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A B S T R A C T

We predict the highly stable new full-Heusler order compound Cs(Na, K)2Bi, that can take a diverse set
of topological states by strain-engineering. Based on first-principles studies, our findings reveal that the
hydrostatic lattice compression, uniaxial compression, and uniaxial tension can transition Cs(Na, K)2Bi to a
trivial semiconductor, a normal insulator, a topological insulator, a Weyl semimetal, a Dirac semimetal, and a
Nodal Line semimetal. These topological states, induced by various kinds of strain, exhibit a range of interesting
optical and electronic transport properties. These results introduce Cs(Na, K)2Bi compounds as promising
candidates to make novel topological devices whose properties can be controlled using strain-engineering.
1. Introduction

Design and discovery of topological quantum materials with exotic
physical properties are some of the most challenging but fertile fields
with revolutionary technological impacts [1]. If such materials are
to underlay a technology, it is crucial to be able to control their
topological phases systematically. A practical approach to control the
topological phase conversion is based on strain engineering, where the
symmetry and the electronic band structure can be controlled using an
external stimulus.

In condensed matter physics, the classification of the phases of
matter has played an essential role since Landau’s theories, but in
recent years the study of new phenomena, such as the quantum Hall
effect [2], has led to a different classification paradigm based on the no-
tion of topological order. The first realization of a topological material
in solid-state and condensed matter physics has been the topological
insulator (TI) [3–8], particular insulating systems in which the spin–
orbit coupling (SOC) provides a nontrivial topological order resulting
in some unique properties [3,9], such as the presence of nontrivial
metallic surface states, which are robust against disorder and other
perturbations. In two-dimensions, Fermi contour, which can be defined
on a surface, forms closed loops in k-space and, at some particular
points called Dirac points, the surface states become doubly degenerate.
In addition, away from these degenerate points that are called time-
reversal invariant momenta (TRIM) points, the low-energy dispersion
becomes linear and form a conical intersection.

∗ Corresponding author.
E-mail address: dvashae@ncsu.edu (D. Vashaee).

Very recently, another class of topological materials has attracted
much attention because of their unique characteristics and properties,
such as the topological Dirac semimetals (TDSM) [10], Weyl semimet-
als (TWSM) [11–16] and Nodal line semimetals (TNLSM) [17–20]. In
the TI, the nontrivial topological characteristic comes out because of
the SOC, while in contrast with the latter, the TDSM and TWSM present
linearly dispersed low-energy excitation and the conical intersection at
some unique momentum points of the bulk, a.k.a. Dirac or Weyl points,
which usually do not appear on the TRIM points. The two-dimensions
Fermi contour present on the surface now forms open lines in k-space,
called Fermi arcs, whose endpoints are projections of two (or more)
Dirac or Weyl fermion nodes on the surface of the Brillouin zone (BZ).
The two nodes are characterized by having an opposite chirality, which
acts as a source or sink of Berry curvature in k-space. Since they do
not require any such symmetry-dependent protection, their topological
properties are more robust than Dirac’s ones. In the 3D band structure
of TNLSM, it is allowed that bands can touch along a closed curve,
which is called the nodal line. Such a nodal line can take the forms
of a closed-loop or a chain consisting of several connected loops, i.e.,
nodal chain [21]. For TNLSM, this two-dimensional Fermi contour in
k-space is called drum-head states.

The main difference between TDSM, TWSM, and TNLSM is sym-
metry breaking (SB). A TDSM, close to the Dirac node, has two-fold
degenerate excitations. It generally requires three symmetries: time-
reversal symmetry (TRS), inversion symmetry (IS), and an extra crystal
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Fig. 1. Schematic illustrations of different topological classes of Full Heusler order compounds CsM2Bi (M = Na, K), which can be effectively tuned by strain engineering. These
ompounds indeed show rich topological classes, ranging from TS, TNSM, TWSM, TDSM, NI, TI, and TNLSM. It should be noted that SOC and symmetry breaking by strain play
ssential roles in the emergence of these topological classes.
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ymmetry to be stable. But in a TWSM, the degeneracy is lifted by
he breaking of either TRS or IS, and the nodes always come in pairs
ince they can be viewed as a Dirac node split in the k-space by the
B [22]. It is noteworthy that the TNLSM is protected by the dimension
f nodes and certain symmetry. It can be classified into several groups.
) The nodal lines, which cross the BZ and end at the BZ boundary,
an be stable states in the presence of SOC with the protection of
on-symmorphic symmetry [23]. II) The closed-loop like nodal line,
alled the nodal circle state, can only be a stable state without SOC,
nd it is protected by TRS [19]. III) The nodal line circles can also be
ormed in non-centrosymmetric (or IS) crystals with mirror symmetry
nd survive even at the presence of SOC [24]. The TDSM, TWSM,
nd TNLSM exhibit novel quantum phenomena that are not only of
nterest for their fundamental physics but also may hold potential for
echnological applications such as quantum computing or low-energy
pintronics devices [25].
Recently, it was realized that TWSM could be further categorized

nto three types according to the slope of band dispersion in the k-E
pace: type-I, type-II, and critical-type [18,26–28]. For type-I TWSM,
he bands display conventional dispersions. In the type-II TWSM, the
pectrum is tipped over, with electron and hole states coexisting at a
iven energy. The critical-type crossing is formed by a flat band and a
ispersive band with the critical band dispersion between type-II and
ype-I. On the other hand, such classification has been extended to
NLSMs [18,19,26,29,30].
Topological quantum materials are mostly discovered in materials

