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Abstract

Applying a theoretical geo-economic approach, we ex-
amined key factors affecting decisions about the choice of
beach width when eroded coastal beaches are being
nourished (i.e., when fill is placed to widen a beach).
Within this geo-economic framework, optimal beach
width is positively related to its values for hazard pro-
tection and recreation and negatively related to nour-
ishment costs and the discount rate. Using a dynamic
modeling framework, we investigated the time paths of
beach width and nourishment that maximized net pre-
sent value under an accelerating sea level. We then
analyzed how environmental uncertainty about expected
future beach width, arising from natural shoreline dy-
namics, intermittent large storms, or sea-level rise, leads
to economic choices favoring narrower beaches. Risk
aversion can affect a coastal property owner's choice of
beach width in contradictory ways: the expected benefits
of hazard protection must be balanced against the
expected costs of repeated nourishment actions.

Recommendations for Resource Managers

« Because of environmental uncertainty, coastal pro-
tection projects are risky investments. It is important
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to consider the effects of uncertainty on cost-benefit

assessments of these projects.

« Without uncertainty, optimal beach width is posi-
tively related to its values for hazard protection and
recreation and negatively related to nourishment
costs and the discount rate.

« Uncertainty about future shoreline positions has a
negative impact on the choice of an optimal beach
width.

« Risk aversion can affect a coastal property owner's
choice of beach width in contradictory ways: a wider
beach to protect their home, and a narrower beach if
the effectiveness of nourishment is uncertain.

KEYWORDS
beach nourishment, beach width, coastal protection, risk
management, shoreline change

1 | INTRODUCTION

Facing imminent shoreline change, including flooding and erosion due to storms and sea-level
rise (SLR), coastal managers and property owners must adapt. A key decision concerns the
choice over the extent of protection. For beachfront communities, this choice may involve
determining a target beach nourishment volume that would result in a beach wide enough to
provide both protection and recreational amenities during a foreseeable period.

In the context of a developed coast, a beach's width is defined as the distance between the
seaward limit of developed property and some reference shoreline. Assuming that the seaward
extent of developed property limit remains fixed, the shoreline location determines the beach
width. Sandy shorelines move naturally over time, varying seasonally in response to storms and
nourishments and over longer timescales due to sediment budget imbalances and SLR
(Vitousek et al., 2017), but the size of these fluctuations can be uncertain.

As the shoreline moves seasonally between winter and summer and in response to storms,
beach width varies around what many models consider to be some mean long-term “equili-
brium” position (Splinter et al., 2014; Yates et al., 2009). This seasonal pattern in beach width
oscillation typically results from the cross-shore sediment exchange between the supratidal and
lower-intertidal part of the beach (Quartel et al., 2008). Using shoreline data from the US East
Coast, Zhang et al. (2002) showed that, even after large storms, beaches recovered to positions
consistent with their long-term (100+ year) trend, concluding that the gradual recession of
beaches along the US East Coast is controlled mainly by SLR and variations of sediment supply.

For different coastal landforms at different locations, shoreline position may be affected by many
different factors, including river sand supply to beaches downcoast (A. D. Ashton & Giosan, 2011;
Komar, 1973), seacliff erosion contributions to natural sediment supply (Runyan & Griggs, 2003), and
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sand supply from subtidal sand bank reservoirs to the upper beach flat following major storms
(Anthony et al., 2006). The patterns of shoreline changes are influenced also by the grain sizes of
beach sand (Frihy & Lotfy, 1997), alongshore dispersion assisted by seasonal cross-shore movements
(Hicks & Inman, 1987), the shape of the shoreline (Pelnard-Consideré, 1956; Rosati et al., 2002), wave
characteristics (Ashton et al., 2001), and the wind regime (Anthony et al., 2006).

Investigating severe storms of the US Atlantic and Gulf coasts, Morton (2002) found that the
primary factors affecting morphological responses include storm characteristics, geographic
position relative to a storm path, the timing of storm events, the duration of wave exposures,
wind stresses, the degree of flow confinement, the geologic framework, sediment textures, the
vegetative cover, and the type and density of coastal development. Large-scale monitoring of
beach changes suggests that storm response can be heterogeneous alongshore, with significant
rapid accretion of storm-eroded beaches (List et al., 2006). Long-term and large-scale shoreline
change tends to accumulate over years-to-decades, with the alongshore signal showing prop-
erties of Brownian noise (Lazarus et al., 2011).

