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ABSTRACT
This research aims to discover a micro explanation of anisotropic strength of granular soils caused
by different inherent fabrics based on the discrete element method (DEM) simulations. Soil
particles are simulated as ellipsoids (i.e., clumped spheres) to preserve the elongation distributions
of real soil particles that are determined by analysing 90,000 particles from 18 sands. Then, virtual
soil specimens are prepared at 12 different inherent fabrics by restricting the particle long axis
orientations. For each inherent fabric, triaxial tests are simulated at five intermediate stress ratio
values, resulting in a total of 60 DEM simulations. The relationships between anisotropic shear
strength and fabric evolution are investigated based on simulation results. For a specific inherent
fabric, Lade’s isotropic failure theory can be used to describe shear strengths and octahedral
contact normal fabric factors at peak and critical states. A buckling failure theory from structural
engineering is introduced to explain the anisotropic strength of granular soils and fabric evalua-
tions observed in laboratory tests and simulations. As the angle between loading and fabric
direction increases from zero to 90 degrees, the conceptual widths of soil columns decrease,
leading to the smaller buckling failure loads and therefore the smaller shear strength of granular
soils.
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1. Introduction

In natural sedimentary soils, particles depositing
through water and air generally align their largest pro-
jected surface normal to the depositional direction.
Therefore, cross-anisotropic fabric develops in alluvial,
coastal, and lacustrine deposits (Zheng and Hryciw
2017, 2018). The cross-anisotropic structure of granular
soils features their inhomogeneous shear strength.

If the deposit direction is defined as fabric direction
(f), laboratory tests have illustrated that the macro-
mechanical behaviour of granular soils depends on the
relative angles (θ) between f and loading direction as
shown in Figure 1(a). For example, in Figure 1(b),
anisotropic shear strengths of sands have been observed
in triaxial tests on various sands including Cambria
sand (Ochiai and Lade 1983), Leighton Buzzard sand
(Arthur and Menzies 1972), Ham river sand (Arthur
and Phillips 1975), and Toyoura sand (Oda 1972a). In
these triaxial tests, soil specimens were prepared at
different θ values from 0° to 90°. As θ increases from
0° to 90°, the peak friction angle ϕp decreases about 2°.
The influences of fabric anisotropy on strength of sands
have also been observed by other researchers (Oda

1972b, 1981, Arthur et al. 1977, Oda et al. 1978, 1998,
Wong and Arthur 1985, Tatsuoka et al. 1986b, 1986a;
Lam W-K and Tatsuoka 1988; Lade et al. 2015, Yang
et al. 2016).

The anisotropic shear strength of granular soils
observed in Figure 1 affects the bearing capacity of
granular soils. The laboratory test results showed that
when θ values increased from 0° to 90°, bearing capacity
typically decreased by 25%-34% (Azami et al. 2009).
Such a large variance may profoundly affect the stability
of foundations, and therefore, the safety of structures.

The soil fabric is commonly quantified by scalar
parameters, including coordination number and void
ratio, and directional parameters such as particle long
axes and contact normals (Sun et al. 2019, Sun and
Zheng 2019). These micro particle-level parameters are
difficult to measure in laboratory tests. As such, the
discrete element method (DEM) has become
a predominant tool to investigate fabric evaluations of
granular soils. Many researchers have conducted DEM
simulations to explore the relationships between fabric
and macro mechanical behaviour of granular soils (Cui
et al. 2007, O’sullivan et al.’s 2008, Wang and Gutierrez
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2010, Yimsiri and Soga 2010, Guo and Zhao 2013,
Huang et al. 2014, Zhao and Guo 2015).