typically containing heavy elements where the band inversion is funda-
mentally based on the strength of the SOC. Therefore, the experimental
demonstration of topological phases (TNLSM, TNLSM, and TDSM) have
2

t

been dominantly in the materials with strong spin–orbit interactions
[14]. There has also been considerable interest in designing systems
small or no SOC, with band inversions fulfilling the conditions of
nontrivial topological phases [19,31]. The Dirac semimetal realized in
A3Bi (A= Na, K, Rb) belongs to this class where the reversal of the band
ordering between the conduction and valence bands is not ascribed
to the SOC. In addition, the different topological phases observed in
Li3−𝑥Na𝑥M (x = 3, 2, 1, 0; M = N, P, As, Sb, Bi), and ABX (A = Sc, Zr,
Hf; B = Co, Pt, Pd, Ir, Rh; X = Al, Ga, Sn) compounds in the presence
and absence of SOC are also indicative of this matter [14,20,32,33].

Since discovering topological insulators and nontrivial materials,
here have been significant efforts to find the compounds representing
he various topological classes. The current high-throughput search
ethods can categorize materials based on their band structure and
opological indexes [34–36]. The motivations behind high-throughput
alculations are to screen the materials and find the ones with non-
rivial phases. However, such high-level analyses do not identify the
pecific topological phases, nor do they calculate many critical material
roperties, necessitating more detailed investigations. Many materials
isted in the databases developed by high-throughput calculations are
lso unstable and cannot be practically realized. This matter explains
hy many materials (20%∼30% of the crystal database materials)
re found to be nontrivial topological. Moreover, it is critical, for
echnical purposes, to identify means to control and tune the topolog-
cal phases systematically. Therefore, the materials diagnosed by the
igh-throughput searches still have to be investigated, theoretically or
xperimentally, to confirm and identify the topological phases, check
heir stability, and find methods to control their topological properties.
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Fig. 2. Crystal structure and Brillouin zone (BZ). (a) The conventional crystal structure
or CsM2Bi (M = Na, K) compounds with space group Fm-3m (No. 225). Red and blue
rrows indicate uniaxial tensile and compression strains, respectively. (b) Schematic
f the bulk BZ and its projection onto (001) and (100) surfaces with high symmetry
oints. (For interpretation of the references to color in this figure legend, the reader
s referred to the web version of this article.)

In this regard, studies, such as the current work, provide more
omprehensive information to better evaluate a materials system for
ractical realization and device application.
There have been several reports on the role of the strain on topo-

ogical phases, which showed in some materials, a strain can modify
he bandstructure; hence, the topological phase. [37–40]. Many such
orks are focused on monolayers or are limited to one kind of strain
esulting in a single topological phase. There is no prior work that
ntroduces material that can take various nontrivial topological phases
epending on the type of strain, e.g., uniaxial or biaxial compres-
ion/tension or hydrostatic lattice compression. Furthermore, it is im-
ortant to know if the required strain is small enough to be practically
easible from a technical perspective.
In this paper, using first-principles density functional theory (DFT),

e predict the new compounds of CsM2Bi (M = Na, K), zero-gap
emimetals with an inverted band structure, which can be driven into
ifferent topological classes by strain engineering. Furthermore, we
ill show that these compounds take the cubic space group Fm-3m
No. 225) in a full Heusler-type structure. As such, although they do
ot share some of the common properties of the full Heusler alloys,
e will refer to their structure as full Heusler order (FHO) in the
anuscript. These structures, by strain engineering, show rich topo-
ogical classes, ranging from trivial semiconductor (TS), topological
ontrivial semimetal (TNSM), TWSM, TDSM, normal insulator (NI),
opological insulator (TI) and TNLSM (see Fig. 1). It should be noted
hat the presence or absence of SOC, symmetry breaking, induced by a
niaxial strain, and exchange–correlation functional play essential roles
n the emergence of these topological classes. Furthermore, we inves-
igate the phonon dispersion and the elastic constants systematically.
inally, we show that these materials are dynamically and mechanically
table, making them promising candidates for practical applications.

. Computational details

Our calculations are carried out in the framework of DFT by using
he WIEN2K package [41]. The generalized gradient approximation
GGA) of Perdew–Burke Ernzerhof (PBE) formalism [42], and Heyd–
cuseria–Ernzerhof (HSE06) hybrid [43] are adopted for the exchange–
orrelation potential. The bulk BZ of these compounds is calculated us-
ng an 11×11×11 k-point mesh. To get the tight-binding model Hamil-
onian, we used the WANNIER90 package [44] to obtain maximally
ocalized Wannier functions. Finally, the resulting tight-binding model
as computed for the surface spectral functions, 𝜌(𝐸, 𝑘), in a semi-
nfinite geometry, using an iterative Green’s function method [45].
ere 𝜌(𝐸, 𝑘) = −𝑇 𝑟[𝐺00(𝐸, 𝑘)]∕𝜋, where 𝐺00(𝐸, 𝑘) is the Green’s func-

tion corresponding to the surface layer. The phonon dispersion of
CsM2Bi material is computed using the PHONOPY code [46]. For elastic
3

constants calculations, we used the IRELAST code [47]. T
3. Results and discussion

