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Abstract

We prove a local-global compatibility result in the mod p Langlands program for GL2(Q,s). Namely,
given a global residual representation 7 appearing in the mod p cohomology of a Shimura curve that is
sufficiently generic at p and satisfies a Taylor—Wiles hypothesis, we prove that the diagram occurring in
the corresponding Hecke eigenspace of mod p completed cohomology is determined by the restrictions
of T to decomposition groups at p. If these restrictions are moreover semisimple, we show that the (¢, I')-
modules attached to this diagram by Breuil give, under Fontaine’s equivalence, the tensor inductions of
the duals of the restrictions of 7 to decomposition groups at p.

1 Introduction.

Let p be a rational prime, f be a positive integer, and let L be the unramified extension of Q, of degree f.
Let kg be a finite extension of the residue field k7, of L. For a field k, we implicitly choose a separable closure
k%P /k and set Gy, = Gal(k*P /k). A perhaps optimistic hope is that a mod p local Langlands correspondence
attaches to every continuous Galois representation p : G — GLa(kg) a GLg(L)-representation w(p) over
kg satisfying several properties including compatibility with the classical local Langlands under reduction
and local-global compatibility (more on this later). Such a correspondence has been established for GL2(Q,,)
in [Bre03}|Col10,[Pas13|[Emell], but appears to be significantly more complex when f > 1 or GLs is replaced
by a higher rank group. One of the obstacles in realizing, or even formulating, this correspondence is that
supersingular irreducible kg[GLa(L)]-representations are not classified, and seem to be very difficult to even
construct.

The classical way of studying representations of p-adic (or Lie) groups is first to study their restriction to a
compact subgroup, and then to study residual symmetries, for example the algebra of Hecke operators. In this
way, infinite dimensional representations are replaced with combinatorial objects. The module theory of the
pro-p Iwahori Hecke algebra captures much of the mod p representation theory in the case of GL2(Q,), but
less in any more complicated case. In [BP12| §9], Breuil and Paskiinas instead consider a refinement of Hecke
modules, which they call (basic) 0-diagrams. For our purposes, a 0-diagram D is a GLo(kr)-representation
Dy with an automorphism IT of Dél whose square acts by a nonzero scalar, where Iy C GLo(kz) is the
subgroup of unipotent upper triangular matrices. From a GLgo(L)-representation 7 with central character,

one obtains a 0-diagram D(r) by taking Dy to be 7 and II to be given by the action of (2 (1)>, where K3

is the kernel of the reduction map GLy(Or) — GL2(kr). Note that if 7 is nonzero and of characteristic p,
then so is 751 since K is a pro-p group. In [BP12, §13], they construct a family of mod p 0-diagrams for each
generic p. From each of these 0-diagrams D, |[BP12} §9] construct a family of mod p GLo(L)-representations
7 such that D is a subdiagram of D(7) in the obvious sense. For each generic p, the family of 0-diagrams has
size 1 if f = 1, but is infinite otherwise; moreover, for each basic 0-diagram, the family of mod p GLa(L)-
representations has size 1 if f = 1, but is infinite if f > 1 (see [Hul0])—this is a long way from the hoped-for
correspondence when f > 1.

Local-global compatibility gives another approach to the mod p local Langlands correspondence. The idea
is that a global mod p Langlands correspondence (closely related to generalizations of Serre’s conjecture)
is often easy to formulate, if difficult to prove. Namely, as in the classical picture, it suffices to use the
Satake parameterization to define an unramified mod p local Langlands correspondence away from p. Mod



p local-global compatibility at p states that the restriction of the global correspondence to places dividing p
should recover the local correspondence. So one way to proceed is to globalize p to a Galois representation 7
which is known to correspond to a space of mod p automorphic forms on a quaternion algebra, and then to
restrict this representation to get a candidate GLg(L)-representation mgion(p) (see Definition and .
A drawback of this construction is that it is completely unclear if mg10,(p) is independent of the various
global choices. The representation 7o () is best understood when 7 satisfies favorable conditions like the
Taylor-Wiles hypothesis. We will assume this to be the case in the rest of this section (see for more
details).

Theorem 1.1. [Brel4,[ EGS15,[HW18|[LMS||Lel9|. If 5 is generic, D(mgion(p)) is isomorphic to one of the
0-diagrams attached to p by [BP12].

More precisely, [Breld] shows that D(7gi0h(p)) contains one of the 0-diagrams attached to p conditional
on a conjecture later established in [EGS15] (under a slightly stronger genericity hypothesis). Building on
this, the sequence of works [HW18[LMS||Le19| shows that in fact this inclusion is an isomorphism (subject to
still stronger genericity hypotheses). However, since this family of 0-diagrams is infinite when f > 1, one may
still ask whether D(mg05(p)) depends on global choices. The following is our first main result (combining

Theorems and [6.2)).

Theorem 1.2. If p is generic, D(mgion (7)) depends only on 5.

See @ for the precise genericity conditions we need: they are slightly more restrictive than those in [BP12].
Theorem E narrows the family of diagrams constructed by [BP12] to a single one for each generic p. In
fact, our proof can be made completely explicit, which we do to some extent in the case when p is semisimple
(see Theorem [1.3)).

The mod p (and p-adic) local Langlands correspondence for GL2(Q,) (see [Coll0}Kis10}Pas13|/CDP14])
is realized by Colmez’s functor. In [Brell|, Breuil observes that this functor is rather combinatorial if p is
semisimple and can be generalized to the GLa(L)-case. Namely, to a Diamond 0-diagram D (a 0-diagram of
a certain form, see §4.2) he attaches a (¢, I')-module M (D), which recovers Colmez’s functor in the GL2(Q),)
case when p is semisimple (recall that the family of 0-diagrams in this case is a singleton). In other words, if
fis 1 and p is semisimple, then M (D(p)) corresponds to p¥ under Fontaine’s equivalence (see [Brell), §1]).
Our other main result generalizes this to arbitrary f.

Theorem 1.3. If 5 : G — GLq(kg) is generic and semisimple, then M (D(mgion(p))) corresponds under
Fontaine’s equivalence to the tensor induction ind%Qpﬁv from G, to Gq,.

By [Brell, Théoréme 6.4], this theorem is equivalent to a determination of certain parameters of the
diagram, which appears in Theorem in the case det(p) o Arty,(p) = 1 (the other cases follow by twisting).
This gives a positive answer to |[Breld, Question 9.5] when p is generic.

Remark 1.4. Hu [Hul6] obtained an analogue of this question in the setting of [BD14] where p is maximally
nonsplit. We repeat certain calculations from [Hul6| in slightly different contexts for the sake of completeness.
(See Remark for an instance of this.)

We now explain these parameters further. By Theorem the GLo(kr)-action on D(mgl0b(p)) is known
(by construction, the GLy(ky, )-actions within a single family are isomorphic). To prove Theoremsand
we must understand how the actions of GLa (k) and II interact. We show that this interaction corresponds
exactly to a character of a certain finite groupoid G with generators indexed by I-isotypic lines in Dél. It
suffices to show that the action of group elements of G depend only on p. There has been a body of work
studying the action of group elements which are themselves generators (see [BD14,Hul6, HLM17,[LMP18|
Ennl18}[PQ18]), often with the goal of showing that 5 can be recovered from mgioh(p). The methods in these
works have a common theme. The study of II can be reduced to the study of the action of a Hecke operator
U, and a certain element of the group algebra of GLa(kr). The action of U, can then be studied by using the
classical local Langlands correspondence on a characteristic zero lift of mg101(p) and then taking the reduction
mod p. This method cannot work directly because as soon as one considers a product of generators, the lifts
one considers are typically distinct and not directly comparable. And so we need another tool.



The reason for imposing the Taylor—Wiles hypothesis is that we would like to use the Taylor—Wiles patching
method. In fact, our results apply whenever mgi01, () satisfies certain axioms, namely it comes from a patched
module with an arithmetic action. The study of Colmez’s functor led to a proof of many cases of the
Fontaine-Mazur conjecture in [Kis09a], through the construction of restricted local deformation rings at p
(see |Kis08]), a classical inertial local Langlands correspondence relating representations of compact open
subgroups and representations of the inertia subgroups of local Galois groups, and the Taylor—Wiles patching
method. In the other direction, the techniques introduced by Kisin have led to a number of developments
in the inertial mod p and p-adic Langlands correspondences beyond GL2(Q,) (see, e.g., |[GLS15,[EGSI5|
LLHLMI18| LLHLM20, LLHL19]). Another approach to the Fontaine-Mazur conjecture is to prove local-
global compatibility (see [EmellL|CEG™18]), where Hecke operators must play a crucial role. Our approach
is similar to [CEG™ 18| in that we use the interpolation from [CEG™16] of the action of Hecke operators on
Taylor—Wiles patched modules, but we further interpolate between different deformation rings.

While the various characteristic zero lifts of spaces of mod p automorphic forms one might consider are
incomparable, they can be interpolated using the Taylor—Wiles patching method. The corresponding Hecke
operators can then be identified with elements of various tamely potentially Barsotti-Tate deformation
rings. In turn, these elements can be compared with elements of a single tamely potentially Barsotti—Tate
deformation ring, corresponding to what we call the central inertial type. For this comparison, it is essential
that we are working with patched modules which are maximal Cohen—Macaulay on deformation spaces. In
this way, understanding the action of group elements of G is reduced to understanding a certain product of
elements of a tamely potentially Barsotti-Tate deformation ring and the action of (a product of) elements
of the group algebra of GLa(ky) on the Deligne-Lusztig representation corresponding to the central inertial
type by inertial local Langlands. For the reader only interested in the proof of Theorem in an axiomatic
context (see Theorem , a proof with minimal reference to previous sections is given in §4 To prove
Theorem we explicitly calculate these products in §5] using Using the Taylor-Wiles method,
gives examples of global contexts satisfying the axioms of §4]
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1.2 Notation and conventions.

Throughout, p > 5 is a prime number (if p < 5 then there are no generic representations in the sense
of 31) Let L = Q,r, write Of, for the ring of integers, kz for the residue field, and ¢ = p/, and fix
an algebraic closure L/L. We fix a coefficient field £/Q, (a finite extension) with ring of integers Op,
uniformizer wg, and residue field kg. By taking a further extension, we will assume that E is large enough
for our purposes. In particular, we assume that every irreducible E-representation of GLo(kz) is defined
over . We assume there exist embeddings of k7, in kg and we fix one of them, denoted oq : k;, — kg. We
will number embeddings as o; = og o 07, where ¢ : x > 2P.

For X\ € ky, we write [\] € Op for the Teichmiiller lift arising from the induced embedding oo : W (kL) —
Og.



The group GL2(Op) will be denoted K, and the first congruence subgroup is
K; = ker(GL2(Oyr) — GLo(kL)).

According to the context, we write H for the diagonally embedded OF x OF in GL2(Op) or its image
in GLo(kp), which is the diagonal torus. Similarly, I denotes the Iwahori subgroup of GLy(O}) or the upper
triangular Borel subgroup of GLy(k1,), and I; denotes the Sylow pro-p subgroup of I or the upper unipotent

subgroup of GLay(kr). We write « for the H-character (g 2) + [ad™1]. If y is a character of H, then x*

a 0
0 d
x° = xa " If x € kj;, we write nr, for the unramified character Gq, — kj, that sends geometric Frobenius
elements to x.

The determinant character of GLa(kz) is naturally valued in k), and we obtain a kj-valued character
through our fixed embedding oq : k, — kgp. We will usually denote o( o det by det, and write detg if we
need to distinguish between the two.

We define two maps, d;eq and i, from the set of subsets of {0,..., f — 1} to itself by

is its conjugate under the nontrivial element s of the Weyl group S5. Hence, if x : ( ) — [a]"[ad]®, then

j € brea(J) if and only if j+1 € J

j<f-1l:j€0(J)ifandonlyifj+1€J
f—1€ by, (J) if and only if 0 &€ J

S0 that d,eq is a left shift. The following lemma follows from the definitions.

Lemma 1.5. For all § € {0;cq, dirr }, we have equalities §(J¢) = (6J)¢, JAST = J°ASJTC and byeq(JAST) =
SINS?J.

For a subset J of Z/f = {0,..., f — 1}, we will write ch; for the characteristic function of J. We will
sometimes employ the following shorthand in conjunction with dpeq: if J C {0,...,f — 1}, we will write
I‘(j, J) = ChJ(.j - 17j7.j + 1)

If z is a positive integer, we define numbers z; € [0,p — 1] by writing « = Zf;& x;pt + Q(q — 1) for
some @ > 0. (The only possible ambiguity occurs when ¢ — 1|z, in which case we put z; = 0 for all j.)

If F' is a local or global field, we write Artyz for the Artin reciprocity map, normalized so that the global
map is compatible with the local ones, and the local map takes a uniformizer to a geometric Frobenius
element. If F'is a number field and w is a finite place of F', we will write Frob,, for a geometric Frobenius
element at w. We let € : G, — Z; — O} denote the cyclotomic character and normalize Hodge-Tate
weights so that HT(¢) = 1 for all embeddings x: L — E.
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2 Preliminaries in representation theory.

2.1 S-operators and Jacobi sums.

Throughout, for 0 < i < g — 1 we will write

AEF
(1 0
+ _ %
st= S () 1)
AEFY
dweput Sp = (0 )8, 1,57 = (5 Y)+sr,. T I fth lgebra O [GLs (k
andweput So = (| () +5-1,5 = ;)+S5;-1- Theseareelements of the group algebra e[GL2(kL)],
where the Teichmiiller lift is taken in W (k) C W (kg).

The operators S; play a prominent role in , whereas it is sometimes simpler to compute with
the Sj. If r is an integer, we will write S,., S;" for the operators indexed by a number in {0,...,q — 1}
congruent to r mod ¢ — 1, and we will explicitly say which one we mean for 0,q — 1 on a case-by-case basis.

For 0 < a,b < ¢ — 1, introduce the Jacobi sum

J(a,b) = > [o]*[1 - af’.

acF,

Usually, the convention is that all powers of [0] are equal to 0 except the 0-th power, which is equal to 1. This
is reflected in the definition of the S-operators, and it results in J(a,0) = 3_,cp_[a]?, which vanishes unless
a = 0,9 — 1. Our computations will give rise to nonzero constants, and so will never contain Jacobi sums
of this type. For this reason and not to disrupt convention, we introduce the sum Jo(a,b) that is defined in
the same way but with the assumption that [0]° = 0. Recall the following results.



Theorem 2.1 (Stickelberger). Let 0 < a,b < ¢ — 1 be two integers such that a + b # ¢ — 1. Write their
p-adic expansions as a = Y, a;p',b = > b;jp?, and similarly for a +b = i;é(a +b)xp® + (¢ — 1)Q. Then
in O we have the equality

J(a,b) = U(a,b)p“®? 4+ C

with v,(C) > u(a,b) and

F-1
D op—1-(a;+b;—(a+b))

Jj=0

1

u(a,b) = ]fl

Hj aj!bj! c ZX
IRCED

Lemma 2.2. In the situation of the theorem above, assume a + b = ¢ — 1. Then J(a,b) = (—1)*+1.

Ula,b) = (<1t

Proof. Write J(a,b) = 3_ cp \(0,1} [ﬁ] = ser\fo0,—13[7]" = —(=1)" since a = [a]” is a nontrivial
character of F* (see [IR90, Theorem 8.1]). O

Lemma 2.3. Let 0 < 4,j < ¢ — 1, so that Jo(¢,5) = J(4, ) is not zero by Theorem [2.1I] and Lemma [2.2]
Then
J(i,5)SH ifi+j#Aqg—1
Stst = , /1 0
! (—1)"™1S5 + (—1)'q (0 1) ifit+j=q-1

Proof. We work in this proof with [0]" = 0 for all n € Z. Assume that ¢ — 1 does not divide 7 + j. We
expand

stsp= % W (44, )

)\”U.GF;

i (10 ; (1 0
- i~ A - il — A
AeF?wEe:Fq\{A} <V 1> AeF%qu <V 1)
= 3 PN () D) D W) (g
,\,;; (V 1) /\;:qx (0 1)
=X [ Zarn-ar e () §) o= | X - ar s,
vEF \a€Fg a€EFY

The vanishing of (Z AEFX [A]F+ ) occurs because, by assumption, [A\]'*7 is a nontrivial character of FJ.

Otherwise, i + j = ¢ — 1 and the second summand equals ¢ — 1, so

SES = D lall—a ) S+ ()T i (g - ) (é (D

a€F
and the claim follows from Lemma since J(i,q — 1 —14) = Jo(i,q — 1 —i). O
Lemma 2.4. Let ¢ and j be as in Lemma [2.3] Then

J(i,5)Si+; ifitj#q—1

0

T ) (1S, + (<) <1 O) ifi+tj=q-1.



0 1

Proof. This follows from Lemma and the identities S; = (1 0

)S;"forall()gigq—l. ]

Now we extend Lemma [2.3] to more general products. The next proposition will be applied together with
Lemma [2.9] and the reduction mod p of 8 will turn out to be closely related to Breuil’s constants.

Proposition 2.5. Let £ > 2 and suppose that 0 < i1,...,ix < ¢ — 1 are integers such that ¢ — 1 divides
T, =Y i if and only if t = k. Then there exist nonzero «, 8 € W (kz) such that

m=1
ot ot + L0
Sistost=asi+8(p 1)

up(B) = Z p—l—iy |,
1<t<k
0<i<f—1

vp(@) = vp(B) — f,
the leading term of 3 is the Teichmiiller lift of
e(B) = (—1)vrB)+E=2)(/=1) H ir ! (2.1)

1<t<k
0<j<f-1

and the leading term of « is the Teichmiiller lift of —c(p).

Proof. First we record a lemma.

Lemma 2.6. For all j, the sum Z_q ; + i ; is equal to p — 1.

Proof. By definition, Z,_; = Z;:& Ti—1,;p° + Q(g — 1) for some @ > 0. We are assuming that ¢ — 1
divides Zy_1 + ix, hence ij + Zf;é Ty—1,;p7 is divisible by ¢ — 1. However, both summands are contained
in [1,¢ — 2], hence their sum must be equal to ¢ — 1. The lemma follows since ¢ — 1 = Zf;ol (p—1)p’ and
ik, Ik, € [0,p — 2] for all j. O

Now we induct on k. When k = 2, Lemma [2.3] states

i io 1 0
5185 = (s + (g 7). 22)

By Lemma we have i j +1i2 ; = p—1, which implies the claim on v, () and v, (). For the rest, we recall
the identity z!(p — 1 — x)! = (=1)*T! mod p, valid for integers z € [0,p — 2]. It implies that the product
term in is (—1)%=0tFiz25-14F which equals (—1)2%f since p is odd, and we are done since k = 2 is
even.

Assuming the proposition for k, we apply Lemma [2.3| and we deduce

SHSH. S = J(iy,is)SE ST S

1112 Tkt1 I2% i3 Tpt1”

The inductive assumption applies to the product at the right-hand side (where Z, is identified with its
unique representative in [1,q — 2]), and since J(i1,i2) # 0 we see that the existence of «, 8 already follows
by induction.

To compute their valuation and leading term, we apply Theorem [2.1] and write

f—1
o 1 . .
va(Zl,ZQ):E prlfllﬁjflg,j +1.2,j
7=0

and the leading term of J(iq,i2) as

(*1)f*1+”p-](i1’i2) Hij i1,52,5! .
I1; 22!

The claim follows by induction. O



We now study the action of these St-operators on Og|[GLy(kz)]-modules with the goal of proving analo-
gous results involving S-operators. They will apply with less generally than Lemma [2.3] in that we will not
obtain an identity in the group algebra Og[GLy(kr)]. In the following section, we will introduce the special
case of Og[GLay(kz)]-modules coming from Opg-lattices in tame types.

Lemma 2.7. Let v be an H-eigenvector in an Og[GLg(kz)]-module, of eigencharacter x : <8 2) =
[a]"n(ad). Then S;v has eigencharacter x*a~* = ya~"~% and S; v has eigencharacter xa'.

Proof. This follows from an explicit computation based on the equalities
a 0\ (X 1\  [ad™'X 1\ (d 0
0 d/j\1 0/ 1 0/\0 a
a 0\ (1 0\ _ 1 0\ fa O
0 d/)\X 1) \atdx 1)\0 d)°

If v is as in Lemma it follows that S;S;v has H-eigencharacter x*a~ (=377 The following lemma is
proved in [BD14} Théoréme 2.5.2].

O

Lemma 2.8. Let v be an I-eigenvector in an Og[GLy(kr)]-module such that I acts on v through the H-
eigencharacter y : <g 2) — [a]"n(ad). Assume that ¢ # 0 and that ¢ — 1 does not divide neither i — j —r

nor ¢ — j. Then
SiSiv=n(=1)Jo(i,—j — 7r)Si—j—rv.

Proof. Throughout this proof, we will use the convention that [0]™ = 0 for all n € Z. First we notice that

for 5,t € Fy we have
((1) ‘;) if t = 0.
s 1\ (t 1\ _
1 0/\1 0o/ )
s+t 1 t 1 .
(47 (0 L) s
Assuming in addition that j # 0, we compute 5;5;v as follows:

sso= X w7 (U7 ) (0 L) =0 X w070 g)

s,tEFf; s,tEFqX

i) X Wl (§ ) e=ntn X Bl (] )

s€Fy v€Fq\{s} 5,2€F,
- o o i (1 L (01
=01 X | Sl et | (7)o atnen7 R () e
wEF; seF, seF,
Since ¢ — 1 does not divide ¢ — j —r, the sum - g [s]"/7" = 0 and
SiSjU = T](—l)Jo(i, —j — r)Si_j_rv.
When j = 0, we have an extra term
o i [ S +1 1 t71 1 i 1 s
SiSov = Z [s] ( 1 0><0 _t>v+ Z[s] <0 1>v
s,tGF;< scF,

but the second sum vanishes, because I; fixes v and ¢ — 1 does not divide i — j = 1. O



To explain the hypothesis in the above lemma, we remark that we will apply it to an I-eigenvector v
with eigencharacter y in the principal series type Ind?LZ(OL ) X- Then the assumptions of the lemma are
satisfied when the H-eigencharacter of §;5;v has multiplicity one in the type, because the only characters

with multiplicity two are x* and x = x°a” (see Lemma [2.10), and S;S;v has eigencharacter o~ i=i=m),

2.2 Lattices in tame GLy(L)-types.

We will only consider nonscalar tame K-types for GLo(L). By the tameness assumption, we can also consider
these types as GLy(kr)-modules. Note that these types satisfy mod p multiplicity one. The symbol 6 will
usually denote an Og-lattice in a tame type 6[1/p].