This paper aims to investigate the origin of anisotro-
pic strength observed in laboratory tests in Figure 1(b)
based on DEM simulations. Soil particles are idealised as
ellipsoids to preserve the elongation distributions of real
soil particles. Then, virtual soil specimens are prepared
at different inherent fabrics including four fabric direc-
tions of θ = 0°, 30°, 60°, and 90° and three fabric degrees
of strong, medium, and weak fabrics by restricting the
particle long axis orientations. Therefore, 12 inherent
fabrics are generated. The triaxial tests are simulated at
five intermediate stress ratio values with b = (σ2 – σ3)/(σ1
– σ3) values of 0, 0.25, 0.5, 0.75, and 1.0. Therefore,
a total of 60 DEM simulations are performed. Based
on simulation results, this study explores the induced
fabric anisotropy in triaxial tests and develops a micro
explanation of anisotropic strength of granular soils
caused by different inherent and induced fabrics.

2. Stress and fabric tensor

The homogenised bulk stress tensor for a discrete par-
ticle assembly can be calculated from the Love formula
(Christoffersen et al. 1981):

σij ¼ 1
V

XNc

c¼1

fidj (1)

where V is the volume of the assembly, Nc is the total
number of contacts, f is the contact force, and d is
a vector connecting the centres of two contacting parti-
cles. The mean effective stress is p0 ¼ σii=3 and the
equivalent deviatoric stress can be determined as:

qe ¼ 1ffiffiffi
2

p σ1 � σ2ð Þ2 þ σ1 � σ3ð Þ2 þ σ2 � σ3ð Þ2� �0:5
(2)

where qe becomes the traditional definition of the devia-
toric stress q = σ1 – σ3 for triaxial tests.

This study used particle long axes and contact nor-
mals to quantify fabric and investigate inherent and
induced fabrics in simulations. Therefore, fabric tensor
can be defined as:

φ�
ij ¼

ð
Ω
E Ωð Þn�i n�j dΩ � ¼ p; cð Þ (3)

where the superscript * represents either ‘p’ or ‘c’mean-
ing particle long axis tensor or contact normal tensor in
the rest of the paper; n�i (i = 1, 2, 3) is the components of
a unit vector n* which could be either particle long axis
(* = p) or contact normal (* = c); and E(Ω) is a density
function describing the statistical distribution of n*; and
Ω is a solid angle corresponding to the entire surface of
a unit sphere. The E(Ω) can be approximated by
the second-order Fourier expansion (Kanatani 1984,
Ouadfel and Rothenburg 2001):

E Ωð Þ ¼ 1
4π

1þ F�ijn
�
i n

�
j

� �
� ¼ p; cð Þ (4)

where F�ij is the deviatoric fabric tensor:

F�
ij ¼

15
2

φ�
ij �

1
5
δij

� �
� ¼ p; cð Þ (5)

where δij is the Kronecker delta.
For the assembly of discrete particles, the Eq. (3) can

be rewritten as a limited form:

φ�
ij ¼

1
N�

X
N�

n�i n
�
j � ¼ p; cð Þ (6)

where N* is the total number of vectors n* in assembly.
The Eq. (6) has been widely used in DEM studies to
compute fabric tensor.

The spatial distribution of vectors n* (* = p, c) is
commonly plotted as a 3D rose diagram as shown in

Figure 1. The anisotropic strength of different sands caused by different inherent fabrics.
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Figure 2(a). Given spatial distribution of n* (* = p, c),
Eqs. (4), (5), and (6) can be used to determine the E(Ω).
The E(Ω) is plotted in Figure 2(b), which is essentially
a best surface to the 3D rose diagram in Figure 2(a). The
E(Ω) diagram provides an easier way to observe the
preferred fabric direction and degree of fabric aniso-
tropy than the 3D rose diagram.

To measure the degree of fabric anisotropy under
three-dimensional stress condition, Barreto and
O’Sullivan (2012) proposed a generalised octahedral
fabric factor:

Ψ� ¼ 1ffiffiffi
2

p φ�
1 � φ�

2

	 
2 þ φ�
1 � φ�

3

	 
2 þ φ�
2 � φ�

3

	 
2h i0:5
� ¼ p; cð Þ

(7)

where φ�
1, φ

�
2, and φ�

3 are the principal values of φ
�
ij. The

Eq. (6) reduces to φ�
d ¼ φ�

1 � φ�
3 for axisymmetric triax-

ial test condition (Thornton 2000).

