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A B S T R A C T

In this work, we have numerically investigated the variation of fractal characteristics of soot
particles as soot is coated. We found that the ideal fractal law can fit the morphologies of coated
soot only when the radius of gyration (𝑅𝑔) of coated soot is identical to that of the soot core. In
that case, the fractal dimension (𝐷𝑓 ) of coated soot is close to that of the soot core, which can
explain why the unchanged fractal dimension was observed by the previous study as soot was
evenly coated. As the voids among monomers is commonly filled firstly, the 𝑅𝑔 of coated soot
obtained from the two-dimensional (2D) method would be close to that of the soot core, so the
measured fractal dimension would be close to that of the soot core. Our results also show that
the fractal parameters of coated soot at different size scales can be varied, so the ideal fractal
law is difficult to fit the structures of unevenly coated soot universally. Besides, we also found
that the effective fractal dimension can increase as soot is unevenly coated. The results of the
Q-space analysis show that as soot particles are unevenly coated, the power-law exponent of the
structure factor (𝑆(𝑞)) versus the scattering wave vector (𝑞) tends to -4 for heavily coated soot.
This means that heavily, unevenly coated soot exhibits the characteristics of nearly spherical
particles.

1. Introduction

Soot particles, as a major light absorber in the atmosphere, contribute great positive radiative effects to the climate. Soot has
een evaluated to be the second largest anthropogenic contributor to global warming after CO2 (Bond et al., 2013; Forster et al.,
2007; Schwarz et al., 2008). Besides, soot can deposit on the snow and ice to lower the snow and ice albedo (Chỳlek, Ramaswamy,
& Srivastava, 1983; He et al., 2018; Warren, 1982). The radiative effects of soot have gained increasing interest in recent years,
hile there are still large uncertainties. A cause of the uncertainties is the complex morphologies of soot. Many modeling studies
ave shown that various soot morphologies can lead to large uncertainties in the estimations of radiative properties (Adachi, Chung,
Buseck, 2010; Chakrabarty et al., 2007; Liu, Li, Yin, Zhu, & Feng, 2017; Liu & Mishchenko, 2005; Liu et al., 2020; Luo et al.,
019; Mishchenko, Dlugach, & Liu, 2016), while the morphological characteristics of soot, especially for coated soot, are still not
ully understood.
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Freshly emitted soot aggregates are widely recognized to be composed of tens to hundreds of small spherules, and their structures
an be well fitted by the fractal law. Given the monomer number (𝑁𝑠), monomer radius (𝑎), fractal prefactor (𝑘0), fractal dimension
𝐷𝑓 ) and the radius of gyration (𝑅𝑔), the fractal law can be described as (Forrest & Witten, 1979; Meakin, 1987; Sorensen, 2001):

𝑁𝑠 = 𝑘0

(𝑅𝑔

𝑎

)𝐷𝑓

(1)

here

𝑅2
𝑔 = 1

𝑁𝑠

𝑁𝑠
∑

𝑖=1
𝑙2𝑖 (2)

where 𝑙𝑖 represents the distance from the center of the 𝑖th monomer to the center of the aggregate. For the fractal soot, 𝐷𝑓 can
reflect the space-filling characteristic, while 𝑘0 can be significantly affected by the shape anisotropy (stringiness) and monomer
packing density (Heinson, Sorensen, & Chakrabarti, 2010; Lapuerta, Martos, & Martín-González, 2010; Sorensen & Roberts, 1997).