We are going to study the action of S-operators on tame types, recalling and generalizing results of [Brel4]
and |[BD14]. If 6 is an Og-lattice in a tame type, then the restriction 6|y splits into a direct sum of H-
eigenspaces (because the order of the diagonal torus H is coprime to p), and we begin with some general
results about the action of S-operators on H-eigenvectors.

Lemma 2.9. Let 6 be an Og-lattice in a tame type for GLo(L) over E. If x : H — O} occurs in 6 with
multiplicity one and z, is an H-eigenvector of eigenvalue y, then Sz, = 0.

Proof. The restriction of 0[1/p] to the lower mirabolic subgroup is the induction of a regular character
of the lower unipotent (if #[1/p] is cuspidal) or the direct sum of such an induction and two characters
(if 9[1/p] is principal series). Since the centre is acting by a character, this decomposition is stable under the
lower-triangular Borel subgroup, and since x has multiplicity one we see that x, is contained in the direct
summand that is nontrivial under the mirabolic subgroup. Then the claim follows from the definition of S;-
since the restriction of this summand to the lower-triangular unipotent subgroup is a direct sum of nontrivial
characters. O

Now we construct two kinds of relations between H-eigenvectors in 6[1/p] depending on whether 6[1/p]
is a principal series or cuspidal representation. The reason we need to treat these cases separately is that
the action of S;r -operators is not transitive on a basis of H-eigencharacters of a principal series type.

Lemma 2.10. There are g—1 different H-eigencharacters in 6. If [1/p] is cuspidal they all have multiplicity

one, and if §[1/p] = Ind?LQ(OL)X they all have multiplicity one except x and x® which have each multiplicity
two. There is an Og-basis {x¢}¢ of 6 such that

1. x¢ is an eigenvector of H with eigencharacter &.
2. if 8[1/p] is a cuspidal type and &; # &, then there exist an integer 0 < i(£;,£)" < ¢ — 1 and a scalar
a;,& € E* such that
_ o+ ot
Ter = O, 6,96 ,62)+ T

3. if §[1/p] is a principal series type, & # &2, and either & has multiplicity one or both z¢,,x¢, are
I -fixed, then there exist an integer 0 < i(§1,£2) < ¢ — 1 and a scalar ag, ¢, € E* such that

Tey = gy 6,9i(8y ,62) Tt -

Proof. In the cuspidal case, begin with an arbitrary H-eigenvector z¢. The span of the vectors (}\ (1)) T

for A € F, is stable under H and under the lower unipotent subgroup, hence under the lower mirabolic
subgroup of GLy (k). Since 6 is a lattice in a cuspidal type, the proof of Lemma shows that these vectors
span 0[1/p] (because the induction to the mirabolic of a regular character is irreducible). By Lemma Sy

acts by 0 on 6[1/p]. Hence the vectors 0> z¢ for A € F* already span 6[1/p], and since dimpg 0[1/p] =

1
(!
g — 1 they form a basis of 0[1/p] over E. Applying a Vandermonde matrix to this basis, we find that the
Stae for 1 <i < q— 1 form a basis of §[1/p] over E. The result follows by scaling since 6 has a basis of

H-eigenvectors. We remark that S;'_larg = —¢, and then the existence of O‘;,gz follows from Lemma



In the principal series case, let ¢ be a generator of an I;-stable Og-line in 6§ and write the H-character of ¢

as (g 2) — a"n(ad). By the discussion in [Breld] §2] certain scalar multiples of the S;¢ for 0 <i<g—1

form a basis of 6 over Op together with ¢. Let {z¢} be this basis, so that for each £ either z¢ = ¢ or there
exists i(£) such that ¢ is a multiple of Sj)¢p.

We now consider the claim in . If x¢, = ¢ then the claim holds by construction. Now notice that if &;
has multiplicity one then we have an equation

Sitea)titer)+rSien = n(—=1)Jo(i(&2) +i(&1) + 7, —i(§1) — 7)Si(er) p-

by Lemma which applies because ¢ — 1 does not divide any of i(§3) and (&) + r. (If it did, then
x¢, would have eigencharacter xPa~ ) = % or x respectively, contradicting multiplicity one.) In the case
i(&2) +i(&1) + r is divisible by ¢ — 1, we take i(&1,&2) = ¢ — 1.

Finally, in the case where both z¢, and z¢, are fixed by I; the claim follows from the fact that Sy sends
a nonzero I-fixed vector to a nonzero I;-fixed vector of the opposite H-eigencharacter. O

Lemma 2.11. Let {z¢} be a basis as in Lemma If & # &3, and & appears with multiplicity one in 6,
then one can find a relation

— At +
Te2 = a§1152si(51752)+$51
with 0‘2_1,52 € EX and 0 < i(&,&)T < q—1, even if §[1/p] is a principal series type.
Proof. By lemma we only need to consider the case when 6[1/p] is a principal series representation. By

Lemma such an integer i(£1,&2)T is uniquely determined since &; # & and the operator S;-r multiplies
the character by o/. By the multiplicity one assumption, it suffices to prove that S:Egl &)+ %6 is nonzero.

For this, the matrix identity
A1\ /1 0\ [A+p 1
1 0/ \p 1) 1 0

and the same computation as Lemma [2.3| prove that there is a relation
Sjsigl,gzyf = J(5,i(61,€2) ") Sicer e+ 14

whenever 0 < j < g —1and i(&,&)T + 5 # q— 1.
The type 0[1/p] contains ¢ — 3 eigencharacters with multiplicity one. If S, ¢,)+ 7, # 0, then we left

. 1 . . . .
multiply by ((1) O) and deduce the claim that Sj({l £,)+ L& 1S nonzero. Otherwise, since p > 5, we can take

a0 < j<qg—1notequal tog—1—1i(£,&)" so that the (unambiguously defined) vector S, ¢,)+1;%e,
does not vanish, by Lemma The claim follows as the Jacobi sum J(4,i(£1, &)™) does not vanish.

We say that an inclusion of Og-lattices 8! — 62 in a tame type 0[1/p] is saturated if the induced map

' — @ is nonzero. By |[EGS15, Lemma 4.1.1], if ¢ € JH(f) then there exists a unique homothety class of
lattices in [1/p] with irreducible cosocle o. We will denote a representative for this class by 6. We often
choose representatives so that certain inclusions are saturated. If we fix two representatives 671 and 672 and
a saturated inclusion #7* C 092 as above, then there exists a unique n € N such that p"6°2 C 6t and the
inclusion is saturated (since 0[1/p] and thus the Og-lattices 87t and 672 are defined over W (kg)[1/p] and
W (kg), respectively). When we speak of a saturated inclusion 672 — 69!, we will mean the map

92 ﬁ pn902 C 9°r,

Definition 2.12. Let x be an O-valued character of H. Let 6(x) be the Opg-lattice Indfx in a principal
series tame type, realized as a space of functions on K. Let ¢X be the unique element of () supported on
I such that ©X(1) = 1. Let o(x) be the (irreducible) cosocle of §(x), and denote the image of ©X in o(x) by

X as well. For a type 6 with Jordan-Hoélder factor isomorphic to o(x), we write 8% for short rather than
9o 00
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Lemma 2.13. The representation
(OB[GLa(kL)] - SopX") C O(x*)
is isomorphic to 8(x*®)X, and the inclusion is saturated. If £ is neither x nor x*, then both

(Op[GLa(kL)] - Siye6)X )y (Op[GLa (k)] - S, ¢49* ) C (X

are isomorphic to #(x*)¢, and the inclusion is saturated.

Proof. For the first part, since SoX” is an I-eigenvector with character y, it generates a sublattice isomorphic
to 0(x). Moreover, SopX" is nonzero in 6(x*)/wp.

Let 0(x*)¢ C 0(x®) be a saturated inclusion. The image of 6(x*)¢ in 6(x®)/wg is nonzero, and is
characterized as being the only kg[GLa(kr)]-subrepresentation of 6(x*®) with irreducible cosocle isomorphic
to o(¢). Equivalently, the image is characterized as being the minimal subrepresentation of §(x*) contain-
ing (&) as a Jordan—Holder factor, or as the minimal subrepresentation containing ¢ as an H-eigencharacter
(using that the H-character ¢ has multiplicity one in 6(x*) by Lemma [2.10) - In partlcular thlS image i
generated over kg[GLz (k)] by the image of both Sj(ys )X and SZ(X £)+<p " by Lemmas and E

Since H has order coprime to p, there exists an H-eigenvectors in (x*)¢ lifting the images of Si(xs ’g)gox

and Sz(x £)+90 . Since £ has multiplicity one, these lifts are multiples of SZ‘(X57£)()0XS and S;EX £)+go X
which therefore are contained in 6(y*)¢. We conclude by noting thaﬂ; both Si(X.s’g)goXS and SZ(X £ +<p
generate 0(x*)¢ over Op[GLa (k1 )] because their images each generate 0(x*)¢ over kg[GLa(kz)]. O

We end this section by recalling a relation between Sy, II = <2 é), and the Hecke operator U, on a

principal series type.

Lemma 2.14. Let 7 = Indgl&igL (x1] -] ®x2) for tamely ramified characters y; : L* — E* (this is a smooth
unnormalized parabolic induction) with different restrictions to Of. Let ¢ € m be an I -fixed vector with

H-eigencharacter Xl‘o; ® X2|O§' Then

My = ¢~ x1(p)Sog.
Proof. Compare with [BD14, Théoréme 2.5.2]. The absolute value |- | is normalized for L, so that |p| = ¢~ .
By the Iwasawa decomposition, the space of I1-fixed vectors in 7 is two-dimensional and contains two different

H-eigencharacters. An explicit computation gives

Sl =0, = ¥ (g [i]).

AEF,

This preserves the H-eigencharacter, hence U, = ay for some scalar . Evaluating the function a at the

identity of GLo(L), we obtain ap(1) = g - x1(p)|p|e(1) hence o = x1(p) since (1) # 0 as ¢ is supported in

GLz(L)(

BI;. Now 7 is isomorphic to Ind 7} Xz| | ®x1), as it is the normalized induction that is Weyl-invariant,

and 7 is the normalized induction of x1| - ['/? @ x2| - |'/2. Hence it is also true that U,Ilp = ya(p)Ilep.
Substituting SylI for U,, we obtain

7~ 'x1(p)x2(p)Sog = x2(p)Tep

and the claim follows. O

2.3 Tame types and inertial local Langlands.

In this section, we parametrize tame GL, (L)-types and describe the generic tame inertial local Langlands
correspondence.
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2.3.1 Deligne—Lusztig induction.

We recall a description of Deligne-Lusztig induction for the group Go = Resy, /p, GLy,. We will eventually
take n to be 2, but we take n to be general in this section and in parts of §3] Let F' be the p-th power, relative
Frobenius endomorphism of Gg (relative and absolute Frobenius morphisms coincide here). The induced

endomorphism of Go(Fp) ‘coincides with the endomorphism coming from p-power Frobenius endomorphism
on Fy. Let G be Gg X, F). Under the isomorphism

I

G= [[ GL,g =][CL.F, (2.3)

vk —=F, i=0

given by the bijection i «» ¢_; for ¢ € Z/f, the Frobenius endomorphism F of the group acts on points by
(Ao, Ap1) = (AP AP AP,

There is a diagonal torus T isomorphic to Resy, /¥, (Gn)™, and an upper-triangular Borel subgroup.
The Weyl group W = W (G, Tp) is isomorphic to SX7, and the F-conjugacy classes in W are represented
by s = (s,1,...,1) where s represents conjugacy classes of the symmetric group S,,. Hence the conjugacy
classes of rational maximal tori are represented by Resy, /r,(T(), where Tj runs over conjugacy classes of

rational maximal tori of GLy, /. We write T = Ty Xp, F) and we identify the character lattice X (T)
with (Z™)®/ in the usual way using . The group Gal(F,/F,) acts on the character lattice of T and
we denote by 7w the action of the arithmetic Frobenius element x — zP. There is also an action of F' by
F(x) = x o F. One has the equality (mx)(F'(t)) = x(¢)?, hence 7(xo0,---,xf-1) = (Xf=1,X0s---,Xf—1). Let
Ar C X(T) be the root lattice.

We let G C G be the derived subgroup Resy, /7, SLyn. We similarly define Gder  Tder and T, We
write Ay for X (T9er). The root lattice Ar in X (T) is canonically identified with the root lattice in Ay/. Let
XO(T) denote the kernel of the natural restriction map X (T) — X (T9") = Ay,. Under the identification
X(T) = (Z™)%F, XO(T) is identified with Z®/ where Z < Z" is embedded diagonally.

If u is a character of T and w is an element of W, then there is an associated virtual representation
R, (u) of GL,, (k1) over E. There is an action of W x X (T) (the semidirect product defined by the action
w-p=F(w)pforweW and p € X(T)) on W x X(T) by

(w1, 1) - (wa, p2) = (wrwe F(wi) ™ wi(pe) + (F — wiwz F(wi) ™).

The fibers of the map (w, u) — Ry, (1) are precisely the orbits of this action, by |[Her09, Lemma 4.2].
Rather than giving the definition of R, (u) in full, we spell it out in the main case of interest when
n = 2. Let 1,s € W be the identity and the element s = (s,1,...,1) (nontrivial in the first component). We

identify y with an f-tuple (11, p2) = (41,0, #2,0); - - - (1,51, pi2,7—1)) € (Z*)®F. Then

By () = Indg (03 ([0 i’ g [ v’

whereas R, () is the negative of the Deligne-Lusztig induction of the character [7]25;01 paep'+p? {20 et
of kf 5 to GLa(kr).

2.3.2 Tame inertial types.
Let d be a natural number, and set €’ to be p% — 1. Let 7/ € E be a root of u® + p. We define the character

war] : Iq, — O
o)

g— o

This definition does not depend on the choice of root /. We assume that F is sufficiently large so that this
character is valued in O}, and let wgs be its reduction modulo wg.
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For (w,u) € W x X(T), there is an s € W of the form (s,1,...,1) such that R, (1) = Rs(a) for some
a € X(T), as explained in §2.3.1] Let d be the order of s and suppose that a maps to (ax ;) ;, with
1 <k<nand0<j<f—1, under the identification X (T) = (Z")®/. Let

F—1
ap = E ak,z‘]f
i=0

Then we define 7(w, p) : I, = GL,(Og) to be

n

D=
k=1

Note that this does not depend on the choice of s and a above. Moreover, 7(w, i) is an inertial type for the
Weil group Wy, i.e. it admits an extension to Wi,.

If (w, p) is a good pair in the sense of [LLHL19, §2.2], then 7(w,p) = 7(w’, ') implies that R, (u) =
R, (p'), and moreover this Deligne-Lusztig representation is irreducible (see [LLHL19, Proposition 2.2.4]).
If (w, p) is a good pair, we set o(7(w, 1)) to be Ry, (1) and note that this gives a well-defined injective map
from a subset of tame inertial types to tame types for K or, equivalently, irreducible representations of
GL,,(F;). This defines a tame inertial local Langlands (see [EGH13| Proposition 2.4.1(i)]).

Noting, for any tame inertial type 7, the reduction 7 is a sum of characters whose Teichmiiller lift is 7,
we let V(T(w, n)) be Ry, () for (w, u) a good pair as above. The map V is closely related to the maps V'
and V;, that appear in [Her09,[LLHL19] and |[GHS18|, respectively, but we will not need this in the sequel.

Again, we make the above explicit in the case n = 2. Let p : G — GLa(kg) be a continuous Galois
representation. There are two possibilities for the semisimplification of p|;, , namely

Z{;ol #Ltpt
W 0 . .
St | B the reducible case (2.4)
t=0 B
0 W
wZ{;OI p1,ept+pf Zt;ol fo,ep* 0
2f ; S ! St in the irreducible case, (2.5)

wh

where pi1,+ € Z for each k € {1,2} and 0 <t < f—1. We let s5 € So be 1 in the first case and the nontrivial
element in the second, and we write . = (11, p2). Then the definitions above specialize to V(p**|r,) = R, (11).

2.4 Serre weights.

Recall that a Serre weight for GLa (k) is (the isomorphism class of) an irreducible GLa(kr)-representation
over kg, or equivalently an irreducible GLo(Op )-representation over kg. Every Serre weight is isomorphic
to a representation of the form

(nodet)® (K) Sym" (kf ®o, k, ki) (2:6)
JEZ/f

where 0 < r; < p—1forall j € Z/f and n : kf — kj is a character. We will use the shorthand
(ro,...,7f—1) ®n for the Serre weight in (2.6)).

We will also use the following description of Serre weights. We use the notation of with n = 2.
Then Go(F,) = GLo(kz). If p € X(T) is dominant and 0 < (o, ) < p — 1 for all positive roots a of G,
then we let L(u) be the (unique up to isomorphism) irreducible representation of G with highest weight p.
Let F'(u) be the restriction of L(u) to GLa(kr). Then every Serre weight is isomorphic to F'(y) for some g
as above. Moreover, F(u) and F()) are isomorphic if and only if u — X € (F — 1)X%(T) = (p — 7)X°(T)
(see [GHS18, Lemma 9.2.4]). If p1 is (p1,5, pt2,5) ez, ¢, then F(u) is isomorphic to the representation

Ef;l J y
(k1 — Hay)jezy @ o "0

in the notation introduced above. (Recall that g : k, — kg is our fixed choice of embedding.)
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Extension graph. In this section, n = 2 so that in the notation of §2.3.1} Gy is the group Resy, /r, GLa.
Let 1 € X(T) be dominant such that 0 < (o, u) < p — 1 for all positive roots a of G. Recall that Ay is
X (Gger) where GEe* C Gy is the subgroup Resy, /r,SLa. Let A}, C Aw be the subset

Ay ={weAw :0<(a,p+w’) <p—1 for all positive roots o of G}

where w’ € X(T) is any lift of w. We now give an equivalent definition, based on [LLHLM20, §2], of an
injective map
w My = X(T)/(F — )X(T)
from |[LMS, §2].
We first define a map t, : X(T) = X(T)/(F —1)X°(T) as follows. Let W, and W be the affine Weyl
group and the extended affine Weyl group of G, respectwely The natural inclusion X(T) — W induces
an isomorphism X (T)/Ar — W/W Let © C W be the stabilizer of the dominant base (1-)alcove for G.

Then we have a splitting W=0Qx W, of the inclusion W, C W.
From these considerations, for w’ € X (T) there exists a unique w’ € Q such that w't,—1(,) € W,. We
then define t,(w') to be

@' (p—n+w) (mod (F—1)X°(T)),

where 7; = (1,0); and the action of w’ is by the p-dot action. It is easy to check that t], is well-defined and
factors through the natural quotient map X (T) — Aw . Then t, is defined to be the restriction of this map
to Aty C Aw. For w € Afj,, the isomorphism class of F(t,(w)) is well-defined.

Now let w; € Aw be the fundamental dominant weight which is nonzero (only) in embedding j. For a
subset J C Z/f, let wy be ZjEJwJ. There is a unique element w; € W such that wt_;-1(,,) fixes the
dominant base (1-)alcove for G9°*. Explicitly, w; € W is the element that is nontrivial on exactly &yeq(J).
Let Wy be wyt_r-1(,,). (Recall that 7= is a left shift on X (T).)

Proposition 2.15. Let w € W and v € Ag such that —n 4+ v + ww; € Al for all subsets J C Z/f. Then
the set JH(Ry (1 — 1+ v)) is given by

{Fltu(=n+v+ww))} ) cq

(where by an abuse of notation 1 denotes the image of n in Ay ).

Proof. This follows from [Her09, §A, Theorem 3.4] applied to the F,-form Res;, /p, GLa of GLQXf. Note
that in the notation of loc. cit., 7,,, ,,, is the Kronecker symbol 0y, w, for w; and wy € W. Moreover, the
highest weight of each character that appears in the formula for X/ (1, u—n+v) is in the unique p-restricted
dominant (p-)alcove, and is thus the highest weight of a Serre weight. The proposition then follows from
checking that the 2/ highest weights coincide with t,(—n + v + wwy) for J C Z/f (modulo (p — 7)X°(T)).
Indeed, let s € W and € € X(T) be such that s = st¢ isin Q. Let wy, be wot_,. Then @;1§tﬂfl(,n+y,wm) €

W, so that

t,(—n+v—wne) =w, "5 (n—2n+v—wre) (mod (p—7)X°(T)). (2.7)

If we let w; be wps, then ewowl can be taken to be € and p, can be taken so that w,'5=t, ,,, W1 in the
notation of [Her09, §5]. Then (2.7)) becomes wy - (4 —n+v —wme,, ., —n)+pp,, as in [Her09, §A Theorem
3.4]. We conclude by noting that the maps s — —me (mod X°(T)) and s — w; = wys defined above give
bijections W — {ws}scz/r and W — W, respectively. O

3 Galois deformation rings and Frobenius eigenvalues.

3.1 Kisin modules.

Notation. Recall that L is Q,s. Let e be p/ — 1 and 7 be a root of E(u) = u® + p in our fixed algebraic
closure of L. Denote by K the extension L(w) and by A the Galois group Gal(K/L). Then the character
[wy] factors through A.
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Let a € X(T) correspond to the tuple of integers (ay,;); for 1 <k <mnand 0<j < f—1. Let

F-1
ap = app'
i=0
and

1
a](cj) = Z ak,i—jpla
1=0

so that ag) = p’a;, (mod g — 1). Write 7, for the character [wf]~®*. Finally, let 7 be the principal series
tame inertial type 7(1,a) for Wy. In other words, the Op-dual 79 is isomorphic to &F_ k|7, -

If R is an Opg-algebra, we give (O ®z, R)[u] an action of A by O ®z, R-linear ring automorphisms, by
g:u ([wr](g) @ D)u (where [wy 1] is the Op-valued character such that [wy] = 0g o [wy,1]). There is also
a Frobenius homomorphism ¢ : (O ®z, R)[u] — (O ®z, R)[u] which is ¢ ® 1 on Of ®z, R and sends u
to uP.

