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Abstract—Throughput-Outage scaling laws for single-hop
cache-aided device-to-device (D2D) communications have been
extensively investigated under the assumption of the protocol
model. However, the corresponding performance under physical
models has not been explored; in particular it remains unclear
whether link-level power control and scheduling can improve the
asymptotic performance. This paper thus investigates the asymp-
totic throughput-outage tradeoff and derives its outer bound for
cache-aided D2D networks under two common physical models.
The results show that the asymptotic performance of the network
under physical models is identical to that under the protocol
model when requests are served with equal quality. This indicates
that the throughput-outage performance cannot be improved
asymptotically by using link-level power control and scheduling.

I. INTRODUCTION

As video traffic demand has rapidly increased, satisfying
such demand has been one of the major challenges of wireless
networks [1]. One of the most promising approaches, caching
at the wireless edge, exploits the unique video accessing
pattern of users and cheap storage to trade off bandwidth
against memory [1] and has drawn significant attention [2].

Due to the ability to improve video services without the
need of newly installed infrastructure, cache-aided wireless
D2D networks has been one of the most popular implemen-
tations of caching at the wireless edge, and drawn significant
attentions [1]. While many papers investigate the designs and
implementations of cache-aided D2D networks, another set of
investigations concentrates on the scaling laws of the networks,
which characterize the asymptotic behaviors as number of
users N tend to infinity in order to understand the fundamental
limits and benefits of such networks. For example, scaling laws
of cache-aided multi-hop D2D networks with and without hier-
archical cooperation were investigated in [3]–[6]. Furthermore,
scaling laws of single-hop cache-aided networks were studied
in [7]–[9]. Specifically, [7] investigated the maximum expected
throughput scaling law without considering the outage prob-
ability. Considering the outage probability, [8] analyzed the
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throughput-outage performance of the networks and provided
both the achievable performance and outer bound under proto-
col model [10] and the Zipf popularity distribution. Following
[8], [9] derived the throughput-outage analysis for the more
general Mandelbrot-Zipf (MZipf) popularity distribution.

The throughput-outage scaling law analyses for single-hop
cache-aided D2D networks have been conducted mostly for the
protocol model. However, this model may be oversimplified,
since it does not incorporate the link-level power control
and scheduling into the analysis. A more realistic model is
the physical (interference) model [10], under which suitable
scheduling and power control algorithms (usually for a given
caching distribution) have been designed, and performance in
finite-size networks has been investigated, usually by simu-
lation, [11], [12]. However, to the best of our knowledge,
the scaling laws for physical models have not been explored
yet, and it is unclear whether the link-level power control and
scheduling can further improve the scaling laws derived under
protocol model. This paper thus aims to address this question.

This paper considers single-hop cache-aided D2D networks
with MZipf popularity distribution whose Zipf factor is smaller
than 1 and conducts the throughput-outage scaling law analysis
for two common physical models. Specifically, by explor-
ing the relationship between the communication distances
of users and the throughput-outage performance, we derive
the throughput-outage outer bounds of the networks for both
physical models in the regime that the outage probability is
negligibly small or converging to zero when the numbers
of users in the network and files in the library goes to
infinity, which corresponds to the practical consideration that
the outage probability should be small. The results show
that when the user powers are finite, the throughput-outage
performance under physical models is asymptotically identical
to those derived in [8] and [9] under the protocol model.
This indicates that the performance of single-hop cache-aided
D2D networks cannot be asymptotically improved by using
link-level power control and scheduling when requests are
served with equal quality, though the constant factor might
be improved significantly in practice.

II. NETWORK MODEL

We consider a random dense network where users are placed
according to a binomial point process (BPP) within a unit
square-shaped area [0, 1] × [0, 1]. Accordingly, we assume
that the number of users in the network is N , and users
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are distributed uniformly at random within the network. We
assume each device in the network can cache S files and each
file has a equal size. We consider a library consisting of M
files. We assume that users request the files from the library
independently according to a request distribution modeled by
the MZipf distribution [13]:

Pr(f) =
(f + q)−γ∑M
m=1(m+ q)−γ

, (1)

where γ is the Zipf factor and q is the plateau factor of
the distribution. We can see that the MZipf distribution de-
generates to a Zipf distribution when q = 0. We consider
the decentralized random caching policy for all users [14],
in which users cache files independently according to the
same caching policy. Denoting Pc(f) as the probability that
a user caches file f , the caching policy is fully described by
Pc(1), Pc(2), ..., Pc(M), where 0 ≤ Pc(f) ≤ 1, ∀f ; thus users
cache files according to the caching policy {Pc(f)}Mf=1. To
satisfy the cache space constraint, we have

∑M
f=1 Pc(f) = S.