Two methods were commonly used to analyze the fractal parameters of soot aggregates. One of the methods is based on the three-
imensional (3D) object reconstructed using the 3D electron tomography method. By exploring the 3D electron tomography method,
verage 𝐷𝑓 s of 2.4 and 2.2 were found for soot from an Asian dust (AD) episode and a U.S. traffic source, respectively (Adachi,
hung, Friedrich, & Buseck, 2007). The electron tomography technique requires the 2D images from different projection angles to
econstruct the 3D object, which is a time-consuming process. Especially, since it is difficult to collect enough soot image samples
rom various projection angles, the 3D electron tomography method does not necessarily provide correct measurements for the fractal
arameters. Therefore, the methods based on two-dimensional (2D) images are more commonly used (Brasil, Farias, & Carvalho,
999; Köylü, Faeth, Farias, & Carvalho, 1995; Oh & Sorensen, 1997; Samson, Mulholland, & Gentry, 1987). Based on the 2D soot

images, China, Mazzoleni, Gorkowski, Aiken, and Dubey (2013) found that the fractal dimension of ambient and denuded soot
emitted from wildfires was 1.85 ± 0.05 and 1.53 ± 0.07, respectively. While for soot particles at the freeway, the fractal dimensions
were found to vary in the range of approximately 1.43 – 2.1 (China, Salvadori, & Mazzoleni, 2014). Yuan et al. (2019) showed
that the 𝐷𝑓 of bare-like soot, partly coated soot, and embedded soot at a remote site in the Southeastern Tibetan Plateau were
1.75 ± 0.08, 1.82 ± 0.05, 1.88 ± 0.05, respectively. In the atmosphere, soot aggregates are commonly coated with other materials
and the structures turn extremely complex (China et al., 2014; Wang et al., 2018, 2014; Yuan et al., 2019). Adachi et al. (2007),
an Poppel et al. (2005) have demonstrated that the effects of monomer overlapping and inner pores hidden by the outer soot
ould affect the applicability of the 2D image analysis method, so the fractal parameters determined from 2D images are strongly

nfluenced by the viewing point. However, the effects of coating materials are still unclear. For coated soot aggregates, many studies
lso analyzed the soot images based on the fractal law (China et al., 2013; Yuan et al., 2019), while for the atmospheric soot, the
oating materials are difficult to completely remove from soot. Therefore, sometimes coating materials can be left on the soot during
he measurement process. In many cases, the coated soot particle images are analyzed using the same method as the uncoated soot
mage analysis, and the soot outline depicted from the electron microscope images was commonly used for fractal analysis. However,
s soot is coated with other materials (e.g. Organic carbon (OC)), it is difficult to see clearly the soot core, and the outline of soot
epicted from the electron microscope images would include some coating materials. Therefore, the coating materials would affect
he measured fractal parameters of soot particles. When using the 3D electron tomography method to analyze the morphologies of
oated soot, as it is difficult to distinguish the soot core and coating materials from soot images, the calculated 𝐷𝑓 should be the
ractal dimension of coated soot. What is different about the 2D fractal analysis method? To see more deeply the different results
roduced between the 2D and 3D electron tomography methods, we revisit the most used 2D fractal analysis method.

The calculation of the fractal dimension of soot aggregates depends largely on the determination of 𝑁𝑠 and 𝑅𝑔 . In the 2D image
nalysis, 𝑁𝑠 is determined by (Köylü et al., 1995; Oh & Sorensen, 1997; Samson et al., 1987):

𝑁𝑠 = 𝑘𝑎(
𝐴𝑎
𝐴𝑝

)𝛼 (3)

for freshly emitted fractal aggregates, where 𝛼 is an empirical exponent and 𝑘𝑎 is a constant; 𝐴𝑎 and 𝐴𝑝 are the projected area of
he soot aggregate and the mean projected area of the soot monomer, respectively. 𝑅𝑔 is calculated based on a relationship (Brasil
t al., 1999):

𝐿𝑚𝑎𝑥
2𝑅𝑔

= 1.50 ± 0.05 (4)

where 𝐿𝑚𝑎𝑥 is the length of the longest dimension. Then 𝐷𝑓 can be measured based on the slope of the following equation:

𝑁𝑠 = 𝑘𝐿(
𝐿𝑚𝑎𝑥
𝑑𝑝

)𝐷𝑓 (5)

where 𝑘𝐿 is a scaling factor, and 𝑑𝑝 represents the soot monomer’s diameter measured from soot images.
In the above analysis, we notice that 𝑅𝑔 is calculated based on 𝐿𝑚𝑎𝑥. For the coated soot in the atmosphere, in most cases, the

coating materials commonly fill the voids among monomers firstly, so the 𝐿𝑚𝑎𝑥 is close to that of the soot core. Therefore, the 𝑅𝑔
measured from the 2D image analysis is close to that of the soot core. To understand the measured fractal dimension based on the
2D images, we need to figure out this question: If 𝑅𝑔 of coated soot is close to that of the soot core, is the fractal dimension of
2

coated soot also close to that of soot core? If it is, the measured fractal dimension based on the 2D images should be close to that of
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the soot core, and this may be an important difference between the 2D method and the 3D electron tomography method for coated
soot.

Heinson, Liu, and Chakrabarty (2017) have concluded that the fractal dimension of the coated soot is close to that of the soot
core, while the fractal prefactor increases with the coating thickness, and a simple analytical expression of the fractal prefactor was
obtained:

𝑘′0 = 1.34(𝑎
′

𝑎
)1.7 (6)

where 𝑘′0 represents the prefactor of coated soot; 𝑎 and 𝑎′ represents the monomer radius of the soot core and coated soot,
espectively.

However, some numerical and experimental studies obtained different results (Lefevre, Yon, Bouvier, Liu, & Coppalle, 2019; Liu,
on, & Bescond, 2016). Liu et al. (2016) found that the fractal dimension can increase as soot particles are coated. In the study
f Heinson et al. (2017), coating materials were assumed to be uniformly coated on the soot cores, while in the atmosphere, soot
articles are commonly unevenly coated, and the coating structures can vary in different conditions. Is the conclusion of Heinson
t al. (2017) still satisfactory for the unevenly coated soot? What is the condition for the conclusion of Heinson et al. (2017)? Are
he different conclusions for the coating-dependent fractal dimension in Heinson et al. (2017) and Liu et al. (2016) caused by the
ifferent coating structures? Previous studies have shown that the coating structures have a significant impact on the radiative
roperties of soot (Enekwizu, Singh, & Khalizov, 2020; Luo et al., 2019), while rather limited studies have investigated the effects
f coating structures on the retrieval of fractal characteristics of soot. To answer the above questions, there is a need to further
nvestigate the fractal characteristics of unevenly coated soot with different coating structures.

In this work, by investigating the variations of the fractal characteristics of soot particles as soot is coated, we aim to answer
he following questions:

1. Can the fractal law still fit the morphology of unevenly coated soot?
2. What is the difference between the fractal dimension of coated soot determined using the 2D method and those determined

using the 3D electron tomography method?
3. How do the fractal characteristics of soot particles change as soot is coated?

. Methods

.1. Generation of the simulated coated soot aggregates

Previous studies have shown that the diffusion-limited cluster aggregation (DLCA) aggregates can reflect the generation process
f freshly emitted soot. The soot morphologies generated using the DLCA algorithm are greatly in agreement with the morphologies
f freshly emitted soot (Sorensen & Feke, 1996; Sorensen & Roberts, 1997). However, in the atmosphere, soot can become more
ompact with atmospheric aging. Heinson et al. (2010) demonstrated that the morphology of soot aggregates can be well described
y a (𝐷𝑓 , 𝑘0) pair, so algorithms, where the fractal parameters are fully adjustable, were developed (Filippov, Zurita, & Rosner,
000; Morán, Fuentes, Liu, & Yon, 2019; Skorupski, Mroczka, Wriedt, & Riefler, 2014; Woźniak, 2012), and these algorithms are
eferred to as the tunable algorithm. The tunable algorithm is commonly used to generate the fractal soot aggregates due to the
ully adjustable parameters. Heinson et al. (2017, 2010) have further shown that the space-filling characteristics can be described
y 𝐷𝑓 , and 𝑘0 can reflect the shape anisotropy. Even though the DLCA aggregates can more reflect the physical process of fresh
oot generation, a tunable algorithm can reflect the structure of the DLCA aggregates by setting 𝐷𝑓 = 1.8, 𝑘0 = 1.34 (Heinson
t al., 2017). So, the soot cores were generated using a tunable particle-cluster code developed by Woźniak (2012), which strictly
atisfies the fractal law in each generation step. In this work, the monomer number varies from 1 to 600, which generally covers
he observed range in the atmosphere. 𝑘0 was fixed to be 1.34, which is consistent with the DLCA aggregates. 𝐷𝑓 of 1.8, 2.2, 2.6
as considered to represent the soot from freshly emitted to aged. We must clarify that in real circumstances 𝑘0 can vary with the
ariation of 𝐷𝑓 (Ehrl, Soos, & Lattuada, 2009; Morán et al., 2020). However, in this work, we are focused on how coating materials
odify the fractal characteristics of soot, so we do not consider the variation of 𝑘0.