Definition 3.1. Let R be an Og-algebra. A Kisin module over R is a finitely generated projective (O ®z,
R)[u]-module Mg together with a Frobenius map ¢on,, : ¢*(Mr) — Mpr whose cokernel is annihilated by
some power of F(u). A Kisin module over R with descent datum is a Kisin module over R with a semilinear
action of A which commutes with ¢oy,,. We say that the descent datum is of type 7 if Mg /u is isomorphic
to (O ®z, R) R0 7 (Td R0y R)f.

Remark 3.2. The dual in Definition [3.1] appears because we will use contravariant functors to Galois repre-
sentations in §3.2]

In what follows we will work with Kisin modules whose (Or ®z, R)[u]-rank is equal to n, though in
applications n will be 2. The decomposition

f-1
OLoz,05= [[ Os=]]0s
j=0

L:kE‘—>kE

given by the bijection j <+ ¢; gives a decomposition of a Kisin module Mz as @;-t;olfmg), where mtg’ is a
projective R[u]-module of rank n for all j.

Eigenbases. Suppose now that 7 is a principal series tame inertial type and that 9 is a Kisin module
over R with descent datum 7. Let v be u®. For each 1 < k < n, let Em%’)k be the R[v]-submodule of ED?S%)
on which A acts by ng, i.e.

MY, = {m € MY [G(m) = n(g)m}.

Then Em%’)k is a projective R[v]-module of rank n.

Suppose that the characters n are distinct. An eigenbasis 8 of a Kisin module 9g over R with descent
datum of type 7 is a tuple (f,gj))k’j where each ( 1(j), e f,(Lj)) is an R[u]-basis of smg’ such that f,ij) € Dﬁg?k.
cht? that this notion depends implicitly on a choice of ordering of the characters of 7. Let 8U) be the tuple

J

k-
( kG)iven an eigenbasis 8 of a Kisin module 9r over R with descent datum of type 7, for each j let
CU) € Mat,,(R[u]) be the matrix such that

¢%)(¢*(ﬁ(j))) = U+t o),

In other words, the Frobenius map ¢gn induces a semilinear map E)JTE,;{) — SD"(%H), and CU) is a matrix over

R[u] expressing the image of 31) in terms of 3U+1),
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3.1.1 Kisin modules and base change

Suppose that 7 = ®}_;7; is an n-dimensional tame inertial type for Wp. There is a permutation s, € S,
such that 7] = Ns=1 (k) for all k. Let d be the order of s, and let L’ be the unramified extension of L of
degree d. Then the base change to L’ of 7 is a principal series tame inertial type 7/ for Wz, (in this context,
“base change” amounts to regarding 7 as a representation of I, = Ir/).

Let R be an Og-algebra. Let o : Op/[u] — O/ Ju] be the automorphism which acts trivially on « and
acts on Op/ by the action induced by the ¢-th power automorphism of k.. Then we define a Kisin module
over R with descent datum of type 7 to be a pair (Mg, ¢) where Mg is a Kisin module over R with descent
datum of type 7/ and ¢ : *(IMg) — Mg is an isomorphism such that too*(¢)o---o(a?1)*(¢) is the identity
morphism. An eigenbasis of (MMg,:) is then defined to be an eigenbasis 8 of Mg such that (c*(3)) is a
permutation of the basis 3. Since ¢ can be identified with a o-semilinear map Mg — Mg, this means that ¢
permutes the vectors in (.

3.2 Etale p-modules and Galois representations.
3.2.1 Generalities.

Recall from the definitions of K and L’. Let L., be an infinite extension obtained by adjoining to L
compatible p-power roots of —p. Let K’ be the compositum of the fields K and L’ and let K/ be the
compositum of K’ and L. Let A’ be the Galois group Gal(K’/L): it is isomorphic to the product of A
with Gal(L'/L) 2 Z/d.

Equivalence of categories. Let Og 1 denote the p-adic completion of O (v)), and let Ogun 1, denote the
p-adic completion of a maximal connected étale extension of Og 1. We similarly let Og g+ denote the p-adic
completion of O/ (u)), and let Ogun g+ denote the p-adic completion of a maximal connected étale extension
of Og k. Then Og g+ is naturally a Galois finite étale extension of Og 1 by putting v = u®. This identifies
Ogun 1, with Ogun 7. Moreover, classical work of Fontaine (see [Fon90]) identifies G, , and Go, ., with
Gr. and Gg/_, respectively. This identifies Gal(Og i+ /Og¢ 1) with Gal(K[ /L« ), which is isomorphic to
A’. Under this isomorphism, A’ acts on Og k- by its natural action on O and by [ws /] on w (cf. .

For R a complete local Noetherian Og-algebra, let @-Modét(R) be the category of étale p-modules
over O¢ . @sz, such that the underlying O¢, LQA?ZP R-module is finite free. Similarly, let <I>—Mod§fj (R) be the
category of étale p-modules over Og¢, K,&x\)sz with a semilinear action of A’. Let Repq . (R) be the category
of (continuous) representations of G,__ over finite free R-modules. [Fon90| gives an exact anti-equivalence of
tensor categories

V* : ®-Mod®(R) — Repg, _(R)
M = ((M ®(9£,L 05““711)@:1)*7

where the action of G = Go, , comes from Ogun 1, and (—)* denotes the contragredient representation.
A slight extension of the above gives an exact anti-equivalence of tensor categories

Via : ®-Mod{(R) — Repg, (R)
M — ((M ®O£,K’ OSUU’L)LPZI)*7

where G acts on Ogun 1, as above and on M through the quotient G /Gk: = A’. Moreover, by [CDM18,
Theorem 2.1.6 and (12)], there is an equivalence of categories

d-Mod®*(R) — ®-Mod$,(R) (3.1)
M= M ®(9€1L (/)57](/,

which is compatible with Fontaine’s functors above. A quasi-inverse of (3.1 is given by taking invariants
under A’
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Matrices of the action. We can write Og 1 = Og ®z, Or, where we write Og for O¢ q,. As with
Kisin modules, the decomposition O ®z, O¢ as H;;g O¢ (numbering embeddings via j <> o) gives
a decomposition of an element Mpr € @—Modet(R) as @;:& Mg), where each summand is a finite free
(’)g@sz = Og,L(@oL R-module of the same rank as that of Mg over (957L<§>sz. If v9) is an (’)g@sz—basis
of Mg) for all j, we let BY) be the matrix such that

ws\j/z(@*(ﬁ’(j))) = AU+ BU).

3.2.2 Galois representations.

In this section, we state our assuptions on mod p Galois representations and compute the p-module of their
restrictions to G, . We specialize the discussion to n = 2.

Genericity. Let p: G — GLa(kg) be a continuous representation, and write V' (p*|r,) = R, (u), with
sz = (s3,1,...,1) such that sz is nontrivial if and only if 5 is irreducible. Write p as (u1 5, f2,5);. We will
assume that p is generic, which will mean that

2< (@9 uy<p-3

for all j € Z/f. (Here ) is the positive root in embedding j, so that (a¥), u) = y; ; — p2 ;). Note that
this inequality can hold only if p > 5.
With these assumptions, if p is reducible, then p is isomorphic to an extension of

Zf;ol p2,;5p’ ij;ol pa,;0°
0o/ WY by NroW'

for some a and o € kj,. Otherwise, p is isomorphic to an induction

f-1 J f f-1 I
G Zj:o B1,;P° +p Zj:o H2,5P
IndGL2 (nrﬁw2f

for some S € kj;, where Ly denotes the unramified quadratic extension of L. In this case, we denote by «
the value at p of the determinant of p, so that « = —f, and we set o/ = —1. The reason for doing so will
become apparent when computing with ¢-modules.

When working with modules over kz,((v)), we will identify s ; with a permutation matrix and write v/
for the image of v under the cocharacter u; : G, — GLg, so that v/ = Diag(vHti,vH2.3).

Proposition 3.3. There is an My, € ®-Mod® (kg) with V*(My,,) = ple,_ and a basis (v\)); of My,
such that . 4

B — U(j)sgﬁ}flfjvﬂfilij (3.2)
for some lower triangular matrix UY) € GLy(kg((v))). (Recall the isomorphism Og 1 ®0, kg = kg(v).
Furthermore, UY) is unipotent (resp. the product of @ o and a unipotent matrix) if j # 0 (resp. if
j =0), where o/ = —1 if p is irreducible.

Proof. We use Fontaine—Laffaille theory as in [Breld, Appendix A]. Note that p is Fontaine-Laffaille by the
genericity condition. Suppose that p is reducible. By twisting, we assume that p5 ; = 0 for all j. Then there

is a Fontaine—Laffaille module M = @;:SM(j) with M) = ke @ kg ) such that

Fil’MO) = MO Fil* M) = Filtrd-i M) = kO Filrr-atip0) = o

)



for some x; € kg and such that p = Hompy. ,, (M, Aeis ®z, Fp) (see e.g. [Breld, (16)]).
Let My, be defined as in (3.2]) with
(1!
v (%’ 1)

(0)7 «Q 1
=" ) (o )

Let My, be the Op[v] ®z, kp-submodule of My, generated by (v9));. Note that ¢ maps My, to itself.
Then a calculation (cf. [EGS15| §7.4] with J = () shows that ©,_1 (M, ) = Fp—1(M), where the functors
©,_1 and F,_; are introduced in [EGS15, Appendix A]. The result now follows from [EGS15, Propositions
A.3.2 and A.3.3]. The case p is irreducible is proved similarly. O

for j # 0 and

3.3 Modular Serre weights.

In this section, we recall some of the various descriptions of the set of modular Serre weights of a Galois
representation. More specifically, we fix a generic Galois representation p : G, — GLa(kg) with V(p%) =
R (). In [BDJ10|, a set of Serre weights is defined in terms of the restriction p|7, of p to the inertia group.
We denote this set W (p), though it is denoted D(p) in |[Breld] (see [Breldl Proposition A.3]).

We will need two perspectives on weights, one formulated in terms of combinatorial objects called “formal
weights”, and another based on the map t, from The first perspective allows explicit computations
and ready access to the results of |BP12] and [Brell|, while the second is better suited to the study of
deformations of Kisin modules. Of course, they are ultimately equivalent, and we will give an explicit

dictionary in Proposition 3.5

Formal weights. The genericity assumption implies that p can be twisted by a character x so that its
restriction to inertia has one of the following two forms

120 (ri 1)
Plig, = | “f * ] in the reducible case
0 1
Sz (r+1)p
_ ~ [ wor 0 . . .
7| I, = in the irreducible case.

0 wgfzf;é(fﬁl)l’j

In the notation of the previous section, we have 7j 4+ 1 = py j — pia; = (@9, 1), so that 1 < r; < p — 4 for
all values of j.

Remark 3.4. These conditions are slightly more restrictive than those in [Brel4]. These constraints come
from our techniques for the study of deformation rings, and we have not tried to optimize our bounds.

A formal weight is an f-tuple of linear polynomials A = (Ag(zo),..., Ap—1(zs—_1)) with coefficients in Z
such that the leading coefficients are either 1 or —1. Note that formal weights form a group under compo-
sition. There is a homomorphism from the group of formal weights to W sending A to wy € W where wj ;
is trivial if and only if the leading coefficient of A; is 1. (In fact, the group of formal weights is naturally
isomorphic to the extended affine Weyl group of G4°*, and the above homomorphism is the natural map to
W, which is canonically isomorphic to the Weyl group of G9°'.) For a formal weight \, we define the linear
polynomial in f-variables

f-1
% (Zpi(xi - Az‘(ﬁ'))) if wy oy = id
e - (3.3)

f—1
1 : . .
5 (pf —1+ ;:O (i — M(JE@))) if wy, g1 # id.

While e(\) a priori has coefficients in %Z, for all formal weights that we consider, the coefficients in fact lie
in Z.
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When p is semisimple, its weights are parametrized by subsets of {0, ..., f —1} as follows. To a subset J,
we associate the formal weight A\; = (Ao(20), ..., Af—1(xf—1)) of p, where \; is uniquely determined by
whether j—1, j are contained in J or not, according to the following table. (We remark that this is the same
normalization as [Brell], and differs from that in [BP12, § 11]. Recall that ch; is the characteristic function
of J.)

chy(j—1,9) ‘ or %"is‘”i};fgdici;fji‘;ﬂk?e; o ‘ Aj, when p is irreducible and j = 0
(1,1) p—3—x; p—1—1x
) T+ xro — .
(1,0) i1 1 (3.4)
(0,1) p—2-u; p—2—1o
(070) .’Ej Zo

Note that the image of Ay in W is F'(wy), which is defined in this is because the image of \; is
nontrivial precisely on J, wy is nontrivial on d,.q(J), and F' is a right shift on the Weyl group. Moreover,
the map from subsets of {0,..., f — 1} to W taking J to F(wy) is a bijection.

Then, the modular weights of p are precisely the Serre weights of the form

O-<)‘>ﬁ) = (AO(TO)> L) /\ffl(rffl)) ® detE()\)(TO ..... Tfil)X (35)

as A runs through the formal weights of p. In this formula, we have followed our convention of writing det
for the kj-valued character dety = og o det of GLa(kz).

To describe the weights of a nonsplit reducible p, let J5 be the set {f —1 — j|U(j) is diagonal}. (This
coincides with the definition in [Breld} (17)], see the proof of Proposition [3.3]) We define W (p) C W (5*)
to be the set of weights corresponding to subsets J C d;eq(J5). This is compatible with [Brel4]: indeed, the
definition there is that the formal weight A defines an element of W (p) if and only if A\; € {p—2—=z;,p—3—=x;}
implies that a certain parameter py_; of loc. cit. (unrelated to our use of the notation ) is 0, and by |Brel4,

(18)] we have 6yea(J5) = {f —j : p; = 0}.

Extension graph. Recall that w; is the fundamental weight of Ay, which is nonzero in embedding j, and
that for a subset J C J5 we write wy = 3, ;w; (this differs slightly from the notation in [LMS, §2]). Our
genericity condition on p implies that szwy € Afy, for all J. Let o7 be the Serre weight F(t,(spw.s))-

Proposition 3.5. The set W (p) is equal to {o;|J C J5}. The formal weight corresponding to o is A5, ()
(both in the reducible and irreducible case).

Proof. The case where p is semisimple follows from |[LMS| Proposition 2.10]: we briefly recall the argument.
As J varies, the Serre weights F(U)Jtsﬁwr]_pﬂflw"] (1) —n) are the “obvious weights” of p, where by definition
w € X(T) is alift of wy € Ay and wy = Wyt -1y € S

Since wyt_p-1 ta-ts0, € Wa (the translation part is in Ag) we find that

ty(sﬁwJ) = thfﬂ_lwf, . (/‘L -n + Sﬁwf]) = thSFw‘/prTr_lwf, (/j‘) -n.

Hence 05 = F(t,(spwy)) is an obvious weight, and the claim follows since all modular weights of p are
obvious weights (when n = 2).

Now we make explicit the correspondence with formal weights, which will make it clear that the statement
of the proposition extends to nonsplit p. Assume that p is split reducible, so that sz = 1, and that the

character x is trivial, so that _
Pl = w?g&(rﬁlw a
e 0 1

Then the components of u are a; = r; + 1 and b; = 0 for all j.
Recall that 771 is a left shift on X (T). Then we have the following correspondence

(g +1) €J | tulws)y = (@g - (p—n+uh)),

) (bj —1,a; —p+1)
) (bj_l’aj_p)
)
)

(aj,bj)
(a; —1,b;)
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Equivalently, the following table computes the components of the Serre weight o ;.

(] — 17]) S 5rcd(<]) ‘ (UJ)j

(1,1) SymP~ "3 @ det” T PT?
(0,1) SymP "1 72 @ det™i P!
(1,0) Sym'it

(0,0) Sym’’

A computation with e(A), as in Lemma to follow, then shows that o; is the weight attached to the
formal weight corresponding to d,eq(J). The remaining reducible cases follow by twisting p and observing
that J C J; if and only if dreq(J) C 0rea(J5). To do the irreducible case, it suffices to observe that since
W'y — spw’; € AR, we have N

ty(spwy) =Wy - (p—n+ szw7).

3.4 Orientations and crystalline Frobenius eigenvalues.

In this section, n is again an arbitrary natural number. Using Kisin’s theory, we describe Frobenius eigen-
values of crystalline Dieudonné modules arising from Kisin modules. We also introduce the notion of an
orientation which plays a key role in calculating Galois deformation rings.

Proposition 3.6. Let 7 be a principal series tame inertial type for Wy. Suppose that 91 is a Kisin module
over O with descent datum of type 7, such that

ViaM ®o, [ O¢.x)

is the restriction to Gr_ of a potentially crystalline representation V' of Gr. Then the ¢p-module with
semilinear A-action Dy (V') is isomorphic to (M /u) ®o, E where (—)¥ denotes the contragredient repre-
sentation.

Proof. This follows from [Kis06, Proposition 2.1.5] by adding tame descent datum. Namely, this proposition
shows that (M/u) ®o, E and Dps(VV|q, ) are canonically isomorphic as ¢-modules. Since the A-action is
compatible with the identification Vg, = V*(M ®p, 4 O¢, i), the isomorphism between (M/u) ®o, E
and Dy (VVY|g, ) respects the induced A-actions. O

Corollary 3.7. Suppose that 7 is a principal series tame inertial type as in §3.1] with the characters ny

distinct. Let 90T be a Kisin module over Op with descent datum of type 7, 8 an eigenbasis, and let cU) =
(cl(-i))ik be the matrix defined in Then the ¢-eigenvalue on the ng-isotypic part of (M/u) ®p, E is

given by ‘
H c,(f,g (mod ).
J

Definition 3.8. Let (ax,;)r,; be a tuple of integers for 1 < k < nand 0 < j < f — 1. An orientation of
(ak;)k,; is a tuple (s;); € S} such that

As;(1),f—1—j = Qs;(2),f—1—j = " 2 Gs(n),f—1—j

and ag; (1), f—1—j = s, (n),f—1—j < P-
These inequalities in particular imply that if (s;) is an orientation of the tuple (a,;)x,;, then
(4) (9)
) ZA52) 22 A
Given a principal series tame inertial type 7 as above, there is a choice of the tuple (a, ;) ; giving 7 as in
which has an orientation (though this choice is never unique).

We now fix a tuple of integers (ax ;)i,; for 1 < k < nand 0 < j < f — 1 for which there exists an
orientation (s;);, which we also fix. Let 7 be the principal series tame inertial type defined in terms of
(ak,5)k,; as in let R be an Og-algebra, and let 9t be a Kisin module over R with descent datum of
type 7. Let @img) be the R[v]-submodule of ¢*(9MMU)) on which A acts by 7. Note that “’E)ﬁ,(j) is typically

strictly larger than ¢* (img )).

(7)
A
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If p= ( )k ; is an eigenbasis for 9, then by the proof of [LLHLM18, Lemma 2.9]
al@  _a@) ,
Bty = (™5 “">f§52k>>k
is a basis for 9)? for each j and

RO RIINC) -
PRUTY 1= (e @ fUCD),

s;(n)

is a basis for %’zm( o )) For each j let AU) € Mat,,(R[v]) be the matrix such that

(4) (3+1) j
P J (Wﬁs,ﬂ(n)) BY AW

sj+1(n)
Then [LLHLM18| Proposition 2.13] states that

200+ a0+

cV) = adSHlDiag(ual,...ua")(A(j)) =ad (SJHDlag(u R O IR A RYCY )) (AW),

. aldt+D) al+D . . . al+D) .
where Diag(u®’ ,...,u?» ) denotes the diagonal matrix with k-th diagonal entry w2k and s;j41 is

identified with the permutation matrix with (s;41(k),k)-entry equal to 1 for all k. Corollary then
implies the following.

Corollary 3.9. Let 7, M, and 8 be as in Corollary . Let (s;); be an orientation for a tuple (ax,;)x,;

giving rise to 7 as in If we let AY) = (z; G ))m be as above, then the Frobenius eigenvalue on the
Ng-isotypic part of (M/u) ®eo, F is given by

Hx ol ()] (mod v).

1 ]+1

3.4.1 Orientations and base change.

Recall the notation 7, s,, d, L', and 7’ from § Then there exists a tuple (ax ;)r,; giving 7’ as in §
which admits an orientation and such that ay; = a, “UR) Gt f for all j and k. We can and do choose an

orientation s" € W’ (the Weyl group of Resz//q, GLQ) Such that

() 0) " = s, (s5) 1! (3.6)

for all j. If (Mg, ) is a Kisin module with descent data 7 and § is an eigenbasis for (Mg, ), then we can
define AY) with respect to s’ as before. Then we have that AU = AU+ for all j.

