorama opens up when considering

spacetimes that decay more slowly toMinkowski spacetime

towards infinity. In particular, such sources are not stationary
outside a compact set. We find that magnetic memory arises
naturally within the realm of the Einstein vacuum equations
of pure gravitation, as well as for the Einstein-null-fluid
scenarios. This fact is due to the behavior of the more
general, slowly decaying spacetimes, investigated in this
article. This new magnetic memory as well as its electric
counterpart are diverging at the level of the square root of the
absolute value of the retarded time. (Of course, the dis-
placement in a detector is finite and small, as the detector is at
finite distance from the source and the time is finite too.) The
magnetic memory is sourced by the magnetic part of the
curvature tensor, the electric memory by the electric part of
the curvature plus an integral term involving the shear. The
null fluid contributes to the diverging electric memory at
highest rate. In the ultimate class of solutions, the magnetic
memory, in addition, features a curl term from the energy-
momentum tensor for neutrinos also diverging at the
aforementioned rate, and the integral of the shear term in
the electric null memory becomes unbounded. Moreover,
we find a multitude of lower order terms contributing at
diverging and finite levels.*lbieri@umich.edu
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Gravitational waves in general relativity (GR) are pre-
dicted to change the spacetime permanently. This is known
as the memory effect. It was found in a linearized theory by
Zel’dovich and Polnarev [3] and derived in the fully
nonlinear setting by Christodoulou [1]. Garfinkle and the
present author showed [4] that these are two different types
of memory rather than a “linear” and a “nonlinear” version
of the same effect. In particular, we showed [4] that the
former by Zel’dovich and Polnarev, called ordinary
memory, is related to fields that do not go out to null
infinity, whereas the latter by Christodoulou, called
null memory, is related to fields that do go out to null
infinity.
LIGO’s detection [5] of gravitational waves from a

binary black hole merger in 2015, their joint measurements
with Virgo of gravitational waves generated in a neutron
star binary merger, as well as several events [6–8] have
fueled hope that memory will be observed for the first time
in the near future. In in [9], Lasky et al. suggest a way to
detect gravitational wave memory with LIGO.
Whereas in detectors like LIGO gravitational memory

will show as a permanent displacement of test masses,
detectors like NANOGrav will recognize a frequency
change of pulsars’ pulses.
The pioneering works [1,3] were followed by several

contributions [10–17]. In recent years, the field has grown
fast, shedding light on various aspects of memory [4,9,18–
32]. In this article, we concentrate on the references that are
relevant for the topics under investigation. See the previous
works for a more detailed bibliography.
Garfinkle and the present author derived [21] the analogs

of both memories for the Maxwell equations. These were
the first analogs outside GR. The search for analogs of the
memory effect in other theories has grown as well. See for
instance [27].
Most physical matter or energy fields coupled to the

Einstein equations contribute to the null memory [4].
In particular, this holds for the Einstein-Maxwell system
[18,19], as well as for neutrino radiation [20] as it occurs
in a core-collapse supernova or a binary neutron star
merger.
In [2] the present author showed that for asymptotically

flat (AF) spacetimes approaching Minkowski spacetime at
a rate of r−1 and faster, memory is of electric parity only.
An interesting and “unusual” example of stress energy of
an expanding shell in linearized gravity was produced by
Satishchandran and Wald [31] that gives rise to an ordinary
magnetic memory.
It is interesting to point out the following: Whereas

Satishchandran and Wald [31] invoked a very special
example of stress energy to produce magnetic memory,
we find magnetic memory even in the Einstein vacuum
regime of pure gravity (thus without any stress energy
present). We show that this new magnetic memory occurs
naturally in slowly decaying AF spacetimes.

The present author also showed [2] that asymptotically
flat spacetimes falling off towards infinity at a rate of oðr−1

2Þ
generate diverging electric memory.
In [32] Mädler and Winicour discussed gravitational

wave memory from different sources in a linearized setting.
They demonstrated that homogeneous, source-free gravi-
tational waves coming in from past null infinity carry a
magnetic memory, whereas all the other sources considered
in their paper give rise to electric memory only, extending
Winicour’s work [30]. The results in [30,32] are consistent
with the results from the aforementioned literature showing
that all gravitational wave memory from systems decaying
like r−1 or faster are of electric parity only. In these settings,
the only way that magnetic memory can be produced is by
having incoming radiation from past null infinity “carry it”
already. That is, one has to put it in by hand.
In the present article, we show that the magnetic memory

arises naturally for systems that decay more slowly towards
infinity. This holds even for the settings without incoming
radiation. Thus, we show that these systems produce
magnetic memory in the outgoing radiation without any
input from past null infinity. In [33] the present author
discussed the situations with incoming radiation in detail.
In the latter, we gave the full picture of incoming radiation,
comprising gravitational waves of various decay properties.
We demonstrated what happens when we turn on and off
this incoming radiation. Incoming radiation may consist of
primordial gravitational waves stemming from the early
universe as well as noncosmological sources.
In [33] and in the present article we show that magnetic

memory occurs naturally, and we find new memory with
new structures.
Our new results for the Einstein vacuum equations also

hold for neutrino radiation via the Einstein-null-fluid
equations, where, in addition, the stress-energy tensor
contributes. As a remarkable property of the ultimate class
of spacetimes emerges the contribution to magnetic
memory from neutrino radiation through a curl term of
its stress-energy tensor, that we also derive in the present
article.
The results in this paper are based on a rigorous analysis

of the dynamics of the gravitational field in [33] and
[34,35]. In GR, the dynamics of binary black holes,
galaxies, and other isolated gravitating systems are
described by solutions of the Einstein equations approach-
ing Minkowski spacetime at infinity, that is asymptotically
flat solutions. These spacetimes have been comprehended
in their full nonlinearity in the proofs of global nonlinear
stability of Minkowski space. Hereby, the Einstein equa-
tions for small (in weighted Sobolev norms) AF (nonlinear)
initial data produce globally AF spacetimes that are
causally geodescially complete (that is without any singu-
larities). The pioneering global proof was established by
Christodoulou and Klainerman in [36]. Zipser generalized
the works [36] by Christodoulou and Klainerman to the
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Einstein-Maxwell system [37,38], and the present author in
[34,35] to the borderline case for the Einstein vacuum
equations assuming one less derivative and less falloff by
one power of r than in [36] obtaining the borderline case in
view of decay in power of r. It is interesting to note that the
smallness conditions in these works are needed to obtain an
existence result, whereas the main behavior along null
hypersurfaces towards future null infinity remains largely
independent from the smallness. This can be checked
by taking a double-null foliation near scri. Examine the
portion of null infinity near spacelike infinity such that the
past of this portion intersected with the initial spacelike
hypersurface lies within the large data region. Then find
that the asymptotic results still hold for this portion of null
infinity. Therefore, the rigorous description in [34–38] of
the behavior of the gravitational field at null infinity not
only yields insights into the behavior of data that is allowed
to be large, such as black holes, but it also serves as a
platform from which important new results on gravitational
radiation can be derived. There has been a great deal of
literature on extensions of the original stability proof under
various assumptions. However, as the point of the present
article is not that discussion, we concentrate on the results
that are relevant for our new effects. The latter build on
spacetimes constructed in [34,35].
In this article, we make use of the outcome of [33], using

asymptotic results from [34,35]. We do not need the
mathematical methods that led to these results but apply
the latter in important physical settings. Here, we give a
self-contained derivation of the new physical effects.
Further, we derive more results on AF spacetimes enjoying
a range of decay properties.

II. MAIN STRUCTURES

We consider the Einstein vacuum (EV) equations

Rμν ¼ 0 ð1Þ

as well as the Einstein-null-fluid equations describing
neutrino radiation in GR

Rμν ¼ 8πTμν ð2Þ

in four spacetime dimensions for μ, ν ¼ 0, 1, 2, 3 and
setting the constants G ¼ c ¼ 1. As the Tμν for the null
fluid is traceless, the full Einstein equations

Rμν −
1

2
Rgμν ¼ 8πTμν ð3Þ

reduce to (2).
The twice contracted Bianchi identities give

DμGμν ¼ 0 ð4Þ

implying

DμTμν ¼ 0: ð5Þ

We denote the solution spacetimes by ðM; gÞ. Here t is a
maximal time function, foliating the spacetime into space-
like hypersurfaces Ht, and u denotes the optical function
yielding a foliation into outgoing null hypersurfaces Cu.
Let St;u ¼ Ht ∩ Cu be the 2-surfaces of intersection.
The time function t being maximal means that the mean

extrinsic curvature of Ht vanishes, that is the trace of the
second fundamental form is zero (14). We also require the
corresponding lapse function to tend to one at spatial
infinity on Ht. The optical function u is a solution of the
eikonal equation gαβ ∂u

∂xα
∂u
∂xβ ¼ 0. We write lα ¼ −gαβ∂βu.