After soot cores were generated, coating materials were added on similar to our previous study (Luo et al., 2019). Here we briefly
escribe the algorithms used to add the coating materials. The 3D space was firstly discretized into high-resolution cubic lattices,
nd soot cores were placed in the simulation space, which resulted in the space being either filled with portions of the aggregate
r left empty. Then the empty cubic lattices were filled with coating materials according to two coating methods. The first coating
ethod determines the coating positions based on a tunable parameter, 𝑘. As shown in Figure S1, larger 𝑘 can reflect more uniformly
istributed coating materials. The second coating method determines the coating materials based on another tunable parameter, 𝑅𝑐 ,
hich is the radius of a defined sphere. The defined sphere generally reflects that most coating materials are distributed within the

phere, so the soot monomers within the sphere are more easily coated. By adjusting the 𝑅𝑐 and the position of the center of the
efined sphere, we can define the distribution of coating materials. In this work, the center of the defined sphere was located at the
ass center of the soot core, and the coating morphology can become more spherical with the decrease of 𝑅𝑐 . The generated soot
orphologies are shown in Figure S2. The comparison of the generated soot morphologies and real soot morphologies are shown
3

n Luo et al. (2019). For the details on the coating generation algorithms, please refer to Luo et al. (2019).
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2.2. 𝑁𝑠 versus 𝑅′
𝑔∕𝑎

′ analysis

For uncoated soot, in a log–log axis of 𝑁𝑠 versus 𝑅𝑔∕𝑎, the intercept and slope represent the fractal pre-factor and fractal
dimension, respectively. For coated soot, even though the ideal fractal law can be inapplicable, to ensure consistency, similar to
uncoated soot, we assumed that the intercept and slope in the log–log axis of 𝑁𝑠 versus 𝑅′

𝑔∕𝑎
′ represent the effective fractal pre-factor

nd fractal dimension, respectively. To figure out if the fractal law can describe the morphologies of coated soot, we used similar
ethods as the analysis of fractal structures. We defined the effective monomer radius (𝑎′) similar to the study of (Heinson et al.,
017):

𝑉𝑡𝑜𝑡𝑎𝑙
𝑉𝑐𝑜𝑟𝑒

=
(

𝑎′

𝑎

)3
(7)

where 𝑉𝑡𝑜𝑡𝑎𝑙 and 𝑉𝑐𝑜𝑟𝑒 are the volume of the total particle and soot cores, respectively.
We used soot volume fraction (𝑓𝑠𝑜𝑜𝑡 = 𝑉𝑐𝑜𝑟𝑒∕𝑉𝑡𝑜𝑡𝑎𝑙) to represent the relative contents of soot and coating materials. As soot is

coated, the effective monomer radius increases, and it would be polydisperse, so 𝑎′ in Eq. (7) is just a mean monomer radius. We
define an 𝑎′ to represent the volume-mean monomer radius. For coated aggregates, 𝑎′ becomes merely a formal parameter with
little physical meaning due to an extensive overlap between the coatings centered on neighboring monomers.