3.4.2 Orientations and étale p-modules.

Let 7 be a tame inertial type and Mg (or (Mg, ¢)) be a Kisin module over R with descent datum of type
7. Suppose that o(7) is Ry (u) for (w, ) € W x X(T') where p is dominant and p-restricted. There exists
an element s* € W such that (s*)"l'wF(s*) = (s,,id,...,id) for some s, € S,. By our discussion of
Deligne-Lusztig induction in (compare also [Her09, Lemma 4.2]), R,,(p) is isomorphic to

Rs, id,..ia) () 7 ().

Let L’ be the unramified extension of L of degree equal to the order d of s,. Let 7/ be the base change to
L', so that it is a principal series tame inertial type for GL, (L').

Let ay ; be ((s*)'p ) for 1 <k <nand 0 < j < f—1. Then define a,; for 1 < k < n and
0 < j <df —1 so that akjﬂf = Q-1 for all k and j. Define s € W so that s; = (s; - ])_1 for
0 < j < f—1. There is a unique s’ € W’ satlbfylng ) for all j such that s; = s for 0 < j < f—1. Then
s’ is an orientation for (ax ;)k,;-.
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Proposition 3.10. Let (Mg, ¢) be a Kisin module over R with descent datum of type 7. Let 8 be an
eigenbasis for (Mg, ), and define AU) with respect to the orientation s’ as before. Recall the definitions of
K’ and A’ from before. Then there is a basis for (Mg ®o, (4] Oc,x')> such that

BY = AW tyhs.

Proof. This follows from the proof of [Lel9, Proposition 3.4]. O

3.5 Deformation rings.

For a local mod p Galois representation p : G — GL,(kg), let Rz be the framed unrestricted Og-

deformation ring for p. If ¢ : G, — O is a lift of det Pz~ %, then let R%’ be the quotient of R; parametrizing

lifts of p with determinant e. For an inertial type 7, let R7Z be the quotient of R; corresponding to
potentially crystalline lifts of p of Galois type 7 and parallel Hodge-Tate weights (0, 1).
From now on, we set n = 2. As in suppose that p : G — GLa(kg) satisfies V(p*[1) = R, (1)

3.5.1 Deformations of Kisin modules with tame descent datas.

We describe Galois deformation rings when oy, is trivial and ogm = o(7) is a generic tame type, using the
Kisin modules introduced in Let Mj,, be an element of ®-Mod® (kg) with basis v) such that BY) is
given by (3.2) so that V*(My,) = pla, -

Construction of tame types. We now describe tame types whose reductions contain modular weights
of a given p.

Proposition 3.11. Let p be a generic Galois representation (possibly not semisimple). Suppose that w € W,
v € Ag are such that —n+ v+ szww; € Ay, for all subsets J C Z/f, and V is the tame type R, (1 —n+v)

for GLy(L). Then JH(V) N W (p) is nonempty if and only if —n 4+ v = —szw'n for some w’ € W such that
o (wj,w)) # (s,id) for all j € Z/f and
o if (wj,w)) = (id, s), then j € J5.

In this case,
W(p)NJH(V) = {F(tM(SﬁWJ)) (V)Y Jc (V)N Jﬁ}

where
J(V)={j€Z/f:wj=id and wj#id}, Jo(V)={j€Z/f:wj=id and wj=id},
and J2(V)¢ denotes the complement of Jo(V') in Z/f.
Proof. By Propositions and
JH(V) ={F(t,(spwwy —n+v):J CZ/f}

and
W(p) = {F(tu(spw5) : T C T3}

If these sets intersect, then since t, is injective on Afj, we must have that J¢ = J', and —n + v = —spzw'n
for some w’ € W.
To compute the intersection we need to classify equalities in Ay, of the form

wwye —w'n =wy
for fixed w,w’ and varying .J, J¢. If there exists j such that (wj,w}) = (s,id), the LHS is negative at j

(the coefficient of w; is negative) but the RHS at j is nonnegative, so there cannot be any such equalities.
Similarly, if (w;,w}) = (id, s) then the LHS is positive at j, so we need j € J, hence j € J5.
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So assume the two conditions in the proposition. If (w;,w’) = (id, s), then (ww e —w'n); is nonzero and
so j € J. If (wj,w}) = (id,id), then (wwsc —w'n); cannot be w; and so j ¢ J. This implies the inclusion

W(p)NJH(V) C {F(tu(SﬁWJ)) (VY Jc (V)N Jﬁ}.
The reverse inclusion is checked similarly, and this completes the proof of the proposition. O

Remark 3.12. Since the types R, .,(1 — szw'n) have reductions with distinct sets of Jordan-Hélder factors,
they are pairwise nonisomorphic. If 5 is semisimple, then J; = Z/ f so that there are 3/ tame types satisfying
the conditions of Proposition It is known that for 7 generic and semisimple, there are 3/ tame types
V such that JH(V) N W (p) is nonempty. We conclude that all such tame types appear in Proposition
though we will not need this in what follows.

Proposition m gives another perspective on the parametrization of Ij-invariants in Dy(p) in [BP12
Corollary 14.10] as follows. If x € (sockx Do(p))", we will write J(x) for the subset such that o ;) = o(x).

Lemma 3.13. Let p be a generic, possibly not semisimple, Galois representation. Let x be a character
appearing in Do(p)’t. Then there exist s*,w,w’ € W such that

000[1/p] = Reyu (i — spw'n), s"F(s") ™" = spw, and x = ()" (1 — spw'n) a1
Furthermore, if y appears on (sockx Do(p))’* and i € Z/f, then i € J(x) if and only if s7_; # id.

Proof. A character x : H — O} appears in Do(p)" if and only if §(x) W (p) is nonempty. By considerations
of central characters, 6(x)[1/p] must then be isomorphic to R (¢ — 1+ v) as in Proposition Note
that —n + v + spww; € Ay, for all subsets J C Z/f by the genericity assumption on p, which guarantees
that x appearing in [BP12] Corollary 14.10] is generic as well. Then Proposition implies that there
exist w,w’ € W such that 0(x)[1/p] is isomorphic to R, . (¢ — szw'n). By our discussion of Deligne-Lusztig
theory in there exists s* € W such that

s*F(s*)™t = spw and x = (s*) " (p — spw'n)|m-

Now assume y appears in (socgx Do(p))t. The weight (s*)~!(u — spw'n) need not be p-restricted, but there
exists w’ € X (T) lifting some —w,;» € Ay such that o(x) = 0y is isomorphic to F((s*)~!(u — szw'n) +
w'—pr~!(w’)). The image of w] in Ay /Ag is nonzero if and only if s}, # id. Writing @ for t_,—1 () (s*) !

and using the definition of o (), we have that

F(W(y) - (=14 s5w]0) Z 000 = F(@ - (=1 — spw'n+ 5w + 5™))

for some choice of wf](X) lifting w (). We conclude that tu(sﬁwf](x)) = t,(s"n — spw'n + s*w') so that the
image of wf](x) and w’ in Ay /AR coincide (since t,, is injective and s*n — szw’n has image in Ag). It follows
that i € J(x) if and only if s7 ; # id. O

Computation of deformation rings. Now let w and w’ be as in Proposition and let 7 be the tame

type with o(7) = R, (1 — s;w'n). As before, let d be the order of s;. (So d = 1 if 7 is principal series, and
d = 2 if 7 is cuspidal.) For each j € Z/df, set

AW — B(j)v*(ll«f—l—j*Sﬁ,f—l—jw}—lfjnf—l—j)sﬁ FoljWi1_

3-2) (5 ’ ) )
!U(J)v“’fflfjnfflfﬂ Wi_1—j,

where j is interpreted on the right hand sides as an element of Z/ f via the natural projection. The matrices

AU) are of the form
v 1 1
(o ) () (02 62

(" )
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multiplied by a matrix in when j = 0.

We define (ﬁT, t) to be the Kisin module over kg with descent datum of type 7 given by the matrices
AU for a fixed eigenbasis. Then Vi, (M ®o [u] O¢ k) is isomorphic to p by and Proposition
We are going to write down an explicit deformation of M toa complete Noetherian local Og-algebra RZ...
This will admit a formally smooth extension that will be simultaneously a formally smooth extension of the
Galois deformation ring R7. Because of this fact, we will be able to carry through most of our computations
explicitly on RTﬁT.

Write s for the nontrivial element of W(GLz) = S3. Let R~ be the ring

Opl(X;,Y3)] 20, Xa, Xol/1(7)

j:O7

where I(7) = (f; (T))f;& and

Y; if (wy—1-j,wy_q_;) = (id,id)
£i(r) = X if (wy—1—j, wi_q_;) = (id, 5)
! Y; if (wy_1-j,ws ;) =(s,s) and z; #0
( )= (

Let 9" be the Kisin module over RTﬁT with descent datum of type 7 given by the matrices A7), with
respect to a fixed eigenbasis, which are defined to be

v+p if A0 = (Y
(55 e 1) 0= (1),
1 -Y; 1
() (1)

(3-8)

Y. 1 1
(7 %) =, ).
—p(X; + [x;]) 7! 1 ) . 1
< ’ v ’ X+ [xj]) i A = (“ %‘) and 23 20

when j # 0, and the product of the diagonal matrix

(Y e aw)

with the appropriate matrix in (3.8]) when j = 0.
Let R%g represent the moduli problem which maps a local complete Noetherian Og-algebra R to the
set of pairs (f,b) where f : R — Ris an Og-algebra homomorphism and b is an R-basis for

ng(mT ®R7ﬁ7"f R QoL [u] Og)Kz).

Then the natural forgetful map
SpfRTY — SpfRI:-

is formally smooth. We also denote by I(7) the ideal T (7')1?%5I C R%EI.
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We now define a map 7 : Spr%g — SpfR7. The natural map SpfR} — Spr%;G induced by
L
restriction is a closed embedding by [LLHLM18| Proposition 3.12]. The map

7,0 O
SprﬁT — SpfR-

plGLoo

(f, b) — (Vzd(gﬁ‘r ®R%,,f R R0 [u] 057K/),b).
factors through SpfR7 by the proof of [CL18| Corollary 5.20]. We define this factoring to be x7.

Theorem 3.14. The map «” is formally smooth.

Proof. This follows from [LLHLM18|, §5.2 and 6] (cf. |[Lel9, Proposition 3.4] for more details). One first
shows that the induced map Sprs%E — SprﬁD is the composition of a formally smooth map and a closed
immersion (see e.g. the proof of [Lel9, Theorem 3.6]). Next, one shows that the scheme-theoretic image is
SpfR7. Since RTﬁg and R7 are both Op-flat with trivial nilradicals, it suffices to show that the map

07 —1 Tro—1
Spec Rz-[p™ | — Spec R5[p™ ]

is surjective on E-points. By |Kis09b|, Proposition 2.4.8], it suffices to show that any Kisin module over Oz
with descent data 7 is isomorphic to a specialization of 9t7. This follows from the proof of [Lel9, Proposition

3.4] (there is one new case, namely AU) = (1 v)’ which is easily handled). O

3.5.2 Comparing deformation rings.

Suppose that 7 and 7. are tame types such that o(7) = R, (1 — spw'n) and o(7.) = R, ., (1t — spwln) are
as in Proposition [3.11] so that in particular (w;,w}) and (w. j,w) ;) are not equal to (s,id) for all j € Z/f.
Suppose furthermore that

for all j € Z/f, (wj,w}) # (w. j,w) ;) implies that w; # id. (3.9)
Lemma 3.15. is equivalent to the fact that
W (p) N JH(7.) C W(p) N JH(T).
Proof. This is an easy consequence of Proposition [3.11 O
By Lemma [3.15 and [EGS15, Theorem 7.1.1], there is a closed embedding
Spec R%* /p — Spec R7/p.
On the other hand, the definition of our family of Kisin modules implies that

I(T) +p0E|IXja1/}aXaaXa’]] C I(T*) +pOE[[va§/}7XaaXa’]]'

This induces a surjection
RL. /p— Rl /p. (3.10)

Proposition 3.16. The diagram

SpfRI= /p ED), SpfRZ /p

Is s

SptR}" /[p ——— SptRZ/p

commutes.
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Proof. Tt suffices to show that the map 1l commutes with the maps to SpfRR; This would follow

from an isomorphism

oy -

’

(M7 /p @y /p Beger. /P Q0 ul O i)™ 22 (M™ /p ®0,, [ul Og, i1 ).

For j € Z/f, let A7U) and A™ () be the matrices used to define 97 and 917, respectively, as above. For
j€Z/f, let BHU) and B™U) be the matrices for 97 ®0,,[u] O,k and M™ Ro, o) O¢, k7, respectively,
defined as in Proposition Then by Proposition [3.10} it suffices to show that

B0 = B0 (mod I(r,) + (p)). (3.11)

If (wf_l_j,w}flij) = (w*7f_1_j,’u);’f717j), then it is easy to see that A™() = A™() and B™U) = B7(9),
Now suppose that (wf,l,j7w}_1_j) =+ (w*,f,l,j,wfkyf_l_j). We check the 1) in cases. If z; # 0,
then

. 1,f—1—3 _ . N—1yp2,r—1—-5—1
7,(3) — A (X + [25]) v
e (P and

B™U) — (v + p)orrs—1-i—1
- (X] + ['rj])vul'fflfj vh2.r-1-5 |-

If ZCJ = 0’ thel’l
BT = < oI —}/}U“2,f1j—1>

vaﬂl,f—l—j pH2.f-1-j

and B™ () is either
(U +p)v”1’f*1*f*1 pHLF—1—5 _)/}.vlil,f—l—j
vaﬂl,f—lfj P2 f-1—j or (v+p)vuz,f—1ﬂ-—1 .
Then (3.11)) is easy to check and the proposition follows. O

3.5.3 Ideals and Serre weights.

Recall the definition of the set J5 from Also recall the definition of o; € W(p) for a subset J of J5.
Let I(o) be the ideal generated by (wg, {f;(J)};) in either R or Rrﬁ’g where

X, iff-1-jeJ
() = J
fi(7) {m if f—1—5¢.J

Proposition 3.17. Suppose that o € W(p) and 7 is a tame type such that o(7) is isomorphic to R ., (1 —
spw'n) with w and w’ € W as in Proposition Then I(7) C I(0) if and only if o € JH(o(7)).

Proof. Suppose that o(7) is as above. Then o; € JH(o(7)) is equivalent to the following statement by
Proposition for all j € Z/f,

o f—1—j € Jimplies that (wf_1—;,w}_; ;) # (id,id); and
o f—1—j¢J implies that (wf_1—j,w}_, ;) # (id, s).

(Compare the proof of Proposition [3.11}) Now suppose that o = o so that in particular, f —1—j € J
implies that f —1—j € J;. Then the above is equivalent to the fact that for all j € Z/f, f;(7) C I(o;). O
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3.6 Local-global compatibility in families.

We first recall the local Langlands correspondence for GL,, (L) from the introduction of [HTO01]. Fix an

isomorphism ¢ : Qp — C. Then we can define a local Langlands correspondence rec, for GL, (L) over Qp

by requiring that ¢ orec, = rec o« where rec defined in loc. cit. gives a bijection from isomorphism classes of
smooth irreducible representations of GL,, (L) over C to Frobenius semisimple Weil-Deligne representations
of the Weil group Wi, over C. (More specifically, rec is the correspondence over C that preserves L-functions
and e-factors.) We define 7, () to be rec, (7 @ |det|"~1/2). Then r, does not depend on the choice of .
(The definition of 7, differs from that in [CEG"16] by a twist.)

Let o be the smooth o(7). Let H(o) denote the Hecke algebra

L
EthGL2(L)(HJdGL‘§Ol)U)

for . We write

n:H(o) = Rp™']

for the map from [CEG™16, Theorem 4.1], but normalized using r,, defined above.

We now specialize to the case when o is 6(x)g, the principal series tame type of GLy(L) over E given
by induction of an Og-character x = x1 ® x2 of the Iwahori subgroup I to GL2(Op). Suppose that 7 is
the principal series tame inertial type such that o(7) = 0(x)g. Recall that U, is the element of H(6(x)E)

associated to the I-double coset of <0 (1)> Suppose that € Spec R%(E) gives a Galois representation

pz : G — GLy(E). We have that WD(p,)"™ is of the form (Y1 ® X2) o Art;' (and N = 0) where
: L* — E" is an extension of x; for j =1 and 2. Let m, be r,'(WD(p,)**) so that , is isomorphic
to Indgl(‘z) X1 ® Xz2| -|7t. As in the proof of Lemma U, acts on w2X1 by ¢x1(p). [CEGT 16, Theorem
4.1] implies that n(U,) at z is p/ times the Arty (p)-eigenvalue on the xi-isotypic line.
Let ' be the composition

H(o) 5 Rolp~'] % R pY).

Proposition 3.18. We have

-1
Hp ,+1(1)S,+1(1)) (mod v). (3.12)

where A%0) = (l‘gi))m gives IMM" as in

Proof. Let 9 correspond to an E-point of Spec RTﬁg [p~!] and set
p=ViaM®o, [u O¢ k)

By PI‘OpOblthH and Corollarleb . and . @ acts on the x; Lisotypic line of 9t/u = Dyt (pY) by

[z ) Ws=1 (1) (mod v). By the definition of WD(—) in [Fon90|, Arty(p) acts on the x '-isotypic line
J+1 Sj+1

in WD(p") by [I; z ,1 (WsL (1) (mod v). Then since Arty(p) acts on the xi-isotypic line in WD(p) by
Sj+1
(49) -1 (4) -1 T e 07, —1
Hj(xs;ﬁl(l)s;il(l)) (mod v), n'(Up) = I1, p(x *11(1)5].111(1)) (mod v) for any E-point of Spec R [p™"].
The result now follows from the fact that Rﬁ’T [p~1] is a reduced Jacobson ring whose maximal ideals have
residue field of finite dimension over E. (These properties are inherited from R%[p‘l], for example.) O

Proposition 3.19. With the notation above, p(x ~1 (mod v) is one of

()
Py (1))

J+1(1)Sj+1

s =X;, Vi, —(X; + [;]), and p(X; + [2;]) 7" (3.13)

if 7 # 0 and the product of one of (X, + [a])~! and (X4 + [@/]) 7! and one of (3.13) if j = 0. In particular,
’ 7,0
n'(Up) € Rﬁv'
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Proof. This follows by inspection of ([3.8)). O

Remark 3.20. Note that the last two possibilities —(X; + [x;]) and p(X; + [z;])~! can be removed if p is
semisimple.

3.6.1 Comparison with the central inertial type.

Definition 3.21. If wy € W is the longest element (nontrivial in all embeddings), then we define the central
inertial type of p to be the tame inertial type 7 such that o(7) = R w, (1t — spwon).

By Proposition we have that JH(o (7)) coincides with W (p**), which contains W (p). Hence, when-
ever 0 = ogm = 0(X)E is a principal series tame type as above, and 7(x) is the principal series tame inertial
type such that o(7(x)) = 0(x)E, the condition (3.9) holds and there exists a commutative diagram as in

Proposition (substituting 7(x) for 7). We are going to define an element of R%; that specializes to a
normalized version of n'(U,).

Definition 3.22. Using Proposition let 171’, be the product Hj ) e RTﬁ’E, where

#9) = 1,resp. 1Y), =X, (X; + [a]) 7 = (X + [a]) (3.14)

if
x(J—)l = 17 resp. p, Xj7 _Y}7Xj + [xJL —p(X] + [xj])_l

sip1 (D55 (1)

if j # 0 and the product of the appropriate one of (X, +[a])~! and (X, +[a’]) ! and one of (3.14)) if j = 0.
Again, 1) cannot be (X; + [z;])7! or —(X; + [z;]) if P is semisimple. Note that p does not divide [7[/)

Proposition 3.23. Let e(x) € N be such that p‘E(X)n’(Up) € R;%E, but is not divisible by p. Then the
image of ﬁz’) in R;I—E/p under the map 1D is the image of p’e(X)n’(Up).

Proof. This is a direct consequence of Proposition [3.18 O

3.6.2 Fixed determinant deformation rings.

In applications, it is often necessary to use deformation rings parameterizing lifts with fixed determinant.
Let p be as in 3.2.2* Let ¢ : G, — O} be a character lifting det pe~*. For an inertial type 7, let R%’T
be the quotient of K7 parameterizing lifts of p of Galois type 7, parallel Hodge-Tate weights (0,1), and
determinant ¥e. This quotient is nonzero if and only if ¢|;, = det 7. If 7 is a tame inertial type with RZ

nonzero, we similarly define R%: and R%:’D. We let I¥ (o) denote the image of I(o) in R%: and RTH,
Let [7;)/’" be the image of [71’7 in R%:’D. Then the fixed determinant analogues of Propositions |3.16| and

hold compatibly with the natural quotient maps from deformation rings to fixed determinant deformation
rings.

4 Diagrams, patching and groupoids.

4.1 Some generalities on diagrams.

We define a 0-diagram to be a triple (Dg, D1,r) where Dy is a L*GL2(Op)-representation with central
character, Dy is an N (I)-representation (where N(I) is the normalizer in GLo(L) of I), and 7 : Di|px; <
Do\ =1 is an injection that induces an isomorphism D; 22 Dél (we have weaker hypotheses on the central
character than [BP12| §9]). We will consider only diagrams over kg. We assume throughout that the
Ki-action on Dy is trivial.

Let p : G, — GLa(kg) be generic and let Dy = Dy(p) be the GLy(kp)-representation over kg defined
in [BP12, §13] (where it is defined over F,, but descends to kz, and in particular kg via 0p). Let DS be D/t

28



Recall that the Jordan—Holder factors of Dy appear with multiplicity one by [BP12, Theorem 1.1(ii)] so that
in particular the isotypic space D$[x] has dimension at most one.

To give a diagram (Dg, Dy, can) such that Dy|; = DY and can is the inclusion D§ < Dy is equivalent to
extending the action of I on DY to an action of the normalizer N(I) of I. Such an extension is equivalent to
giving a map II : D — DS taking D$[x] to D$[x?] for all y, and such that I1? : D — D acts by a nonzero
scalar.