The integral curves of l are null geodesics. The null
hypersurfaces Cu are generated by null geodesic segments.
When using a t-foliation of the 4-dimensional manifold,

we refer to the 0-component as the t-component, and
denote the spatial parts by Latin letters a; b; c; � � �. Greek
letters α; β; γ; � � � denote spacetime indices. T is the future-
directed unit normal to Ht, and N the outward unit normal
to St;u in Ht. It is N ¼ a−1 ∂

∂u with lapse a ¼ j∇uj−1.
Mainly we work with a null frame e1, e2, e3, e4, with
feAg; A ¼ 1, 2 denoting a local frame field for St;u, and
e3 ¼ L, e4 ¼ L are a null pair. That is gðe4; e3Þ ¼ −2. Note
that the outgoing null vector field e4 ¼ T þ N, the incom-
ing null vector field e3 ¼ T − N. Let u ≔ −uþ 2r, where
r ¼ rðt; uÞ is defined by the surface area of St;u being 4πr2.
Let τ− ≔

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ u2

p
, and let τþ ≔

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ u2

p
.

Denote by D or ∇, the covariant differentiation on M,
by ∇̄ or ∇ the one on the spacelike hypersurface H.
Operators on the surfaces St;u are written with a slash. For a
p-covariant tensor field t tangent to S, D4t and D3t are the
projections to S of the Lie derivatives L4t, respectively L3t.
The Weyl tensor Wαβγδ is decomposed into its electric

and magnetic parts defined via

Eab ≔ Watbt; ð6Þ

Hab ≔
1

2
ϵefaWefbt ð7Þ

with ϵabc being the spatial volume element, related to the
spacetime volume element by ϵabc ¼ ϵtabc. The distance
between two objects in free fall obeys the following
equation depending on the electric part of the Weyl tensor.
Namely, the spatial separation Δxa is given by

d2Δxa

dt2
¼ −Ea

bΔxb: ð8Þ

Further, the spacetime curvature at St;u decomposes into
the following components: the symmetric 2-covariant
tensorfields α, α, the 1-forms β, β, and the scalar functions
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ρ, σ. For any vectors X, Y tangent to St;u at a point and
ϵ the area 2-form of St;u, it is αðX; YÞ ¼ RðX; e4; Y; e4Þ,
αðX; YÞ ¼ RðX; e3; Y; e3Þ, 2βðX; YÞ ¼ RðX; e4; e3; e4Þ,
2βðX; YÞ ¼ RðX; e3; e3; e4Þ, 4ρ ¼ Rðe4; e3; e4; e3Þ,
2σϵðX; YÞ ¼ RðX; Y; e3; e4Þ.
In the following, we state all the equations for the stress-

energy tensor of a null fluid describing neutrino radiation
in GR. They hold also in the vacuum case with the Tμν

being zero.
The shears χ̂, χ̂ are the traceless parts of the second

fundamental forms χðX; YÞ ¼ gð∇Xe4; YÞ, respectively
χðX; YÞ ¼ gð∇Xe3; YÞ. Further ζ denotes the torsion-1-
form. They obey the following equations:

divχ̂ ¼ −χ̂ · ζ þ 1

2
ð∇trχ þ ζtrχÞ − β þ 4πTAL; ð9Þ

divχ̂ ¼ χ̂ · ζ þ 1

2
ð∇trχ − ζtrχÞ þ β þ 4πTAL: ð10Þ

The Gauss equation reads for the Gauss curvature K of the
surfaces St;u:

K ¼ −
1

4
trχtrχ þ 1

2
χ̂ · χ̂ − ρðWÞ − 2πTLL: ð11Þ

Using (11) the mass aspect function μ and the conjugate
mass aspect function μ reads

μ ¼ −divζ þ 1

2
χ̂ · χ̂ − ρðWÞ − 2πTLL; ð12Þ

μ ¼ divζ þ 1

2
χ̂ · χ̂ − ρðWÞ − 2πTLL: ð13Þ

The second fundamental form kij of Ht decomposes into

kNN ¼ δ;

kAN ¼ ϵA;

kAB ¼ ηAB:

Define

θAB ¼ h∇AN; eBi and ξA ¼ 1

2
gðD3e3; eAÞ:

The second fundamental form k satisfies the equations

trk ¼ 0; ð14Þ

ðcurl kÞij ¼ HðWÞij þ
1

2
ϵij

lR0l; ð15Þ

ðdiv kÞi ¼ R0i: ð16Þ
Next, let us introduce a helpful concept and notation

that we will use later. The signature s is defined to be the

difference of the number of contractions with e4 minus the
number of contractions with e3. Using the signature we
present the following:
Definition 1.—LetW be an arbitrary Weyl tensor and let

ξ be any of its null components. Let D3ξ and D4ξ denote
the projections to St;u of D3ξ and D4ξ, respectively. Define
the following St;u-tangent tensors:

ξ3 ¼ D3ξþ
3 − s
2

trχξ;

ξ4 ¼ D4ξþ
3þ s
2

trχξ:

The Bianchi equations for D3ρ, respectively D3σ, are

D3ρþ
3

2
trχρ ¼ −divβ −

1

2
χ̂ αþðϵ − ζÞβ þ 2ξβ

þ 1

4
ðD3R34 −D4R33Þ; ð17Þ

D3σ þ
3

2
trχσ ¼ −curlβ −

1

2
χ̂�αþ ϵ�β − 2ζ�β − 2ξ�β

þ 1

4
ðDμR3ν −DνR3μÞϵμν34: ð18Þ

III. SPACETIMES OF SLOW DECAY

We consider the following classes of initial data pro-
ducing corresponding classes of spacetimes.
Definition 2 (B).—We define an asymptotically flat

initial data set ðH0; ḡ; kÞ to be a (B) initial data set, if ḡ
and k are sufficiently smooth and there exists a coordinate
system ðx1; x2; x3Þ in a neighborhood of infinity such that
for r ¼ ðP3

i¼1ðxiÞ2Þ
1
2 → ∞, it is

ḡij − δij ¼ o3ðr−1
2Þ; ð19Þ

kij ¼ o2ðr−3
2Þ: ð20Þ

If in (19) and (20) little o is replaced by big O, namely
ḡij − δij ¼ O3ðr−1

2Þ, and kij ¼ O2ðr−3
2Þ, then we call this

new set an (A) initial data set. Note that a function f is said
to be onðr−lÞ as r → ∞ if ∂sfðxÞ ¼ oðr−l−sÞ for any s ¼
0; 1;…; n with ∂s denoting all the partial derivatives of
order s relative to the coordinates x1, x2, x3. The corre-
sponding statement holds for Onðr−lÞ.
In [34,35], initial data of the type (19) and (20) are

investigated and weighted Sobolev norms of appropriate
energies are controlled, yielding geodesically complete
spacetimes. In this article, we consider large data of the
above type. We call (A) spacetimes the solutions of the EV
equations (1) constructed from (A) initial data, and
(B) spacetimes the ones from (B) initial data. Denote by
(AT) spacetimes, respectively (BT) spacetimes, the solu-
tions of the Einstein-null-fluid equations (2) describing
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neutrino radiation for initial data of type (A), respectively
type (B), and the corresponding energy-momentum tensor,
which falls off at slow rates towards infinity (specified in
Sec. VI). In particular, such sources are not stationary
outside a compact set.
We describe the neutrinos as a null fluid in the Einstein

equations (2) represented via its energy-momentum tensor
given by Tμν ¼ NKμKν with K a null vector and N ¼
N ðθ1; θ2; r; τ−Þ a positive scalar function depending on r,
τ−, and the spherical variables θ1, θ2. It is shown in [33] that

as r → ∞ we have N ¼ Oðr−2τ−1
2− Þ. Contract the contra-

variant tensor Tμν with the metric to obtain the covariant
tensor Tμν. Thus it is TLL ¼ 1

4
TLL.

A. Behavior of most important quantities

The rigorous analysis of [34,35] yields the following
behavior that also holds for large data. In particular, the (B)
and (BT) spacetimes obey the following, for (A) and (AT)
spacetimes all the little o are replaced by big O:

α ¼ Oðr−1τ−3
2− Þ; ð21Þ

β ¼ Oðr−2τ−1
2− Þ; ð22Þ

ρ; σ;α; β ¼ oðr−5
2Þ; ð23Þ

χ̂ ¼ oðr−3
2Þ; ð24Þ

χ̂ ¼ Oðr−1τ−1
2− Þ; ð25Þ

trχ − trχ ¼ Oðr−2Þ; ð26Þ

ζ ¼ oðr−3
2Þ; ð27Þ

ζ ¼ oðr−3
2Þ; ð28Þ

K −
1

r2
¼ oðr−5

2Þ; ð29Þ

trχ ¼ 2

r
þ l:o:t:; ð30Þ

trχ ¼ −
2

r
þ l:o:t: ð31Þ

The abbreviation l:o:t: stands for “lower order terms.”
Moreover, we have

θ ¼ Oðr−1τ−1
2− Þ;

η̂ ¼ Oðr−1τ−1
2− Þ;

ϵ ¼ oðr−3
2Þ;

δ ¼ oðr−3
2Þ:

Limits at null infinity Iþ: The spacetimes investigated in
this article exhibit the following phenomenon. As a result
of the proof in [34,35], several quantities, which are defined
locally on the surface St;u, do not attain corresponding
limits on a given null hypersurface Cu as t → ∞. However,
the difference of their values at corresponding points at Su
and Su0 tends to a limit. For instance, consider χ̂. It is
defined locally on St;u. Recall (24). Even though r2χ̂ does
not have a limit as r → ∞ on a given Cu, the difference at
corresponding points on Su in Cu and on Su0 in Cu0 , joined
by an integral curve of e3, does have a limit. That is, the
said difference attains the limit

Z
u

u0

D3χ̂du0: ð32Þ

The part of χ̂ with slow decay of order oðr−3
2Þ is non-

dynamical, thus, it does not evolvewith u. It does not tend to
any limit at null infinity Iþ. Similarly, the components of the
curvature that are not peeling have leading order terms that
are nondynamical (and do not attain corresponding limits at
Iþ). Taking off these pieces gives us the dynamical parts of
these (nonpeeling) curvature components.