To consider the effects of different coating structures, similar to Chakrabarty and Heinson (2018), the radius of gyration of coated
oot aggregates (𝑅′

𝑔) was calculated based on the discretized cubic lattice:

𝑅′2
𝑔 = 1

𝑚𝑡𝑜𝑡𝑎𝑙

(𝑁𝑑𝑠
∑

𝑖=1
𝜌𝑠𝑜𝑜𝑡𝑉𝑑 (𝑅⃗𝑑𝑠,𝑖 − 𝑅𝑐 )2 +

𝑁𝑑𝑐
∑

𝑗=1
𝜌𝑐𝑜𝑎𝑡𝑖𝑛𝑔𝑉𝑑 (𝑅⃗𝑑𝑐,𝑗 − 𝑅𝑐 )2

)

(8)

𝑚𝑡𝑜𝑡𝑎𝑙 =
𝑁𝑑𝑠
∑

𝑖=1
𝜌𝑠𝑜𝑜𝑡𝑉𝑑 +

𝑁𝑑𝑐
∑

𝑗=1
𝜌𝑐𝑜𝑎𝑡𝑖𝑛𝑔𝑉𝑑 (9)

𝑅⃗𝑐𝑒𝑛𝑡𝑒𝑟 =
1

𝑚𝑡𝑜𝑡𝑎𝑙

(𝑁𝑑𝑠
∑

𝑖=1
𝜌𝑠𝑜𝑜𝑡𝑉𝑑𝑅⃗𝑑𝑠,𝑖 +

𝑁𝑑𝑐
∑

𝑗=1
𝜌𝑐𝑜𝑎𝑡𝑖𝑛𝑔𝑉𝑑𝑅⃗𝑑𝑐,𝑗

)

(10)

where 𝑚𝑡𝑜𝑡𝑎𝑙 represents the total mass of soot-containing particles; 𝑉𝑑 represents the volume of the discretized cubic lattice; 𝑁𝑑𝑠 and
𝑁𝑑𝑐 represent the number of discretized cubic lattices occupied by soot and coating materials, respectively. 𝑅⃗𝑑𝑠,𝑖 and 𝑅⃗𝑑𝑐,𝑗 represent
he location of discretized cubic lattices occupied by soot and coating materials, respectively. 𝑅⃗𝑐𝑒𝑛𝑡𝑒𝑟 represents the mass center of

the soot-containing particle. 𝜌𝑠𝑜𝑜𝑡 and 𝜌𝑐𝑜𝑎𝑡𝑖𝑛𝑔 represent the mass density of soot and coating materials, respectively.
For the mass density of soot, Horvath (1993) gave two typical values: 𝜌𝑠𝑜𝑜𝑡 = 0.625 g∕cm3 and 𝜌𝑠𝑜𝑜𝑡 = 1.125 g∕cm3. How-

ever, Janzen (1980) and Medalia and Richards (1972) pointed out that 𝜌𝑠𝑜𝑜𝑡 is approximately in the range of 1.8–1.9 g∕cm3,
and Bergstrom (1972) suggested that 𝜌𝑠𝑜𝑜𝑡 is in the range of 1.9 – 2.1 g∕cm3. Bond and Bergstrom (2006) recommended us to
use 1.7–1.9 g∕cm3. In order to reproduce the measured mass absorption cross-section, Kahnert (2010) recommended a 𝜌𝑠𝑜𝑜𝑡 value
of 1.3–1.4 g∕cm3. In addition, Long, Nascarella, and Valberg (2013) further stated that the mass density of soot can vary from 1.2
to 1.8 g∕cm3, so the measured 𝜌𝑠𝑜𝑜𝑡 value is in a wide range. We assumed that coating materials are mainly OC. The measurement
range of the mass density of OC is also very wide. Turpin and Lim (2001) found that the mass density of OC in some areas near
Los Angeles was 1.2 g∕cm3, while the mass density of OC observed in the background was lower (0.87 g∕cm3). By summarizing the
literature, Turpin and Lim (2001) also found that the measured value of the OC mass density is usually in the range of 0.77 to 1.9
g∕cm3. Therefore, the mass densities of OC and soot have an overlapping measurement range. Since this work mainly focuses on the
overall structure of coated soot, we assume an identical mass density for soot and OC. However, considering that the mass density
of soot and coating materials can be different in the atmosphere, we select the typical soot mass density (1.8 g∕cm3) and OC mass
density (1.2 g∕cm3) for sensitivity analysis. In this work, it is assumed that the mass density of soot and OC are the same if without
special description.