Over the past few decades, coastal monitoring programs have been used to facilitate
management of coastal stability problems on sandy coastlines, including video-derived shor-
elines (Kroon et al., 2007; Lippmann & Holman, 1989) that allow the measurement of daily (or
more frequent) shoreline erosion and accretion, as well as responses to storms, seasonal cycles,
and anthropogenic interventions, such as beach nourishment. Analysis of these shoreline data
over decades and longer suggests that shoreline variability occurs over a broad spectral scale,
such that the signal of annual and even interannual storm events may be indistinguishable in
the shoreline signal (Lazarus et al., 2019). Many models have been developed showing that the
prediction of shoreline change remains elusive, and even “successful” model predictions ty-
pically require considerable training data and exact knowledge of future driving conditions
(Montafio et al., 2020). In summary, the variability and uncertainty of the shoreline position
(beach width) arise from a multitude of factors acting across a wide range of temporal scales.

For coastal communities, preferred beach width varies greatly depending on usage patterns
and personal preferences (Davey et al., 2014). Coastal property values (residences) are affected
by beach width (Landry & Hindsley, 2011; Pompe & Rinehart, 1994, 1999). Beach width also is
an important criterion when considering the public's enjoyment of the beach as a recreational
resource. Wider beaches may not always be better, but within reason the public tends to prefer
wider beaches (King, 2006). According to Parsons et al. (2000), beaches can be too narrow or
too wide for recreation. These authors proposed that the ideal beach width for recreational
visitors in the US Mid-Atlantic region ranged from 23 to 61 m as measured from the dune toe to
the seaward extent of the berm. For Welsh beaches in the United Kingdom, Morgan (1999)
investigated preferred beach widths, finding that they should fall between 46 and 183 m at low
tide and 18-46m at high tide. In determining recreational amenity values for beaches in
California, King (2006) suggested that the preferred beach widths ranged from 30 to 76 m.

Using simple geo-economic models and optimal control theory, key factors affecting optimal
beach width are examined here. Typically, geological models are used to investigate shoreline
changes under different natural conditions and anthropogenic interventions (Ashton et al., 2001;
Komar, 1973; Lorenzo-Trueba & Ashton, 2014). In contrast, geo-economic models extend geo-
logical analyses through the incorporation of assessments of economic welfare, often with the
objective of maximizing the present value of net economic benefits through the choice of socially
optimal shoreline management strategies.

There is a growing literature focused on geo-economic analyses of coastal property values,
beach nourishments, and shoreline changes, particularly in terms of SLR response strategies.
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Examples of these models are summarized in Table 1, and many are summarized by recent
reviews by Landry (2011) and Gopalakrishnan et al. (2016). All of these studies considered the
benefits of beach width for its protection of adjacent physical structures or the maintenance of
recreational uses, with repeated nourishment episodes representing management responses to
erosion. Although Landry (2011) discussed optimal beach width in a dynamic context, in most
of the studies in Table 1, nourishment was typically modeled as a process to restore a chosen
maximum cross-shore width (e.g., Lazarus et al., 2011; Smith et al., 2009).

Our analysis is distinguished from prior work by its central focus on the choice of beach
width. In particular, we investigate how uncertainty about future shoreline position can
influence choices about the nourishment of beaches. More specifically, the customary geo-
economic framework is extended by investigating the impacts of future uncertainty on beach
width. We maintain the general style of existing geo-economic models, however, and our
analysis is theoretical, ignoring many real-world complexities.