Note that by using the random caching policy in [14], such
constraint can result in the use of the cache space being exactly
S. In this paper, we assume that S and γ are some constants.

We consider the asymptotic analysis in this paper, in which
we assume that N → ∞, M → ∞, and q → ∞ [9]. We
consider γ < 1 and restrict to M = o(N) and q = O(M).
The main reason for restricting to M = o(N) is to render
the users of the network the sufficient ability to cache the
whole library. Besides, we assume q → ∞ because q is
asymptotically influential only if q →∞. Furthermore, when
q goes to infinity, it is sufficient to consider q = O(M).
This is because the MZipf distribution would behave like a
uniform distribution asymptotically as q = ω(M) which is
less interesting.

We consider single-hop D2D delivery for the network. Users
can obtain their desired files through only single-hop D2D
delivery. Note that since S is a constant, the probability that a
user can find the desired file from its own cache goes to zero
as q and M go to infinity. This avoids the trivial gain from
self-caching in terms of asymptotic performance. Moreover,
similar to [8], we assume that different users making the
requests on the same file would request different segments of
the file, which avoids the gain from naive multicasting. Also,
we assume file segments delivered to users have the same size.

We define an outage as an occurrence where a user cannot
obtain its desired file within one hop. Suppose we are given a
realization of the placement of the user locations P according
to the binomial point process. In addition, we are given a
realization of file requests F and a realization of file placement
G of users according to the popularity distribution Pr(·) and
caching policy Pc(·), respectively. Denote U as the index set
of users. We can then define Tu as the throughput of user
u ∈ U under a feasible single-hop file delivery scheme:

Tu =
1

T

T∑
t=1

cuAu(t), (2)

where T is the number of time-slots for the transmission, cu is
the link rate of user u, and Au(t) is the link activation indicator

of user u at time-slot t, where Au(t) = 1 if the link of user u is
scheduled at time-slot t; otherwise Au(t) = 0. We then define
the average throughput of user u as Tu = EP,F,G[Tu], where
the expectation is taken over the placement of user locations P,
file requests F of users, the file placement of users G, and the
file delivery scheme. Finally, we define the average throughput
of a user in the network as

T = min
u∈U

Tu. (3)

When the number of users in the network is N , we define

No =
∑
u∈U

1{E[Tu | P,F,G] = 0} (4)

as the number of users in outage, where 1{E[Tu | P,F,G] =
0} is the indicator function such that the value is 1 if E[Tu |
P,F,G] = 0; otherwise the value is 0. Intuitively, 1{E[Tu |
P,F,G] = 0} is equal to zero when the file delivery scheme
cannot deliver the desired file to user u. We note that the
expectation of E[Tu | P,F,G] is taken over the file delivery
scheme. The outage probability is then defined as

po =
1

N
EP,F,G[No] =

1

N

∑
u∈U

P (E[Tu | P,F,G] = 0) . (5)

In this paper, we focus on the regime that the outage proba-
bility is either negligibly small or converging to zero when N
and M go to infinity. This corresponds to the consideration
that the outage probability should be small in practice.

A. Channel Models
We consider two types of physical models. Suppose there

is a transmitter (TX)-receiver (RX) pair u, where user u is
serving as the TX and user u(r) is serving as the RX of user
u. We denote xu and xu(r) as the locations of user u and u(r),
respectively. We denote ΓCo as the set of users transmitting
at the same time-frequency resource of user u. Then, the
first physical model, referred to as “bounded physical model”,
defines the link rate for the TX-RX pair u as [10], [15]:

R(u, u(r)) =

{
Bu log2(1 + ϑ), C(u, ur) ≥ ϑ

0, C(u, ur) < ϑ
, (6)

where

C(u, ur) = log2

(
1 +

Puluu(r)

BuN0 +
∑
k 6=u,k∈ΓCo

Pklku(r)

)
; (7)

ϑ is some constant according to the delivery mechanism; N0 is
the noise power spectral density; Bu is the bandwidth used for
communication between users u and u(r); Pu is the power of
user u; and luu(r) = χ

(duu(r))
α is the path (power) gain between

users u and u(r), where duu(r) = |xu − xu(r) | is the distance
between users u and u(r), χ > 0 is some calibration factor,
and α > 2 is the pathloss coefficient.