By definition, a morphism of diagrams consists of a pair (¢g, ¢1) of morphisms, equivariant for L*GL2(Op)
and N (I) respectively, that commute with the inclusion r. It follows that every diagram is isomorphic to one
for which D; = D7 and r = can. We introduce an invariant of a diagram that classifies it up to isomorphism
and will be accessible to computation.

Definition 4.1. Let R: D{' — (sockx D)™ be the unique map so that if D{![y] is nonzero then R[ 1 [ 18
0
nonzero and given by S;(,) for some 0 < i(x) < g — 1, except when x appears in (socx Do), in which case
Rl(sock Do)'1[y] 18 the identity. (The existence and uniqueness of R follow from [BP12, Lemma 2.7], compare
h

also Lemma ) Given y, we write Ry for the character such that R(D{![x]) = (sockx Do) [Rx].

Remark 4.2. In the previous definition, the operator S;, ) is unique whenever x is not contained in (socx D).
This is because in most cases Ry has multiplicity one in the GLo(Op )-representation generated by Yy,
and the only exception is when Ry = x or Rx = x°. The first case is excluded since we are assum-
ing (socx Do)'t[x] = 0. In the second case, only Sy preserves Ij-invariants. So we can attach a uniquely
determined integer i(x) to any character x € D(I)1 not appearing in (socg Dg)’*. This integer has appeared
before: relative to the tame principal series type Indf [x], it is what we called i(x, Rx) in Lemma To
shorten notation, we will continue writing i() for this integer, and when x = Ry we will write S;(, for the
identity map.

Definition 4.3. We write G for the groupoid with an object x¢ for each character such that (socy D)™ [¢]
is nonzero, and morphisms freely generated by g, : Xgry — Xpgys for each nonzero Dél [x]-

Let D = (Dg, Dq,can) be a diagram such that Di|; = D{. Then we can construct a 1-dimensional
representation (i.e. a character) xp of G as follows: the objects x¢ go to (sockx Do)’ [¢] and the morphisms
gy 80 to maps

(sockx Do) [Rx] — (sockx Do) [Rx*]

defined by g, (R(v)) = R(IIv).
Proposition 4.4. The diagram D can be recovered from xp.

Proof. This is clear from the fact that R : D[x] — D$[Rx] is an isomorphism for all x, hence IT is the only
map that makes all the diagrams

D§[y] ———— D [x*]

| |
(sock Do) ' [Ry] —2 (sock Do) [Rx*].
commute. O

From a representation of a groupoid G, one obtains by restriction a representation of the group Gy of
automorphisms of any object x of G. The following result is standard.

Proposition 4.5. Suppose that X is a set of representatives for mo(G). The product of restriction functors

Repg — H Repgx
xeX

is an equivalence of categories.
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Proof. Consider the category G whose object set is X and Homg (x,x) = Gy for all x € X, while Homg(x1, X2)
is empty if x; # x5. The inclusion functor G — G is fully faithful and essentially surjective, hence it is an
equivalence of categories. The proposition follows since a representation of G is a functor from G to vector
spaces. O

Let xo, ..., Xk—1 be characters such that Rx$ = Rx;+1 for each i (where we set xj to be xo). Then there
is a map
Gy © 0 Gyo : (50cK Do) [Rxo] — (sockx Do)™ [Rxo)-
By Proposition if one determines the constants giving all such maps, one determines the isomorphism
class of D.

4.2 Diamond diagrams from patched modules.

There is a special class of diagrams, called Diamond diagrams, attached to many suitable globalizations of p:
for example, representations of Gal(F'/F), for F//Q a totally real field, that are modular for a totally definite
(or split at a precisely one real place) quaternion algebra over F', and that recover p by restricting to decom-
position groups (see . In §4and 5| we will work in the more general context of O[GL2(L)]-modules with
an arithmetic action, in the sense of [GN}, §5.2] (see also [CEG™ 18|, §3.1]), that recover these examples through
Taylor-Wiles—Kisin patching (see §6.2). In this section, we recall the definition of O[GLs(L)]-modules with
an arithmetic action and state our first main theorem.

Let p: G — GLa(kg) be a local Galois representation. Recall from the following notation. The ring
R is the framed unrestricted Og-deformation ring for p. If ¢ : G — OF is a lift of det pe !, then R%’ is
the quotient of R5 parameterizing lifts of p with determinant 1. We will assume throughout that v factors
through W (kg)*. For an inertial type 7, recall that R7 is the quotient of Ry corresponding to potentially
crystalline lifts of p of Galois type 7 and Hodge-Tate weight (0,1). Fix a natural number h and let R, be
R;®0,0p[r1,72,...,24] and RY, be RY®0,Op[r1,72,...,24]. Let Roo(T) be RS ®p, Roo and RY,(T) be
Ry @ py R

We consider the case where the determinant is not fixed (the necessary modifications for the fixed de-
terminant case are straightforward). By an Og[GL2(L)]-module My, with an arithmetic action of R, we
will mean a nonzero Og-module with commuting actions of R, and a right action of GLo(L) satisfying the
following properties.

1. My is a finitely generated right R [GL2(Op)]-module.
2. M is projective in the category of pseudocompact right Og[GL2(Op)]-modules.
For a finite Og[GL2(Or)]-module o, we let M. (o) be

My ®og[cL:(0)] O

3. If 0 is an Og-lattice in a locally algebraic type o(7), then M, (#) is maximal Cohen—Macaulay over
Roo(7); and moreover

4. the action of H(0) on M (0)[1/p] is given by the composite
H(6) = Ry[1/p] = Roo(7)[1/p]
with 1 as in
In the fixed determinant case, we furthermore require that
5. the center L™ of GLy(L) acts on M, through the fixed determinant character ¢ : L* — Oj.

Then in particular, Mo (—) is a (fixed determinant) patching functor in the sense of [EGS15, Definition
6.1.3]. This gives access to results in [EGS15, §8-10]. For example, if o is a Serre weight, then My (o) # 0
if and only if o € W (p) by |[EGS15, Theorem 9.1.1]. We say further that an Og[GLz(L)]-module My, with
an arithmetic action of R, is minimal if
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6. for 6 as above, dimg Mo () ®g__(r) E is at most one for any E-point of Re (7).

In this case, M (—) is a minimal (fixed determinant) patching functor in the sense of [EGS15, §6.1].

Let us elaborate on the action of H(0) on My, (6)[1/p]. In fact, H(6) acts on Mo (#) by the identification
of the latter with Homgy,(0,)(0, MY)" in the following lemma and Frobenius reciprocity. Note that MY
inherits a natural left action of GLa(L).

Lemma 4.6. Let 6 be a finite Op[GL2(Or)]-module. Then M () is Pontrjagin dual to Homgr,, (0, ) (0, MY,).
Proof. This follows from |GN| Lemma B.3]. O

The following theorem, which essentially follows from [EGS15, Theorem 10.1.1], will be fundamental to
our method.

Theorem 4.7. Suppose that M., is a minimal Og[GL2(L)]-module with an arithmetic action of Ry,. Let 7
be a nonscalar tame inertial type such that R7 is nonzero. If o(7)° is an Og-lattice in o(7) with irreducible
cosocle, then My, (o(7)°) is free of rank one over Roo (7). If ¢ factors through W (kg)*, then the analogous
fixed determinant result holds as well.

Proof. If E is an unramified extension of Q,, then this follows from [EGS15, Theorem 10.1.1]. We begin
with the following lemma. Let Roo o and Re,0(7) be defined similarly to R and Roo(7), respectively, with
the Witt vectors W (kg) in place of Op.

Lemma 4.8. Suppose that My is an Og[GLy(L)]-module with an arithmetic action of Ro. Then the
inclusion W (kg) C O makes My, a W (kg)[GL2(L)]-module with an arithmetic action of Ry . If ¢ factors
through W(kg)>, then the analogous fixed determinant result holds as well.

Proof. This is straightforward with the exception of item 3. Let mg C R o be the maximal ideal, and notice
that R is finite free over Ry . Then

depthp Moo (0) = depthy  (Me(0) + depthy,, R /mo Roo
=depthg M () @R, , Roo
= depthp_ M. (0)
= dim Suppp_ M (0)
= dim Suppp__ , Mo (0)

where the first equality is true since dim kg = 0, the second follows from |Gro65, Proposition 6.3.1], and the
third and fifth follow from the fact that R is finite free over R . O

The only place where the proof of [EGS15, Theorem 10.1.1] requires that E is an unramified extension
of Q, is in the proof of [EGS15, Lemma 10.1.12] (Og[X,Y]/(XY — p) is a regular ring if and only if E is
unramified). However, using Lemma the same proof shows that M. (o(7)°) is free over Roo o(7). Now
we deduce that

Moo(0(7)°) @R o(r) Boo(T) = Moo (0(7)%) @R (r) (Roo(T) @R o(r) Boo(7))

is Roo(7)-free. Since My, (o(7)°) is a direct summand of the right-hand side (as Reo(7)-modules), it is
finite projective over R (7), hence finite free since Roo(7) is a local ring. The rest of the proof of [EGS15|
Theorem 10.1.1], where key computations are done modulo wg, works without modification. O

Let m denote the maximal ideal of R...

Definition 4.9. We let 7(p") be the GLa(L)-representation MY [m] (where (—)" denotes the Pontrjagin
dual). Let Dy be w(p¥)%t and D; be 7(pY)t and set D = D(n(p¥)) = (Do, D1,can) for the inclusion
can : Dy — Dy.

Remark 4.10. We denote MY.[m] by 7(p") and not 7(p) to emphasize that our conventions in §6 are dual
to those in [Breldl §9].
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We now suppose that p: G, — GLy(kg) is generic as in §3.2.2 Then Dy is isomorphic to Dy(p) by (the
proof of) [Lel9, Corollary 5.2].

Theorem 4.11. If p is generic, then the diagram D is independent of the choice of M, satisfying proper-
ties (1) to (6) above.

The proof of Theorem will occupy the rest of §4, and will proceed by determining the composi-
tions gy, , - © gy, for every cycle of characters xo,. .., xx—1 such that Rx] = Rx;4+1 for every i € Z/k.

Ezample 4.12. We describe the groupoid G when L = Q,» and p is semisimple generic. There are always four
weights in the socle, parametrized by the subsets J C {0,1} through a map J — o(\;,p) (see sections
and . Hence there are four objects in the groupoid G, corresponding to the decomposition

(sock Do(P))™ = x1 ® X2 ® X3 ® X4

If p is irreducible, by [BP12, Proposition 14.7] the representation Dy(p)’* has dimension 8, and the
morphisms of G are generated by

Gy; : (s0cx Do(P)) [xi] = (sock Do(p))™ [xi+1]
Ixs - (sock Do(ﬁ))h [Xi+1] = (sock DO(ﬁ»Il [xil

(with some ordering of the characters y;). The diagram D is determined by the central character and a
single parameter in kj;, corresponding to the composition gy, © gy, © gy, © gy, -

For a split reducible p, the dimension of Dy(p)"* is 10, and hence there will be 10 generating morphisms
for G. In this case, the diagram D is determined by the central character and 5 parameters in &k (though
really one of these is determined by the central character).

4.3 Lifting g,.

The first step in the proof of Theorem is to construct specific lifts of the maps g, (or rather, their duals)
to patched modules in characteristic zero, via composition of saturated inclusions and Uy,-operators. In this
section, we fix a character x : I/I; — O} that appears in Do(p)"t. If £ is another character, recall from
Definition the definitions of §(x) and 0(x)¢ if o(¢) is a Jordan-Hélder factor of 6(x).

Lemma 4.13. The vector SopX™ generates 6(x*)X over Op[GLg(kr)]. If x # Rx®, then the vector Si(Xs)(pXS
generates 0(x*)™" over Op[GLy(kr)]. (Compare Remark for the definition of i(x®).)

Proof. This follows from Lemma since by Remark {4.2| we have i(x®) = i(x®, Rx®). O

We are going to need an isomorphism
IT: Moo (0(X°)) = Moo (0(x))
arising as follows. By Lemma [£.6] it is equivalent to construct an isomorphism

Homo ,(ar,(0,))(0(x), M) = Homo ,jar, 0,y (0(x°), M,).

But by Frobenius reciprocity, these Hom-spaces are isomorphic to (MY)!1[x] and (MY,)"[x?®], respectively.
Hence multiplication by the matrix II induces an isomorphism (MY)1[x] — (MY)1[x*]. We summarize
this construction in the following lemma, for ease of reference.

Lemma 4.14. Multiplication by IT on MY, induces an isomorphism II : My, (0(x®)) = Moo (6(x))-

We are also going to need the following related construction. As in Lemma there is an isomorphism
O(x) — 0(x*)X sending X to SoX". Precomposing with the isomorphism from Lemma we get an
isomorphism My (6(x*)X") — Muo(6(x*)X), which we also denote by II. Now consider a sequence

s

OO )X = 0(x*)X = 0(x" )X = 0(x* )" = 0(x")
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of saturated inclusions, as defined in In this context we have the following commutative diagram, where
the unlabelled arrows are induced by the saturated inclusions above.

Moo (0(x*) ) —— Moo (0(x*)¥) —— Moc(0(x*)™)

| (4.1)

Lemma 4.15. In the diagram (4.1) the diagonal arrows are multiplication by the image through 7 of the
Up-element of H(0(x)[1/p]), and the vertical arrows are isomorphisms.

Proof. The inclusions are dual to restrictions, hence the short diagonal arrow is dual to

Homo ,(GL, (k)] (0(X*)X, M) = Homo ,jGL, (e, )] (0(X°) Y, M)
F = oo

where f* : 0(x*) — MY, is characterized by the equation f*(pX") = TIf(SopX ). Then f¥|p(eyx is
characterized by the equation

FH(SoX") = SoIlf(SoX") = U, f(SopX ),

(recall from the proof of Lemma that SoIl = U,). Since f(SopX") is an I/l -eigenvector with eigen-
character x, U, is an element in H(6(x)[1/p]). The result now follows from |[CEG" 16| Lemma 4.17(2)]. The
long diagonal arrow is the restriction of this arrow (recall that o — M (o) is an exact functor).

For the second claim, we only need to consider the unlabelled vertical arrows in by Lemma m
These arrows are injective since o — My (o) is an exact functor. By Nakayama's lemma, it suffices to
show that Mu(0(x*)™)/m — M (6(x*))/m is surjective (and similarly for x). Dualizing and using
that MY [m]X() =~ Dy(p), it suffices to show that Hompg (0(x*)/0(x*)™X", Do(p)) is zero. Any map in
Homg (6(x*®), Do(p)) factors through Dy ,(ry+)(p) in the notation of [BP12, §14]. The image of a nonzero
such map would then contain o(Ryx?®). Since 0(x*)/0(x*)™X" does not contain o(Rx*) as a Jordan-Hélder
factor by construction, we are done. Alternatively, one could show that JH(O(x*)/0(x*)™ ) N W (p) = 0,
which immediately implies that M, (8(x*)/0(x*)X") is zero. O

We let U, (x) be n(U,) where U, is the Hecke operator in H(6(x)[1/p]). We denote by hy, : Muo (8(x*)X") —
Mo (0(x*)FX) the composition of the three vertical arrows (the last one inverted). Its mod m reduction is
closely related to g,. To see this, we deduce from Lemma @ that there exist surjections

pry. : 0(x°)™ = o(Rx*), (4.2)

Sigeny @ = @™
pr, : 0(x*)™ = o(Rx), (4.3)
Si)SowX — X
where in the second case we use the isomorphism

O(x°)* — 0(x),
S()QDXS — QDX.
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(Recall that by definition o(€) is a quotient of (&) with generator . While the existence of the surjections is
automatic from the fact that, for example, o(Ryx) = cosoc §(x*)X, we characterize them using, for example,
the generator Si(X)S()(pXS of O(x*)TX; see Lemma ) In the special case that x = Rx?, so that S;,+) = So

and S;(,) = id, we have that pr,. = pr, : SoX" X,

Proposition 4.16. There is a commutative diagram

Meoc(80¢)X") /m —T— Moc(6(x")¥) /m

[ I

Moo (0(x*) ) fm —25 Moo (0(x*) ) /m (4.4)

lprxs lprx

Meoo(0(R%))/m —2s Moo (o(Rx))/m

where the unlabelled arrows are induced from saturated inclusions, the maps labelled pr, and pr,. are
induced from these surjections, and all vertical arrows are isomorphisms. Moreover, the map Ex is dual to
9x-

Proof. The top vertical arrows are isomorphisms by Lemma By exactness of My (—), the bottom
vertical arrows are surjective. Since My, (8(x*)X")/m and M. (8(x*)"X)/m are one-dimensional by Theorem
and Mo (o(Rx®))/m and My (o(Rx))/m are nonzero, the bottom vertical arrows are isomorphisms. We
let Ex be the unique map which makes the diagram commute.

Let f be an element in Homy, ,jar, (k) (0 (Rx), MY [m]). Let fing € Homy (gL, ke, (0(x*) X, MY, [m]) and

fe Homy, , (gL, (k)] (0(x®)X, MY, [m]) be the elements obtained by the vertical isomorphisms. Then

9 (")) = gy (F(Six) S0 ))
= 93 (Six) F(SopX"))
= gy (Rf(SoX"))
= RII(f(So@X))
= Sixeyhy (fina) (@)
=Ry (F)(X).
O

We deduce the following special case of Theorem which is also a consequence of the results of [BD14].
Accordingly, in what follows we will often make the assumption that y # Ry?®.

Lemma 4.17. Assume x = Rx°. Then g, does not depend on M.

Proof. The above discussion has shown that the dual h,, to g, can be identified with the reduction of Up(x).
O

4.4 Lifting U,(x).

We translate the above calculation for the principal series type 0(x®) = o(7(x®)) (this defines the tame
inertial type 7(x®)) into one for the central type 0 = o(7) (recall that 7 is the central inertial type). Again,
x : I — Of is a character appearing in Do( )I1 with xy # Rx®. Since a composition of saturated inclusions
need not be saturated, from the top line of (4.1)) we see that there is a unique e(x) € N such that the diagram

Moo (0(x*) ) —— Moo (0(x*)®X") 25 Moo (0(Rx*))/m

- 4.5
p*dﬂm J{hx lhx ( )

o (00¢*) %) =2 Mo (0(Rx)) /m

commutes, where the unlabelled horizontal map is induced from a saturated inclusion.
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Proposition 4.18. There exists a unique quotient Q(XS)RXS of G(XS)RXS/WE which is isomorphic to a
quotient of #X" /oy and whose Jordan-Holder factors are exactly JH(A(x*®)) N JH(#). Similarly, there
exists a unique quotient Q(x*)fX of 0(x*)® /wp which is isomorphic to a quotient of 87X/ and whose
Jordan-Hélder factors are exactly JH(8(x*)) N JH(A).

Proof. The duals (6(x*)®X" /wg)Y and (87X /wy)V are representations with the same socle, which is iso-
morphic to o(Rx*)V, is generic and appears with multiplicity one as a Jordan-Holder factor. By [BP12]
Proposition 3.6], these representations embed in a twist of what they denote Vap_2.r, where r is such that

o(Rx*)Y = (ro,71,...,77—1) ® n for some character n. Since o(Rx?®) is a modular weight for the generic
representation p, all the r; satisfy the constraint 0 < r; < p — 2 (and indeed, even stronger ones). Then the
proposition follows from [BP12, Theorem 4.7]. O

Consider the diagram
Q(X°)™ —— 0(x")™
lLQ lL
Q)™ —— 0(x*) ™,

where 7 denotes the natural projection maps and ¢ denotes a saturated inclusion. Then 7o factors through
the top map. Let ¢ be the unique map that makes the diagram commute.

Note that the quotient maps 8(x*)™ /wr — Q(x*)X and 0(x*)™X" /wp — Q(x*)™X" induce isomor-
phisms on M, (indeed, their kernels have no Jordan—Hélder factors in W (p) since W (p) € JH(A)). Moreover,
the surjections pr, . and pr, factor through these quotients. Passing to quotients, becomes

Moo(Q(*)™) %5 Muo(Q(x*)™') =25 Muo(o(Rx*))/m
e 2 =
Mo (Q(x*)™) —2 Moo (o(Ry))/m
Fix a surjection a : 07" — Q(x*)®X". Consider the diagram
X 2y Q(x*) X 4 B(x*)X
| [ l
ORX 2y Q(x*)PX" (xR’

The map « o ¢ factors through ¢g. We call the unique top map that makes the diagram commute o as well.
We have the following diagram

Moo (07%) —2— (Q(XS)RX) —— Mao(0(x%)™)
Moo (07") — Moo (Q(x*)™X) +—— Moo (0(x*)™X) (4.7)

I b I
Moo (07%) —= Moo(Q(X*)™) —— Muo(0(x*)™).
where 7LX is any lift that makes the diagram commute. Note that Ex exists because M, (87X") is free of rank

one over R (7). In fact, iNLX is necessarily an isomorphism. It is surjective by Nakayama’s lemma because
hy is surjective. This implies that it is injective since source and target are free of rank one over R (7)
by Theorem [4.7] This free of rank one fact also implies that the composition of the left column is given by
multiplication by some element U, »(X) € Roo(7). Then the commutative diagram

Moo (0FX) ——s Moo (07X°) 2% M (o(Ry®))/m

U$ l ﬁx 9

o (05%) 2275 M (0(Ry))/m
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is a lift of (4.6).