B. Future null infinity

By the results of [33] the normalized curvature compo-
nents rαðWÞ, r2βðWÞ, the normalized energy-momentum
components r2T33, r3T43, r3TAB, r4T44 as well as the
derivatives DAT3B have limits on Cu as t → þ∞: For (BT)
as well as (AT) spacetimes it is

lim
Cu;t→∞

rαðWÞ ¼ AWðu; ·Þ;

lim
Cu;t→∞

r2βðWÞ ¼ BWðu; ·Þ;

lim
Cu;t→∞

r2T33 ¼ T 33ðu; ·Þ:

For (AT) spacetimes we have

lim
Cu;t→∞

r3T43 ¼ T 43ðu; ·Þ;

lim
Cu;t→∞

r3TAB ¼ T ABðu; ·Þ;

lim
Cu;t→∞

r4T44 ¼ T 44ðu; ·Þ;

lim
Cu;t→∞

r3∇AT3B ¼ ð∇AT3BÞ�ðu; ·Þ;

NEW EFFECTS IN GRAVITATIONAL WAVES AND MEMORY PHYS. REV. D 103, 024043 (2021)

024043-5



where the limits are on S2 and depend on u. These limits
satisfy

jAWðu; ·Þj ≤ Cð1þ jujÞ−3=2;
jBWðu; ·Þj ≤ Cð1þ jujÞ−1=2;
T 33ðu; ·Þ ≤ Cð1þ jujÞ−1

2;

ð∇AT3BÞ�ðu; ·Þ ≤ Cð1þ jujÞ−1
2:

Define

Chi3 ≔ lim
Cu;t→∞

�
r2

∂
∂u χ̂

�
; ð33Þ

Chi ≔
Z
u
Chi3du: ð34Þ

For all the spacetimes of classes (A), (B), (AT), (BT) on
each null hypersurface Cu, the limit of rχ̂ exists as t → ∞,
that is

−
1

2
lim

Cu;t→∞
rχ̂ ¼ Ξðu; ·Þ

where Ξ is a symmetric traceless 2-covariant tensor on S2

satisfying

jΞðu; ·Þj
γ
∘ ≤ Cð1þ jujÞ−1=2:

Ξ is called the news tensor. Moreover, we have

∂Ξ
∂u ¼ −

1

4
AW; ð35Þ

Chi3 ¼ −Ξ; ð36Þ

B ¼ −2divΞ: ð37Þ

Equation (37) follows from (10). To show that (35) and (36)
hold, we recall from the structure equations

∇N χ̂ ¼ 1

2
αþ l:o:t:; ð38Þ

∇N χ̂ ¼ 1

4
trχχ̂ þ l:o:t: ð39Þ

As far away from the source, that is on every Cu as t → ∞,
the lapse a tends to 1, the following holds asymptotically:

∂
∂u χ̂ ¼ 1

2
αþ l:o:t:; ð40Þ

∂
∂u χ̂ ¼ 1

4
trχχ̂ þ l:o:t: ð41Þ

Equation (35) follows from (40) and (36) from (41).
Moreover, in the case of (AT) spacetimes the following
is a direct consequence of (10): At future null infinity Iþ,
it is

−2curldivΞ ¼ curlBþ 4πðcurlTÞ�343 ; ð42Þ

−2divdivΞ ¼ divB: ð43Þ

C. Small versus large data

It is important to point out that by “small data” we mean
smallness in weighted Sobolev norms of the nonlinear
initial data. (No perturbation theory was used.) We consider
the fully nonlinear problem.
Whereas the smallness assumptions on the data enforce

specific behaviors of the main quantities [34,35], the large
data spacetimes, in addition, exhibit a wealth of extra terms.
However, the leading order terms as well as a finer
structure, established for the small data situations, are also
present in the large data spacetimes. In particular, the
leading order behavior is rigorous [33]. We will see how
this comes into play when investigating gravitational
radiation and memory.
As a consequence of the work [34,35], spacetimes

emerging from initial data of the type (19) and (20) for
large data as well as for small data display the following
structures:

χ̂ ¼ fr−3
2g þ fr−2τþ1

2− g þ l:o:t:; ð44Þ

χ̂ ¼fr−1τ−1
2− g þ fr−3

2g þ l:o:t: ð45Þ

Denote by f·g the terms of the order given in the brackets.
Similarly, a consequence, see [33], of the proof in

[34,35] is that spacetimes emerging from initial data of
the type (19) and (20) under the corresponding smallness
conditions enjoy the following structures:

ρ ¼ fr−5
2g þ fr−3τþ1

2− g þ fr−3g
þ fr−3τþβ

− g þOðr−3ω−αÞ ð46Þ

and

σ ¼ fr−5
2g þ fr−3τþ1

2− g þ fr−3g
þ fr−3τþβ

− g þOðr−3ω−αÞ ð47Þ

with ω denoting r or τ− and α > 0, 0 < β < 1
2
. Moreover,

it is

ρ3 ¼ Oðr−3τ−1
2− Þ;

σ3 ¼ Oðr−3τ−1
2− Þ:
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Equations (46) and (47) and the behavior for ρ3 and σ3 are
consequences of the proof in [34,35] and the smallness
assumption for the e3 derivatives of ρ, respectively σ

Z
H
r4jρ3j2 ≤ cϵ;Z

H
r4jσ3j2 ≤ cϵ:

In particular, ρ3, respectively σ3, cannot have any terms of

the order r−
5
2τ

−3
2− . However, the latter are present in large data

spacetimes.
If we do not assume any smallness, but we allow large

data, then in addition to the structures (46) and (47) there is
a multitude of other terms with various decay behaviors. In
particular, ρ as well as σ feature terms of the order r−

5
2u−α

with 0 < α.
Large data spacetimes exhibit richer structures.

IV. INCOMING AND OUTGOING RADIATION

The outgoing radiation is dominated by χ̂ and the
incoming radiation by χ̂.
The energy in the form of incoming gravitational waves

is defined at past null infinity. In [39], Christodoulou
replaced this notion by an integral over advanced time of

e ≔
1

2
jχ̂j2: ð48Þ

In [39] Christodoulou derived the formation of a closed
trapped surface and eventually a black hole by the focusing
of gravitational waves. The incoming radiation has to be
large enough in order to form a black hole. This data obeys
a specific hierarchy. In particular, the energy e is of the
order e ¼ Oðr−2u−1Þ.
In this article, we assume that there is no incoming

radiation. This constitutes the most physical situation. The
new effects at future null infinity are a consequence of the
dynamics of the Einstein equations for the very general
initial data considered. Nevertheless, in [33] the present
author investigated also the case of incoming radiation and
found the corresponding effects to hold at past null infinity.
At future null infinity, let us consider the following

quantities. For the Einstein vacuum equations we find that
the energy radiated away per unit angle in a given direction
is F=4π with

Fð·Þ ¼ 1

2

Z þ∞

−∞
jΞðu; ·Þj2du: ð49Þ

For the Einstein-null-fluid equations describing space-
times with neutrinos we find that the energy radiated away
per unit angle in a given direction is FT=4π with

FTð·Þ ¼
1

2

Z þ∞

−∞
ðjΞðu; ·Þj2 þ 2πT 33ðu; ·ÞÞdu: ð50Þ

In the special class of (AT) spacetimes we find the angular
momentum radiated away due to matter is

RTð·Þ ¼ 4π

Z þ∞

−∞
ðcurlTÞ�343ðu; ·Þdu: ð51Þ

At this point, recall from above (32), that in the scenarios
of our interest, namely spacetimes (B), (A), (BT), and (AT),
the derivative χ̂3 takes a well-defined and finite limit at Iþ,
whereas χ̂ does not.
In the Bianchi equation for D3ρ in the Einstein vacuum

case

D3ρþ
3

2
trχρ ¼ −divβ −

1

2
χ̂ αþðϵ − ζÞβ þ 2ξβ ð52Þ

we focus on the higher order terms, use the notation
ρ3 ≔ D3ρþ 3

2
trχρ, and write

ρ3 ¼ − divβ|ffl{zffl}
¼Oðr−3τ−

1
2− Þ

−
1

2
χ̂ · α|fflffl{zfflffl}

¼Oðr−52τ−
3
2− Þ

þ l:o:t:

A short computation yields

ρ3 ¼ − divβ|ffl{zffl}
¼Oðr−3τ−

1
2− Þ

−
∂
∂u ðχ̂ · χ̂Þ|fflfflfflfflffl{zfflfflfflfflffl}
¼Oðr−52τ−

3
2− Þ

þ 1

4
trχjχ̂j2|fflfflfflffl{zfflfflfflffl}

¼Oðr−3τ−1− Þ

þ l:o:t:

Thus

ρ3 þ
∂
∂u ðχ̂ · χ̂Þ ¼ −divβ þ 1

4
trχjχ̂j2 ¼ O

�
r−3τ

−1
2−
�
: ð53Þ

We will multiply (53) by r3 and take the limit on Cu as
t → ∞. First, we see that each of the leading order terms on
the right-hand side attains its well-defined limit. For the
leading order terms on the left-hand side the same is true
only under the smallness assumptions of [34,35]. For large
data there exist additional quantities at leading (and
generally at high) order on the left-hand side, that do
not tend to a limit on scri, but they cancel out.
Small data.—If we are given the smallness condition,

then on the left-hand side of (53) it is ρ3 ¼ Oðr−3τ−1
2− Þ and

thus ρ3 takes its corresponding limit at future null infinity.
Moreover, we saw that the structures for ρ (46) emerge
under the smallness conditions from the proof in [34,35].
From this and the structures of the involved terms for small
data, it follows that ∂

∂u ðχ̂ · χ̂Þ attains its future null limit

[33]. Moreover, we have
R
u

∂
∂u ðχ̂ · χ̂Þdu ¼ Oðr−3Þ [33].
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Large data.—For large data, there are many more terms
of order r−

5
2τ

−3
2− in ρ3 as well as in

∂
∂u ðχ̂ · χ̂Þ and potentially

terms of order r−
5
2τ−1−α− with α ≥ 0 in ρ3. The properties of

the terms on the right-hand side of Eq. (53) enforce
cancellations of these terms on the left-hand side [33].
We take the said limit at Iþ of the left-hand side of (53),
that is after multiplication with r3. Then we find that, after
cancellations, the leading order term on the left-hand side

of (53) originates from ρ3 and is of order Oðr−3τ−1
2− Þ. Thus,

upon integration with respect to u this leading order term

becomesOðr−3τþ1
2− Þ. From ∂

∂u ðχ̂ · χ̂Þ there is no contribution
at that order. Rather, after cancellations, and subsequent
integration with respect to uwe derive that the contribution
from

R
u

∂
∂u ðχ̂ · χ̂Þdu is at the order Oðr−3Þ.

In
R
u

∂
∂u ðχ̂ · χ̂Þdu the terms of order Oðr−3Þ in general

depend on u. The same is also true (and obvious) for ρ.
Comparing the above to asymptotically flat systems of

order Oðr−1Þ, an eminent difference lies in the fact that for
the latter the product ðχ̂ · χ̂Þ decays in juj. More precisely,
one has ðχ̂ · χ̂Þ ¼ Oðr−3τ−α− Þ with α > 0.
In what follows we consider large data.

V. NEW EFFECTS

A. Future null infinity and electric memory

In this section, we derive the new effects for (B) and
(A) spacetimes.
Building on the results above we introduce the following

notation for the corresponding limit of the left-hand side
of (53):

P3 ≔ lim
Cu;t→∞

r3
�
ρ3 þ

∂
∂u ðχ̂ · χ̂Þ

	
; ð54Þ

P ≔
Z
u
P3du: ð55Þ

Let us point out that P is defined on S2 ×R up to an
additive function CP on S2, thus the latter is independent of
u. Later, when taking the integral

Rþ∞
−∞ P3du, the term CP

will cancel.
Now, we take the limit of (r3 (53)) on Cu as t → ∞.

Thereby, each term on the right-hand side takes a well-
defined limit. We obtain

P3 ¼ −divBþ 2jΞj2: ð56Þ

Next, we investigate the deeper structures for P in (55).
From our previous investigations it follows that the leading
order term in the limit P3 originates from ρ3 only, and
therefore its integral over u is the leading order term in P.
Giving more details, we conclude that P has the following
structure for 0 < β < 1

2
and γ > 0:

P ¼ fτþ1
2− g þ fτβ−g|fflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflffl}
¼Pρ1

þ fF ðu; ·Þg|fflfflfflfflffl{zfflfflfflfflffl}
¼Pρ2

−1
2
D

þ fτ−γ− g þ CP ð57Þ

where F ðu; ·Þ ≤ C. As always f·g denotes terms of the
order given inside the brackets. All the terms of order
Oðτα−Þ with 0 < α ≤ 1

2
originate from the integral of the

limits of the ρ3 part. We denote them by Pρ1. The limit
F ðu; ·Þ in (57) consists of the corresponding components of
the integral originating from the limits of the terms of order
Oðr−3Þ in (53). It has pieces sourced by ρ3 as well as by
∂
∂u ðχ̂ · χ̂Þ. Denote the former by Pρ2 and the latter by D.
Thus (57) reads

P ¼ Pρ1 þ Pρ2 −
1

2
Dþ CP þ l:o:t: ð58Þ

A direct consequence from our analysis above is the fact
that Pρ2 as well as D depend on u.
Next, we use the definitions (33), (34), recalling

Chi3 ≔ lim
Cu;t→∞

�
r2

∂
∂u χ̂

�
;

Chi ≔
Z
u
Chi3du;

as well as Eq. (37)

B ¼ −2divΞ

and Eq. (36)

Chi3 ¼ −Ξ:

Using these in (56) gives

P3 ¼ −2divdivChi3 þ 2jΞj2: ð59Þ

Integrate (59) with respect to u to obtain

ðP− −PþÞ−
Z þ∞

−∞
jΞj2du¼ divdivðChi− −ChiþÞ: ð60Þ

Using (57) and (58) we write

ðP−
ρ1 − Pþ

ρ1Þ þ ðP−
ρ2 − Pþ

ρ2Þ −
1

2
ðD− −DþÞ −

Z þ∞

−∞
jΞj2du

¼ divdivðChi− − ChiþÞ: ð61Þ

The last term on the left-hand side ð− Rþ∞
−∞ jΞj2duÞ is finite,

in fact it is borderline within the solutions of [34,35]. Thus,
it is finite for (B) spacetimes. However, it may not be
bounded for general (A) spacetimes. We observe that
ðP− − PþÞ, respectively divdivðChi− − ChiþÞ are infinite
for (B) as well as (A) spacetimes. In order to investigate this
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more precisely, recall the concept of limits at null infinity
Iþ explained in Sec. III A. Next, we pick u0, then fix a
point on the sphere S2 at u0 and consider Pðu0Þ. At the
corresponding point for some u ≠ u0 we take PðuÞ. We
keep u0 fixed and let u tend to þ∞, respectively to −∞.
Then the difference PðuÞ − Pðu0Þ is no longer finite, but it
grows with jujþ1

2 for (A) and (B) spacetimes. Taking into
account the details of (61), ðPρ1ðuÞ − Pρ1ðu0ÞÞ is no longer
finite, but it grows with jujþ1

2. A corresponding argument
holds for ChiðuÞ − Chiðu0Þ. Finally, in (61), the second
and third terms on the left-hand side are finite.
In gravitational wave detectors.—We are going to relate

the new findings to the motions of test masses that such
sources would generate in gravitational wave detectors like
LIGO or future detectors. First, let us clarify the terminol-
ogy: When we say that in an asymptotically flat system, the
detectors are placed at “null infinity,” then this is an
idealization that allows us to work with such systems. In
reality, the detectors (and we for that matter) are at a finite
(but very large) distance from the source. Also, the
observation time is finite. It is well known how to make
use of the dynamics at Iþ and relate them to displacements
of test masses in gravitational wave detectors. Denote the
permanent displacement of test masses in such a detector
by △x. Then from the geodesic deviation Eq. (8) and the
relations (35), (36) it follows that △x is given by

△x ¼ −
d0
r
ðChi− − ChiþÞ

where d0 denotes the initial distance between the test
masses.
This formula is standard and has been derived many

times by various authors (including the present one) for
different scenarios. For a detailed derivation (in a similar
notation) based on Christodoulou-Klainerman spacetimes
we refer to Christodoulou’s article [1]. Note that in the
present article, we use the same sign choice for the optical
function u as in [2,36], whereas u in [1] has the opposite
sign. Thus, comparing the present setting to the null cone
structure in Minkowski spacetime, our choice of u corre-
sponds to u ¼ r − t in the latter. Therefore, for the
corresponding integrations at Iþ we may identify the
retarded time u with the negative of proper time t. We
observe that the highest order terms resulting from P alter
the fraction in the displacement formula as follows d0

r juj
1
2.

Now, let us recall that we are at finite distance and finite
time. Depending on the source, the size of this fraction and
therefore the memory will be different for different sources.
A signal would show this juj12 behavior from which the
u-independent part of the leading order term in P can be
computed. We may now think of removing this leading
order behavior from the signal. Then we expect that the
next layer of “growing” terms will be detected. We can even
take away all the parts with jujx for 0 < x ≤ 1

2
to arrive at

the level that is not growing. For (B) spacetimes this
includes contributions from P, D and the integral of the
square of the news. For (A) spacetimes the same holds for
the former two, but the latter may be unbounded. We
explain the physical relevance and meaning at the end of
Sec. V B.
Remark.—For any asymptotically flat system of the

order Oðr−1Þ, D decays in juj for large juj. More precisely,
in those spacetimes, χ̂ as well as χ̂ take limits at Iþ, and the
product of their limits vanishes as juj → ∞. Thus, for those
systems it is D− ¼ Dþ ¼ 0.