In this work, to see how the fractal characteristics vary as soot is coated, we used the methods for analyzing the fractal aggregates
to analyze the morphologies of coated soot. However, the fractal law was just used to examine if the fractal law can fit the
morphology of coated soot, and it does not mean that the fractal law can be applied to coated soot aggregates.

2.3. Q space analysis

The light scattering technique is widely used to infer the particle shape as it is significantly affected by the particle morphologies.
Instead of plotting the scattered intensity versus the scattering angle, we can obtain a new perspective by plotting the scattered
intensity versus the magnitude of the scattering wave vector with a log–log axis (Sorensen, 2013a, 2013b). Based on the Q space
analysis, the scattering by particles with different shapes can be differentiated, and we can obtain a physical understanding of
particle scattering from diffraction. The method has been applied to small-angle X-ray and neutron scattering for a long time, while
it was not applied to the particle light scattering until approximately two decades ago (Sorensen & Fischbach, 2000). By revisiting
the light scattering theory, a structure factor, 𝑆(𝑞), was used to identify the q-space characteristics of the scattered intensity, as the
Fourier transform of the real space structure (Berg, Sorensen, & Chakrabarti, 2005; Dobbins & Megaridis, 1987, 1991; Sorensen,
2013a; Sorensen & Shi, 2000).
4
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For soot composed of 𝑁𝑑 discretized cubic lattices, the scattering intensity (𝐼(𝑞)) can be expressed as (Cowley & Heydenreich,
993; Warren, 1969):

𝐼(𝑞) =
𝑁𝑑
∑

𝑗=1

𝑁𝑑
∑

𝑘=1
𝑓𝑗𝑓𝑘𝑒𝑥𝑝

(

𝑖𝑞.
(

𝑅⃗𝑗 − 𝑅⃗𝑘

))

(11)

here 𝑓𝑗 and 𝑓𝑘 are the atomic scattering factor of the 𝑗th and 𝑘th lattice, respectively; 𝑅⃗𝑗 and 𝑅⃗𝑘 are the position of the 𝑗th and
𝑘th lattice, respectively.

𝑆(𝑞) can be expressed as 𝐼(𝑞) normalized by 1∕
∑𝑁𝑑

𝑗=1 𝑓
2
𝑗 (Takeshi & Billinge, 2012):

𝑆(𝑞) = 1
∑𝑁𝑑

𝑗=1 𝑓
2
𝑗

𝑁𝑑
∑

𝑗=1

𝑁𝑑
∑

𝑘=1
𝑓𝑗𝑓𝑘𝑒𝑥𝑝

(

𝑖𝑞.
(

𝑅⃗𝑗 − 𝑅⃗𝑘

))

(12)

The magnitude of the scattering wave vector (𝑞) is:

𝑞 = 4𝜋
𝜆
𝑠𝑖𝑛

( 𝜃
2

)

(13)