Now recall that since

JH(O(x*)) N W (p) € JH(6) N W (p)
by construction, by [EGS15, Theorem 7.2.1] there exists an ideal I(x) of R (7)/wg such that the special
fibre Roo(7(x®))/wE is the quotient R (7)/(wg, I(X))-

Proposition 4.19. If we let 1 +mp_ () denote the 1-units of R (7), then the equivalence class

Up(x) (1 + Mg (r) € Roo(T)/(1 +mp_(r))
(the orbit under multiplication) is uniquely characterized by the following two properties:

1. we have the equality B
Moo (0) (Moo (07%)) = Up(x) Moo (67X), and (4.9)

2. the image of Tj'p(x) in Roo(T(x*))/@E is equal to that of p=¢CIU,(x).
Moreover, U, (x)(1 + mp_(r)) is independent of the choice of M, (once the integer h is fixed).

Proof. Note that ﬁp(x) satisfies both of these conditions. Indeed,

while

hyotg =U,(x) (mod wg+ I(7(x)))
=y, (x)  (mod wp)

by . N
The condition uniquely characterizes Up(x) up to multiplication by Roo(7)*. The comparison to
Up(x) characterizes it up to 1 +mp_ (). To prove the last part, it suffices to show that these two properties
are independent of M,. This is clear for the second property. We now consider the first property. We begin
by noting that R (7) is normal (R; and Ss) since it is Op-flat and the special fiber is reduced and so Ry
and S;. Then the principal ideal giving Mo (¢)( Moo (67X)) in Mo, (§%X") is determined by its corresponding
Weil divisor, which is
—
> me)X" (o), (4.10)

oCJH(0)

where m(o) denotes the multiplicity of o as a Jordan—-Hoélder factor of coker ¢ and X (0) is as in [EGS15, §6].
We conclude by noting that (4.10) does not depend on the choice of M. O

4.5 Proof of Theorem [4.111

Now fix a cycle xo, ..., xx—1 so that Rx? = Rx;+1 and x; # Rx} for all i (otherwise we apply Lemma 4.17]).
We will prove that EXO .- 'Exrl is independent of M., which will imply Theorem by Propositions
and [£.16] The last preliminary step is to iterate the constructions above for the y;. B

Fix a surjection ag : 070 — Q(x§)™¥0. We have seen that there exists a map Ry, well-defined up to
1-units, such that the following diagram commutes.

Moo (07%0) —2 Moo (Q(x§)X0) +—— Moo (0(x§)X0)

J{ﬁxo J{hXO J{h’XO

Moo (67x0) —20 Moo (Q(x§)TX0) +—— Moo (8(x5) )
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Now define a surjection oy : 0%X1 — Q(x5)™1 by requiring that a; makes the following diagram
commute.

)RX1
pRx1 — gRx; o(Rx1) = o(Rx3) (4.11)
Qx) e

Then define inductively maps a; : 87X — Q(x3)FXi. These are maps between representations of GLo(kz),
defined independently of M,

Remark 4.20. It is usually not the case that ai = g for a cycle of length k, and determining the scalar by
which they differ is actually the main representation-theoretic input to the computation of Breuil’s constants.
It is for this reason that we have taken some care in the definition of «;.

We are now in a position to complete the proof of Theorem Consider the amalgamation of dia-
grams (4.8) using (4.11)) along the cycle xo, ..., Xx—1, which we draw next for k = 3.

prysoas

Mo, (070) s Moo (07X1) —— Mo (0RX5) —5 Moo (07X5) oo (o (RX{))/m
~ X EX
Upm U% U(XO\ l ’ prysoas ’

Moo (0750) —— Moo (07X1) —— M (07%3) —— Moo(o(Rx3))/m
Um U(X2\) l . prysoai e

oo (67%0) 00 (07X1) —— Mo (0(Rx}))/m
U(X\ l e Brgom o

00 (07%0) —— M. (0(Rx§))/m

Here, the unlabelled horizontal arrows are induced by saturated inclusions. The diagonal arrows are ﬁp—
operators. The rectangles commute by definition of the «; together with (4.6)) and (4.7). By construction,
there exists a positive integer v = v(xo, - - -, Xk—1) such that the composition

phxo —y pBRXT _y ...y gBXk—1 _y gBX0
of saturated inclusions is multiplication by p”. From the diagram we see that
Py B By = Up(Xo) - Up(Xk—1). (4.12)

If ¢(xo0,-- ., Xk—1) € kj is such that ax = ¢(xo, ..., Xk—1)ao, then ¢(xo, ..., xx—1) is independent of M (it
is even independent of the choice of surjection o) and we have

e(X0s -+ Xi—1) Py Py Ty = D7 Up(x0) - Up(Xi-1) (4.13)

in Roo(7)* /14 mpg_ (), and the theorem follows since the (NJP(XZ-) are well-defined and independent of M,
up to multiplication by 1+ mpg_ (- by proposition

5 Breuil’s constants.

We now proceed to the computation of the constant g, ,---gy, € kj in the cases considered by Breuil
in [Brell]. By Proposition and (4.13)), this amounts to a computation of two units

c(X0s - - Xu—1) € kg and p~? X0 XD T (o) -+ Up(Xh—1) € Roo(7)* /(1 + mp_ () = k.

Although Breuil’s cycles are only defined for semisimple mod p representations, we make some of our calcu-
lations on Galois deformation rings in more generality. Until Lemma the only assumptions on p are our
running assumptions of genericity from §3.2.2]
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5.1 The product fjp(Xo) e ﬁp(Xk_l).

In order to compute this product, we must relate the above patching constructions with deformation ring
calculations in This involves a translation of the results of [EGS15| §7-8] into the notation of §3| Rather
than make this translation explicit, we indicate how the methods of loc. cit. can be used to prove the results
that we need. By construction of the U,, our final result will only be well-defined up to l-units in the
deformation ring, but this will suffice for our purposes.

Notation. Recall from §3.6.1) that 7 is the central inertial type for p. If 7, is a tame inertial type, then
the map ~™ from induces an injective, formally smooth map

T T,
Ry — Rl (5.1)

Recall also that we have attached a weight o; to each subset J C Z/f, and that all modular weights of p

have this form. If x € (socx Do(p))™*, we write J(x) for the subset such that 051( ) Z X

Lemma 5.1. Suppose that ¢ € W(p) and recall from §3.5.3| the ideal I(c). Then the scheme-theoretic
support of
Meoo(0) ®pz R

is Spec Roo @z (R%T/I(C’))-

Proof. There exists a type 7. such that JH(*( ) NW(p) = {o}. By Proposition if o = F(tu(spwj))
one could take w, ; = id for all j and w, ; to be id if and only if j ¢ J in the notatlon of § Then
I(7.) + (wg) coincides with I(o). Let 62 be the lattice in o(7) with cosocle o. Then the surJectlon 07 — o

induces an isomorphism B
Moo (07) = Moo (0).

The scheme-theoretic support of My, (5:) is Spec R%* /g, and R%* /@E is a quotient of R%/wE since 7 is
central for p. Since (5.1)) is flat, it suffices to show that

Roo(7") /@ ®pr Ry = Roo @z (RZE/1(7.) + (wp).
This follows from Proposition [3.16] O

Lemma 5.2. Let J; C J5 be such that j € J;\ Ji. Let J be J; U {j}. Suppose that 7, is a tame inertial
type such that JH(7 (7)) contains both o1 = o, and oy = 04,. Let 62 C 0! be a saturated inclusion of
Op-lattices in o(7y) with cosocles isomorphic to o9 and o1, respectively. Then

T, T,
Moo (67) @ - Rizr. = Y1 jMoo(6;) @ Ri-ro. (5.2)
Proof. One checks from Lemma that Y;_;_o annihilates the quotient
(Moo (03)/ Mo (62)) @ pre Rz
(we can assume without loss of generality that E/Q, is an unramified extension by Lemma . The

inclusion D in (5.2) then follows. By [EGS15, Theorem 5.2.4], we see that pr} C 72 is also a saturated
inclusion. Arguing as above we see that

PMoo(01) @ e Rper) O X1 Moo(02) @pre BT (5.3)
Combining with the earlier inclusion and the equation Xy_;_;Yr_1_; = p yields
Moo (0)) @ RIS Xpoy iMoo (62) Dp7 RT D pMoo(0)) @pr R
This forces that all inclusions above are in fact equalities. O

Lemma [5.2] and an induction argument yields the following.
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Proposition 5.3. Suppose that 7, is a tame type such that JH(7.) contains both oy = o, and 09 = 7,. Let
62 C 6! be a saturated inclusion of Og-lattices in o(7,) with cosocles isomorphic to o and oy, respectively.

Let
Xj iff—l—jEJl\JQ

it J2)=qY; f-1-jel\Ji (5.4)
1 otherwise.

Then
T, T,
Moo(ef) ®R%" Rﬁ"* = (HfJ(J17J2))Moo(9>¢1<) ®R%" Rﬁ"*'
J

We are now ready to compare our calculations on deformation rings of Galois representations and Kisin
modules. Fix a character x appearing in Do(p)". Let U)(x) be the element of R%T defined in §3.6.1|, with

the type 0(x)[p~!] playing the role of o. We begin by relating ﬁ;(x) to ﬁp(x).
Lemma 5.4. We have _ O~ -
KT (Up(x)) Rz = Uy (X) R
Proof. Let 62 C 6! be a saturated inclusion of Op-lattices in o(7) with cosocles isomorphic to o(Ryx) and
o(Rx?®), respectively. By the first property of U,(x) in Proposition it suffices to show that
2 0 _ 77 1 7,0
M (07) ®pz Rerr = Uy (x) (Moo (67) ®rr Reo). (5.5)

Let 6(x)? C 0(x)! be a saturated inclusion of lattices in o (7(x)) with cosocles isomorphic to o(RY) and
o(Rx?®), respectively. By definition of U,(x), we have
7(x),0 —e T 7(x),0
Moc(0(0)?) © rin B = 9700700 (U, (00)) (Mo (6(0)") © o REENT).

By Proposition this implies that
—elx) T _ r(x),0\
PO, () = [] (71, 1) mod (RZT) (5.6)
J
with J; and Js corresponding to o(Rx?®) and o(RYx), respectively. By definition, [7;)()() is congruent modulo

X
(R%g) to a product [; g; for certain factors g; € {X;,Y;, 1} (note that X, + [a], Xor + [o/] are units).
Furthermore, Proposition |3.23| and 1) imply that the image of [ ;95 in R%f?x)m /pis

[17(. ) € RZSUE /.
J

Then necessarily we must have

g; = fi(J1,J2) mod (R%‘;)X

for all j. But then (5.5) follows from Proposition since the formula (5.4) is independent of the tame
type. O

Lemma 5.5. Let x be a character appearing in Do(p)t. Then HT(ﬁp(X)) and ﬁ[/,(x) coincide up to multi-
plication by a 1-unit of R%El.

Proof. Given lemma this is a direct consequence of propositions and O
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We now make some extra assumptions:
1. we assume that p is semisimple and we will keep this assumption until the end of §5

2. we fix a cycle xo, ..., xr_1 of characters appearing in (socx Do(p))!t, such that Ry$ = x;41 for all
i € Z/k: this is precisely the situation of [Breld, Question 9.5] (though our genericity assumptions are
slightly less general).

3. by [Brell, Lemme 6.1], we can assume that Rx? # x$ for all i (i.e., o(x7) ¢ W(p)), and by Lemma
we can assume that Rx; # x; for all ¢.

Lemma 5.6. Assumption implies that each H-character y; has multiplicity one in the central type 0 =
o(7).

Proof. If 0 is cuspidal, this is true because every H-character has multiplicity one in . If 8 is principal
series, then the only exceptions correspond to the two characters coming from I;-invariants. However,
if x; is one of these characters then o(x{) is in JH(G(7)) = W(p) so that Rx; = x3, which contradicts
assumption . ]

Proposition 5.7. Let J C Z/f be J(x;) for some i € Z/k, so that y; = 051. Let Jy = d,eqJ, so that x;
corresponds to the formal weight \j,. Let § be diy; or dyeqa according to whether p is irreducible or reducible.

Then the product
k-1

100 (5.7)
is the product of a 1-unit of R7, the scalar

(_p)%lioAMJo)\7

and the scalar
_klGL kLol .
[@]” 77 [&']7 77 if pis reducible

if p is irreducible
where a and o/ are as in §3.2.2

Remark 5.8. For any J C {0,..., f — 1}, we have that |JoAd(Jo)| = |§(Jo)AS%(Jo)| by Lemma Hence,
the formulas in proposition do not depend on the choice of i € Z/k in the definition of J.

Proof. By Lemma [5.5] it suffices to show that
k=1
[T 00 (5-8)
i=0

is of the same form up to multiplying by a 1-unit of R%ETJ. Recall that for each 1, ﬁ;(xz) has a factorization

=)
[Tz,
j=0

where fgj) is either 1, Y}, or —X; (multiplied by one of (X, + [a])™! and (X + [@/])7! if j = 0). Let g7

be Ez(-j ) without the modification at j=0.
Fix 0 <i<k—1and let J be J(x;). We claim that

[ # 100 <5 < f— 1} = | JoAd()]- (5.9)
By Lemma there are permutations s*,w,w’ € W such that

0(x)[1/p] = R (1 — spw'n), s"F(s*) ™! = szw and x = (s*) " (u — spw'n)|u,
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and furthermore j € Jp if and only if s} # id. (Recall that the formal weight of o (,,) corresponds in all

cases to Ored(J(Xi)), hence x; € {p —2 —r;,p—3 —r;} if and only if j € Jo.) From §3.5.1) we see that
@{f_l_j) = 1 if and only if w; = id. But since w; = sp;s] (sj_l)*l, one finds that 'g]i(f_l_J) # 1 if and only

if j € JoAS~Y(Jp). This establishes
By Remark [5.8] we conclude that
{79 #10<i <k —1,0<j < f—1}] = k|lJoAS(Jo)l. (5.10)
Since . ) is a power of p up to a unit by (4.12] - the same is true for . This implies that Y; and
—X; appear among {yzj )}Z ; with equal frequency. We conclude from that

k—1f-1

H H yl(j) _ (_p)%lioAts(Jo)\. (5.11)

i=0 j=0

For each i, :c( ) contains a factor of either X, + [a] or X, + [@]. Moreover, we see from Corollary

m and that these two possibilities correspond precisely to f —2 ¢ J(x;) and f —2 € J(x5),
respectively. Thus7 we have

k=1 ~(0) £ Jol L. .
H T, ) (Xa+[a])” (X + [ ]) if p is reducible
i=0 @(O) (Xo + [a])‘g(Xa/ +[a'])™ 3 if p is irreducible

(by the beginning of §5.3] - J§ is always in the d-orbit of Jy when 7 is irreducible). In conjunction with (5.11] -
and recalling that o’ = —1 if p is irreducible, this finishes the proof.

Remark 5.9. In the rest of this section, we will work with the parametrization by formal weights instead of
the parametrization by the extension graph. This is the reason for working with Jy in Proposition

5.2 The constant c(xo, ..., Xr_1)-

Recall our running assumptions from that Rx; = x;, that Rx; = xi4+1, and that Rx; # xJ,x; for
each i € Z/k. We will actually compute the constant c(x;_1,X5_o---,X§), Which is enough because of the
following lemma.

Lemma 5.10. The equality c(xo, ..., Xk—1) = c(X;_1,---,x§) " holds.

Proof. Informally, this is going around the cycle in the opposite direction. More precisely, we have de-
fined ¢(xo, .., Xk_1) starting from a map «y : 67%x0 — Q(XS)RXS, constructing «; inductively, and putting
ar = c(X0,---sXk-1)0. Now we have to start from some §X+-1 — Q(xp_1)* 1 and we know that
Rx—1 = Rxj_,, so we choose to start from aj_. The next map to be constructed will be some frixK—2
Q(xk—2)™* =2 and we know that Rx,_> = Ry;_, and ay_s makes the pertinent diagram commute. Iter-
ating, we deduce that ag = ¢(x5_;, .-, X5), and the lemma follows. O

We begin by reducing our goal to certain explicit computations on the central type 6, that can be
performed via the methods of 3. Write ¢; = x3_;_;, and fix a surjection ayp : 0¥ — Q(15)*o (observe
that RY§ = Rxr—1 = Xk—1 = ¥§), and construct the o; as in This relabels the «; for our new cycle
Yo, ..., ¥Yk_1, and they will not change until the end of the paper.

By construction, there exists a unique v(¢{) € Z>( such that the composition

(7)™ — 0(u7)" — 0(45) (5.12)
of saturated inclusions is p*(¥) times the saturated inclusion. By Lemma together with the isomorphism
0(i) — 0(¥)""

PV Sopt

it follows that p—*(¥i)g; i )Sogo'f’z generates the image of the saturated inclusion 0(¢$)F% — (3) (see
Definition {4.1| for the definition of Sj(y,))-
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Lemma 5.11. There exists a unique 0 < i*(¢){) < ¢ — 1 and constant c(¢§) € W(kr) \ {0} € W (kg) such
that

Si(d)i)SOQOde = C(¢S)S;(wf)<pwf
in the integral induction A(¢?) = Ind¥ (7). The equality it (4§) = ¢ — 1 — i(t;) holds.

Proof. This follows from Lemma as the character Ri); has multiplicity one in 6(¢¢). Indeed, otherwise
RX{_1_; = Xk—1—i of RX}_1_; = Xj_1—;» which we have assumed not to hold. The equality follows from
Lemma O

Definition 5.12. We write ¢(¢7) for the leading Teichmiiller coefficient in the p-adic expansion of ¢(1)7).

Next, we show that the reductions mod p of these constants ¢(if) are closely related to the con-
stant c(x5_q,--.,X{) we are trying to compute.

Lemma 5.13. Let ¢ : (43)F% — 0(¢f) be a saturated inclusion. Then the vector S, . ¢¥ is contained

it (7))
in and generates (1)3)F¥: over Og[GLa(kz)].

Proof. Recall that Ri); has multiplicity one in 0(¢f)[1/p]. The result then follows from Lemma
O

Proposition 5.14. Recall the maps pr from (4.11). Assume z € % is such that
prysai(e) = o¥ € o(43).

Then ST

i w._g)(x) is contained in the image of the saturated inclusion #%i-1 — %7 and

Prys Qi1 (E(¢S)S;(¢f)($)> = ‘/’M_l €a(¥i 1)

Proof. Taking definitions into account, this follows from the discussion above and inspection of the following
commutative diagram.

Qi—1

0V e 0V Qi)Y

J/Dzi J{ai lprwg )
P

o(}) g QY QY T o(vi_,) = o(Ru)

d |

O(w3)¥T —— o(wi)™

We give the details as a sequence of lemmas.

Lemma 5.15. The equality prwiw('é(wf)S;(w)gawf) = %=1 holds in o (¢ ).

Proof. By definition,

pry, 7 (p~" ) Sy Sop?) = 9%,
and the claim follows from Lemmas and (The map pr,, in is defined in terms of a nonsaturated
inclusion, so we need to divide by p_”(wis).) O

Lemma 5.16. The equality o;(z) = 7(¢%i) holds in Q(3)¥:.

Proof. By |[BP12| Lemma 2.7(i)], the only quotient of 6(1§)/wg in which 7 has multiplicity two is 8(¢f)/wg
itself. Since ¢; does not appear in socx Do(p), the type 6(37) is not the central type 6, and so v has
multiplicity one in Q(«3)%+ . Tt follows that a;(z) = 7(¢¥+), since they have the same image ¢¥i in o(35). O

i

Lemma 5.17. The vector ST

2 () (@) is an element of 6vi-1.
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Proof. By assumption, the character Ry; = 17, has multiplicity one in 6[1/p]. The result then follows from

Lemma 2.13]
O

Now we conclude the proof of the proposition. Lemmas and imply that

1S e (@) = SE (nyai(@) = Sﬁw:)ﬂ(%"w) - 7Tszt(w:)(‘ow) (5.13)

in Q(¢yf)¥i. By Lemma we deduce an equality
0057, ) = 7S gy ().
Now ¢ need not be injective, but we know that it is nonzero and that the vector 71'8;( w)(gpwf ) generates
Q) F¥i | so we deduce that
aiS;('Lpf)<x) = 775;1(1;;;)(901/);) € Qyp)ftr. (5.14)
We conclude that
Drys 0ima (G ) () = Dro, 0a (F)ST ) (@)

(5.14) ~ s s
CDD e, w(@)S T gy (0°7)

= ¢¥-1 by Lemma [5.15

By Proposition we deduce that if z € 0¥, and ay(z) maps to p¥* € o(33), then
a0 (EE)SS: o) - EWRST () (@)

maps to p¥ = @¥. The composition % — %1 — ... — %% of saturated inclusions is multiplication by
some p”, and we deduce that

P le(Wo. k1)) -2 = EWDS (g TS (g ().

In the next sections, we will compute the product Hle c(1?) as well as the composition Sit(ws) e S;:(
1

vy
using the methods of

5.3 The irreducible case.

Here we compute the constants of the previous section when p is irreducible. Recall the bijections J +— A
and J — o(\y,p), from subsets J C {0,..., f — 1} to formal weights of 5, resp. modular Serre weights of p
(they are defined in (3.4)), resp. (3.5))). The integers r; are defined through

F(rj+1)p?
N w22f]70 (r; )p 0

p|IQp - 0 wngJf;(’l(Tj+1)pj
up to twist. In this section, we write § for d;,. If A = A;, then we define A = \5;, and similarly,
if x = o(\s,p)ft, then we define oy = o(\ss,p)*. By the proof of [Brell, Proposition 5.1], and our
assumptions on the characters y;, we have y;;1 = dx; for all 7.
We remark that k, the number of characters in our cycle, is an even number when 7 is irreducible: this
is because 6/ (.J) = J¢ (the complement of .J). For future reference, we record the following lemma.

Lemma 5.18. The number |JAJJ| is odd.
Proof. Tt is enough to prove that |JAdeq(J)| is even, because d,eq(J) differs from d;,,(J) precisely at f — 1.
We have j € JAdyeqd if and only if ch; (5,7 + 1) € {(1,0),(0,1)}.