3. Virtual soil specimen generation

The fabric anisotropy of granular soils depends on par-
ticle elongations. Laboratory studies have shown that
elongated soils tend to develop larger degrees of fabric
anisotropy (Oda 1981, Lade et al. 2014, Zheng and
Hryciw 2017, 2018). The elongation of soil particle can
be quantified by the ratio of width d2 to length d1, which
is defined as width to length ratio sphericity (SWL)
(Krumbein and Sloss 1951). To investigate the SWL

values of natural sands, a total of 18 natural sands are
collected and analysed. For each sand, around 5,000
particles are analysed by the computational geometry
code (Zheng and Hryciw 2015, Hryciw et al. 2016). The
distributions of SWL values are plotted in Figure 3(a).
The mean S values (SWL, m) are computed and shown in
the legend of each sand. For example, the SWL, m of
brady, TX is 0.76.

To preserve the particle elongations in simulations, the
soil particles are idealised as ellipsoids in DEM. This
study generates 14 ellipsoids with SWL values varying

from 0.35 to 1.00 with an increment of 0.05. The DEM
simulations were performed using the Particle Flow Code
in Three Dimensions (PFC3D) (Itasca Consulting Group
2018). These ellipsoids are simulated as sphere clumps are

Figure 2. Illustration of density function E(Ω).

Figure 3. Particle shape and size distributions of virtual soil
specimen in DEM consisting of ellipsoids.
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shown in Figure 3(a). The virtual specimen contains
10,685 particles with the combination of 14 ellipsoids
satisfying the mean SWL distribution of these natural
soils. The SWL, m of the virtual soil is 0.72. The particle
size is defined as the diameter of volume equivalent
sphere of ellipsoid. The sizes of ellipsoids are randomly
enlarged and reduced to generate a particle size distribu-
tion as shown in Figure 3(b).

As discussed before, the fabric anisotropy of granular
soils depends onparticle SWL. Therefore, the ellipsoids used
in DEM with the average SWL distribution may be repre-
sentative for the SWL distributions of natural sands.
Therefore, the fabric evolution simulation results may pro-
vide insight into the actual fabric evolution in actual sands.
This paper uses ellipsoids in simulations, rather than rea-
listic particles. Therefore, direct comparisons between
simulation and laboratory tests are not meaningful. The
particle size distribution in Figure 3(b) is used in simulation
considering computational capability. If we use large Cu,
the simulation will include a large number of small ellip-
soids, exceeding the computational capability of our
workstation.

4. Inherent fabrics in virtual soil specimens

The 10,685 ellipsoids are distributed in a 10 cm � 10 cm
� 10 cm cubic box bounded by rigid walls. The orienta-
tions of those ellipsoids are controlled to develop different
inherent cross-anisotropic fabrics as shown in Figure 4(a).
The direction of inherent cross-anisotropic fabric is quan-
tified by fabric direction (f), which is the normal of the
despite plane. The vector f is determined by two spherical
coordinates θ and ξ in principal stress space, where θ and ξ
are the angles between f and σ1 and σ2, respectively, as
shown in Figure 4(a). The degree of inherent fabric is
quantified by the octahedral fabric factor (Ψ�, * = p, c),
which is computed by Eq. (7). The Ψ� depends on relative
angle ϐ between ellipsoids and the deposit plane as shown
in Figure 4(b). The ϐ values of ellipsoids vary from −90° to

90°. If all the ϐ values of ellipsoids are restricted as 0°, this
generates a strong cross-anisotropic fabric. If the ϐ values
of ellipsoids are randomly distributed in [−90°, 90°], this
essentially generates an isotropic fabric.

Figure 4. Illustration of inherent cross-anisotropic fabrics in DEM.