As noted above, the long-term trajectory of future shoreline position (and associated beach
width) is significantly unpredictable, a factor not taken into account in previous geo-economic
studies (Table 1). Although some components of this uncertainty are cyclical, operating on a
seasonal or storm-driven basis around slowly changing a mean state (Splinter et al., 2014; Yates
et al., 2009), on longer timescales, the lack of understanding of large-scale, long-term coastal
behavior and future climate trajectories represents uncertainty at the annual-to-decadal scales
of many of these models and on the implementation of management activities themselves.
Further, the behavior of human engineering interventions remains poorly measured, leading to
higher levels of uncertainty. Investment in coastal protection remains a risky investment.
Facing SLR, coastal communities are investing in shoreline protection and climate adaptation.
In many cases, the uncertainties about future payoffs of these investments are ignored in
cost-benefit analyses, which may lead to incorrect conclusions. In fact, when risk and un-
certainty are present, the investment rule should be modified, and a greater revenue stream will
be required to justify the same level of investment.

2 | OPTIMAL BEACH WIDTH: A DETERMINISTIC
MODEL

To better envision how a managed coastal system responds to a changing environment (in this
case an accelerating sea level), a private property owner's (or a single coastal community's)
strategy to control erosion by nourishing a fronting beach is modeled." The optimal nourish-
ment strategy for the owner of a beach-front property can be formulated as a simple de-
terministic optimal control problem (Jin et al., 2013). The owner seeks to maximize the net
benefits of nourishment, subject to a certain understanding of proximate shoreline dynamics:

maxt/;‘”e_at [B(y(t)) — C(s(t))]dt, 1)
S.t. % = —y(t) + S(t), (2)

where B and C are the benefits and costs, respectively, of beach nourishment; y(¢) is the annual-
average beach width in front of the property at time ¢ (the property is located at y = 0); s is the
rate of beach nourishment; y is the long-term rate of erosion (shoreline retreat); and & is the
discount rate. Equation (2) is the state equation (equation of motion) describing the rate of



5 of 20

>

Natural Resource Modeling

JIN ET AL.

(senunuo))

S9X

oN

ON

ON

ON

ON

ON

Sax

$199139
J1ISBYI01S

juswysrmou yoeayq

JUSWYSLINOU Yordg

[eAIayul
JUSWIYSLINOU YOy

JUSWYSLINOU Yordg

TeAIayul
JUSWIYSLINOU YOy

[eAI)ur
JUSWYSLINOU Yorag

JUSWIYSLINOU Yoredg

UOIONIISUOD
910
JUIWYSLINOU Yorag

dqeLIeA [013U0)

mog

mog

mog

9I0Ys-SSoID)

QIOYS-SS0I)

9I0Ys-SSoID)

mog

mog

dxoys-Suore
pue -ssox)

S9X

ON

ON

ON

ON

ON

ON

Sax

98ans
ULI0)S

SO

Sax

S9X

Sax

SOK

Sax

SOX.

Sax

uoIsoayg

1S0J jJuswygsrmou ygoeaq

JS02 juswygsrnou yoeayq

1S02 JUSWIYSLINOU OB

JS02 Juswysrnou yoeaygq

1S0J JUSWIYSLINOU OB

JS02 jJuswysrinou ygoeayq

1S00 JUSWIYSLINOU YoBg

$1s00 Sunerado

pue ‘uONONISUOD

12107 ‘1802
JUSWYSLINOU 0B

$3S0J JTWIou0dyq

ANneA sWoOH

oNJeA sOH

anyeA dWOH

9NJeA sWOH

aneA WO

9NJeA sWOH

anea SWOH

ANUAAI
19107 ‘WSLINO],

WIpIM yoeaq
Jo sjgauaq
JIuIou0dy

[opow UOTE[NWIS

[opour uonenwis

S[opow UOHe[NUIIS

[opouwt
uonezrundo
STwreuAQ

s[opour
UOT)e[NUITS
pUB JLI}OUWIOU0dH

[opowt
uonezrundo
SrwreuAQq

[opowt
UOT}e[NUIIS
pardno)

[opowr
uore[NUIIS
pardno)

[PPOIN

(£107) 191993
pue ereweNON

(T102) TB 39

RIRWEBNOA

(1107) ‘T 1@ snieze]

(1102) A1puey

(1102) TE 39
ueuysLyeredon

(6007) Te 10 WIS

(8002) 'Te 32 BOIS

(asooz
‘L8007) IQUIIM
pue BIBWENON

soIpmys

98ueyd SUIAIOYS JO S[OPOW JTWOU0II-09) T HTIV.L



JIN ET AL.