The second physical model, referred to as “generalized
physical model”, defines the link rate for the TX-RX pair u
as [10], [15]:

R(u, u(r)) = Bu log2

(
1 +

Puluu(r)

BuN0 +
∑
k 6=u,k∈ΓCo

Pklku(r)

)
.

(8)
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III. THROUGHPUT–OUTAGE SCALING LAW OUTER
BOUND ANALYSIS WITH BOUNDED PHYSICAL MODEL

In this section, we provide the throughput-outage outer
bound under the bounded physical model. To derive the outer
bound, we first provide the following two lemmas:

Lemma 1 (Lemma 4 in [5]): When N = ω(M) users
are uniformly distributed within a network with unit size,
the probability to have ND users within an area of size
A = o

(
ND
N

)
is upper bounded by o(1).

Lemma 2 (Lemma 5 in [5]): Suppose γ < 1. We then have
the following results: when a user in the network searches
through ns = o

(
M
S

)
different users, we obtain pmiss(ns) ≥

1 − o(1). Furthermore, when a user in the network searches
through ns = ρ′M different users for some ρ′, we have the
following results: (i) pmiss(ns) ≥ ε′1(ρ′) if ρ′ = Θ(1), where
ε′1(ρ′) can be arbitrarily small as ρ′ is large enough; and (ii)
pmiss(ns) ≥ (1− γ)e−(Sρ′−γ) if ρ′ = ω(1).

From Lemmas 1 and 2, we conclude that to have a non-
vanishing probability for a user to obtain the desired file (i.e.,
pmiss(n) does not go to 1), the distance between the source

and destination is at least Θ

(√
ρ′M
SN

)
with high probability

(w.h.p). As a result, we have the following theorem:
Theorem 1: Let M → ∞, N → ∞, and q → ∞. Suppose

γ < 1 and q = O(M). Consider the bounded physical model.
Then, when ρ′ = Ω(1) is large enough, the throughput-outage
performance of the network is dominated by:

T (Po) = Θ

(
S

ρ′M

)
, Po = Θ(e−ρ

′
). (9)

Proof. See Appendix A.

Remark 1: Theorem 1 shows that when γ < 1, M is
the dominant factor while q does not impact the asymptotic
scaling law. In addition, it shows that the throughput-outage
performance bound considering the bounded physical model
has the same scaling law as the throughput-outage perfor-
mance considering the protocol model [8], [9]. Note that in
contrast to the physical model here which enables the link-
level power allocation and scheduling, the protocol model and
the approaches in [8], [9] only consider the simple clustering
network and the system-level changing of the cluster size. As
a result, this indicates that the link-level power allocation and
scheduling cannot improve the scaling law, i.e., the growth
rate, of the throughput-outage performance asymptotically
when requests of users are served with equal quality. How-
ever, in practice, the constant factor of the throughput-outage
performance might be improved by a good power control and
link scheduling approach.

IV. THROUGHPUT–OUTAGE SCALING LAW OUTER BOUND
ANALYSIS WITH GENERALIZED PHYSICAL MODEL

Here, we provide the throughput-outage outer bound analy-
sis under the generalized physical model. We start the analysis
by providing Theorem 2 which describes a transport capacity
upper bound.

Theorem 2: We denote the set of TX-RX pairs as Γ and
define ru as the communication distance for the TX-RX

pair u. Let M → ∞, N → ∞, and q → ∞. Suppose
γ < 1 and q = O(M). We let R0 = ε0

√
ρ′M
SN , where ε0

is some small constant. We denote the transport capacity of
the network consisting of Γ, defined in terms of meter-bits/s,
as CΓ =

∑
u∈Γ ruCu in T seconds, where Cu is the average

throughput (bits/s) of user u. We denote the set of TX-RX
pairs which have the largest powers among the TX-RX pairs
in their corresponding time-frequency resources as W . Under
the generalized physical model, CΓ is upper bounded as:

CΓ ≤ BCW +BCΓR0
+

B
log2(e)

ε0

√
SN

ρ′M

(
α
(

3
√

2 + 1
)

+ 2(2(
√

2 + 1))α
)
,

(10)

where B is the total bandwidth of the network; CW is
the average transport capacity efficiency, defined in terms of
meter-bits per second per Hz, of the TX-RX pairs in W;
CΓR0

is the average transport capacity efficiency of TX-RX
pairs that are not in W and have communication distances
smaller than R0; Pmax is the maximum power that a user can
use for transmission; Bs and τ are the minimum amount of
bandwidth and time duration for a TX-RX pair to be scheduled
to communicate. The definitions of CW and CΓR0

are formally
given below (28) at the end of Appendix B.