Figure 5. Illustration of the inherent fabric for θ = 30° after
consolidation.
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This study simulates four fabric directions: θ = 0°,
30°, 60°, and 90° while ξ keeps 90°. For each direction,
three different degrees of fabric anisotropy are simu-
lated by defining the three ranges of ϐ values: [0°, 0°],
[−45°, 45°], and [−80°, 80°], which are defined as strong,
medium and weak fabrics, respectively. It should be
noted that these strong, medium and weak fabrics are
defined for discriminating three initial fabric conditions
in our simulations, which are not used for fabric quan-
tification in this study. We use octahedral fabric factor
(Ψ�, * = p, c) for quantifying fabric.

The combinations of fabric directions and fabric
degrees generate 12 inherent fabrics. All the specimens
are consolidated under the isotropic stress σ1 = σ2 = σ3
= 500 kPa. During consolidation, friction coefficient μ is
set as zero to reach the dense packing. The linear contact
model of PFC is used in simulations. The effective

Figure 6. Illustration of column buckling failure theory.

Figure 7. Anisotropic strength of granular soils in simulations as a function of different inherent fabrics and triaxial strain conditions
(b).
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modulus E* of wall is set as 2.5 GPa, while the E* of
ellipsoid is set as 0.25 GPa. The normal-to-shear stiffness
ratio κ* is set as 1.5. Particle rotations are not constrained
in consolidation to create interlocking and accommodate
the macro deformation under isotropic stresses.

After consolidation, θ values are not changed, indicat-
ing the consolidation process does not change fabric
direction. The octahedral particle long axis fabric factor
Ψp values for strong, medium, and weak fabrics are
around 0.20, 0.15, and 0.10, respectively, for different
fabric directions. The octahedral contact normal fabric
factor Ψc values for strong, medium, and weak fabrics are
around 0.05, 0.04, and 0.03, respectively, for different
fabric directions. The spatial distributions of particle
long axes and contact normals are quantified by density
functions E(Ω) based on Eqs. (4), (5), and (6). After
consolidation, the E(Ω) plots for particle long axes and
contact normals for θ = 30° are shown in Figure 5. The
φ�
1, φ

�
2, φ

�
3, and Ψ

� (* = p, c) values are also superimposed.
After consolidation, particle long axes display

a cross-anisotropic fabric. In the deposit plane, φp
1 values

are close to φp
2 values and both are larger than φp

3 values.

However, after consolidation, contact normals display
an isotropic fabric. The φc

1, φ
c
2, and φc

3 values are close to
each other and Ψc values are close to zero. That is
expected because the same amount of contact normals
are mobilised in each direction to establish the force
chains in specimen to retain external isotropic stresses.

5. Buckling failure theory

In structural engineering, the critical buckling pressure
of a column with circular cross section and pinned at
both ends can be quantified by (Li et al. 2019a, 2019b,
2019e, 2019c, 2019d):

P ¼ π2E
r
L

� �2
(8)

where r is the radius of the column and L is the length
column as shown in Figure 6(a).

After consolidation, we cut a vertical column of
ellipsoids from the specimen as shown in Figure 6(b).
The critical buckling pressure P of this column of ellip-
soids can be quantified by Eq. (8) as shown in Figure 6

Figure 8. The buckling failure theory for explaining anisotropic strength of granular soils.

6 J. ZHENG ET AL.



(b). We will use Eq. (8) to analyse the anisotropic
strength and fabric evolution in granular soils.

6. Macro-mechanical responses

After consolidation, the soil specimens are sheared under
the constant mean effective stress p’ = 500 kPa and con-
stant stress ratio b = (σ2 – σ3)/(σ1 – σ3). For each of 12
inherent fabrics, five b values of 0, 0.25, 0.5, 0.75, and 1.0
are used, generating five shear simulations. Therefore,
there are total of 60 DEM simulations are performed.
The contact friction coefficient μ is set as 0.5 in shear stage.