Natural Resource Modeling

>

6 of 20

SOx

ON

$3109)J9
o1ISeY2031S

TeAISIUT
JUSWYSLINOU Yoedg

juswysrmou yoeayq

JqeLIeA [013U0)

9.I0YS-SSOID)

mog

Jxoys-Suore
pue -ssox)

SO SO A 73S0 juswysrinou ygoeagq

ON SO 1SOJ juswysrnou ydeayq

98ins wuorsoxg
uLIols

$3S0J JTWou0dyq

9NJeA SWOH

anjeA sWoH

I gyoeaq
Jo sygauaq
JTWOU0dH

[opowx
uoneziundo (S102) T8 19
orwreukq BIBWENON
[opowt
uoneziundo
orwreuAq (€107) Te 10 uIp
[PPOIN SaIpmg

(penunuo)) T HTAV.L



JIN ET AL. Natural Resource Modeling @ | 7 of 20

change in the state variable, shoreline position (y), which is affected by erosion (y) and
nourishment (s), where s is the control variable. The conceptual underpinning of this model
follows that of Landry (2011). Note that, in practice, nourishment is episodic, and the above
continuous formulation may be justified by a coastal protection financing mechanism in which
a nourishment property tax rate on nearshore homes contributes to funding periodic
nourishment.

The benefits of beach nourishment today will be realized in future years. The objective
function (1) is the net present value of all future benefits. As in a financial analysis, the
discount rate () is a critical component of the discounted cash flow calculation, and it de-
termines how much a series of future cash flows is worth as a single lump sum value today. The
discount rate is affected by both time preference and future economic growth. In cost-benefit
analysis, a higher discount rate implies that the decision-maker has taken on a more near-term
perspective. In contrast, a lower discount rate would suggest that the decision-maker has
adopted a more long-term perspective. The discount rates for public and private analyses often
are different. Typically, in evaluating social and environmental programs, a lower discount rate
is used, placing a greater value on the welfare of future generations.”

Typically, the value attributable to beach width (i.e., the benefit affected by nourishment, B;
Slott et al., 2008) can be specified as

B(y(®) = ay(t)?, (3)
where B is the property's rental value at t, and « >0 and 0 <3< 1 are coefficients. Thus,
2
a—B>0 a—B<0 a—B>0 a—B>O. 4)
dy oy? da 3B

Of the two benefit coefficients, o reflects the implicit price of a property that reflects its
structural characteristics, the local neighborhood, and environmental amenities (Jin et al.,
2015). 8 captures the unique effects of beach width on B, including both recreational benefits
and the reduced damages from coastal hazards. Without uncertainty about shoreline change,
benefits grow with an increasing 8 as the property owner would prefer to maintain additional
beach width for coastal protection (Figure 1).

The costs of beach nourishment can be specified as

C(s(8)) = ¢ + cs(b), (5)

where cris a fixed cost, and c is a coefficient for the variable cost. The variable cost of a project is
a function of the amount of sand required to build the beach, and the fixed cost of a project
includes assessment, permitting, and the hiring of dredges and spreading equipment.

Solving for an optimal rate of nourishment (Jin et al., 2013) requires that:

0 if ¢> A,
S =4 S* if ¢ = /1, (6)
Smax if ¢ < A4,

where A is the shadow value of shoreline position, reflecting the benefits associated with a
wider beach. The shadow value of variable y is the adjoint or costate variable for y in the
optimal control problem (1) and (2) (i.e., the Lagrange multiplier for constraint on y in
the constrained optimization problem), and it shows the incremental change in the value of the
objective function (1) from an incremental change in y (Conrad & Clark, 1987). Thus, condition
(6) suggests that the property owner should nourish the beach at the maximum feasible level
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FIGURE 1 Benefit function (B) under different benefit coefficients (j3)

when the benefit (i.e., the shadow value) exceeds the cost (c), and do nothing when the cost
exceeds the associated benefit. The singular solution represents a long-run optimal level of
nourishment (s*) when the cost (c) equals the benefit (1). Under the singular solution, the
optimal shoreline position can be calculated as

_ (s}
Y ‘(aﬁ) | @

Since 8 < 1, we have

%<0 @<0 @>0 @>0. (8)
dc fole) fole B

The optimal shoreline position (y*) is negatively related to direct and indirect nourishment
costs and the discount rate (), and positively related to the benefits of beach width («) and ().
Note that as ¢ — o0, y* — 0, and it becomes too costly to nourish the beach.