3.1. Structural, mechanic, and dynamic equilibrium properties

The crystal structure of FHO CsM2Bi (M = Na, K) (from the family
of bialkali bismuthide compounds) has the cubic shape with space
group Fm-3m (No. 225), as shown in Fig. 2(a). The optimized val-
ues of the primitive lattice constants (a0) of these compounds are
5.870 Å (CsNa2Bi) and 6.320 Å (CsK2Bi). No experimental or theo-
retical evaluation has been performed on these structures, but as we
will discuss, they have excellent mechanical and dynamic stability.
The calculated elastic constants, namely, (C11, C12, C44), of CsNa2Bi
and CsK2Bi with the cubic system, are (29.58, 7.24, 12.37) GPa and
(14.05, 7.85, 10.25) GPa, respectively, and satisfy the Born–Huang
mechanical stability criteria for the cubic system [48]. C11 (= C22
and C33) represent the uniaxial deformation along the [100] ([010]
and [001]) crystallographic direction [49]. As such, the uniaxial de-
formation resistance of CsNa2Bi is more than CsK2Bi. This effect is
apparent when a uniaxial lattice compression is applied to calculate
the electronic band structure (see Section 3.4).

Phonon dispersion studies are fundamental in underpinning the
vibrational dynamics in a phase transition and the practical feasibility
to synthesize the material. Therefore, dynamic stability is of very high
importance for evaluating the stability of new materials. We calculated
the phonon dispersion curves as a function of the lattice constant (LC),
as shown in Fig. 3. It should be noted that SOC effects are considered
in these calculations. It can be seen that the phonon dispersion exhibits
no imaginary frequency (soft phonon modes) in the equilibrium LC,
confirming the dynamic stability of these compounds. With increasing
the LC up to 2.4% (e.g., by temperature or hydrostatic pressure), the
soft modes appearing in the CsNa2Bi at X point show a phase transition
(Fig. 3(a)). There is no such behavior in the CsK2Bi by increasing the
LC up to 1.58% (Fig. 3(b)). However, as the LC increases by up to 2.7%
in CsK2Bi, the soft modes also appear at X point.

3.2. Equilibrium electronic structure the presence and absence of SOC

Firstly, we focus on the electronic band structures of these com-
pounds in the presence and absence of SOC. As shown in Fig. 4, we
discuss the TS, TNSM, and NI classes that appear in these compounds
in this section. We first investigate the electronic structure of CsNa2Bi.
Fig. 4(a) presents the energy band structure of CsNa2Bi within GGA and
HSE06 approaches with and without SOC along the M-G(Gamma)-X
path. In the absence of SOC within the GGA approach, it shows a zero-
gap semimetal band structure. However, there is an apparent nontrivial
bandgap (6.7 meV), below the Fermi energy (marked in green color)
that represents the topological nontrivial semimetal (TNSM) phase.
Moreover, from the projected band structures in Fig. 4(d), we con-
firmed the s-p band inversion, with Bi-s-liked below Bi-p-liked band.
If we look at the HSE06 approach of band structure (red color), the
CsNa2Bi is a semiconductor with a direct trivial bandgap of 0.38 eV
(Fig. 4(b)). Therefore, it can be considered in the "Normal insulator
(NI)" topological class. The electronic band structure with GGA and
HSE06 approaches of CsNa2Bi after considering SOC is also shown
in Fig. 4(b). We can clearly find that this compound is a zero-gap
semimetal within both approaches, and has a nontrivial band gap below
the Fermi energy (0.56 eV in the GGA and 0.48 eV in the HSE06
methods). It is noteworthy that in this case, the gapless point at G
(Gamma) near Fermi energy is protected by time-reversal symmetry.
The projected band structure in Fig. 4(d), also shows the s-p band
nversion at G-point. Therefore, we classify CsNa2Bi as a TNSM in both
pproaches. Next, we consider the CsK2Bi structure. In the absence
f SOC, CsK2Bi is a semiconductor with 0.29 eV (0.72 eV) bandgap
ithin the GGA (HSE06) approach (Fig. 4(c)). Fig. 4(e) also confirms
hat there is no band inversion (Bi-p-liked below Bi-s-liked band).
hus, we classify CsK Bi as a trivial semiconductor (TS) within both
2
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Fig. 3. The calculated phonon dispersion curve of (a) CsNi2Bi and (b) CsK2Bi compounds. Phonon dispersion curves are plotted as a function of lattice constant (LC). The soft
modes appear in the CsNa2Bi at X point, upon 2.4% LC increasing, indicating a phase transition. It should be noted that in these calculations, SOC effects are considered.
Fig. 4. (a) Schematic illustrations of different topological classes of CsM2Bi (M = Na, K) compounds at zero hydrostatic pressure, which includes TS, TNSM and NI classes. (b)
nd (c) Equilibrium electronic structure of CsM2Bi calculated with and without SOC in GGA and HSE06 approaches. Nontrivial band gaps are marked with green arrows. (d) and
e) The projected band structure with and without turning on SOC based on the GGA approach. The projected band structure shows the s-p band inversion at G-point. Due to the
imilarity of the results, only GGA results are shown here.
a
pproaches. When we include SOC in the calculations, a nontrivial band
ap about 11 meV (5.2 meV) in the GGA (HSE06) approach opened
elow the Fermi energy, which creates an s-p band inversion (Fig. 4(e)).
herefore, it is concluded that CsK2Bi, similar to CsNa2Bi, is classified
s TNSM within both approaches.
Topological surface states (TSS) are prime characteristics of the

opological materials that reflect the bulk-boundary correspondence
50]. The calculated TSS for the semi-infinite (001) surface of CsNa Bi
4