Define an involution * : JAbpeqJ — JAbpeqJ as follows: if chy(j,7 +1) = (1,0), then xj is the first
number following j such that chy(xj,*j + 1) = (0,1). If ch;(j,5 + 1) = (0,1), then *j is the first number
preceding j such that chy(xj,*j + 1) = (1,0). The lemma follows since * has no fixed points. O
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Computation of i*(¢;_,_,). By definition, i (¢;_,_,) is the only number in the interval [1,¢ — 2] such
that Sitr(?/ﬁ ) sends the character y; to x;11. As such, we will also write it as i*();). The modular weight
k—1—1

of 5 corresponding to x; can be written as o(Ay,0) = (Ao(10), ..., Ar—1(ry—1)) ® det*™ ™ for some J, and

SO
(e 0 Alr) e(M)(r)
Xi (O d) — a™" (ad)

where we have written A(r) = sz:ol Ai(r3)p’. Our goal in this paragraph is to prove the following proposition.

Proposition 5.19. The j-th p-adic digit of i™(x;) is

(i) = (0A);(r;) when p is irreducible
b= p—1 when p is reducible.
Proof. This is a direct consequence of Lemma [5.23] and Proposition [5.24] to follow. O

Remark 5.20. Some of the computations in this section have appeared in [Hul6| for reducible 7 (the com-
binatorics is similar). To see the compatibility between Proposition and |[Hul6l Lemme 5.4(ii)], notice
that the set there denoted I(\) coincides with 6.4/ in our notation. Since we will also need the (slightly
different) irreducible case, we have decided to give a full argument.

We need to recall [BP12, Lemma 2.2]. The Jordan-Hélder factors of Ind?LQ(kL)(Xf) are in bijection with

subsets of {0,..., f —1}. We first define a bijection between the set of subsets of {0,...,f —1} and a set of
formal weights P(z;), which we denote p+— J(p). Writing p as an f-tuple (u;), it is characterized by

p—1—x; if chy)(i—1,i)=(1,1)
a1 if chyqy(i—1,i) = (1,0)
M p—2—m if chygy(i—1,i) = (0,1)
T; if ChJ(H)(Z' —1,7) =(0,0).

Note that j € J(u) if and only if p; € {p —2 —x;,p — 1 — z;}. The Jordan-Hélder factor of Ind?LQ(kL)(X§)

corresponding to J(p) is 7 = p(A(r)) @ det“ @A) p where e(y) is as defined in (3.3).
The following lemma is implicit in [BP12] but since it is fundamental to our method we give some details.

a
0 d

to the constituent 7 = u(t) ® det®™® y of Ind?LZ(kL )y (We write u(t) for the evaluation of the formal
weight p at the p-adic digits of ¢.) Assume that 7 is neither the socle nor the cosocle of the induction. Let ¢

Lemma 5.21. Let ¢ € [1,¢—2] be an integer and define ¥ : ( ) — a'n(ad). Let u € P(x;), corresponding

be a generator of the x*-eigenspace for I/I; in Ind?LQ(kL)XS.
Then SzjeJ(H) pi(p—1—p; (t,;)) P generates 71 in every quotient of IndIGLZ(kL)XS where 7 is a subrepresen-

tation.

Proof. Compare [BP12, Lemma 2.7]. By our assumption on 7, the character 7/t has multiplicity one, hence
it is enough to prove that the given vector has the same H-eigencharacter as

I o) (ad)e(”)(t)n(ad) - at(afld)e(“)(t)n(ad).

An application of Lemma@ implies that the H-eigencharacter of SZjeJ(m pi(p—1—p;(t;))P 18

a'n(ad)(a= d)>=iesm P (p=1=p;(t;))

)

so we need to prove that e(u)(t) = 3¢ 5 p’(p—1—p;(t;)) mod g— 1. We will actually prove this as an
equality in Z.
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Write e(u); = 22; —p+1,1,22; — p+ 2,0 according to whether ch (i —1,7) = (1,1),(1,0), (0,1),(0,0)
respectively. By definition, we have

-1
1 .
2 (;é;e(ﬂ)ﬂf> if ppy €{zpa, 251 -1}
=1 e (515)
3 (pf -1+ ; e(,u)m’) therwise
We are going to rearrange this sum so that the summands —p do not appear. Define an integer
e(w)i+p—1 if ch;(ﬂ)(z 1,4) = (1,1) 2; if chJ(M)(i —1,4) = (1,1).
e(p); —1 if chy)(i—1,1) = (1,0) 0 it chy (i —1,7) = (1,0).
d(p); = v = (&) - (5.16)
e(p)i +p if ChJ(M)('L 1,i) =(0,1) 2z; +2 if chyqy (1 —1,4) = (0,1).
e(p)i if chy( (i — 1,4) = (0,0) 0 if chy( (i —1,4) = (0,0).
Then ,
> e(wp' iff-1¢J
> dwip' =14 , (5.17)

pf -1 +Ze(u)ml iff—1eJ(p).

(It may be helpful to visualize this process as “carrying” a coefficient e(u); to the left, when it is equal to 1.)

Since f —1 ¢ J(p) is equivalent to py_1 € {xy_1 —1,25_1}, we deduce from (5.15), (5.16]), and (5.17)
that

1 i 7
e(pu) = B Z (2z; + 2)p" + Z 2x;p
=10 (1),i€J () i—1,i€J (1)
and sincex; +1=p—1—-(p—2—z;) and x; =p—1— (p— 1 — ;), the claim follows. O

Lemma 5.22. Let A be a formal weight for p and let u € P(x;) be such that 6(A\) = po A (that is, its i-th
component is the composition p; o A;). Then

dete oV M) qaret ) qoreM ()

Proof. Working in the group of formal weights under composition, we see that the expression for e(u) contains
a pf — 1 if and only if exactly one of e(§()\)) and e()\) contains a p/ — 1. The rest follows from the identity

= (poN)i(ri) =ri = Ai(ri) + Xi(ri) — pi(X(ri)). O
Lemma 5.23. Let y; = o(A\;,p)1, as before. Assume §()\) = o A with u € P(x;). Then

i) =qg—1— > plp—1—(0));(r;)).

JEJI (1)

Proof. By our assumptions, x;41 is the I /I;-character appearing in the weight ((d\)o(70), ..., (0A) f—1(rf—1))®
dete@N(T) , where by definition d\ is the formal weight corresponding to the set §J. We claim that the hy-
potheses of Lemma [5.21] hold: then it follows from Lemma and Lemma [5.21] that if 6()\) = po A then

S e sy P (0—1-(63);(ry)) SeDds X7 to Xip1. But then i (Xz) =q—1-=3 ;40P (P —1—(6N);(r;)) by
Lemma
To check the assumptions of Lemma observe that x;11 is the eigencharacter of

socx im(@(x;) = Do(p)).
If 6(x;) embeds in Dy(p) then Rx; = (sock 0(x5))" = xi, which contradicts out assumptions. Similarly, if
0(x) — Do(p) factors through cosocg 0(x$) then Rx§ = x$, another contradiction. O
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To conclude the proof of Proposition [5.19] it is enough to prove the following.
Proposition 5.24. Let A be a formal weight of p and define u € P(x;) by §(\) = poA. Then J(u) = JASJ.

Proof. The group of formal weights maps onto W, the Weyl group of ResQP +/Q, GL2, according to the sign

of the leading coefficients. By construction, j € J(u) if and only if x; has negative leading coefficient, but
this happens if and only if A;, (0)); have opposite leading coefficients. By construction, this is equivalent to
jeJAS. O

I(J)omputation of Sit(wf) . Sz‘t(w;z)(x)' By construction, Propositionapplies to the product Sit(wf) e Sit(w,i)'
et
B =BG W1),- . i (¥r) € W(ke)

be as in Proposition and choose = € % as in Proposition where 6[1/p] denotes the central type
for p. Then Lemma [2.9] implies that

Shay St e (@) = B € Y5, (5.18)
Proposition 5.25. We have v,(3) = 3k|JAJJ| and the leading term of 3 is congruent to

(71)%k|JA5J|+§—5’;(1+E7‘1)

modulo p, where the invariant h is defined in [Brelll, Lemme 6.2(ii)] (we will not need the explicit definition).

Remark 5.26. The equality v,(3) = 1k|JAGSJ| follows from Proposition and the fact that v,(8) =
up(I1, ﬁp(xi)). Here, we will give a different proof of this fact.

Proof. By Proposition we know that the leading term ¢(8) of § is the Teichmiiller lift of

(—1)@+E=D0-D T it (),
0<t<k—1
0<j<f-1

and the valuation is

1 s

uB)=——| > p-1-i"@); (5.19)
p ogtgl;fl
0<j<f-1

We begin to compute ¢(8). By Proposition and the proof of [Brell, Lemme 6.2(ii)], we have

[I o-1-itw,) = (nHe=m,
0<t<k—1
0<j<f-1
Hence ¢(f) is also congruent modulo p to

(1) BI+(E=2)(f =D+ RS+ T, (p= 1= (¥])g)+5F (14 ) (5.20)

using that z!(p — 1 — x)! = (=1)**! (mod p) for 0 < x < p — 1. Hence, since k is even and p — 1 divides

>0 =1 =it (4f);), we see that (5.20) also equals

(,1)vp(6)+%(1+2 Ti)

Now we consider v,(8). There is some cancellation in pairs in the sum (5.19). If the character xx_1
corresponds to J C {0,..., f — 1}, then we can apply Proposition and rewrite (5.19) as

LS pmim @+ S pm =@ S p—1- M) | (5.21)

-1
p JETNST JESINS2T JESKTLINAT
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Recall that the complement J¢ is contained in the d-orbit of J: more precisely, it is equal to 6%/ 2(J), by
definition of § = d;,;. By Lemma to follow, we find that

p—1—=38X(r;) +p—1—(8""*"N);(r;) =p—1.
Since the integer [JAS.J| is constant throughout the §-orbit of J, (5.21)) equals 1k[JASJ|. O
Lemma 5.27. If j € JASJ, then Asy; + As(jey; =p— 1.

Proof. By Lemma it suffices to prove that if j € 61 JAJ then Aj; + Aje; = p— 1. This is immediate
from the definition of J — A, see (3.4). O

that i(¢;) = ¢ — 1 — it (¢f) € {0,q — 1}, and that ¢(¢)f) is the leading term of c(1f). In this section we
compute the product Hle ¢(1$) by the method of [BD14], and we prove that it equals 1.

Fix an index ¢. The character ¢ = xr_1—; appears in the socle of Dy(p) and so it is the I/I;-
eigencharacter of a modular weight of p. We write A for the corresponding formal weight, and J for the

corresponding subset of {0, ..., f — 1}. We have therefore the formula ¢} : (8 2) = [a]*) [ad]*M ),

Computation of [T/_, &(¢f). Recall that the constants c(¢¢) are defined by Sy(y,)Sop?t = c(wf)St(w)wW,

Lemma 5.28. We have an equality

c(¥7) = I(i(¥i), g =1 = A(r))-
Proof. Our genericity assumptions imply that i(¢;), A(r) € {0,q — 1}. So we have J(i(¢;),q — 1 — A(r)) =
Jo(i(¥i),g — 1 — A(r)), and applying Lemma we find
SicpySoe” = (=D NI (i), g = 1= A1) Sipy-aeme™

The assumptions of the lemma are satisfied because i(v;) € {0,q—1}, and if ¢ —1]i(tp;) — A(r) then Rip; = by,
which contradicts our assumption Rxj_,_; # Xji_1_,;- (Recall that, by definition the operator Sj(y,)
applied to the 1;-eigenvector Spe¥i yields an Ri;-eigenvector. On the other hand, Sx(r) applied to a ;-
eigenvector would yield a 1 a1 = y;-eigenvector, by Lemma ) Hence we have an equality

(1) VNI (i(1i), g — 1= A1) Siqw) A e’ = c(wf)Sitw;)ww?

To conclude, we are going to apply an auxiliary operator S, to both sides of this equality. The number z
can be chosen arbitarily, except that we require that Lemma and Lemma can be applied to deduce
that

S Siwny-am @Yt = [(=1)*MNIo(2,q — 1 — () Sa iy %7,
stﬁ(w;)@wf = JO(Za iJr(q/}f))Seri*(wf)(pw:'

This rules out at most four choices of z, which is fine since p > 5. Since i(¢);) = ¢ — 1 — T (¢{) and these
Jacobi sums do not vanish, we deduce that

Jo(i(1hi), g — 1 = A1) Sapit (w2)@” = c(¥7)Seirurye”" -

The lemma follows since Sz+i+(¢;)g0w§ # 0 (all the S;-operators are nonzero on @%i, which generates the

cosocle of the lattice Ind¥ (1) where these computations are taking place). O

Lemma 5.29. Define ¢; = 1if j ¢ JA6J and j —1 € JASJ, and €; = 0 otherwise. Then v,(c(¢7)) =
f—1JAdJT], and the leading term of c(4)f) is

SO | | (P =1 = Xi(r)!(p = 1 = (6X);(r)))! 11 (p =1 = Xj(ry))!

| (. 3
IEINT 0! GEINGT (P =1 =X;(r)) +¢))!
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Proof. In this proof we shorten notation to A; = \;(r;). For j € [0, f — 1], let ¥; € [0,p— 1] and Q € {0,1}
be such that

Yo P-1-X)+ D> P-1-06N,)= Y. T +Q—1),

7€{0,....f—1} JEIJANST j€{0,....f—1}

Then ¥; is equal to
o if j € JAGT
T p—1-XNte ifjg TN

This follows immediately (by “carrying”) from the fact that

P if chynss(j, 7 —1) = (1,0)

(P=1=2)+{p-1-(0Y);)= {p =1 if chypss(5,7—1) = (1,1),

as can be checked directly from (3.4)) (or see the appendix §A).
By Lemma [5.28] Proposition [5.19 and Theorem it follows that

1

’Up(C(’(/Jf)): f]_ Z p—l—(p—l—)\j+p—1—(5)\j—2j)+ Z p—l—(p—l—)\j +0—2j)
p JEJNST JEINST
1

= Y op-1-(p—1-XN+p-1-0d3)+ > p-1l+¢

p JETAST JEINST

1
= f—|JAST| + —— > 1+ > 1| =f—174067]
p= GEJAST,j—1gTASJT GEINST,j—1€TAST

and the leading term

(= 1)~ Hup(eCvi) H P—1=X)p—1—=0))! H (p—1-=X)!

>l ¥l
JEJAST J FEINGT J

is as claimed.

O
Lemma 5.30. The leading term of ¢(¢)?) is the Teichmiiller lift of
(1) 1o NI AT g (=183 (7)) icinssj—1grnss(0—1—=X;(r;))
ngAéJ,j—mJMJ(P = A;(ry))
Proof. Again we shorten notation to A\; = A;j(r;). We simplify the two factors in the expression of

Lemma For the second factor, by definition of €; we have cancellation of numerator with denominator
whenever j, j—1 ¢ JAS§J. In the numerator of the first factor, we apply the identity z!(p—1—x)! = (—1)**!
mod p together with

p—1-Xj=p—1—(p—1-0X;) when chjass(j,j —1) = (1,1),

to simplify the whole leading term to

(—1)F oW, s e nss Pm1-0A+1) 11 (p—1-2))!(p—1—6),)! 1 @;;A'ﬂ’
chyas7(4,5—1)=(1,0) chyas7(5,5—1)=(0,1) (p B j).

To conclude, we simplify the second factor to Hchmw (Gi—1)=(0,1) p%/\j, and we apply the equality

p—1—=X=p—(p—1-0A;) when chynass(j,j — 1) = (1,0)
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together with z!(p — 1 — z)! = (1) mod p to simplify the first factor to

(—1)ZCI‘JA(SJ(JJ*1>=(1~0) (p—1=6X;+1) H (p —1- )\j).
chyass(4,5—1)=(1,0)

Proposition 5.31. The product Hle c(¢f) has valuation kf — k|JAJ.J| and leading term equal to 1.

Proof. By Lemma vp(e(f)) does not depend on ¢ and the product has valuation kf — k|JAJJ|. For
the leading term, we have seen in the proof of Proposition that 30 S iesisnsitrs (0 —1=0TX(r)))
is divisible by p — 1, hence it is even when p is odd. It follows that the product of all the sign terms from
Lemma [5.30]is a positive sign, because k is even.

To conclude, we need to prove that

k—
L Hje&tJAStJrlJ,j71€6tJA6t+1J(p -1- (5t>\)j(7“j))

=0 ngé‘JAéHlJ,jfleNJA&t“J(p = (6'A);(r5))

Forj € {J,0J...,6 1T}, let us define
(J,3) =p—1 =X (ry) if j €jA6),j — 1 €jAdj
= (p—N(r)Hif 5 €065, j — 1 € A5
= 1 otherwise.

Then we need to prove
-1
II II U=t (5.22)
J=0ie{J,....55-1J}
and for this it will suffice to fix an index j and prove that the inner product is equal to 1.
Having fixed j, we claim that there are two commuting involutions on the set

Sj={€{J....,6 I} : chjnsi(4,5 — 1) = (1,0) or (0,1)}.

One is the complement j — j¢, since jAJ) = j°Adj¢. The other, denoted j — %j, is defined in the same way

as in the proof of Lemma for instance, if chjasi(4,7 — 1) = (1,0), then %j is the first element of S;

following j such that chujas«i(j,7 — 1) = (0,1). This is well-defined since &;eqa(JAS) = §A?).
Decomposing S; in orbits for the resulting action of Z/2 x Z/2, it suffices to prove that, if j € S;, then

(33,30, ) (4, %) = 1.

To do so, we assume without loss of generality that j € jAdj (otherwise, we relabel j to %j). Now it
suffices to prove that

p=1=X;(ri)p =1 = Xje (1)} = {p = Ay i (7). 0 = Ase (7))
or equivalently that
{Ngs Aeg b = {5 — L A0 — 11
Knowing that chjas;i(j,7 —1) = (1,0) does not determine A; ; uniquely. However, since ch;j + chje = 1, it

determines {)j ;, Aje ;. More precisely, we have

{(07071)7(17170)} if 0 <] < f_ 1
{Chj(j - 17j7j + 1)7Chic(j - 17jvj + 1)} = {(LOa 1)7 (07 1a0)} lf.j =0

{(17 1a 1)7 (07()’ O)} lf.] = f - 1a
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and we deduce from the definition of j — A; (see (3.4)) that

Nigs Aieit ={p—3—xj,2;} or {zg — 1,p — 2 —xo}.

An entirely analogous argument using chijassi(f, j — 1) = chujenssje(§,7 — 1) = (0, 1) implies that

s Asie it ={x; + L,p—2 -z} or {p— 1 — 20,20}

and the claim follows.

5.4 The split reducible case.

In this section, p is a split reducible representation with tame inertial weights r; (defined as in §3.2.2). The
situation is similar to the irreducible case, with some combinatorial differences, and we will indicate how the
computations of the previous sections can be modified to account for this case. Recall the following notational
convention: for J C {0,...,f — 1} and x,y, 2z € {0,1}, we write r(j,J) = (z,y,2) if chy;(j —1,4,7+1) =
(2,9, 2).

The weights of p are again in bijection with the subsets of {0,..., f —1}. If x; = o(\s,p)"* corresponds
to J, the subset corresponding to x;+1 = Rx? is 0ed(J), by the proof of |Brell, Proposition 5.1] (compare
also [BP12, Lemma 15.2]). In this section, we write § for dyeq.

Computation of it (¢ | .). Assume y; = o(\,p)* and X\ = Ay, so that j € J if and only if \; €
{p—2—2;,p—3 —x;}, as in [Brell| and §3.3] The following proposition is proved in the same way as
Proposition [5.19]

Proposition 5.32. Write it (¢5_; ;) =i"(xi) = Z;;ll iT(xi)jp’. Then we have the equality

p—1ifj & JAGT.

Computation of Sit(wf) e Sz‘t(w)(x)' As in the previous section, there exists a nonzero
k

B =BG (1), i" (Vg) € W(ke)

such that
+ .
St i)

in the central type of p (where z is as in Proposition [5.14). Here, however, k need not be even.

Sty (@) = Bz

Proposition 5.33. The valuation of S is
1
vp(B) = §k|JA5J|7
and its leading term is the Teichmiiller lift of
(—1) O+ 0 (L),

Remark 5.34. Again, the computation of v,(3) also follows from Proposition and we will not need the
explicit definition of the invariant h, which can be found in |Brell, Lemme 6.2].