From (2) and (7), we see that the singular solution implies:

dy .=

i 0=>s+=y 9)
so that the beach should be maintained at a width where the nourishment rate is equal to the
rate of erosion. Under deterministic conditions, the optimal nourishment strategy is driven by
observed shoreline change.

The basic idea of the deterministic model can be demonstrated using numerical simulations
and dynamic programming (DP) methods. Rather than modeling a constant rate of SLR, as has
been assumed in previous studies, here we assume an accelerating SLR over the future century.
To implement an accelerating SLR, we assume a simple Bruun-type response of the shoreline
whereby erosion rate scales linearly with the SLR rate (Bruun, 1962). Baseline input parameters
for the DP model are summarized in Table 2. We conducted simulations over a planning
horizon of 100 years using the baseline parameters. In addition, a sensitivity analysis was
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TABLE 2 Baseline input parameters

Parameters Unit Value
Geology

Sea level rise (SLR) m/year 0.003
Beach slope 0.01
Erosion m/year 0.3
Rate of increase in SLR rate/year 0.02
Initial beach width m 60
Benefit

Beachfront length for each lot m 50
Property value 10°$/properties 1.5
Benefit coefficient (o) $/m/year 2418
Benefit coefficient () 0.157
Cost

Fixed cost of beach nourishment (cy) $/m/year 10
Variable cost of beach nourishment (c,) $/m? 20
Variable cost per unit length (c) $/m 200
Discount rate (5) rate/year 0.07

Source: Jin et al. (2013) and Hoagland et al. (2012).

performed with respect to the rate of SLR, unit nourishment cost, and benefit coefficient. In all
simulations the terminal condition of the DP problem is specified as objective =0 (i.e., the
discounted shadow value of the resource (beach width) being zero at year = 100). Figures 2
through 4 and Table 3 show the results of these simulations. Note that curves in these plots are
not smooth because DP is a discrete implementation of the continuous time-optimal control
model in (1) and (2).

Increased erosion leads to increased nourishment and therefore less net benefits for higher
annual increasing rate rates of SLR (Figure 2). According to Equation (7), the optimal beach
width (y*) is fixed (50 m in the baseline case) and is not a function of increased erosion resulting
from accelerating SLR, following the relationship in (9). The annual rate of nourishment
(m/year) increases as SLR increases (upper-right panel in Figure 2). Because of these costs, the
net benefits of nourishment (net present value [NPV] in Table 3) are reduced. Note that because
of the terminal condition, nourishment stops before the end of the planning horizon (100 years),
leading to a decline in beach width in final years (upper-left panel in Figure 2). Accordingly, close
to the end of the planning horizon, there is a steep increase in the present value of net-benefits
arising from the terminal condition (lower-right panel in Figure 2).

For higher costs of nourishment, the optimal beach width will decrease from 50 m to 22 m
(upper-left panel in Figure 3 and Table 3), and nourishment events will be both smaller in scale
and shifted to later years (upper-right panel in Figure 3). Figure 4 depicts the effects of
changing the benefit coefficient 8. As in the case of changing nourishment cost, the optimal
beach width is affected by the beach width benefit coefficient (Figure 4). For higher § (=0.174),
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FIGURE 2 Beach width under different annual rates of increase in SLR rate: 1% (black solid line), 2% (red
dashed line), and 3% (blue dash-dot line), initial beach width (y,) = 60 m. SLR, sea-level rise

y* becomes 62 m, which is wider than the starting beach width (60 m) (upper-left panel in
Figure 4). Both nourishment efforts (costs) and net benefits are sensitive to changes in 8 (upper-
and lower-right panels in Figure 4 and Table 3). For all cases, the scenario that maximizes NPV
includes periods of time when the community nourishes its beaches to the optimal values,
followed by the terminal condition reflecting the discounted shadow value of beach width
being zero at the end of planning period, a result of the acceleration of sea-level-driven erosion
and the discounting of far-future benefits.