2

nd CsK2Bi are shown in Fig. 5 (due to the similarity of the results, only
the TSS with the GGA approach in the presence of SOC are shown in
the figure). Since the band inversion occurs below the Fermi energy,
the TSS is calculated below the Fermi energy. In addition, the TSS with
a Dirac-type crossing is inside the projected valence bands due to the
mixing with bulk electronic states. The blue arrow shows the Dirac

point.
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Fig. 5. (a) The calculated TSS for the semi-infinite (001) surface of CsNa2Bi and CsK2Bi. The TSS with a Dirac-type crossing is inside the projected valence bands due to the
ixing with bulk electronic states. The blue arrow shows the Dirac point. Due to the similarity of the results, the surface band structures with the GGA approach considering the
OC are shown in this figure. (b) Time reversal invariant cube (TRIC). The WCC evolution for CaM2Bi compounds on six time-reversal invariant momentum plane, k𝑥 = 0, 𝜋 (red
olor), k𝑦= 0, 𝜋 (blue color) and k𝑧 = 0, 𝜋 (green color). The arbitrary reference line (pink line) is shown for k𝑥 = 0 plane. (For interpretation of the references to color in this
igure legend, the reader is referred to the web version of this article.)
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The topological invariants are essential to characterize a material
nto topological classes. There are different methods to obtain topo-
ogical invariants. For example, the product of eigenvalues parities
s calculated at TRIM points [51], or the Wilson loops around the
annier Charge Centres (WCC) are calculated [52]. In this work, we
sed the WCC method, and for this purpose, we have included the six-
ime reversal invariant planes (TRIP) in a cube called the time-reversal
nvariant cube (TRIC) (Fig. 5(b)). The topological invariants (𝑣0; 𝑣1, 𝑣2,
𝑣3) computation is carried out along the six TRIP k𝑥= 0, 𝜋, k𝑦= 0, 𝜋
and k𝑧= 0, 𝜋 in the BZ, which are included in TRIC. Therefore, the
topological invariants (𝑣0; 𝑣1, 𝑣2,𝑣3) are computed using equation, 𝑣0 =
(ARL (k𝑖 = 0) + ARL (𝑘𝑖 = 𝜋)) mod 2 and v𝑖 = ARL (k𝑖 = 𝜋) mod 2. To
calculate the ARL, one draws an arbitrary reference line parallel to the
TRIP axis and counts the number of times the WCC crosses this line.
An arbitrary reference line for k𝑥 = 0 plane, as an example, is shown in
Fig. 5(b) (pink line). Based on these explanations, CsM2Bi (M = Na, K)
are characterized by (1; 0,0,0) or Z2 = 1, which means both compounds
are strong nontrivial topological material in the equilibrium state.

3.3. The electronic structure under hydrostatic pressure in the presence and
absence of the SOC

The topological properties of CsM2Bi can change by applying ex-
ternal hydrostatic pressure. As we will show, both compounds show
semimetal electronic band structures under hydrostatic lattice com-
pression. Hence, they can be classified as normal insulators or trivial
insulators [53] in terms of the topological class (Fig. 6(a)). Increasing
the pressure (hydrostatic lattice compression) opens up a new trivial
band gap between the valence and conduction bands. In this case, we
show that the hydrostatic lattice compression leads to the topological
phase transition from nontrivial to trivial topological phase. When
SOC within GGA approach is considered, at V/V ≈ 0.85 (V/V ≈
5

0 0 a
.94) CsNa2Bi (CsK2Bi) compound is converted into semiconductor
ith 4.6 meV (2.7 meV) bandgap. Considering the HSE06 approach,
he bandgap of CsNa2Bi (CsK2Bi) increases to 0.1 eV (7.6 meV) (see
ig. 6(b) and (c)). When SOC is neglected, we have similar results, and
nly the bandgap is increased, as shown in Fig. 6(b) and (c).
To confirm that the trivial band gaps appear in these structures

nder hydrostatic pressure, we calculated the projected band structure,
s shown in Fig. 6(d) and (e). From the structure of the band provided
in these figures, it can be seen that the band inversion does not occur.
The Bi-s-liked is above the Bi-p-liked bands. This result is valid within
both approaches; thus, only the results of the GGA approach are shown
in Fig. 6(d) and (e). We further verify that TSS does not appear in these
conditions, and the topological invariants are (0; 0,0,0). These results
are included in Fig. 7. According to Fig. 7(a), we can observe that the
SS does not appear in the area where there is a trivial bandgap. Also,
ccording to the TRIC in Fig. 7(b), the value of ARL (k𝑖 = 0) + ARL
𝑘𝑖 = 𝜋) is even, and as a result, 𝑣0 becomes zero (Z2 = 0).