Working with the Bianchi equations.—Equation (60)
was derived directly from the corresponding Bianchi
equation with all the nonlinearities involved. Sure enough,
only the highest order expressions as per Eq. (53) attain
limits at null infinity (including sums of terms that may not
tend to a limit themselves), thus lower order terms do
not change the outcome of our investigations. Using the
Bianchi equation directly in a fully nonlinear treatment
(thus not using any approximations) reveals structures that
may not be seen in perturbations. Often in physics literature
the analog of Eq. (60) would be computed via the differ-
ence of mass aspect functions. First, the mass aspect that is
typically used by authors doing metric perturbations is
different from the mass aspect function (12) in this paper.
However, a “translation” between the two can easily be
given. Now, you may ask two questions: (i) Can our
Eq. (60) be obtained using the mass aspect usually used
in physics literature? (ii) Can it be derived using the mass
aspect function (12)? The answer to both questions is no
because of the following reasons. In our present setting of
slow decay, we cannot directly work with the mass aspect
function because the main ingredients do not tend to a limit
at Iþ. It is interesting to point out that in the setting of
Christodoulou-Klainerman spacetimes (allowing for large
data) Christodoulou in [1] computes the memory effect
using the Hodge system for the torsion ζ, the said
divergence equation being our (12) (in the EV case).
The null limit of the torsion is related to the limit of the
divergence of the shear Σ in Christodoulou’s formula (1) in
[1]. In the latter, going from the Hodge system before
Eq. (10) to Eq. (10) and in Eqs. (10)–(12) Christodoulou
replaces corresponding limits of the mass aspect function
with the integral over the quadratic of the news tensor
(proportional to the energy radiated away in a given
direction per unit solid angle).
That situation may look similar to ours, but in fact it is

very different. As was explained in [2] a similar treatment
does not work for our more general spacetimes because
each single term except for μ in (12), in particular divζ,
does not tend to a limit at Iþ. More precisely, when
multiplied by r3 and letting t → ∞ onCu the corresponding
expressions are infinite. Now, let us recall the discussion of
these leading order terms in Sec. III A and example (32).
Whereas the mass aspect function does not give any
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insights into the structures of these “rough” terms, the
Bianchi equations do. The D3 derivative eliminates the
nonpeeling terms, and after some straightforward compu-
tations, Eq. (53) has only “well-behaved” terms on the
right-hand side, and we can read off deeper structures from
the left-hand side. Trivially, the left-hand side per se does
tend to its well-defined limit. Our Eq. (60) carries much
more structure as seen from (57), respectively (58). No
approximation was used, the structures emerge naturally
from the Bianchi equations and the dynamics of these more
general spacetimes.
In the spacetimes investigated here, it follows from (61)

that there exists a function Φ such that

divðChi− − ChiþÞ ¼ ∇Φþ X; ð62Þ

divdivðChi− − ChiþÞ ¼ △Φ

¼ ðP − P̄Þ− − ðP − P̄Þþ
− 2ðF − F̄Þ; ð63Þ

where X ¼ ∇⊥Ψ for a function Ψ whose Laplacian
△Ψ ¼ curldivðChi− − ChiþÞ. For the moment, in order
to better display the nature of the new structures, we set the
contribution from Ψ to zero. Immediately afterwards, we
treat the most general case with ∇⊥Ψ ≠ 0 in Sec. V B to
obtain the complete general result and the full set of
equations (77)–(79).
Remark.—In [1] Christodoulou showed that for space-

times as investigated by Christodoulou and Klainerman in
[36] the equation for curl is trivial, meaning that there is no
contribution from the latter. AF initial data in [36], on
which [1] is based, takes the following form for r → ∞:

ḡij ¼
�
1þ 2M

r

�
δij þ o4ðr−3

2Þ; ð64Þ

kij ¼ o3ðr−5
2Þ: ð65Þ

The above (no magnetic memory) is true also for any
asymptotically flat system falling off towards infinity at
order Oðr−1Þ without any assumptions on the terms
decaying like r−1 as shown by the present author in [2].
Therefore, the works [1,2] show that there does not exist
any magnetic memory for those systems.
However, the magnetic memory occurs naturally in (A)

and (B) spacetimes, as we will see in Eqs. (77) and (78) in
the system (77)–(79).
Next, we may write system (62) and (63) on S2 as

divðChi− − ChiþÞ ¼ ∇Φ ð66Þ

divdivðChi− − ChiþÞ ¼ △Φ

¼ ðPρ1 − P̄ρ1Þ− − ðPρ1 − P̄ρ1Þþ
ðPρ2 − P̄ρ2Þ− − ðPρ2 − P̄ρ2Þþ

− 2ðF − F̄Þ − 1

2
ðD − D̄Þ−

þ 1

2
ðD − D̄Þþ ð67Þ

This is solved by Hodge theory.
Equations (66) and (67), respectively (62) and (63),

describe the gravitational wave memory of electric parity.
It consists of the finite null memory generated by the
radiated energy F [finite for (B), unbounded for (A)
spacetimes] and the infinite ordinary memory generated
by ðP − P̄Þ− − ðP − P̄Þþ. More precisely, for fixed u0
the difference ðPρ1ðuÞ − P̄ρ1ðuÞÞ − ðPρ1ðu0Þ − P̄ρ1ðu0ÞÞ
grows like jujþ1

2 as u → þ∞, respectively u → −∞. This
memory is due to the gravitational waves radiating. Further,
the contributions from ðPρ2 − P̄ρ2Þ− − ðPρ2 − P̄ρ2Þþ and
− 1

2
ðD − D̄Þ− þ 1

2
ðD − D̄Þþ are finite.

The difference ðChi− − ChiþÞ is related to the perma-
nent displacement of test masses in a gravitational wave
detector like LIGO. That is, ðChi− − ChiþÞmultiplied by a
factor including the initial distance of the test masses gives
the displacement of the test masses by the ordinary and the
null memory. For more details we refer the reader to [1,2].
These results complete the structures of divergent

memory derived in [2].
In addition to the diverging memories, these general

spacetimes feature further interesting behavior in ðχ̂ · χ̂Þ
and ðχ̂ ∧ χ̂Þ, in particular the nonvanishing of the corre-

sponding limits for large juj. The integral Ru ∂
∂u ðχ̂ · χ̂Þdu as

well as
R
u

∂
∂u ðχ̂ ∧ χ̂Þdu generates finite electric (former),

respectively finite magnetic (latter) memory. The latter is
shown in the following section. Richer structures affect the
behavior of gravitational radiation and memory.

B. Future null infinity and new magnetic memory

Next, we treat the most general case with ∇⊥Ψ ≠ 0.
It is a well-known fact for AF systems, which are

decaying towards infinity like Oðr−1Þ, that magnetic
memory does not occur at all [1,2].
However, in the present section, we show that magnetic

memory arises naturally in these general spacetimes of slow
decay, and that it is growing. First, in the present section,
we derive magnetic memory in the realm of the Einstein
vacuum equations (1) of pure gravity, then in Sec. VI C for
the Einstein-null-fluid system describing neutrino radia-
tion. We find that even further new structures contribute for
(AT) spacetimes.
Next, we are going to derive the new effects for (B) and

(A) spacetimes.
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Denote σ3 ¼ D3σ þ 3
2
trχσ. We consider the Bianchi

equation for σ3 in the Einstein vacuum case

σ3 ¼ −curlβ −
1

2
χ̂ · �αþ ϵ�β − 2ζ�β − 2ξ�β:

Whereas the lower order terms decay to zero when
approaching null infinity, the main part of the Bianchi
equation reads

σ3 ¼ −curlβ −
1

2
χ̂ · �αþ l:o:t: ð68Þ

We compute

σ3 þ
∂
∂u ðχ̂ ∧ χ̂Þ ¼ −curlβ ¼ Oðr−3τ−1

2− Þ: ð69Þ

From our analysis above it follows that for σ the same rules
apply as for ρ. Moreover, in χ̂ ∧ χ̂ the orders of each term
are at the level of χ̂ · χ̂ above.
We find that for (B) as well as (A) spacetimes, the

following hold:
(i) Highest order terms on the left-hand side of (69)

cancel. The remaining leading order term originates

from σ3 and is of order Oðr−3τ−1
2− Þ. Multiply the left-

hand side of (69) by r3 and take the limit on each Cu
for t → ∞. Denote this limit by Q3. Thus,

Q3 ≔ lim
Cu;t→∞

r3
�
σ3 þ

∂
∂u ðχ̂ ∧ χ̂Þ

�
: ð70Þ

Let

Q ≔
Z
u
Q3du: ð71Þ

It follows that for fixed u0 the difference QðuÞ −
Qðu0Þ grows like juj12 as juj → ∞.