The interactions among discount rate, nourishment cost, and shoreline position
(Equation 7) are illustrated in Figure 5. Optimal beach widths are smaller for larger discount
rates. Similarly, an increase in nourishment costs leads to narrower optimal beach widths.

3 | OPTIMAL BEACH WIDTH: A STOCHASTIC MODEL

In the DP example above, although the beach width changes over time due both to natural
causes and to management, the natural component of beach width change (erosion) was
assumed to be exactly known, an unlikely scenario for any beach. Here, we add a component of
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FIGURE 3 Beach width under different unit nourishment costs: $20/m?* (black solid line), $30/m> (red
dashed line), and $40/m?® (blue dash-dot line), initial beach width (y,) = 60 m

uncertainty to the formulation, with the goal of understanding how uncertainties in the future
shoreline position affect the optimal beach width. The uncertainties about future erosion and
the consequent effectiveness of beach nourishment cause the shoreline position to become
uncertain, requiring modifications to Equation (2):

dy = (s — y)dt + oydz, (10)

where o is the variance parameter of shoreline position (y), and z is a Wiener process. Equation
(10) implies that the current shoreline position is known with certainty, but the instantaneous
change in the position is, in part, random. Note that y represents the long-term (annual-
averaged) shoreline position in the study, and we ignore seasonal or other short-term fluc-
tuations in y to avoid unnecessary complexity. Our selection of a Wiener process is motivated
by prior application to other problems in natural resource economics (Pindyck, 1980); for the
shoreline example, previous studies also suggested that many long-term shoreline signals ex-
hibit characteristics of a Brownian (or Wiener) process (Lazarus et al., 2011, 2019). Essentially,
the above specification reflects a long-term cumulative effect of multiple natural, social, and
policy drivers. As explained by McNamara et al. (2015), rising sea levels and increased stor-
miness threaten to accelerate coastal erosion, while growing demand for coastal real estate
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FIGURE 4 Beach width under different benefit coefficients (f3): 0.058 (black solid line), 0.116 (red dashed
line), and 0.174 (blue dash-dot line), initial beach width (y,) = 60 m

encourages more spending to hold back the sea, in spite of the shrinking federal budget for
beach nourishment and other policy uncertainties. According to Lazarus et al. (2011), increases
in the rate of SLR can destabilize economically optimal nourishment practices into a regime
characterized by the emergence of chaotic shoreline evolution. As coastal managers in charge
of the nourishment process typically work with imperfect information, and their local beach
width changes as a function of neighbors' nourishment actions (due to the lateral redistribution
of sand between neighboring towns by alongshore sediment transport), they react to that
information by recalculating their optimal nourishment interval. The management decisions
add uncertainly to an already difficult to predict coastal morphodynamical system.
The property owner's value function is

V (y) = max,E, [ “[B(y) — C(s)]e0dr. (11)

The owner's problem is to maximize V in Equation (11), subject to shoreline dynamics
(Equation 10). As in the deterministic model, s is the control variable, and y is the state variable.
The Bellman equation for this constrained optimization is



JIN ET AL.

Natural Resource Modeling @} | 13 of 20

TABLE 3 Total costs and net benefits of beach nourishment

Parameters

Beach width (m)

Annual rate of increase in SLR

1%
2%
3%

Unit nourishment cost

$20/m>
$30/m?
$40/m>

Benefit coefficients (3)

0.058
0.116

0.174

Abbreviations: NPV, net present value; SLR, sea-level rise.