Proof. See Appendix B.

To have a negligibly small outage probability, according to
Lemmas 1 and 2, we need the TX-RX pairs to have communi-

cation distances ru = Θ

(√
ρ′M
SN

)
with high probability. This

indicates that the average distance of a bit that is transported

in the network is L = Θ

(√
ρ′M
SN

)
. From (10), we first

observe that the upper bound can be optimized by maximizing
CW and CΓR0

. When optimizing CW , we aim to have larger
rw, ∀w ∈ W . In addition, we know that, w.h.p., the commu-

nication distances of users are ru = Θ

(√
ρ′M
SN

)
, ∀u ∈ Γ.

It follows that we can assume without loss of optimality

rw = Θ

(√
ρ′M
SN

)
, ∀w ∈ W . Therefore, we obtain:

CΓ ≤ BΘ

√ρ′M

SN
log2

1 +
Pmax

N0Bs

χ(
ρ′M
SN

)α
2


+BCΓR0

+B
log2(e)

ε0

√
SN

ρ′M

(
α
(

3
√

2 + 1
)

+ 2(2(
√

2 + 1))α
)
,

(11)
We then denote λ as the average throughput per user (bits/s)
in T sec; ΓR0

tot = {u : |xu − xur | < R0, u ∈ Γ \W}; and let

CPmax = BΘ

√ρ′M

SN
log2

1 +
Pmax

N0Bs

χ(
ρ′M
SN

)α
2


 .

(12)
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By definition, we thus obtain

CΓ = λNL = λNΘ

(√
ρ′M

SN

)
= λΘ

(√
ρ′MN

S

)
(a)

≤ CPmax +
∑
u∈Γ

R0
tot

ε0

√
ρ′M

SN
λ

+B
log2(e)

ε0

√
SN

ρ′M

(
α
(

3
√

2 + 1
)

+ 2(2(
√

2 + 1))α
)
(13)

where (a) is because ru < R0, ∀u ∈ ΓR0
tot and segments

delivered for users have the same size. It follows that

λ ≤CPmax

√
S

ρ′MN
+ λε0

1

N

∑
u∈Γ

R0
tot

1

+B
log2(e)

ε0

S

ρ′M

(
α
(

3
√

2 + 1
)

+ 2(2(
√

2 + 1))α
)
.

(14)
Suppose the number of users having communication distances
smaller than R0 is εN , where ε = O(1) < 1. This leads to

λ ≤ B

(1− ε0ε)
1

N
log2

1 +
Pmax

N0Bs

χ(
ρ′M
SN

)α
2


+
B log2(e)

(
α
(
3
√

2 + 1
)

+ 2(2(
√

2 + 1))α
)

ε0(1− ε0ε)
S

ρ′M
.

(15)
Recall that, w.h.p., the communication distances of TX-RX

pairs is Θ

(√
ρ′M
SN

)
and ε is small when ε0 is small. Thus,

(1−ε0ε) should be some constant. Then, from (15) and Lemma
2, we obtain the following theorem:

Theorem 3: Let M → ∞, N → ∞, and q → ∞. Suppose
γ < 1. We consider the generalized physical model. Then,
when ρ′ = Ω(1) is large enough, the throughput-outage
performance of the network is dominated by (16) on the
bottom of this page.

Remark 2: Note that when N → ∞, T (Po) can be
unbounded because the term χ(

ρ′M
SN

)α
2

in T (Po) in Theorem

3 can go to infinity. This unreasonable result is brought by
having the cases that the signal-to-interference-plus noise ratio
(SINR) becomes unbounded due to the unbounded path gain.
Thus, to correctly interpret the result in Theorem 3, we should
consider that the term χ(

ρ′M
SN

)α
2

in T (Po) in Theorem 3 is upper

bounded by 1, which corresponds to the physical reality of the
pathloss laws.