The mobilised shear strength sin(ϕ) = (σ1 – σ3)/(σ1 +
σ3) of different θ values at strong fabric and b = 0.25 are
plotted against vertical strain ε1 in Figure 7(a). The sin(ϕ)
increases as increasing ε1 until reach the peak around ε1
= 0.025. Then, all the sin(ϕ) curves converge to the same
critical state regardless of the different inherent fabrics.
The sin(ϕ) versus ε1 curves of other tests have a similar
tendency as Figure 7(a), so they are not displayed.

The peak friction angles ϕp of all the simulations are
computed and plotted versus θ in Figure 7(b–f). All the
ϕp values monotonically decrease as θ increases from 0°
to 90°. It is interesting to observe that the ϕp values of
weak fabric are smaller than the ϕp values of strong
fabric at small θ (θ = 0° and 30°), but opposite trends
are observed at large θ (θ = 60° and 90°).

The variation ranges of ϕp values (Δϕp) are different
depending on the inherent fabric degrees and b values.
Therefore, the Δϕp values are computed and shown in
Figure 7(g). The Δϕp values for strong and medium
fabrics are close and both are larger than Δϕp for weak
fabric. The Δϕp increases as b increases.

The buckling failure theory of Eq. (8) is used to explain
the anisotropic strength observed in Figure 7(b) to (f). For
example, three cubic specimens with strong fabric with
different θ values are shown in Figure 8(a–c). The vertical
columns of ellipsoids are cut from three specimens. The
specimens have the same height, but radii of columns vary
contingent on inherent fabric directions, which is defined
as r0s , r

θ
s , and r

90
s , respectively. With increasing θ values, the

Figure 9. The relationships between peak mobilised friction angles (ϕp), critical mobilised friction angles (ϕcv), and triaxial strain
conditions (b).
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r decreases: r0s > rθs > r90s . Therefore, based on Eq. (8), the
critical buckling pressure of a column P also decreases: P0

s>
Pθ
s > P90

s . The critical buckling pressure P determines the
peak friction angleϕp values of the specimen, soϕp decrease
along with increasing θ values. This explains the decreasing
ϕp values of strong fabric in Figure 7.

The same concept can also be used to explain the
decreasing ϕp values of the specimens with medium and
weak fabrics. We can also cut vertical columns of ellip-
soids from specimens with medium and weak fabrics
but θ = 0° as shown in Figure 8(d–e). As degrees of
fabric anisotropy become weaker, the r decreases: r0s >
r0m> r0w as shown in Figure 8(a), (d) and (e). Therefore,
the ϕp values decrease when degrees of fabric anisotropy
change from strong fabric to weak fabric.

Theϕp values are plotted against b values in Figure 9(a–c).
Theϕp values of the same θ follows a bell shape as b increases
from 0 to 1. The maximum ϕp occurs at b = 0.5 while the
minimum ϕp occurs at b = 0. The critical friction angles ϕcv
are computed by averaging the ϕ values in a range of ε1 = 0.4
to 0.5. All the ϕcv values are plotted in Figure 9(d). For the
same b condition, all the ϕcv values collapse together,

indicating ϕcv values are independent of inherent fabrics.
However, for different b conditions, the ϕcv values exhibit
the same trend with ϕp values, following a bell shape as
b increases from 0 to 1. The similar observation has been
made by other researchers (Ng 2004, Huang et al. 2014).

Lade (Lade 1977) proposed a two-parameter failure
criterion for cohesionless soils based on observations of
laboratory tests:

I31
I3
� 27

� �
I1
pa

� �m

¼ η (9)

where I1 = the first stress invariant, σ1 + σ2 + σ3; I3 = the
third stress invariant, σ1σ2σ3; pa = atmospheric pressure
in the same units of stresses. The value of I31=I3 equals 27
at the hydrostatic axis. The parameter η is used to
describe the opening angle of the failure surface while
the parameter m is employed to describe curvature of
the failure surface in the meridian planes. Because of the
constant mean effective stress test condition, the m will
have no effects and therefore is set as zero in this study.