.4. The electronic structure under uniaxial strain in the presence and
bsence of the SOC

In this section, we show that the compounds have different re-
ponses to the topological properties under compression and tension.
nder uniaxial tension, the materials become TWSM and TS (see
ig. 11(a)). However, the uniaxial compression converts these com-
ounds into TI, NI, and even TDSM or TNLSM (Fig. 8(a)). When we
mpose a uniaxial strain (compression or tension) along any orthogonal
xis (here the c axis) on the original Fm-3m structure, it will change
he symmetry of the crystal (breaking the cubic symmetry) from space
roup Fm-3m to I4/mmm. To keep the volume of the cell invariable,
hen a tensile (compressive) strain, 𝜇, is applied along the c axis, we
dd a compressive (tensile) strain 1∕

√

(1 + 𝜇) along with the a and b
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Fig. 6. (a) Schematic illustrations of different topological classes of CsM2Bi (M = Na, K) compounds under hydrostatic pressure. We can observe that these compounds all show
emimetal electronic band structures under hydrostatic lattice compression. Hence, these compounds can be classified as normal insulators (NI) or trivial insulators in terms of
opological class. (b) and (c) show the electronic structure of CsM2Bi calculated without and with the SOC within GGA and HSE06 approaches. Increasing the pressure opens up
new trivial band gap between the valence and conduction bands. (d) and (e) show the projected band structure with and without turning on the SOC effect within the GGA
pproach. It can be seen that the band inversion does not occur as the Bi-s-liked is above the Bi-p-liked.
w
a
t
p
m
G
t
o
(
o
a
o
B
n
t

p
I
3
t
t
o
c

xes, respectively. To cover more details, we divide this section into
wo sub-sections.
Uniaxial compression. It was explained at the beginning of Sec-

ion 3.1 that the uniaxial deformation resistance of CsNa2Bi is more
han CsK2Bi. Therefore, the compressive strain in the CsK2Bi is easier
o obtain than in the CsNa2Bi compound. As such, the topological
roperties of CsNa2Bi and CsK2Bi appear at 1.58% (c = 𝑎0 − 1.58%𝑎0)
nd 2.06% (c = 𝑎0 − 2.06%𝑎0) strain, respectively. The band struc-
ures of CsNa2Bi within GGA and HSE06 approaches are presented
n Fig. 8(b). Before considering the SOC, the band structure in the
GA approach shows that there is a band crossing (gap-less point)
n the G-X path while a small bandgap (1.4 meV) appears in the
-Z path. Although we have a small bandgap in the G-Z path, and

we seem to have a type-I TWSM, the calculations of TSS show that
the TSS is drum-head-like surface states (DHLSS) (this matter will be
examined). This indicates that CsNa2Bi is type-I TNLSM within the GGA
approach in the absence of SOC. This type-I TNLSM is protected by
time-reversal symmetry and the mirror symmetry M𝑧. It is noteworthy
that by increasing the uniaxial compression, the bandgap can be closed.
In addition, the presence of bandgaps in TNLSM compounds has been
observed [20,54,55]. If the HSE06 approach is used, it can be seen that
CsNa2Bi is a semiconductor with 36 meV bandgap, which is classified in
the trivial topological classes or NI. Since the band structure in the GGA
approach is more credible, the projected band structure is calculated
6

t

ith GGA approach in the absence of SOC and shown in Fig. 8(d). When
uniaxial compression breaks the cubic symmetry, the degeneracy of
he G point bands is lifted. The band splitting between the valence Bi-
𝑥,𝑦-like states, and the conduction creates at the G point is composed
ainly of Bi-p𝑧-like states. Since the p𝑧–p𝑥,𝑦 type band inversion at the
point is preserved, the phase remains topologically nontrivial. This

ype of band inversion in the KNa2Bi under uniaxial strain has also been
bserved in the past [56]. When we include the SOC in the calculations
GGA and HSE06 approaches) for CsNa2Bi, a new nontrivial bandgap
pens, as shown in Fig. 8(b). Also, there is p𝑧–p𝑥,𝑦 type band inversion
t G points, as shown in Fig. 8(d). This band inversion stems from the
n-site energy difference between the p𝑧-orbital and p𝑥,𝑦-orbital (the
i-p𝑧-like is above the Bi-p𝑥,𝑦-liked band). This band inversion with a
ontrivial bandgap induces the topologically nontrivial properties so
hat they can be classified into a TI class.
The band structure of CsK2Bi within the GGA and HSE06 ap-

roaches in the presence and the absence of SOC is depicted in Fig. 8(c).
t is seen that CsK2Bi is a semiconductor with a trivial band gap of
2 meV (70 meV) within the GGA (HSE06) approach when the SOC is
urned off. According to the projected band structure with and without
urning on the SOC effect based on the GGA approach in Fig. 8(e), it is
bserved that the p𝑧–p𝑥,𝑦 type band inversion has not occurred. It can be
oncluded that CsK2Bi is a NI in the absence of SOC. It is noteworthy

hat due to the similarity of the band structures of these compounds
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Fig. 7. (a) The calculated TSS for the semi-infinite (001) surface of CsNa2Bi and CsK2Bi. The TSS does not appear in the area where there is a trivial band gap is. Due to the
similarity of the results, the surface band structures within the GGA approach and in the presence and absence of SOC are shown in this figure. (b) Time reversal invariant cube
(TRIC). The WCC evolution shows for CaM2Bi compounds on six time-reversal invariant momentum plane, k𝑥 = 0, 𝜋 (red color), k𝑦 = 0, 𝜋 (blue color) and k𝑧 = 0, 𝜋 (green
color). The arbitrary reference line (pink line) shows for k𝑥 = 0 plane. (For interpretation of the references to color in this figure legend, the reader is referred to the web version
of this article.)
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within different approaches, only the projected band structure with the
GGA approach is included in Fig. 8(e). For CsK2Bi, when SOC is taken
into account, a small gap opens at the G point, driving the system into a
narrow-gap TI, similar to the results of CsNa2Bi within GGA and HSE06
approaches. (Fig. 8(c)). In this case, the p𝑧–p𝑥,𝑦 type band inversion also
occur (see Fig. 8(e)).