(ii) We find that Q has the following structure for
0 < β < 1

2
and γ > 0:

Q¼fτþ1
2− gþfτβ−g|fflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflffl}
¼Qσ1

þfF ðu; ·Þg|fflfflfflfflffl{zfflfflfflfflffl}
¼Qσ2

−1
2
G

þfτ−γ− gþCQ ð72Þ

where F ðu; ·Þ ≤ C. Note that CQ is an additive
function on S2 independent of u. Later, when taking
the integral

Rþ∞
−∞ Q3du, the term CQ will cancel. As

a direct consequence from the results above the
terms in (72) of order Oðτα−Þ with 0 < α ≤ 1

2
origi-

nate from the integral of the limits of the σ3 part.
We denote these terms by Qσ1. Moreover, F ðu; ·Þ
comprises the corresponding components of the
integral originating from the limits of the terms
of order Oðr−3Þ in (69). These go back to σ3,

respectively to ∂
∂u ðχ̂ ∧ χ̂Þ. Denote the former by

Qσ2 and the latter by G.
Thus we have

Q ¼ Qσ1 þQσ2 −
1

2
Gþ CQ þ l:o:t: ð73Þ

We also find that Qσ2 as well as G depend on u.
Recall that in AF systems of the order Oðr−1Þ it is
always χ̂ ∧ χ̂ ¼ Oðr−3τ−α− Þ with α > 0. More pre-
cisely, in those spacetimes, χ̂ as well as χ̂ take limits
at Iþ, and the wedge product of their limits vanishes
as juj → ∞, yielding G− ¼ Gþ ¼ 0.

(iii) From the previous point we see that σ may have a
term of the order r−3, which is not possible for AF
systems with Oðr−1Þ decay. In the latter situations it
is always σ ¼ Oðr−3τ−α− Þ with α > 0. On the other
hand, in these systems it is ρ ¼ Oðr−3Þ.

Now, multiply Eq. (69) by r3 and take the limit on Cu as
t → ∞ to obtain

ðQ− −QþÞ ¼ −
1

2
curl

Z þ∞

−∞
Bdu: ð74Þ

Using (37) and (36) we deduce

ðQ− −QþÞ ¼ curldivðChi− − ChiþÞ: ð75Þ

Taking into account (73) we write

curldivðChi− − ChiþÞ

¼ ðQ−
σ1 −Qþ

σ1Þ þ ðQ−
σ2 −Qþ

σ2Þ −
1

2
ðG− −GþÞ: ð76Þ

Let us compare this to the system (66) and (67). We
recall that in this section, we are considering the
general case where ∇⊥Ψ ≠ 0. A new phenomenon
enters the stage. In particular, there exist functions Φ
and Ψ such that divðChi−−ChiþÞ¼∇Φþ∇⊥Ψ. Let Z ≔
divðChi− − ChiþÞ. Then the following holds:

divZ ¼ △Φ; curlZ ¼ △Ψ:

The new system reads

divðChi− − ChiþÞ ¼ ∇Φþ∇⊥Ψ; ð77Þ

curldivðChi− − ChiþÞ
¼ △Ψ ¼ ðQ − Q̄Þ− − ðQ − Q̄Þþ; ð78Þ

divdivðChi− − ChiþÞ
¼ △Φ

¼ ðP − P̄Þ− − ðP − P̄Þþ − 2ðF − F̄Þ: ð79Þ
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Note that instead of (66) there is (77). And the curl equation
has a nontrivial right-hand side. Taking into account all the
details, we write

divðChi− − ChiþÞ ¼ ∇Φþ∇⊥Ψ; ð80Þ

curldivðChi− − ChiþÞ
¼ △Ψ

¼ ðQσ1 − Q̄σ1Þ− − ðQσ1 − Q̄σ1Þþ
þ ðQσ2 − Q̄σ2Þ− − ðQσ2 − Q̄σ2Þþ

−
1

2
ðG − ḠÞ− þ 1

2
ðG − ḠÞþ; ð81Þ

divdivðChi− − ChiþÞ
¼ △Φ

¼ ðPρ1 − P̄ρ1Þ− − ðPρ1 − P̄ρ1Þþ
ðPρ2 − P̄ρ2Þ− − ðPρ2 − P̄ρ2Þþ − 2ðF − F̄Þ

−
1

2
ðD − D̄Þ− þ 1

2
ðD − D̄Þþ: ð82Þ

Hodge theory provides the solution to this system.
We conclude, for both (B) as well as (A) spacetimes, that

there is the new effect of magnetic memory growing with
juj12 sourced by Q and finite contributions from bothQ and
G. Moreover, Q exhibits further diverging terms at lower
order. The new magnetic effects emerge in addition to the
electric memory explained above, and that is growing with
juj12 sourced by P, and finite contributions from P and F
[the latter may be unbounded for (A)].
We point out the nature of curldivðChi− − ChiþÞ,

namely that the right-hand side of (78), respectively
(81), is nonzero. The newmagnetic memories enter through
the right-hand side of this equation. The right-hand side
being nonzero is a direct consequence from the more
general data investigated here. Equations (80)–(82), respec-
tively (77)–(79), show that magnetic memory arises nat-
urally in our more general spacetimes. The fact that
curldivðChi− − ChiþÞ is nonzero means that there is non-
trivial angular momentum. The more general data allow for
rotation.
We reemphasize that this is not the case for AF systems

with fall offOðr−1Þ, where magnetic memory does not exist
[1,33]. (See second remark in Sec. VA above.)
We conclude that gravitational radiation in asymptoti-

cally flat spacetimes of types (A) and (B), thus of slow
decay towards infinity, generates the above types of
growing memory.
Physical systems.—These general spacetimes extend the

traditional picture of typical gravitational wave sources like
mergers of binary black holes or neutron stars. In the latter,
all memory is finite and of electric parity only. We have

shown that the new structures arise naturally in the Einstein
equations, thereby naturally extending the physical picture.
Sources that are spread out behave like the spacetimes
investigated in this article. Among them we find for the
Einstein vacuum equations gravitational waves, cosmo-
logical gravitational waves (GW), and for the Einstein-null-
fluid equations large clouds of neutrinos. We discuss the
latter in Sec. VI. First, we address gravitational waves
coming in from the early period of the universe, the
cosmological GW obeying the rougher decay laws. We
expect a stochastic background generated by these waves.
Whereas in the traditional picture (stronger decay), the
effects of such waves are cut out, our general spacetimes
include them. As long as these waves keep coming in, they
will create a flux through Iþ. Therefore, we expect a
growing memory sourced by P, respectively Q for the
magnetic part. In particular, they create magnetic memory.
Whereas for (B) spacetimes the integral of the square of the
news is finite, it may be unbounded for (A) spacetimes. We
note that this is exactly the borderline case (B) for which
stability has been shown by the present author [34,35]. If
we have data that is so spread out, i.e. GW obeying these
lose decay laws (A), then we expect even the integral of the
square of the news to grow with u. Second, if we assume
the no-incoming radiation condition, even then the
Einstein-vacuum equations feature these new effects. Our
more general spacetimes include a lot of gravitational
radiation of different flavors. These gravitational waves
generate the new memories. Third, general spacetimes
solving the Einstein-null-fluid equations describing neu-
trino radiation feature the memories that we give in the
system (93)–(95). The sources described here are large
clouds of neutrinos. In addition to the new memory effects
found in the EVequations, the integral of the stress-energy
tensor goes into the electric memory, and there is a new
contribution to the magnetic part from the integral of the
curl of the stress-energy tensor in (AT) spacetimes.

VI. NONISOTROPIC DISTRIBUTION OF
NEUTRINOS SOURCE THE RADIATION

Next, we investigate spacetimes of the types (BT) and
(AT) describing neutrino distributions falling off slowly
towards infinity, that are modeled by a null fluid coupled to
the Einstein equations. Then we derive new effects for these
spacetimes.

A. Results and setting

How do our new findings relate to situations with a
nontrivial energy-momentum tensor? In this section, we
couple the Einstein equations to a source generating these
new phenomena.
Possible sources for this radiation and the new memory

effects are neutrinos moving nonisotropically throughout
large regions, resulting in a neutrino cloud with very slow
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decay. In particular, such a source cannot be stationary
outside a compact set.
Neutrinos have tiny mass and move at almost the speed

of light. In [40] with Tolish, Garfinkle, and Wald we
showed that massive particles produce ordinary memory
whereas null particles generate null memory; and that
ordinary memory due to massive particles with large
velocities can mimic the null memory in the limit. Thus,
describing neutrinos through a null fluid coupled to the
Einstein equations gives a good model for astrophysical
sources. With Garfinkle in [20] we introduced this model
and derived the null memory effect from neutrino radiation
for sources in spacetimes falling off like (64). As a
consequence the stress-energy of these sources falls off
fast. We showed [20] that all the memories (of electric type)
are finite, and that the neutrinos contribute to the null
memory by a finite amount. Moreover, these systems do not
generate any magnetic memory.
How about more general systems? The subsequent

derivations yield magnetic memory for Einstein-null-fluid
systems describing neutrino distributions of slow decay as
in (BT) as well as (AT) spacetimes. At the same time, it
comes out that Eqs, (2) for data decaying like Oðr−1Þ
without any assumption on the leading order decaying
term, do not produce any magnetic memory.
Next, we are going to show how neutrinos moving

nonisotropically and whose distribution decays slowly
generate magnetic memory. In particular for (BT) as well
as (AT) spacetimes, we show that these neutrinos cause
(a) a new magnetic memory effect growing like

ffiffiffiffiffiffijujp
,

sourced by the corresponding magnetic part of the
curvature growing at the same rate;

(b) an electric memory effect growing like
ffiffiffiffiffiffijujp

sourced
by the corresponding electric part of the curvature and
the TLL component of the energy-momentum tensor,
each growing at the same rate, and a finite contribution
from the shear;

(AT) spacetimes in addition,
(c) produce a new magnetic-type memory via an in-

tegral of a curl of T term, growing like
ffiffiffiffiffiffijujp

.
Moreover, none of the memories are bounded for
these spacetimes.