Remark 3: Identical to Theorem 1, Theorem 3 shows
that if the maximum transmit power is some constant,
the throughput-outage performance bound considering the
generalized physical model has the same scaling law as

the throughput-outage performance considering the protocol
model [8], [9]. This again indicates that the link-level power al-
location and scheduling cannot improve the the scaling law of
the throughput-outage performance asymptotically. However,
when we allow the maximum instantaneous transmit power
to be infinity while the average power is still some constant,
Theorem 3 suggests that the asymptotic performance might be
improved if S

ρ′M = o( log2(N)
N ). Such improvement could be

possible if we let a user to exclusively transmit with the power
being Θ(N) once every Θ(N) time-slots.

V. CONCLUSIONS AND DISCUSSION

This paper investigates the asymptotic throughput-outage
performance for cache-aided D2D networks under two com-
mon physical models. The results show that the asymptotic
performance of the network under physical models is iden-
tical to that under protocol model. This indicates that the
throughput-outage performance cannot be changed asymptot-
ically by using link-level power control and scheduling.

Our results are derived under the assumptions that different
TX-RX instances are forced to transmit at the same rate and
that the users are uniformly distributed within the network.
Therefore, our analysis can be considered as the statistically
worst-case analysis, and different scaling laws might be de-
rived if different assumptions are considered.

APPENDIX A
PROOF OF THEOREM 1

Proof. We first note that since ϑ is a constant, the link rate
is finite and upper bounded. Therefore, there is no benefit
of increasing the power to infinity. Besides, we need the
transmit power to be larger than some constant to have link
rate larger than zero. As a result, without loss of optimality,
we can assume that the powers of users in the network is upper
bounded by some constant νupp = Θ(1) and lower bounded by
some constant νlow = Θ(1), i.e., νlow ≤ Pu ≤ νupp, ∀u. Then,
we consider a TX-RX pair u. From (6), we can obtain:

Pu
χ

dα
uu(r)

N0 +
∑
k 6=u,k∈ΓCo

Pk
χ

dα
ku(r)

≥ 2ϑ − 1 = β, (17)

where ΓCo is the set of TX-RX pairs that communicate at
the same time-frequency resource as the TX-RX pair u and
β = Θ(1) is some constant. Since N0 > 0 and νlow ≤ Pu ≤
νupp, ∀u, we have:

νupp|xu − xu(r) |−α∑
k 6=u,k∈ΓCo

νlow|xk − xu(r) |−α
≥ β. (18)

Then, suppose we consider only interfering TXs k that satisfy

|xk − xu(r) | = O
(√

ρ′M
SN

)
and denote the set of these TXs

as ΓuCo. Besides, by Lemmas 1 and 2, we know that to have

T (Po) = Θ

B

N
log2

1 +
Pmax

N0Bs

χ(
ρ′M
SN

)α
2

+B log2(e)
(
α
(

3
√

2 + 1
)

+ 2(2(
√

2 + 1))α
) S

ρ′M

 , Po = Θ
(
e−ρ

′
)
.

(16)
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CΓst =
∑
u∈Γst

rucu =
∑
u∈Γst

ruτBs log2

(
1 +

Puluu(r)

N0Bs +
∑
k∈Γst,k 6=u Pklku(r)

)

≤ rwstτBs log2

(
1 +

Pmaxlwstw(r)
st

N0Bs

)
+ τBs

 ∑
u∈Γ

R0
st

rucu + log2(e)
∑
j>0

∑
u∈Γ

Rj
st

ru loge

(
1 +

Puluu(r)∑
k∈Γst,k 6=u Pklku(r)

) . (20)

the outage probability po = Θ(e−ρ
′
), the distance between the

TX and RX is Θ

(√
ρ′M
SN

)
with high probability. It follows

that for a pair u, w.h.p., we have:

νuppΘ
(
|ρ

′M
SN |

−α/2
)

∑
k∈ΓuCo

νlowΘ
(
|ρ′MSN |−α/2

) ≥ β. (19)

Therefore, we need |ΓuCo| ≤ βnumber = Θ(1) to let the TX-
RX pair u to have a non-zero link rate. Finally, if we split
the network into equally-sized square clusters in which the

side length of each cluster is d = Θ

(√
ρ′M
Sn

)
, we then have

in total a number Θ
(
Sn
ρ′M

)
of such clusters. Then, by the

above arguments, we know that in each cluster, we can at
most have βnumber + 1 different TX-RX pairs to communicate.
Therefore, the sum throughout of the network is at most
(βnumber + 1)Θ

(
SN
ρ′M

)
. It follows that the throughput per user

is Θ
(

S
ρ′M

)
, where the corresponding outage probability is

characterized as in Lemma 2.