0.1

Discount Rate (§)
© o © o o o
o o o o o o
w B [$)] (&>} ~ oo

o
o
N

0.01

Total nourishment cost (10°$)

50 339
50 514
50 791
50 514
31 270
20 243
12 179
30 225
62 1,759

Cost = $10/m3

Cost = $20/m3

Cost = $30/m3

Cost = $40/m3

10 20 30

50 60 70 80 90 100

Beach Width (m)

NPV (10°$)

69,094
68,865

68,554

68,865
68,787
68,758

46,334
58,447

73,927

FIGURE 5 Effects of discount rate (§) on optimal beach width (y*) under different unit nourishment costs
($/m3). Red asterisk denotes the baseline case of the deterministic model (unit nourishment cost = $20/m>,
§=0.07, and y* =50 m)

SV (y) = maxB(y) — C(s) + %E [V ()]}, (12)

This equation is also known as the fundamental equation of optimality (Bellman, 1957), and
relevant discussions can be found in Dixit and Pindyck (1994) and Kamien and Schwartz
(1981). We use Ito's Lemma (Ito, 1944) to expand dV and obtain:’
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2
av="ar+ Vay+ L3V . a3)
ot dy 2 Oy?

Substituting Equation (10) for dy into Equation (13) and noting that V is not an explicit
function of t (8V/dt = 0)," we have
av 1 o’V av
dv=|(s—y)— + —o¥*—|dt + oy—dz. 14
[( y)ay 5 Zyayz] L (14)
Next, substituting Equation (14) into (12) and noting that E(dz) =0, the optimization
problem (Equation 12) becomes

1, .,0% ] (15)

8V = max; [“yﬁ - C(s)+(s— Y)aa—‘; + EUZ}’ZW .

Maximizing the right-hand side of Equation (15) with respect to nourishment, s, gives rise
to the first-order conditions:
gv _ dCis) (16)
dy ds
Equation (16) is the optimality condition for the rate of beach nourishment (s).
The marginal cost of nourishment is equal to its marginal benefit; that is, the increase in
value function (V) with respect to an increase in beach width (y), resulting from the
nourishment (s).
Letting s* be the solution to Equation (16), we can rewrite Equation (15) as

2
8V = ayf — C(s*) + (s* — y)a—v + lozyza—v. 17)
oy 2 oy?

Differentiating Equation (17) with respect to y yields:

« 2 * 3 2
5a_V = afyf-! — dac s+ + (s* — y)a_v + ds+ oV, lglyZa_V a2ya_V, (18)
dy ds dy o> oy dy 2 oy? oy?
Note that:
1 av v 1 v
_Ed _ | = * —_— 4 — 2—. 19
— (ay] 6= NG5+ 575 (19)

Substituting Equations (5), (16), and (19) into (18) yields the optimality condition for
shoreline position y:
2
Sc = afyf-1 + 026—‘; . (20)
oy
Comparing Equations (7) and (20), we see that the second term on the RHS of (20) captures
the effect of uncertainty about future shoreline position on the choice of beach width. Because

0*V/dy* <0, as shown in Figure 6, the optimal beach width with uncertainty (y**) is less than
that in the deterministic case (y*).
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de=afy”!

/ without uncertainty

Discount Rate X Unit Nourishment Cost

y** y*
Beach Width

FIGURE 6 Effect of uncertainty (o) on optimal beach width (y)

Differentiating C(s(t)) with respect to s(t) from Equation (5) and using the optimality
condition in Equation (16), we can rewrite Equation (20) as

%yﬁ‘l =6 + aYA(Y), (21)

—‘Z;TI:/ g—: is an index of absolute risk aversion (Pindyck, 1984). Results of the

deterministic model (Equation 7) indicate that the optimal beach width (y*) is inversely related
to the discount rate (). Equation (21) suggests that, with uncertainty about future beach width,
the negative effects of the discount rate (5) are augmented by a risk premium (c*yA(y)) that the
property owner would pay to eliminate the uncertainty about future shoreline positions. The
above results that optimal width will be narrower when the effectiveness of nourishment is
uncertain are consistent with McNamara et al. (2015), which shows that the introduction of
stochastic storms reduces the frequency of nourishment.’