According to the bulk boundary correspondence, as discussed in the
previous sections, the TSS, in this case, is also expected to appear on
the surface of these materials. To show these TSS, we calculated the
surface states, as shown in Fig. 9(a) and Fig. 10(a) for (001) surface,
and in Fig. 9(b) and Fig. 10(b) for (100) surface. When the SOC is
gnored, DHLSS appears near the G point in the (100) surface, but
TDSM in the (001) surface. To confirm DHLSS, we calculated the
urface states at different energy values, as shown in Fig. 9(c). In this
igure, we can clearly find that there exist DHLSS in the CsNa2Bi in the
bsence of SOC. When SOC is included, CsNa2Bi becomes TI, with TSS
t both (001) and (100) surfaces, as shown in Fig. 10(a) and (b). In
ddition, in Fig. 10, we plotted the projection of the surface states on
he (100) and (001) planes, which clearly shows the presence of TSS.
nother characteristic feature of topological surface state is the helical
pin texture. To study this feature, we calculate the spin texture for
ne of the surfaces (i.e., (100) surface), as shown in Fig. 10(c). On this
urface the spin texture in the upper part of the Dirac cone is strongly
arped. This is due to the lack of C4-symmetry, which has also been
bserved in other topological materials, such as KNa2Bi [56].

Uniaxial tension. We investigated the topological properties, and
he corresponding band structures of the CsNa2Bi (CsK2Bi) compound
n the presence of SOC within the GGA and HSE06 approaches under
uniaxial tension of 0.95% (c = 𝑎0 + 0.95%𝑎0) (0.30% (c = 𝑎0 +
.30%𝑎0)) (see Fig. 11(a)). These tensile values close the energy gap
reated in the compression strain. The results are shown in Fig. 11(b)
Fig. 11(c)).
7

S

As shown in Fig. 11(c), we can find that, without considering the
OC, CsNa2Bi is a zero-gap semimetal within the GGA approach, while
t is a semiconductor with a bandgap of 0.28 eV within the HSE06
pproach. In the HSE06 approach, CsNa2Bi is a trivial semiconductor
(there is no p𝑧–p𝑥,𝑦 type of band inversion not shown in the figure
due to the similarity to the previous data of this type band inversion),
However, within the GGA approach, it appears that the composition
can be a TNLSM or a TWSM. Therefore, we will examine the projected
band structure in more detail. As shown in Fig. 11(d), there appears
to be a band inversion at the crossing point in the Z-G path (green
arrow), but given Fig. 11(f), it is clear that at G point, there is a
crossing point between the conduction band and the valance bands
(green and blue colors). However, there is no band inversion between
these bands. Therefore, in this approach, the CsNa2Bi is a TS. The band
structure after considering SOC within the GGA approach Fig. 11(b)
shows that the two-fold degenerate valence band crosses with the
conduction band on the Z-G path and forms Dirac nodes (Weyl points).
The band inversion in Fig. 11(d) of the nontrivial phase confirms this
case, similar to KNa2Bi [56]. As shown in Fig. 11(b), when the band
structure is calculated within the HSE06 approach in the presence of
SOC, the CsNa2Bi compound is a semiconductor with a nontrivial band
gap above 0.06 eV. Since this band inversion is similar to Fig. 8(d),
such as we consider CsNa2Bi in this approach in the TI class.

The band structures of the CsK2Bi with and without SOC are shown
in Fig. 11(c). In the absence of SOC, we can see that this compound
as semiconductor band structures with trivial band gaps of 0.28 and
.65 eV within GGA and HSE06 approaches, respectively. To confirm
hese trivial band gaps, we calculated the projected band structure
ithin the GGA approach (HSE06 approach is similar to GGA approach)
n Fig. 11(e). As shown in this figure, the band inversion does not
ccur; thus, this compound is a trivial phase (TS) in the absence of
OC within both approaches. In the presence of the SOC, such as the



Materials Science & Engineering B 273 (2021) 115430S. Yalameha et al.

i
t

c
c
f

S
F
p
c
t
s
t
(
o

Fig. 8. (a) Schematic illustrations of different topological classes of CsM2Bi (M = Na, K) compounds under uniaxial compression. The uniaxial compression converts these compounds
nto TI, NI, and even TDSM or TNLSM. (b) and (c) Electronic band structure of CsM2Bi calculated without and with SOC within GGA and HSE06 approaches. (d) and (e) show
he projected band structure with and without turning on the SOC effect based on the GGA approach.
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ase of CsNa2Bi, the two-fold degenerate valence band crosses with the
onduction band on the Z–G path and form Dirac nodes (Weyl points)
or the CsK2Bi (as shown in Fig. 11(c) and Fig. 11(e) by black arrow).
The Dirac nodes and the inverted band order in the presence of