APPENDIX B
PROOF OF THEOREM 2

Proof. Suppose that the T -second duration of the transmission
is split into different time-slots, in which the duration of a
time-slot is τ sec. We also assume that the bandwidth is
equally split into H different sub-channels. We denote the
bandwidth of a sub-channel as Bs and denote the set of TX-
RX pairs that transmit in sub-channel s and time-slot t as
Γst. Note that a TX-RX pair might be scheduled in more than
one time-frequency resource. The total transport capacity for
TX-RX pairs in sub-channel s in time-slot t, defined in bit-
meters, is provided in (20) on the top of this page, where wst
is the user who has the largest transmission power in Γst, i.e.,
Pwst ≥ Pu, ∀u ∈ Γst; Γ′st = Γst \ {wst}; and

Γ
Rj
st = {u : Rj−1 ≤ ru < Rj , u ∈ Γ′st}, (21)

where Rj = ε0

√
ρ′M
SN · 2

j , ∀j ∈ N. We now want to compute

CRj =
∑
u∈Γ

Rj
st

ru loge

(
1 +

Puluu(r)∑
k∈Γst,k 6=u Pklku(r)

)
, ∀j > 0.

(22)
To do this, we split the network into equally-sized square clus-
ters whose size length is Rj . Then, we collect all clusters that
contain at least one RX of the TX-RX pairs in Γ

Rj
st and denote

the set of such clusters as Φj . Consequently, |Φj | ≤ 1
R2
j

. We

denote the gth cluster in Φj as φjg , where 1 ≤ g ≤ |Φj | and

denote the number of RXs located in φjg as njg . We denote the
communication distance corresponding to RX hjg in φjg as rjgh;
denote the transmit power of the TX corresponding to RX hjg
in φjg as P jgh, where h = 1, 2, ..., njg; denote Ijgh as the total
interference at RX hjg in φjg; and let the indices of the RXs
in φjg follow the descending order of the transmit powers of
their corresponding TX, i.e, P jgh ≥ P jgh′ , ∀h > h′. Then, we
know:

CRj ≤
|Φj |∑
g=1

rjg1 loge

1 +
P jg1

χ

(rjg1)α

Ijg1


︸ ︷︷ ︸

(a)

+

|Φj |∑
g=1

njg∑
h=2

rjgh loge

1 +
P jgh

χ

(rjgh)α

Ijgh


︸ ︷︷ ︸

(b)

(23)

We start computing (23) by first computing (a)
in it. To do this, without loss of generality, we
assume P jg1 ≤ P jg′1 if g < g′. We define djg =

min
(
{
√

2} ∪ {|x1j
g′
− x1jg

| : 1 ≤ g′ ≤ |Φj |, g′ 6= g, g < g′}
)

.
Then, it should be noted that wst, which is the user who has
the largest transmit power in Γst must be located within a
distance of

√
2 from any RX 1jg, ∀g. Therefore, according to

the definition of dg , for RX 1jg , there must be a TX to locate
within the distance of dg from it. Moreover, such a TX must
have a transmit power that is at least as large as P jg1. This
thus leads to

Ijg1 ≥ P
j
g1

χ

(dg)α
≥ P jg1

χ

(dg +Rj)α
. (24)

To proceed, we provide Lemmas 3 and 4 as following:
Lemma 3: Suppose that the network is split into

1
Rj
× 1

Rj
number of equally-sized square clusters, in

which each cluster has size R2
j , where 1

Rj
is a power

of 2. Let ∆ = {δ1, ..., δG} be a set of G points, where
G ≤ 1

R2
j

, such that each cluster contains at most one
point from ∆. For g = 1, 2, ..., G, we define dg =

min
(
{
√

2} ∪ {|xδg′ − xδg | : 1 ≤ g′ ≤ G, g′ 6= g, g < g′}
)

.

Then,
∑G
g=1 dg ≤ 3

√
2 1
Rj
− 2
√

2.

Proof. This is obtained by applying Lemma 4.2 in [15].

Lemma 4: When x > 0 and α ≥ 1, loge(1 + xα) ≤ αx.

Proof. loge(1 + xα) ≤ α loge(1 + x) ≤ αx.