where A(y) =

Figure 7 depicts the effects of uncertainty (o) on the optimal beach width (y**) under
two different levels of risk aversion. Note that for a risk-neutral property owner, A =0.
Thus, A = 107° represents a situation where the property owner is nearly risk neutral, and
A =107 represents a situation where the owner is highly risk averse. With increasing
uncertainty (o), the optimal beach width narrows. For example, in the upper panel
(8=0.157) and for A = 107>, the optimal beach width decreases from close to 50 m to below
10 m as the uncertainty parameter (o) increases from 0.1 to 5. In the discussion of Equation
(4) and Figure 1, however, we have explained that increasing risk aversion, willingness to
pay for coastal protection, is associated with a larger benefit coefficient 3, which leads to a
wider beach (Equation 8). The lower panel of Figure 7 shows that when §=0.174 and the
uncertainty parameter is low, the optimal beach width rises to over 60 m. Thus, variability
in shoreline position (o) and the benefits of beach width () have opposite effects on the
optimal beach width.
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FIGURE 7 Effects of uncertainty parameter (¢) on optimal beach width (y**) under different levels of risk
aversion and two different benefit coefficients (8): 0.157 (upper panel) and 0.174 (lower panel)

4 | CONCLUSIONS

With climate change and SLR, developing effective and economically efficient coastal man-
agement plans has become increasingly important to coastal communities around the world.
We have examined key economic factors affecting optimal decisions for beach nourishment
and optimal managed beach widths using simple geo-economic models and optimal control
theory. The basic framework is also applicable to other coastal protection approaches. Results
of our deterministic model analysis suggest that the optimal beach width is positively related to
its values for recreation and hazard protection (8) and the overall property value («), and
negatively related to variable nourishment costs (c) and the discount rate (5). We analyzed the
time paths of beach width and nourishment that maximized net present value under an ac-
celerating sea level using a dynamic programming model.
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Our stochastic analysis shows that the uncertainty about future shoreline positions (o) has a
negative impact on the choice of an optimal beach width. The risk perception of a homeowner
affects their choice of beach width in two opposing ways: a wider beach to protect their home
and a narrower beach if the effectiveness of nourishment is uncertain. The expected benefits of
hazard protection must be balanced against the expected costs of repeated nourishment actions.
An improved characterization of the uncertainties in future shoreline position, through sci-
entific research on shoreline dynamics, will help coastal managers to implement cost-effective
coastal protection systems. With projected SLR, coastal communities are investing in shoreline
protection and climate adaptation often without considering the uncertainties about future
payoffs of these investments, leading to erroneous cost-benefit analyses. Results of the study
call for a recognition of the important effects of uncertainty on cost-benefit assessments of
investments in coastal protection. Essentially, the investment rule is to invest if the value of the
project is at least as large as the investment cost plus a risk premium.

To become a useful decision tool for practical uses in coastal management, the theoretical
framework developed in the study must be expanded to include multiple geological and en-
vironmental variables to capture some key effects on shoreline changes (e.g., energetic storms
and seasons). In particular, the proliferation of shoreline datasets can help constrain the un-
certainty in shoreline position, although these uncertainties may increase with climate change.
In addition, a wide range of benefits and costs associated with ecosystem services and economic
activities should be incorporated into the models to assist public or private decision making.
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ENDNOTES

This general idea is applicable also to the management of a public beach by converting the private property
owner problem to a social planner's problem. In the social planner's model, nourishment decisions are made at
the beach town or community level with net benefits reflecting capitalized value of beach width to beach-front
homes.

*In economic project analysis, the rate at which future benefits and costs are discounted relative to current
values often determines whether a project passes a benefit-cost test. This is especially true of projects with long
time horizons, such as those dealing with long-term environmental changes (Arrow et al., 2013).

*Ito's Lemma is used to differentiate or integrate a function of a generalized Brownian motion process. See, for
example, Dixit and Pindyck (1994) and Ross (1996).

“This is an autonomous infinite-horizon problem (Judd, 1998).
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5In the model of McNamara et al. (2015), hurricanes are Poisson distributed, and if a storm occurs at some time
before the next nourishment period, then the benefits from nourishment accrue only to the moment the storm
occurs.
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