In Figure 9(a–c), Eq. (9) is used to fit the ϕp values
which is shown as solid lines. The computed η values are

Figure 10. The relationships between peak mobilised stress ratios (qe,p/p’), mobilised stress ratios at critical state (qe,cv/p’), and triaxial
strain conditions (b).
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shown. This study showed that even though Lade’s fail-
ure criterion is an isotropic failure criterion, it can
effectively dedicate the failure envelop at each inherent
fabric. In Figure 9(d), the ϕcv values at different b values
also follow Lade’s failure envelop.

The equivalent deviatoric stress qe can be computed
using Eq. (2). Therefore, the mobilised stress ratio is
defined as qe/p’. The peak mobilised stress ratio qe,p/p’ is
plotted against b in Figure 10(a–c). For the same b value,
the qe,p/p’ decreases as increasing θ. However, as
b increases from 0 to 1, the qe,p/p’ monotonically
decreases displaying a different trend than ϕp values in
Figure 9. Comparing definitions for friction angle ϕ and
qe, the qe considers the intermediate principal stress σ2

while ϕ does not. As b increases from 0 to 1, σ2 increases
and qe,p decreases based on Eq. (2). The qe,p/p’ values also
fit Lade’s failure criteria for each inherent fabric. Figure 10
(d) shows mobilised stress ratio at critical state qe,cv/p’. For
the same b value, all the qe,cv/p’ values collapse together
they are independent of fabric degree and orientation.
Meanwhile for different b values, the qe,cv/p’ values display
the same trend with qe,p/p’ values and also fit Lade’s fail-
ure surface.

7. Particle long axis fabric evolution

The particle long axis fabric degree can be quantified by
the octahedral fabric factor Ψp using Eq. (7). The

Figure 11. The evolutions of particle long axis fabric degrees with vertical strain.
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relationships between Ψp and ε1 are shown in Figure 11.
All the curves start from Ψp = 0.20, 0.15 or 0.11 corre-
sponding to inherent strong, medium or weak fabrics as
shown in Figure 5(a, c and e), respectively.

In Figure 11(a–e), the trends of Ψp curves can be
divided into two groups based on initial θ values.
The Ψp curves of θ = 0° and 30°continuously develop
to the same octahedral fabric at the critical state
(Ψp

cv). The Ψp of θ = 60° and 90° first decrease to
their minima and then increase to reach Ψp

cv, sug-
gesting the inherent cross-anisotropic fabrics are

destroyed and after that, the particles are adjusting
their orientations to form new fabric at critical
state Ψp

cv.
For a specific strain condition (b value), the Ψp

values tend to converge to a critical Ψp
cv regardless of

the inherent fabric directions and fabric degrees. The
Ψp

cv increases as b increases from 0 to 1 as shown in
Figure 11(f) and the relationship can be approxi-
mated as

Ψp
cv ¼ 0:125 exp 0:5bð Þ (8)

Figure 12. The typical evolution of particle long axis fabric density functions with vertical strain.

10 J. ZHENG ET AL.



That observation is rational because high b values pro-
vide stronger constrictions at σ2 direction and thus
stronger anisotropy is developed in shear.

Figure 11 can be better visualised by plotted E(Ω)
versus ε1. For example, the evolution of E(Ω) at θ = 60°
is shown in Figure 12. For b = 0 test, the specimen is
compressed in the σ1 direction. Therefore, the shape of
E(Ω) is squeezed in σ1 direction as ε1 increases. For b > 0
tests, the specimen is compressed at both σ1 and σ2
directions, so the E(Ω) is squeezed in both directions.
For results highlighted in the thick polygon in Figure 12,
the higher b values result in stronger anisotropic fabric
developed in both σ1 and σ2 directions.