From (24) and Lemmas 3 and 4, we can upper bound (a)
in (23) as in (25) on the top of next page, where (a) is due to
Lemma 3 and (b) is because |Φj | ≤ 1

R2
j

. Now, we upper bound
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|Φj |∑
g=1

rjg1 loge

1 +
P jg1

χ

(rjg1)α

Ijg1

 ≤ |Φj |∑
g=1

rjg1 loge

1 +
P jg1

χ

(rjg1)α

P jg1
χ

(dg+Rj)α

 =

|Φj |∑
g=1

rjg1 loge

(
1 +

(dg +Rj)
α

(rjg1)α

)
≤
|Φj |∑
g=1

rjg1α
dg +Rj

rjg1

= α

|Φj |Rj +

|Φj |∑
g=1

dg

 (a)

≤ α

(
|Φj |Rj + 3

√
2

1

Rj
− 2
√

2

)
(b)

≤ α

(
1

Rj
+ 3
√

2
1

Rj
− 2
√

2

)
≤ α

Rj

(
1 + 3

√
2
)
.

(25)

|Φj |∑
g=1

njg∑
h=2

rjgh loge

1 +
P jgh

χ

(rjgh)α

Ijgh

 ≤ |Φj |∑
g=1

njg∑
h=2

rjgh loge

(
1 +

2P jgh

P jg

((
√

2 + 1)Rj)
α

(rjgh)α

)

≤
|Φj |∑
g=1

njg∑
h=2

Rj loge

(
1 + (

√
2 + 1)α

2P jgh

P jg

2αRαj−1

Rαj−1

)
(a)

≤
|Φj |∑
g=1

njg∑
h=2

Rj(2(
√

2 + 1))α
2P jgh

P jg
= 2Rj(2(

√
2 + 1))α

|Φj |∑
g=1

∑njg
h=2 P

j
gh

P jg

≤ 2Rj(2(
√

2 + 1))α
|Φj |∑
g=1

∑njg
h=1 P

j
gh

P jg

(b)
= 2Rj(2(

√
2 + 1))α

|Φj |∑
g=1

1 = 2(2(
√

2 + 1))αRj |Φj |
(c)

≤ 2(2(
√

2 + 1))α
1

Rj
.

(27)

(b) of (23). We define P jg =
∑njg
h=1 P

j
gh. Then, we observe that

when we consider only TXs whose RXs are within the same
cluster of RX u(r), the distances between those TXs and RX
u(r) must be upper bounded by

√
2Rj + Rj , where the first

term is because the largest distance between any receive in the
same cluster is

√
2Rj and the second term is because the the

communication distance of the TX-RX pair in Γ
Rj
st is upper

bounded by Rj . In addition, since we have P jg1 ≥ P
j
gh, ∀h ≥ 2

we know P jg ≥ 2P jgh, ∀h ≥ 2 leading to P jg−P
j
gh ≥

P jg
2 , ∀h ≥

2. By above results, we obtain

Ijgh ≥ (P jg − P
j
gh)

χ

(
√

2Rj +Rj)α
≥
P jg
2

χ

(
√

2Rj +Rj)α
.

(26)
Recall that Rj−1 ≤ rgh < Rj according to the definition of
Γ
Rj
st . Also, notice that Rj = 2Rj−1 by definition. It follows

by using (26) that (b) of (23) can be upper bounded as in (27)
on the top of this page, where (a) is because loge(1 +x) ≤ x
when x > 0; (b) is because

∑njg
h=1 P

j
gh = P jg by definition;

and (c) is because |Φj | ≤ 1
R2
j

.
We note that results in (25) and (27) can be applied when

j > 0, ∀j. Then, by using (23), (25), (27), and Rj = 2Rj−1,
we can obtain:∑

j>0

∑
u∈Γ

Rj
st

ru loge

(
1 +

Puluu(r)∑
k∈Γst,k 6=u Pklku(r)

)

≤
(
α
(

3
√

2 + 1
)

+ 2(2(
√

2 + 1))α
) 1

ε0

√
SN

ρ′M
.

(28)

By combining (20) and (28) and summing contributions in all
time-slots and sub-channels, we can obtain Theorem 2, where
W = {wst, ∀s, t},

CW =

τBs
∑
t

∑
s rwst log2

(
1 +

Pmaxl
wstw

(r)
st

N0Bs

)
BT

, (29)

and

CΓR0
=
τBs

∑
t

∑
s

∑
u∈Γ

R0
st
rucu

BT
. (30)
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