OC suggest the existence of nontrivial surface states, namely the
ermi arcs. On the other hand, if the system has an additional C𝑛, in
articular, C3, C4, and C6 rotation symmetries, the rotation symmetry
an protect the band crossing at specific generic discrete points, turning
he system into a TWSM [17,56]. There is C4 rotation symmetry in these
tructures. Therefore, the corresponding nontrivial surface states of
hese compounds, connecting the Dirac nodes, emerge in the (100) and
001) surfaces, as shown in Fig. 12. Fig. 12(a–d) shows the projection
f the Dirac nodes of CsNa2Bi and CsK2Bi onto the (001) and (100)
surfaces of the BZ, demonstrating the existence of the characteristic
Fermi arcs (FA) of the TWSM. The FA surface states of CsK2Bi are
similar to CsNa2Bi and are not included in this figure. The Fermi surface
is composed of two half-circle FAs closed with two singular Weyl points
(blue and green points) corresponding to the projection of bulk Dirac
nodes. In addition, to clearly show the Weyl point, spin texture, and
Berry curvature of one of these compounds, CsNa2Bi, are calculated,
and the results are shown in Fig. 13(a) and (b). As known, the Weyl
point behaves as a magnetic monopole [57,58], which is a source or sink
of the Berry curvature in the bulk band structures. These source and sink
points are the Weyl points with positive and negative chirality, and they
can be identified in the Berry curvature, as shown in Fig. 13(a). The
8

spin texture of Fermi arcs has a helical behavior, for which the value
of the spin is not defined at the Weyl points [56]. This feature is well
illustrated in Fig. 13(b). Finally, the topological invariant, (1; 0,0,0),
identified by the TRIC in Fig. 13(c) indicate that both structures have
the nontrivial phase in the presence of SOC. At the end of this section,
to describe the change in the band dispersion around the G point under
pressure (3.3 and 3.4 Secs.), we have constructed a low-energy effective
k-p model Hamiltonian in which the C4 rotation, TR, and the inversion
symmetries are considered. In this model, only low-energy electronic
states around the G point, which are mostly consisted of p-Bi orbitals,
are used as the basis states [56], and the coupling of the basis states, i.e.,
-orbital hybridization, with the same parity is also accounted. Based
n this basic set, the Hamiltonian can be written as,

(𝐤) =

⎛

⎜

⎜

⎜

⎜

⎝

𝑀(𝐤) 𝛼𝑘𝑧(𝑘𝑥 + 𝑖𝑘𝑦) 0 𝐵∗(𝐤)
𝛼𝑘𝑧(𝑘𝑥 − 𝑖𝑘𝑦) −𝑀(𝐤) 𝐵∗(𝐤) 0

0 𝐵(𝐤) 𝑀(𝐤) −𝛼𝑘𝑧(𝑘𝑥 − 𝑖𝑘𝑦)
𝐵(𝐤) 0 −𝛼𝑘𝑧(𝑘𝑥 + 𝑖𝑘𝑦) −𝑀(𝐤)

⎞

⎟

⎟

⎟

⎟

⎠

;

(1)

where 𝑀 (𝒌) = 𝑚0 − 𝑚1𝑘2𝑧 − 𝑚2(𝑘2𝑥 + 𝑘2𝑦) and 𝐵 (𝒌) = 𝛽(𝑘𝑥 + 𝑖𝑘𝑦)
2. The

parameters of the low-energy effective k-p model are m0, m1, m2, 𝛼,
and 𝛽. m1, m2, 𝛼, and 𝛽 parameters are fixed in our calculation (m1
= 1.1 eV Å, m2 = −1.0 eV Å, 𝛼= 1.1 eV Å and 𝛽 = 1.0 eV Å) to
reproduce the topological phase transition. Therefore, the only variable
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Fig. 9. The calculated TSS for the semi-infinite (a) (100) surface and (b) (001) surface of CsNa2Bi without SOC, when SOC is ignored, DHLSS appear near the G point in the
(100) surface, while a TDSM appears in the (001) surface. (c) The surface states projected onto (100) surface at different energy values. It can be seen that there exists DHLSS in
the CsNa2Bi in the absence of SOC.

Fig. 10. The calculated TSS for the semi-infinite (a) (100) surface and (b) (001) surface of CsNa2Bi with SOC. When SOC is taken into account, the material becomes TI, with
TSS at both (001) and (100) surfaces. The projection of the surface states on the (100) and (001) planes shows the presence of TSS clearly. (c) Spin texture of CsNa2Bi in the
upper part of the Dirac cone on the (100) surface. On this surface, the spin texture in the upper part of the Dirac cone is strongly warped due to the lack of C4 symmetry.
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Fig. 11. (a) Schematic illustrations of different topological classes of CsM2Bi (M = Na, K) compounds under uniaxial tension. The uniaxial tension converts these compounds into
TI, TS, and even TWSM. (b) and (c) shows the electronic band structure of CsM2Bi calculated with and without SOC in GGA and HSE06 approaches. (d) and (e) The projected
and structure with and without turning on the SOC effect based on the GGA approach. (f) shows the electronic band structure of CsNa2Bi calculated without SOC.
arameter for investigation of the Hamiltonian and the topology of
he band structure is m0 , which corresponds to the energy difference
etween the basis orbitals. Hence, the spectra of Hamiltonian(E(k)) are
btained as follows,

(𝐤) = ±[𝑚 − 𝑚 𝑘2 − 𝑚 (𝑘2 − 𝑘2) + 𝛽2(𝑘 + 𝑖𝑘 )2(𝑘 − 𝑖𝑘 )2
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0 1 𝑧 2 𝑥 𝑦 𝑥 𝑦 𝑥 𝑦
+ 𝛼2(𝑘𝑥 + 𝑖𝑘𝑦)(𝑘𝑥 − 𝑖𝑘𝑦)𝑘2𝑧]
1∕2. (2)