Recently, many studies have used the structure factor to analyze morphologies of uncoated fractal soot aggregates (Heinson,
einson, Liu, & Chakrabarty, 2018; Heinson, Maughan, Heinson, Chakrabarti, & Sorensen, 2016; Lefevre et al., 2019; Liu et al., 2016;
orensen, 2001). For uncoated soot, the slope of 𝑆(𝑞) versus 𝑞 is typically scaled by a power-law exponent of –2𝐷𝑚 + 𝐷𝑠 (where
𝑚 is the mass dimension and 𝐷𝑠 denote the surface dimension of the object). Specifically, for fractal aggregates, 𝐷𝑓 = 𝐷𝑚 = 𝐷𝑠,
nd 𝑆(𝑞) ∝ 𝑞−𝐷𝑓 . Besides, Yon, Morán, Ouf, Mazur, and Mitchell (2021) demonstrated that 𝑆(𝑞) is a function of the aggregate size.
t is important to note that the above conclusion is only applicable for isotropic soot. In principle, to represent the light scattering
ntensity of coated soot, the atomic scattering factor of lattices occupied by soot core and coating materials should be different.
owever, if we consider the different optical properties of coating materials and soot, the structure factor is not only affected by the

nner structure of coated soot but also the different optical properties of soot and coating materials, so the structure factor will not
e applicable for the analysis of the fractal characteristics of coated soot. Nevertheless, this work is mainly focused on the overall
tructure of coated soot but not to measure the optical properties of coated soot. Therefore, we assumed that the atomic scattering
actors of the soot core and coating materials are identical, and Eq. (12) can be simplified as:

𝑆(𝑞) = 1
𝑁𝑑

𝑁𝑑
∑

𝑗=1

𝑁𝑑
∑

𝑘=1
𝑒𝑥𝑝

(

𝑖𝑞.
(

𝑅⃗𝑗 − 𝑅⃗𝑘

))

(14)

For isotropic soot, another form of Eq. (14) can be written as (Heinson et al., 2018; Sorensen, 2001):

𝑆(𝑞) = 1
𝑁𝑑

|

|

|

|

|

|

𝑁𝑑
∑

𝑗=1
𝑒𝑥𝑝

(

𝑖𝑞.𝑅⃗𝑗

)

|

|

|

|

|

|

2

(15)

In the review of Sorensen (2001), 𝑆(𝑞) was normalized to satisfy: 𝑆(0) = 1. However, to see clearer the q-space characteristics
of soot aggregates with different monomers, we did not normalize 𝑆(𝑞). In this work, the 𝑆(𝑞) of coated soot with different coating
structures was analyzed. However, as pointed by Heinson et al. (2017), we must clarify that the structure factor presented in this
work is just for detecting the morphologies of coated soot but not a measure of optical properties.

3. Results and discussion

To see under what conditions the fractal law is applicable to coated soot and how the conclusion of Heinson et al. (2017) was
obtained, we assumed that the structures of coated soot can be still fitted using an ideal fractal law:

𝑁𝑠 = 𝑘′0

(

𝑅′
𝑔

𝑎′

)𝐷′
𝑓

= 𝑘′0

(

𝑅𝑔

𝑎
.
𝑅′
𝑔

𝑅𝑔
. 𝑎
𝑎′

)𝐷𝑓 .
𝐷′
𝑓

𝐷𝑓
(16)

where 𝑅′
𝑔 represents the radius gyration of coated soot; 𝐷′

𝑓 and 𝑘′0 represent the fractal dimension and fractal prefactor of coated
soot, respectively.

Expanding the equation by substituting the 𝑅𝑔 using Eq. (1), we can obtain

𝑁𝑠 = 𝑘′0

(

(𝑅𝑔

𝑎

)𝐷𝑓
)

𝐷′
𝑓

𝐷𝑓
.

(

𝑅′
𝑔

𝑅𝑔

)𝐷′
𝑓

.
( 𝑎
𝑎′
)𝐷′

𝑓 = 𝑘′0

(

𝑁𝑠
𝑘0

)

𝐷′
𝑓

𝐷𝑓 .

(

𝑅′
𝑔

𝑅𝑔

)𝐷′
𝑓

.
( 𝑎
𝑎′
)𝐷′

𝑓 (17)

𝑘′0 = 𝑁
1−

𝐷′
𝑓

𝐷𝑓
𝑠 .𝑘

𝐷′
𝑓

𝐷𝑓
0 .