These results are in contrast to systems with neutrino
sources whose distribution decays faster towards infinity,
including sources that are stationary outside a compact set,
where all the memory is finite and of electric parity
only [20].
We describe the neutrinos as a null fluid in the Einstein

equations (3), respectively (2), represented via its energy-
momentum tensor given by

Tμν ¼ NKμKν ð83Þ

where K is a null vector and N ¼ N ðθ1; θ2; r; τ−Þ a
positive scalar function depending on r, τ−, and the

spherical variables θ1, θ2. The Einstein equations for the
general spacetimes, as investigated above, enforce loose
decay on the energy-momentum tensor Tμν. No symmetry
nor other restrictions are imposed. The distribution of
neutrinos decays very slowly towards infinity, being very
nonhomogeneous and nonisotropic. More precisely, the
function N approaches the following structure towards
spacelike infinity, that is for r → ∞:

N ¼ O
�
r−2τ

−1
2−
�
: ð84Þ

Equation (84) follows from a straightforward argument
using (5) with TLL, and the fact that divL ¼ trχ þ l:o:t:.
Bursts of neutrinos, such as generated in core-collapse

supernovae, initially will run off in all directions, eventually
the null direction will dominate. After a very long time, the
neutrinos may spread throughout large regions in the
universe and formerly dominating flows will taper to
slower decays. Thus, we have a “sea” of neutrinos with
slow decay towards infinity and interesting dynamics. In
particular, these sources are not stationary outside a
compact set.
Whereas in the case of faster falloff in [20] there are

strong decay laws satisfied by the stress-energy tensor; in
the present setting the neutrino flow is more general.
Nevertheless, the flow obeys a slow convergence to the
dominating behavior of the null part TLL.
The present author showed [33] that the components of

the energy-momentum tensor have the following decay
behavior in (BT) spacetimes:

TLL ¼ Oðr−2τ−1
2− Þ;

TAL ¼ oðr−5
2τ

−1
2− Þ;

TLL ¼ oðr−3τ−1
2− Þ;

TAB ¼ oðr−3τ−1
2− Þ;

TAL ¼ oðr−7
2τ

−1
2− Þ;

TLL ¼ oðr−4τ−1
2− Þ:

Moreover, it is

DLTAL ¼ oðr−5
2τ

−1
2− Þ;

DBTAL ¼ oðr−3τ−1
2− Þ;

DLTAL ¼ oðr−7
2τ

−1
2− Þ:

For (AT) spacetimes the decay behavior is
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TLL ¼ Oðr−2τ−1
2− Þ;

TAL ¼ Oðr−5
2τ

−1
2− Þ;

TLL ¼ Oðr−3τ−1
2− Þ;

TAB ¼ Oðr−3τ−1
2− Þ;

TAL ¼ Oðr−7
2τ

−1
2− Þ;

TLL ¼ Oðr−4τ−1
2− Þ:

Moreover, it is

DLTAL ¼ Oðr−5
2τ

−1
2− Þ;

DBTAL ¼ Oðr−3τ−1
2− Þ;

DLTAL ¼ Oðr−7
2τ

−1
2− Þ:

The difference between (AT) and (BT) spacetimes will
become eminent for the term DBTAL exhibiting the order

Oðr−3τ−1
2− Þ for the former and oðr−3τ−1

2− Þ for the latter.
The decay behavior of the components of the energy-

momentum tensor follows from the structures of the
Einstein equations together with the decay behavior of
the relevant quantities in the spacetimes (AT), (BT). They
are derived in [33].

B. New: Growing electric memory

The following holds for (BT) as well as (AT) spacetimes.
The only difference is that in the former case the null
memory from the shear is finite, but in the latter case
unbounded.
We consider the Bianchi equation (17), concentrating on

the highest order terms

D3ρþ
3

2
trχρ ¼ −divβ −

1

2
χ̂ α−2πD4T33 þ l:o:t: ð85Þ

Observe that

−
1

4
D4R33 ¼ −2πD4T33:

Moreover, the leading order term in the last term is given by

−2πðD4N Þ ¼ þ2πtrχN :

Thus it is

−2πD4T33 ¼ þ2πtrχT33 þ l:o:t:

Therefore (85) becomes

ρ3 þ
∂
∂u ðχ̂ · χ̂Þ ¼ −divβ þ 1

4
trχjχ̂j2 þ 2πtrχT33 þ l:o:t:

¼ Oðr−3τ−1
2− Þ: ð86Þ

Multiply Eq. (86) by r3 and take the limit on Cu as t → ∞
to obtain

P3 ¼ −divBþ 2jΞj2 þ 4πT 33: ð87Þ

The next steps are similar to the corresponding procedure in
Sec. VA. Namely, integrate Eq. (87) with respect to u,
using (43), which yields

divdivðChi− − ChiþÞ

¼ ðP− − PþÞ −
Z þ∞

−∞
ðjΞj2 þ 2πT 33Þdu: ð88Þ

P features the same structures as in (58). In addition to the
behavior already found and described in Sec. VA for the
Einstein vacuum equations, we deduce from (88) and
the results in Sec. III B that the null memory due to the
integral of the null limit T 33 of the neutrino distribution
grows like

ffiffiffiffiffiffijujp
. This is different from our results in [20] in

so far that in [20] the corresponding contribution from
neutrino radiation is finite.

C. New: Rotation: Growing magnetic memory

The next part investigates (AT) spacetimes. The (BT)
spacetimes do not exhibit the memory sourced by the curl
of T, but they do feature all the other memory components.
The latter have the same structures.
We consider the Bianchi equation (18). Focusing on the

highest order terms, we write

D3σ þ 3

2
trχσ

¼ −curlβ −
1

2
χ̂�αþ 4πðcurlTÞ343 þ l:o:t: ð89Þ

That is

σ3 þ
∂
∂u ðχ̂ ∧ χ̂Þ ¼ −curlβ þ 4πðcurlTÞ343 þ l:o:t:

¼ Oðr−3τ−1
2− Þ: ð90Þ

Denote the null limit of r3ðcurlTÞ343 on Cu as t → ∞ by

ðcurlTÞ�343 ¼ ðð∇AT3BÞ� − ð∇BT3AÞ�Þ:

First, we multiply equation (90) by r3 and take the limit on
Cu as t → ∞ to obtain

Q3 ¼ −curlBþ 4πðcurlTÞ�343 :
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In view of (42) this reads

Q3 ¼ 2curldivΞþ 8πðcurlTÞ�343 : ð91Þ

Next, we integrate Eq. (91) with respect to u to obtain

curldivðChi− − ChiþÞ

¼ ðQ− −QþÞ þ 4π

Z þ∞

−∞
ðcurlTÞ�343du: ð92Þ

Q features the same structures as in (73). In (92) we find a
new contribution to the magnetic null memory due to
the integral of the null limit ðcurlTÞ�343 of the general

neutrino distribution. This new memory grows like
ffiffiffiffiffiffijujp

.
We conclude that the new magnetic memory is due to
ðQ− −QþÞ and Rþ∞

−∞ ðcurlTÞ�343du.
Next, recall the quantities (50) and (51).
Then the new equations for neutrino sources (88) and

(92) give rise to the following system:

divðChi− − ChiþÞ ¼ ∇Φþ∇⊥Ψ; ð93Þ
curldivðChi− − ChiþÞ ¼ △Ψ

¼ ðQ − Q̄Þ− − ðQ − Q̄Þþ
þ ðRT − R̄TÞ; ð94Þ

divdivðChi− − ChiþÞ ¼ △Φ

¼ ðP − P̄Þ− − ðP − P̄Þþ
− 2ðFT − F̄TÞ ð95Þ

with the structures (58), (73).
System (93)–(95) is solved by Hodge theory. We find

various new memory effects of growing and finite order
with the structures derived above. The most striking feature
is the occurrence of magnetic memory. For both, the
electric as well as the magnetic memory, the leading order
terms grow at rate

ffiffiffiffiffiffijujp
. (AT) spacetimes even produce

a new contribution to magnetic memory sourced by
the integral of the null limit ðcurlTÞ�343 , diverging at the
same rate.
Remark: Behavior along Cu and Limits at Iþ.—The fact

that the energy-momentum tensor component TAL in (10)
produces a curl contribution in (42) is unique to the space-
times with a metric decaying like Oðr−1

2Þ towards infinity,
thus for (AT) spacetimes. If we assume just a little more
decay such as oðr−1

2Þ, as for (BT) spacetimes, then the curl of
T decays faster and the limiting equation (42) reduces to

−2curldivΞ ¼ curlB: ð96Þ

Note that the divergence on S of the same component TAL

is of lower order and therefore there is no T-term in
(43). In fact, Eqs. (43) and (96) have been known to

hold for sources of faster decay, including those being
stationary outside a compact set. We point out that they do
hold as well for themore general decay as in (BT). However,
for the most general class of spacetimes (AT) with a metric
decaying like Oðr−1

2Þ towards infinity, the curl contribution
of T kicks in.
What we have just derived for neutrino sources whose

distribution falls off slowly, is fundamentally different from
the situation studied in [20], where a null fluid with
stronger decay is shown to have finite electric memory
only. For the latter spacetimes [20] no magnetic memory is
possible, because the relevant components of the energy-
momentum tensor decay too fast to produce a limit.