The evaluations of θ values with ε1 for strong inherent
fabric are shown in Figure 13. The specimens with med-
ium fabric and weak fabric behave similarly and therefore
not plotted. The θ values eventually converge to zero
regardless of b and θ values. It is observed that the fabric

of θ = 30° and 60° shows a gradual transition while the
fabric of θ = 90° display a collapse at ε1 = 0.2 ~ 0.3.

The evolutions of particle long axis fabric in Figure
11 to 13 can be explained by column buckling theory. In
Figure 13, we observe a gradual change of fabric direc-
tion for inherent fabric direction θ = 0°, 30°, and 60°, but
a sudden change for θ = 90°. This may be explained by
Figure 14. The column is not stable due to the small d90s
and small contact area between particles as shown in
Figure 14(a). Therefore, the column collapses suddenly
when reaches the buckling load. This causes the sudden
transition of fabric direction for θ = 90°.

When the column collapses in Figure 14(b), orienta-
tions of particle long axes become random. Therefore,
the low degrees of fabric anisotropy (or isotropic fabric)
are observed at this moment when ε1 is around 0.2.
Therefore, this explains the valley of Ψp curves in
Figure 11 when ε1 is around 0.2.

At the critical state, the fabric direction is close to
zero as shown in Figure 13, which can also be
explained by buckling failure theory. The stability
of particle depends on its alignment to load direc-
tion. For example, Figure 15(a) shows a particle tilt-
ing an angle of α. The vertical compression force is
transmitted through the particles through a coupled
forces (t) acting on top and bottom of particle. There

Figure 13. The typical evolutions of particle long axis fabric
directions with vertical strain.

L L

(b) Column buckling suddenly ε1 = 0.2 

L

(c) Critical state ε1 = 0.5 (a) Initial state ε1 = 0

Figure 14. Column buckling theory to explain the evolution of particle long axis fabric for specimen with strong fabric and θ = 90°.

Figure 15. The particle rotation during fabric evolution.
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is a high tendency the coupled forces are not co-
axial. Therefore, the particle will rotate due to
a torque induced by a small eccentricity until reach
the stable state in which α becomes zero as shown in
Figure 15(b). Therefore, no matter what are the
initial fabrics in the specimens, the θ values conver-
gent to zero at critical state.

8. Contact normal fabric evolution

The contact normal fabric degree can be quantified by
octahedral fabric factor Ψc. The evaluations of Ψc with
axial strain ε1 for b = 0.75 and weak fabric are shown in
Figure 16(a). The initial Ψc values at ε1 = 0 are close to

zero representing an isotropic fabric after consolidation.
The Ψc curves increase to peaks around ε1 = 0.025 when
the sin(ϕ) curves reach the peak. Then Ψc curves con-
verge to the same critical state. The relationships
between Ψc and ε1 of other tests display similar trends
as Figure 16(a), so they are not plotted.

The peak Ψc values (Ψc
p) are determined for all the

simulations and plotted against ϕp in Figure 16(b–d). As
shown, for the same b condition, both Ψc

p and ϕp are

increases as θ decreases from 90° to 0° suggesting strong
fabric anisotropy is generated at higher shear strength.

The density function E(Ω) for inherent fabric of θ =
0° and weak fabric under testing condition of b = 0.75 is
plotted in Figure 17. After consolidation (ε1 = 0), the E

Figure 16. The evolutions of contact normal fabric degrees with vertical strain.

Figure 17. The typical evolutions of contact normal fabric density functions with vertical strain.
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(Ω) is close to a sphere representing an isotropic fabric.
During the compression, the contacts between particles
are mobilised to resist the vertical compression.
Therefore, E(Ω) become elongated in the σ1 direction.
After peak, the Ψc gradually decreases to a constant
value.

Comparing fabrics of particle long axes in Figure 11,
12, and 13 and contact normals in Figures 16 and 17,
contact normals are immediately mobilised to resist
external loads, but the particle orientations have
a lagging effect. Therefore, both direction and degree
of fabric formed by particle long axes have minor
changes at peak shear strength when ε1 = 0.025 com-
pared with inherent fabric. However, both direction and
degree of fabric formed by contact normals significantly
change and correlate with evaluations of shear beha-
viour of soil.