Proof. We apply Proposition and the identity appearing in the proof of [Brell, Lemme 6.2(i)] to deduce
that the leading coefficient ¢(f) is the Teichmiiller lift of

(—1)o O+ 0 ()
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where the factor (—1)* comes from the fact that (k — 2)(f — 1) + kf has the same parity as k.
To compute the valuation, we consider the equality

k—1
Wl == (X X p-1-@,

t=0 jEest JASH1T

where J corresponds to xi—_1 (of course, since we are summing over ¢, we could have taken any other y;).
Fix an index j and sum over t. Recall that §'JA§ LT = §*(JASJ), so that

k—1 k-1
p%l YooY p=1=(8"N(ry) :p%l S p—1—(0N)4elry) (5.23)

t=0 jestJAStt1J t=0 j+teJASJ

(Recall that 6°*1(X); is a polynomial in a variable z;, and it depends on chy(j +¢,7 + ¢ — 1) in the same
way as (0A);j4¢, which is a polynomial in z;;,. Here we are evaluating x;,, at r;.)
Since chy is periodic of period k, so is chyass, hence we can rewrite (5.23)) as

f-1
f(pkl) Z Z p =1 = (6A)j44(rj) Zf(kl Z p—1—(0N)(r))

t=0 j+teJASJT p—1) wEJAST
By definition (3.4]), we see that if x € JAJJ, then

p—2—-1r; ifxelJ

p—l—(éA)m(Tj):{T,_Fl ifed¢J

In Lemma [5.18] we have constructed an involution % on JAJJ, with the property that = € J if and only if
xx ¢ J. It follows immediately that

k E 1
P p=1=(0N)x(rj) | = 77— 51JA0J|(p—1).
flp—1) wgw ! flp—1)2
The claim follows since summing over indices j multiplies this number by f. O

Computation of Hle ¢(v?). Fix an index i, and assume ¢f corresponds to a subset JJ. Here Lemmas m
and are still valid, and proved in the same way, hence

vp(c(¥7)) = f = [JAd|
and the leading coefficient ¢(¢f) is the Teichmiiller lift of

K3

(_]_)f71+U:D(C(l/"f))"’ZjeJAriJ(p*l*é)\j(Tj))+|JA5J| Hje.]AéJ,jfngAzSJ(p —1=X;(r;))
ngMJ,jquMJ(p - )\j(rj))

i . k  ~ s _
Proposition 5.35. We have the equality [[;_, ¢(v5) = (—1)F(F—D+kF,
Proof. Let J correspond to vj. In the product Hle ¢(17) we first notice a sign contribution of
(_1)k(f—1)+k’vp(0(¢f))+k\JA5J| - (_1)k(f—1)+kf

(it will cancel together with the factor of (—1)* from the previous section, since the exponent has the same
parity as k). What remains is

ngatJmtﬂ J,j—leatJMHlJ(P —0'A;(rj))

k—1 1 — 5P\ (s
(1) 2420 Syeatsast+rs (p=1=8"10 () I1 (HjeéfJAéfHJ,j—lezatJAét“J(p L=y (7“]))> (5.24)
t=0
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The sign is positive because the exponent is divisible by p — 1. Note also that j — 1 € §*.JAS**1.J if and only
if j € 6*=1JAS'J. Then (5.24) is equal to

—1
fl—[ H Hjeé*leéj,jg’E&*lejp —1—=,(rj)

3=0je{J,..., 0k~ 1.1} [lies-1in8i. jes1ia1P = Aig ()

Fix an index j. We will prove that the corresponding factor in the product above is equal to 1. By .
(see also ’ for any j € {J,..., 6% 1J} we see that

ri+2 lfr(ja]):(leO) Tj+2 lfI'(jJ):(O,l,l)
p=1=X () =4" . S p=A(r) =97 . SN
pflfrrj lfr(]aj)*(()?()vl) pflf’rj 1fr(],))—(1,0,0)
If r(j5,j) = (1,1,0),(0,0,1),(0,1,1),(1,0,0) (equivalently, j € §~1jAdj), define
T+ 2 if chj(7 —1,7) =(1,1)
o (p—1—ry)"" if ch (J—l j) = (1,0)
f(]a]) = -1
(rj +2) if chj(7 —1,7) =(0,1)
p—1-—r; lfCh(]—lj) (0,0).

Otherwise, let f(j,j) be 1.
Then we have to prove that

II 6=t

j€{J,...,6F"1J}

To do so, it suffices to prove that the number of j such that r(j,j) = (1,1,0), resp. (0,0,1) is the same as
the number of j such that r(j,j) = (0,1, 1), resp. (1,0,0). For this, define

Rj={ie{J....6F " J}:jedsjAs}.

It is enough to construct an involution f : R; — R, such that r(j, j) — r({j,j) exchanges (1,1,0) with
(0,1,1) and (0,0, 1) with (1,0,0). Notice that if r(j,j) = (1,1,0) and j = 6*J then r(j +¢,J) = (1,1,0), so
there exists some positive integer r such that r(j + ¢+ r,J) = (0,1, 1). Hence it makes sense to define {j as
the first element of R; following j such that r(j,1j) = (0,1,1). The other tj are defined similarly, as in the
proof of Lemma and the proposition follows. O

5.5 Computation of the constant.

Here we put together all of the above and prove the following theorem, which by [Brell, Théoréme 6.4]
implies Theorem our second main result.

Theorem 5.36. Let p : G — GLa(kg) be a semisimple Galois representation as in Let xgy---5 Xk—1
be a cycle of characters on Dy(p) satisfying the conditions in Assume that det(p) o Artz,(p) = 1. Then
we have
(—1)2 ht 57 (42750 ™) when p is irreducible
Ixk—1"""9xo0 = kh

(-1)7 2950 13 qI=1TDR/S when p is reducible.
Proof. By Lemma and the discussion after Proposition the inverse of the constant ¢(xo, - - ., Xk—1) is
the product of Hi:ol ¢(v7) with the leading term of 8 = B(¢§,...,17) (the valuation of 8 doesn’t intervene

because we are working with saturated inclusions). Combining Propositions [5.25] [5.31] [5.33] [5.35] this
product is equal to

(-1 )lk‘JAMH (1432720 74) i the irreducible case

1 kh
(—1)zklT AT+ 221207 in the reducible case.
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By Proposition the factor (—1)%’“”&5‘]| cancels in both cases, and there is an extra factor of

(—a)_%k in the irreducible case

o FIVE (o) RIII/F iy the reducible case.

Recall that by our conventions the determinant of p evaluated at Artz(p) is « in the irreducible case and
aco’ in the reducible case. Since we are assuming det(p) o Arty(p) = 1, this means that the factor contributes
(—1)%’“, respectively a(I/I=17"D*/f "which is in accordance with [Brell, Théoreme 6.4], since we defined r; to
be fi1,; — p2,i — 1 (see §3.3) and Myo[m] to be (") rather than 7(p) (see Definition [{.9|and Remark[6.1). O

6 Global applications.

We now give examples of GLy(L)-representations mgon(p”) from global contexts for which there exists an
Og[GLa(L)]-module My, with an arithmetic action of RY (for some character ¢ : G — OF and some
natural number h) such that mgon(p*) = MY [m]. The construction of My, comes from the Taylor-Wiles—
Kisin method as augmented in [CEGT16] and simplified in [Sch18]. The GLy(L)-representations mgon(p")
we define appear in the cohomology of Shimura curves and in spaces of algebraic modular forms on definite
quaternion algebras over totally real fields. One could also consider algebraic modular forms on definite
unitary groups (see, e.g., [EGS15| §6.6]).

6.1 Spaces of mod p automorphic forms on some quaternion algebras

Let p be an odd prime. Let F' be a totally real number field in which p is unramified. Let D,r be a
quaternion algebra which is unramified at all places dividing p and at zero (the definite case) or one infinite
place (the indefinite case). If D/p is indefinite (unramified at exactly one infinite place) and K =[], K. C
(D®p AY)* is an open compact subgroup, then there is a smooth projective curve Xx defined over F' and
we define S(K, kg) to be the cohomology group HY(Xg xr F,kg). If D, is definite, then we let S(K, kg)
be the space of K-invariant smooth functions

f:D\(D@p AF)* — kg.

Let 7 : Gp — GLa(kg) be a Galois representation. Let S be the union of the set of places in F' where
7 is ramified, the set of places where D is ramified, and the set of places dividing p. Since p > 3, we can
choose a place wy of F such that 7 is unramified at w; and 7(Frob,, ) has distinct eigenvalues (where Frob,,,
denotes a geometric Frobenius element at wy). Enlarging E if necessary, we assume that these eigenvalues
are in kg. Let TV be the commutative polynomial algebra over O generated by the formal variables
T, and S, for each w ¢ S U {w;} where w; is chosen as in [EGS15, §6.2]. Then TSV acts on S(K, kg)
with T, and S, acting by the usual double coset action of

Ww

[GL2(OF,) ( 1) GL2(Op, )]

and
Ww

[GLy(Or,) ( ) CLy(Or,)],
respectively. Define a map T""V — kg such that the image of X2 — (Nw) 1T, X + (Nw)~ 1S, in kg[X]
is the characteristic polynomial of 7(Frob,,), where Frob,, is a geometric Frobenius element at w. Let the
kernel of this map be mz.
Remark 6.1. Given a maximal ideal of T*""V_ [Bre14l §9] (resp. [EGS15} §6.2]) defines a Galois representation

which is dual to (resp. a twist by =% of) the representation 7 that we define. This is the reason for the
presence of a dual in Definition [£.9] and the different normalization of the map 7 in §3.6|

w

For the rest of the section, suppose that

1. 7 is modular, i.e. that there exists a compact open subgroup K C (D ®@p A%)* such that S(K, kg)m.
is nonzero;
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2. Tlap o 1 absolutely irreducible;
3. if p = 5 then the image of 7(Gp(¢,)) in PGLa(kg) is not isomorphic to As;

4. Tlgy, is generic (see §3.2.2) though the weaker [EGS15, Definition 2.1.1] suffices) for all places w|p;
and

5. T|ayp,, is non-scalar at all finite places where D ramifies.

Let v|p be a place of F, and let L be F,,. Let p be the restriction 7|g,, . We define a compact open
subgroup K¥ =], ., Kw C (D®r AE™)* as in [EGS15, §6.5]. The subgroup K, is (Op),;, unless g, is
ramified (which is always the case if w divides p by the genericity assumption), reducible, and D is unramified
at w. If these three conditions hold and moreover w|p or w = wy, then K, is the standard (upper triangular)
Iwahori subgroup. If these three conditions hold, but w 1 p, then K, is the subgroup of matrices which are
upper triangular modulo w,» where w,, is a uniformizer of Op, and n,, is defined in loc. cit.

Following loc. cit., we let S be the set of places w where T|g,. ~is ramified, D is ramified at w, or w
is wy. For each w € S distinct from v, one defines a finite free Og-module V,, with a smooth K ,-action
denoted L., in loc. cit. Rather than define V,,, we only note that the Og-rank of V,, is one unless ?\GFw is
irreducible. For any compact open subgroup K, C GLy(L), let V be the Og[K"K,]-module ®w€5’, wetv Vo
where K,, acts trivially if w ¢ S or w is v.

Fix a finite order character ¢ : Gp — W(kg)* C O} such that det7 = ). We extend the action of
KK, to K'K,(A¥)* by letting (A%®)* act by 1 o Artp (the compatibility of the actions here follows from
the condition in the choice of ).

We let S” be the set of places w away from v where 7|q,, is reducible and w|p, D is ramified at w, or
w is wy. For w € S’, one also introduces Hecke operators Ty, and scalars (3, € kj, in the same way as
in loc. cit. Let TS5 univ be the free polynomial algebra over TV generated by the variables (T )wes:-
Let m- C TS:8"uwniv b the maximal ideal generated by mz and (T, — Buw)wes’-

Fix a compact open subgroup K, C GLy(L). In the definite case, we let S(K"K,,V) be the space of
functions

f:D*\(D®r AF)* = VY

such that f(gu) = u~'f(g) for all g € (D®p AF)* and u € KYK,(A%)*. In the indefinite case, V" defines
a local system Fyv on Xgvk,, and we let S(KVK,,V) be the cohomology group H'(Xgvk, Xp F,Fyv).
In either case, we then let S(K?,V) be the limit

lim S(KVK,, V).
K,

Then S(K",V) has natural commuting actions of TS:5"univ and GL, (L). In the indefinite case, there is also

/

an action of G that commutes with the two aforementioned actions. We let mgon(p") be S(KV,V)[m4] in

the definite case and Homg,, (7, S(K?,V)[mZ]) in the indefinite case. By the assumption that 7 is modular

T
and the choices of KV, L, and (By)wes’, we know that meen(p") is nonzero. We emphasize that despite the

suggestive notation, it is far from clear that Tgo,(p") depends only on p”.

Theorem 6.2. There exists a natural number h and an Og[GLy(L)]-module M, with an arithmetic action
of RY, such that MY [m] is isomorphic to 7g10b(p") (Where ¢ denotes the restriction 1|c,. ).

The proof of this theorem uses the Taylor—Wiles method described in the next section.

6.2 The Taylor—Wiles patching construction.
6.2.1 Galois deformation rings

For each w € S, let 7, denote 7|g,, and v, denote vg, . Let R%’Jw“’ be the framed deformation ring

parametrizing liftings of 7, with determinant ¢,e. Let Rg’ be ®w€S,OE REw’ww.
Fix a finite set of places () disjoint from S. For any finite set 7" of places in F', let G denote the Galois
group of the maximal extension of F' unramified outside of T" over F. Let Rﬁ So denote the deformation
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ring of 7 as a G sug-representation with fixed determinant ¢e. Let r(Q) : Grsug — GLQ(RgQ) be a versal

lifting of 7. Let RE”;&Q denote the complete Opg-algebra which prorepresents the functor assigning to an local
Artinian Og-algebra A with residue field kg the set of equivalence classes of tuples (7, {cy }wes) where r is
an A-lifting of 7 as a G'p gug-representation and a, € ker(GLy(A) — GLa(kg)) for each w € S.

6.2.2 Spaces of automorphic forms

Let K" =[], K, C (D ®r A%)* be a compact open subgroup such that K = K, for all w ¢ Q
and w # v. Let T(K’) denote the image of TSY@S WiV in Endy, (S(K’,V)). We denote the image of
m.NTSY@unv in T(K') by mg—it is a maximal ideal in T(K”). There is a map R}@,SQ — T(K")m,, such that
the image of the characteristic polynomial of 7(Q)(Frob,,) is X2 — (Nw) T, X + (Nw) ™S, € T(K')m, [X]
for w ¢ SUQ U {w1}. Let 7(K') : Gpsug — GL2(T(K')m,) be the Galois representation obtained from
(@)

6.2.3 Auxiliary primes
We can and do choose an integer ¢ > [F : Q] and for each integer N > 1 a tuple (Qn, {¥,, Jwegy) Where
e (Qy is a set of ¢ places of F' disjoint from S;
e for each w € Qn, Nw =1 (mod p");
e for cach w € Qn, Fla,, =V, @ 1., for some 1, # ,,; and
e the ring R%’?@N can be topologically generated over Rg by ¢ — [F': Q] elements.

Fix a compact open subgroup K, C GLo(L). For each N > 1, let

K(N)" =[] K(N)w € (D @r AR®)*
wH#v

be the compact open subgroup such that K(N),, = K,, for w ¢ Qn and w # v and K(N),, is the subgroup

of matrices of GL2(Op, ) congruent to modulo w,, if w € Qu.

%

0 1
Choose a lift ¢,, € G, of the geometric Frobenius element, and let @w,, € OF, be the uniformizer such

that Artp, @y, = Yuw| Fav. For w € Qn, let U, be the Hecke operator corresponding to the double coset

1 0
0 @y

K(N)w( >K(N)w.

Using that ¥, (¢w) # ¥y (¢w), the characteristic polynomial P, (X) € T(K(N)?K,)[X] of r(K (N)* K,)(¢w)
factors as (X — A, )(X — By) by Hensel’s lemma. Let T(K(N)"K,)" be the T(K(N)"K,)-subalgebra of
Endo, (S(K(N)"K,,V)) generated by Uy, for w € Qn, and let mg, - C T(K(N)"K,)" be the ideal generated
by mg, and U,, — A,. For each w € Qn, let ks (p) denote the p-Sylow subgroup of k. Let Op n denote
the group algebra of HweQN kX (p) over O with augmentation ideal ay. Note that the natural inclusion
composed with multiplication by HweQN (Uw — By) gives an isomorphism

S(K Ky, V)m = S(K(N)" Ky, V), lan].
In the definite case, let M (K,, N) be
v 2 O,y
SEWN) Ko Vi, Orp  Fisg,-
In the indefinite case, let M (K,, N) be

v v D7
HOMIE (1 (), g, (G P (N) B SO (N) B V)Y @y B2,
CRN
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6.2.4 Patching
For w € S with w # v, define R™™® as in [EGS15} §6.5]. Let R'°® be
O, S P~ min
Rﬁ’w ®05 (Owes,wtv,05 Ry )-

Note that R'°¢ is formally smooth over RﬁD P,

Let g be ¢ — [F : Q]. Let RZ be R°°[ty,...,t,], which is isomorphic to RE’¢”(§)OEOEHI1, ..., xp] for
some integer h > 0. We fix a versal lifting

(@) : Gps — GLa(RY.g)
of 7 with determinant e and versal liftings
’I“(QN) : GF,S — GLQ(R}Z;’S)

of 7 with determinant e compatible with r(2). This gives an isomorphism

D7 ~Y =
RF,gj = R?,s@?og Oglz,. .., zaps5-1]
and compatible isomorphisms
O ~ =
RF,’;'pQN = R}@)SQN ®OE0E [[2:1, ey 24#5_1]].

For each N > 1, choose a surjection of R!°°-algebras

and a surjection Op o = Ogly1,...,yq] - Ogr,n whose kernel is contained in the ideal generated by

((1+ yi)pN —1)7_,. Let J C Op,o be an open ideal for the adic topology defined by the maximal ideal,
and let I; C N be the cofinite subset of elements N such that J contains the kernel of Og o - O n. If
Nely let M(K,,J,N)be Opo/J @0, .. M(K,,N).

Let (Op,00/J)1, be the product [[;c; Opoo/J. Fix a nonprincipal ultrafilter § on the set N = {N >
1}. This defines a point in z € Spec(Op,o/J)1, (see [GN, Lemma 2.2.2]). Then let M(K,,J,o0) be
(OB.00/ )i, x Q(Op,00/ )1, HNeIJ M(K,,J,N). The product HN€IJ M(K,,J,N), and thus M(K,, J, c0),
has a diagonal RY -action. For an open subideal J’ C J and an open compact subgroup K! C K,, there is
a natural map M(K!,J',00) — M(K,,J,) (see |GN, Lemma 3.4.11(1)]). We let M, be the R% -module

lim M (K, J, ).
J K,

Proof of Theorem[6.4 There is a natural right Op[GLa(L)]-action (by duality) on M, coming from the
maps M (K], J,00) = M(K,, J,00) for any inclusion K| C K, of compact open subgroups (see [Sch18, §9]).
Since the action of L* on M, factors through 4, on each M (K,, N), it does on M, as well. Let S, be the
ring Oglz1, ..., 245-1, Y1, - - - , Y] with augmentation ideal a. Then M (K,,N) is an S,-module for each
N > 1 in an apparent way. Since M (K,, N)/a is isomorphic to S(K"K,, V), in the definite case and

HomT(K"K ’ [GF,S](T(KUK@),S(KUKU,V)m%)V

v)me
T

in the indefinite case, M(K,, N) is finitely generated over S, by (topological) Nakayama’s lemma. We
conclude that M, is a finitely generated S.,[GL2(Or)]-module. The Sy -action factors through RY, so that
My, is a finitely generated RY [GL2(Op)]-module.
For proofs of statements in this paragraph, see [CEG™16, Lemma 4.18]. The finitely generated So, [GL2(Op)]-

module M, is in fact projective (see also [GN|, Proposition 3.4.16]). If 0 is a lattice in o(7), then My ()
is supported in RY (7). Since dim Sy, = dim R (7), Moo () is maximal Cohen-Macaulay over RY (7). The
action of H() on My (0) factors through the map n by the proof of [CEGT16, Theorem 4.19]. Our dif-
ferent normalization of 1 stems from our normalization of Galois representations (see Remark For an
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Opg-lattice § C o(7) in an inertial K-type, M (0)[1/p] is locally free of rank at most one over R (7)[1/p]
by [BD14) Proposition 3.5.1].
Finally, in the definite case, we have that

M [m] = (Moo /a)"[m] 2= S(K”, V) [mE] = meion(p)-
In the indefinite case, we have that

(Moo /a)"[m] 2= lim Homy ki, (G o) (M (B K), S(K Koy, Ve ) [m]
K, "

= HomkE[GF,s] (Fa S(va V)[ml?])

= Taiob ().

A Explicit formulas for weight cycling.

Although the computations in are ultimately based only on the definitions in (3.4]), it might be
helpful to have explicit formulas for the behaviour of § € {dyed,dirr} on formal weights. We collect this
information in the following tables.

r(j,J)=chy;(j—1,5,i+1) € J | chyass(j, 5 —1) | weight A; | weight 5(/\)J
(1,1,1) (0,0) p—3—x; | p—3—x;
(1,1,0) (1,0) p—3—x; z;+1
(1,0,1) (1,1) x;+1 p—2—x;
(1,0,0) (0,1) z;+1 Z; (A1)
0,1,1) (0,1) p—2—x;| p—3—xj
(0,1,0) (1,1) p—2—u; z;+1
(0,0,1) (1,0) x; p—2—ux,
(0,0,0) (0,0) T z;
Here, we assume 0 < j < f — 1 and 6 € {0red, dirr }. The remaining cases are treated in what follows.
I‘(O7 J) = Ch](f — 1, O7 1) Ch]A(;mJ(O, f — 1) Weight )\0 Weight 6irr()\)0
(Ll’l) (071) p—l—l’o P—Q—SUO
(1,1,0) (1,1) p—1—ux Zo
(1,0,1) (1,0) z0 — 1 p—1—1
(1,0,0) (0,0) xg— 1 xo—1 (A.2)
(0,1,1) (0,0) p—2—mg p—2— 1
(0,1,0) (170) p—2—xo To
(0, 0, ].) (]., 1) o p— 1— i)
(0,0,0) (0,1) i) Tro — 1
r(f—1,J)=ch;(f—2,f—1,0) | chjas, (f — 1, f —2) | weight Ay_1 | weight i (X) 1
(1,1,1) (1,0) P—3—Tf 1 Tpo1+1
(1,1,0) (0,0) Pp—3—Zf_1| P—3—Tfrq
(1,0,1) (0,1) zp_1+1 Tyo1
(1,0,0) (1,1) zp1+1 p—2—xz5_q (A3)
(0,1,1) (1,1) pP—2—x51 zpo1+1
(0,1,0) (0,1) pP—2—x51 p—3—xf1
(0,0,1) (0,0) Tf—1 Tf—1
(0,0,0) (1,0) Tyo1 p—2—x;_q
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