VII. SPACETIMES: RANGE
OF FALLOFF RATES

We have established the new effects for spacetimes of
types (A), (AT) falling off as Oðr−1

2Þ and (B), (BT) falling
off as oðr−1

2Þ.
Next, we are going to answer the following question: At

what rate of decay do these new effects show?
Our results from the previous sections yield a leading

order divergence at
ffiffiffiffiffiffijujp

of the magnetic as well as electric
memories for (A), (B), (AT), (BT) spacetimes. At the same
time, the results by Christodoulou in [1], and by the present
author in [2] show that data decaying like Oðr−1Þ do not
produce any magnetic memory and all the memory effects
(being of electric parity only) are finite.
Now, using our derivations from the previous sections,

it follows that spacetimes decaying like Oðr−1þαÞ for
0 < α ≤ 1

2
cause magnetic memory of the above types

diverging at jujþα, except for the portion sourced by the
curl of stress-energy. The latter starts occurring only at
α ¼ 1

2
, namely at Oðr−1

2Þ, thus in (AT) spacetimes. The
corresponding electric memories diverge at the same rate.
We conclude that there exists diverging memory of

magnetic and electric type for data with a range of fall
off like Oðr−1þαÞ for 0 < α. Therefore, sources with
specific falloff rates, lying within this range, produce
magnetic as well as electric memories with characteristic
growth rates. This information can be used to gain
information on these sources.

VIII. CONCLUSIONS

We have derived several new memory effects, and we
have found new structures in gravitational waves.
The most fascinating new effect is the growing magnetic

memory. Such a memory does not exist (not even in finite
form) for any system decaying at the order of r−1 or faster.
However, it arises naturally in the more general asymp-
totically flat spacetimes for the Einstein vacuum equations
of pure gravity. Thus, it emerges as a property of gravitation
itself. Not only does this effect persist in the corresponding
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spacetimes describing neutrino radiation via the Einstein-
null-fluid equations, but also the stress-energy of the
neutrino distribution creates a new contribution originating
from the curl of stress-energy. The results for the Einstein-
null-fluid system continue to hold for other types of matter
or energy which obey the corresponding decay laws and
other conditions.
Looking at the Einstein vacuum equations, we found

that (B) and (A) spacetimes exhibit a growing magnetic
memory, and that also the electric memory diverges at the
same rate as the magnetic counterpart. The electric null
memory is due to shear that is finite for (B) and unbounded
for (A). Coupling the Einstein equations to a null fluid
describing the nonisotropic dynamics of neutrinos, whose
distribution decays very slowly towards infinity, provides a
source for the new phenomena. For (BT) and (AT) space-
times we find the corresponding memories in the Einstein-
null-fluid system for neutrinos. In addition, a new feature
occurs in so far as the electric null memory sourced by the
T33 component of the energy-momentum tensor diverges at
the highest rate. This is in contrast to systems of stronger
fall off as in [20], where the contribution is finite.
A completely different and new phenomenon appears for
(AT) spacetimes. Namely, the magnetic memory is powered
by a new component sourced by the curl of T. The
contribution of the latter is diverging at the highest rate.
On top of the leading effects, we find a wealth of finer

structures. The leading order, diverging components and all
the remaining diverging components in the limits P and Q
originate from the corresponding curvature parts. They also
generate finite memories. Finite memories are also gen-
erated by the components of P and Q sourced by χ̂ · χ̂,
respectively χ̂ ∧ χ̂. Again, these properties are unique to
these slowly decaying spacetimes.
In this article, we identified a range of decay rates for

asymptotically flat spacetimes for which the new effects
occur but with different, characteristic leading order behav-
ior. These results can be used in gravitational wave
detectors to gain more insights into these sources.
In order to study physical situations of matter distribu-

tions as the above, we require the no incoming radiation
condition at past null infinity I−. Then we let the initial data
evolve under the coupled Einstein-matter equations. These
systems generate outgoing radiation that produce the
effects derived above. The diverging memories, and espe-
cially the magnetic portion, are unique features of these
types of spacetimes of slow falloff. The question of
incoming radiation was addressed in [33].
These new gravitational wave memories can be used to

detect, identify and gain more information about sources.
In principle, these new memory effects should be seen in
present and future gravitational wave detectors.
There is a wide range of applications for the new memory

effects.Onemightwant to investigate darkmatter halos using
the new approach. The present author and Garfinkle have

ongoing work into this direction. A more direct use of the
present results is the following: If dark matter (or parts of it)
behaves like neutrinos or similar matter that is nonisotropic
and nonstationary outside a compact set but decays very
slowly, then the new phenomena can be used to detect dark
matter via gravitational waves.
For what types of other systems may one expect the new

effects to be relevant? We find that the results for the (BT)
and (AT) spacetimes hold for any Einstein-matter system
with an energy-momentum tensor obeying the relevant laws.
It is crucial that the latter satisfies specific decay laws and
other conditions. The dynamics of the coupled Einstein-
matter system dictates what is possible in each single
case. Clearly, a null field as investigated above, enjoys all
these properties. Now, we can investigate the dynamics of
corresponding systems but with massive particles. Hereby,
we rely on the results [40] that massive particles create
ordinary memory whereas null particles create null memory
and that ordinarymemorydue tomassive particleswith large
velocities can mimic the null memory in the limit.
The diverging leading parts of the new memories are

compelling and potentially “easier” to detect. At the same
time, the many finer structures, in particular the finite
contributions from the shear interactions, bear interesting
information per se and spur further investigations.
Whereas detecting and analyzing gravitational radiation

and memory from a binary black hole merger or similar
event is “easier” because the dominating behavior is
different and simpler, the new structures from sources with
slow fall-off hopefully will be detected in the near future.
The easier part in such an endeavor would be to detect the
memory from the leading order part: A new wave arrives at
the detector. It would yield a sharp signal and show the
behavior as derived above. The next step would be to go
after the other structures as explained in the discussion after
Eq. (61). But again, these are small effects. Nevertheless,
we hope that improved sensitivity and future detectors will
be able to zoom into these new structures.
The dynamics in general relativity are much richer than

one might expect from considering the most obvious
sources alone. Sources whose distribution decays slowly
towards infinity behave very differently from those with
stronger falloff. The latter include sources that are sta-
tionary outside a compact set. Our results from [33] as well
as from the present article lay open a panorama of new
effects and structures in the more general spacetimes.
Moreover, they open up new alleys to further investigate
physical systems from a more general point of view.
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50, 377 (1989).

[11] L. Blanchet and T. Damour, Hereditary effects in gravita-
tional radiation, Phys. Rev. D 46, 4304 (1992).

[12] V. B.Braginsky andL. P.Grishchuk,Kinematic resonance and
memory effect in free-mass gravitational antennas, Zh. Eksp.
Theor. Fiz. 89, 744 (1985).[Sov. Phys. JETP 62, 427 (1985).]

[13] V. B. Braginsky and K. S. Thorne, Gravitational-wave
bursts with memory and experimental prospects, Nature
(London) 327, 123 (1987).

[14] J. Frauendiener, Note on the memory effect, Classical
Quantum Gravity 9, 1639 (1992).

[15] K. Thorne, The theory of gravitational radiation - an
introductory review, in Gravitational Radiation, edited by
N. Deruelle and T. Piran (North Holland, Amsterdam, 1983).

[16] K. S. Thorne, Gravitational-wave bursts with memory: The
Christodoulou effect, Phys. Rev. D 45, 520 (1992).

[17] A. G. Wiseman and C. M. Will, Christodoulou's nonlinear
gravitational-wave memory: Evaluation in the quadrupole
approximation, Phys. Rev. D 44, R2945 (1991).

[18] L. Bieri, P. Chen, and S.-T. Yau, Null ssymptotics of
solutions of the Einstein-Maxwell equations in general
relativity and gravitational radiation, Adv. Theor. Math.
Phys. 15, 1085 (2011).

[19] L. Bieri, P. Chen, and S.-T. Yau, The electromagnetic
Christodoulou memory effect and its application to neutron
star binary mergers, Classical Quantum Gravity 29, 215003
(2012).

[20] L. Bieri and D. Garfinkle, Neutrino radiation showing a
Christodoulou memory effect in general relativity, Ann.
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