The E(k) is calculated for different values of 𝑚0, as shown in Fig. 14.
When 𝑚0=0, the compound is a zero-gap semimetal (Fig. 14(b)).
Two double degenerate bands along with all the directions of the BZ
([1,0,0]-[0,0,0]-[0,0,1] in the figure) are touching at the G, point and

the crossing point has a four-fold degeneracy. This case is compatible
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Fig. 12. The calculated TSS for the semi-infinite (a) (100) surface and (b) (001) surface of CsNa2Bi with SOC. The Fermi surface comprises two half-circle Fermi arcs terminated
ith two singular (Weyl) points (blue and green points) corresponding to the projection of bulk Dirac nodes. The calculated TSS for the semi-infinite (c) (100) surface and (d)
001) surface of CsK2Bi in the presence of SOC. The Fermi surface for CsK2Bi looks similar to that of CsNa2Bi and is not shown in the figure.
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ith Section 3.2. When 𝑚0 is non-zero, the band degeneracy at the
point is lifted. It is noteworthy that when hydrostatic compression

Section 3.3) is applied to the system, the stability of the system in
he topological semimetal phase is provided by the cubic symmetry
nd corresponds to m0 = 0. In this case, all the basis orbitals are
quivalent and have the same energy. When 𝑚0 is non-zero, the band
egeneracy at the G point is lifted. This is related to when the uniaxial
train is applied. Uniaxial tension (compression) strain corresponds to
0 > 0 (m0 < 0). When m0 > 0 (see Fig. 14(a)), the system possesses
TWSM band structure with two Dirac/Weyl points located at 𝒌 =

0, 0,±(𝑚0∕𝑚1)
1∕2). When m0 < 0 (see Fig. 14(c)), the system possesses

TI band structure with a nontrivial bandgap.
Finally, a summary of the effects of strain on the topological phases

f these compounds when considering the spin–orbit coupling is shown
chematically in Fig. 15. To the right of the figure due to the uniaxial
ension, there is still band inversion, and Weyl points and Fermi Arcs
re created on the (100) or (001) surfaces. According to the band
tructure, these Weyl points are of Type-I. Under compression strain TI
hase with a non-trivial band gap is formed, shown on the left of the
11

i

igure. The presence of topological surface states (TSS) on (100) and
001) surfaces confirms this topological phase. By applying hydrostatic
ressure, the compounds become conventional insulator with trivial
and gap. Therefore, by changing the type of strain, these compounds
an switch to various phases with different topological signatures.

. Summary and outlook

In summary, we investigate the new full Heusler order compounds,
sM2Bi (M = Na, K), with strain driven tunable topological states. We
alculated the phonon dispersion and electronic properties of these
tructures under various types of strains. The topological band struc-
ures of these compounds were systematically investigated. It was found
hat both compounds possess different topological states, which can
e effectively tuned by strain engineering. In the equilibrium state,
.e., V/V0 = 1 (no strain), the TS, TNSM, and NI classes appear in
hese compounds, which are calculated using both GGA and HSE06
pproximations in the presence and absence of SOC. When the SOC
s not considered in the calculations, the CsNa Bi compound in both
2
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Fig. 13. (a) The Berry curvature and (b) Spin texture of CsNa2Bi in the 𝑘1-𝑘2 (𝑘𝑥-𝑘𝑦) plane at the Fermi level of CsNa2Bi. The source and sink points are the Weyl points with
positive and negative chirality. The spin texture of the Fermi arcs has a helical behavior, for which the value of spin is not defined at the Weyl points. (c) Time reversal invariant
cube (TRIC) in the presence of SOC. The WCC evolution for CaM2Bi compounds on six time-reversal invariant momentum plane, 𝑘𝑥= 0, 𝜋 (red color), 𝑘𝑦= 0, 𝜋 (blue color) and
𝑘𝑧= 0, 𝜋 (green color). (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)
Fig. 14. Band dispersions obtained from H(k) by the low-energy effective k-p model with (a) 𝑚0 >0, (b) 𝑚0 = 0 and (c) 𝑚0 < 0. When 𝑚0 = 0, the compound is a zero-gap
semimetal. When 𝑚0 > 0, the system possesses a TWSM band structure with two Weyl points. When 𝑚0 < 0, the system possesses a TI band structure with a nontrivial bandgap.
approximations still shows nontrivial topological phases, although by
applying a hydrostatic compression (V/V0≈ 0.85 for CsNa2Bi and V/V0
≈ 0.94 for CsK2Bi), a trivial phase is seen in both CsNa2Bi and CsK2Bi
structures. When SOC is considered in the computations, under uni-
axial tension, both compounds are converted into a Weyl semimetal
with nontrivial Fermi arcs on the surface; while applying a uniaxial
compression leads to converting to the nontrivial topological insulating
phase in both structures. These results offer diverse perspectives for
multi-purpose applications of FHO CsM2Bi compounds as they host
a diverse set of topological classes besides the well-known semicon-
ducting properties. Finally, we suggest that biaxial strain may induce
other interesting topological classes with practical implications in these
compounds, which deserves further studies.
12
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Fig. 15. Schematic of the band structure, band inversion, and topological surface states when the spin–orbit coupling is considered. In the right of the figure, there is still band
inversion due to the uniaxial tension + SOC, and Weyl points and Fermi arcs (FA) are created on the (100) and (001) surface. According to the band structure, these Weyl points
are of Type-I. To the left of the figure, under compression strain + SOC, TI phase with a non-trivial band gap is attained. The presence of TSS on (100) and (001) surfaces also
confirms this topological phase. By applying hydrostatic pressure, the compounds become conventional insulators with trivial band gaps.
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