The Ψc
p values are plotted against b values in Figure

18(a–c). The Ψc
p values monotonically increase as

b increases. The higher b values meaning stronger con-
straint at the σ2 direction and therefore stronger fabric
anisotropy. If we compare Figure 18 with Figure 10, the
Ψc

p values take an inverted trend of qe,p/p’ values.

Therefore, the inverted Lade’s failure surface is defined
to fit Ψc

p values (Thornton and Zhang 2010):

1
2Ψc

2 � 3Ψc
3
¼ ηc (9)

where the Ψc
2 andΨ

c
3 are second and third contact fabric

invariants: Ψc
2 ¼ φ1φ2 þ φ1φ3 þ φ2φ3 and

Ψc
3 ¼ φ1φ2φ3; and the ηc is a constant related to the

degree of fabric anisotropy. Eq. (9) well fits the contact
fabrics. The Ψc at strain range of ε1 = 0.4 ~ 0.5 is
averaged to compute the critical octahedral contact fab-
ric factor Ψc

cv. The Ψc
cv values for the same b collapse

together meaning the critical fabric is independent of
initial fabric degrees and directions. The Ψc

cvvalues for
the same b values also follow the inverted Lade’s failure
envelope.

9. Conclusions

This study conducts DEM simulations to explore the
evaluations of fabric anisotropy of granular soils in
triaxial tests and discover a fundamental understanding
of anisotropic shear strength of granular soils observed
in laboratory tests.

In this study, soil particles are idealised as ellip-
soids to preserve the elongation distributions of real
soil particles determined by analysing 90,000

Figure 18. The relationships between peak contact normal fabric degrees (Ψc
p), critical contact normal fabric degrees (Ψc

cv), and triaxial
strain conditions (b).
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particles from 18 sands. Then, virtual soil specimens
are prepared at different inherent fabrics including
four fabric directions of θ = 0°, 30°, 60°, and 90°. At
each fabric direction, strong, medium, and weak
fabrics are simulated. Therefore, 12 inherent fabrics
are generated. The triaxial tests are simulated at five
intermediate stress ratio values with b values of 0,
0.25, 0.5, 0.75, and 1.0. Therefore, a total of 60 DEM
simulations are performed.

Simulations show that shear strength (ϕp) decreases
as θ increases from 0° to 90°, which agrees well with the
laboratory test results. The decreasing ranges (Δϕp) are
different depending on the inherent fabric degrees and
b values. The Δϕp values for strong and medium fabrics
are close and both are larger than Δϕp for weak fabric.
The Δϕp increases as b increase.

The mobilised shear strength evolutions correlate
with the evolutions of contact normal fabrics. The
fabric degree (Ψc) and friction angle (ϕ) reach their
peak values (Ψc

p and ϕp) at the same strain level of

ε1 = 0.025. Then, they reduce to the critical state
values (Ψc

cv and ϕcv) regardless of inherent fabrics.
Larger ϕp values correspond to larger Ψc

p. Lade’s

failure criterion for cohensionless soils can be used
to describe shear strength and contact fabric aniso-
tropy at both peak and critical states at a certain
inherent fabric.

Particle long axis fabric shows a lagging effect than
contact normal fabric. When soils reach the peak shear
strength at ε1 = 0.025, particle long axis fabrics do not
change from the inherent fabrics. Therefore, particle
orientations are preserved. Based on this observation,
a buckling failure theory from structural engineering is
introduced to explain the anisotropic strength of gran-
ular soils and fabric evaluations. The conceptual soil
columns are cut from soil specimens with different
inherent fabrics. When θ increase from 0° to 90° in
inherent fabrics, the widths of conceptual soil columns
decrease, leading to smaller shear buckling loads, and
therefore, smaller shear strengths of granular soils.
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