(

𝑅𝑔
′

)𝐷′
𝑓

.
(

𝑎′
)𝐷′

𝑓
(18)
5

𝑅𝑔 𝑎
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Fig. 1. The 𝑁𝑠 versus 𝑅𝑔∕𝑎 plot of coated soot if keeping 𝑅′
𝑔 unchanged, and the solid lines are fitted by Eqs. (22) – (23).

where the variation of
𝑅′
𝑔

𝑅𝑔
and 𝑎′

𝑎 are caused by the increases of coating materials, and they are not directly related to 𝑁𝑠. If 𝐷′
𝑓 is

not equal to 𝐷𝑓 , 𝑘′0 varies with 𝑁𝑠, and the ideal fractal law is difficult to fit the morphology of coated soot aggregates. To obtain
n ideal fractal law, we assumed 𝐷′

𝑓 to be 𝐷𝑓 , so we can simplify the equation to be:

𝑘′0 = 𝑘0

(

𝑅𝑔

𝑅′
𝑔

)𝐷𝑓

.
(

𝑎′

𝑎

)𝐷𝑓
(19)

For the diffusion-limited cluster aggregation (DLCA) aggregates, 𝑘0 and 𝐷𝑓 are approximately 1.34 and 1.8, respectively.
Therefore, we can obtain:

𝑘′0 = 1.34.

(

𝑅𝑔

𝑅′
𝑔

)1.8

.
(

𝑎′

𝑎

)1.8
(20)

Comparing Eq. (20) with the finding of Heinson et al. (2017), if 𝑅′
𝑔 = 𝑅𝑔 , we can obtain:

𝑘′0 = 1.34
(

𝑎′

𝑎

)1.8
(21)

Eq. (21) is similar to the results of Heinson et al. (2017). Therefore, the findings of Heinson et al. (2017) can be just applicable
to the coated soot with a 𝑅′

𝑔 of close to 𝑅𝑔 . In the study of Heinson et al. (2017), coating materials were assumed to be distributed
uniformly on the soot surface, so the effective monomer centers are still close to that of the soot core. Thus, 𝑅′

𝑔 is close to the 𝑅𝑔
of the soot core.

Furthermore, as Heinson et al. (2017) found that the fractal law can still fit the morphologies of coated soot, we guess that the
fractal law can be applicable to the coated soot only when 𝑅′

𝑔 = 𝑅𝑔 . If 𝑅′
𝑔 = 𝑅𝑔 and 𝐷′

𝑓 = 𝐷𝑓 , we can obtain:

𝑘′0 = 𝑘0.
(

𝑎′

𝑎

)𝐷𝑓
(22)

𝑁𝑠 = 𝑘′0

(𝑅𝑔

𝑎′

)𝐷𝑓

(23)

To verify our guess, we firstly need to examine if the fractal law is applicable if we fix 𝑅′
𝑔 to be 𝑅𝑔 . We firstly generated a group

f soot cores using the tunable algorithm, and the 𝑅𝑔 of each aggregate can be determined. Then we fixed the 𝑅𝑔 of each aggregate,
nd just modified the monomer radius (𝑎′), and the results are shown in Fig. 1. In Fig. 1, the lines were the fits (22) – (23). As
hown in Fig. 1, the ideal fractal law described by Eqs. (22) – (23) can still fit the morphology of coated soot if 𝑅′

𝑔 = 𝑅𝑔 .
To prove our guess, we also need to verify that the fractal law is inapplicable when 𝑅′

𝑔 is not equal to 𝑅𝑔 . In the atmosphere,
ost soot aggregates are unevenly coated, and in most cases, 𝑅′

𝑔 is not equal to 𝑅𝑔 . We applied the theory for fractal aggregates
to analyze the morphologies of unevenly coated soot. In this work, 𝑅′

𝑔 was calculated based on the discretized cubic lattices. To
validate the method for calculating the 𝑅′

𝑔 , we have calculated the 𝑅𝑔 of uncoated soot using the method described in Eq. (8), and
we plotted the power-law relationship of 𝑁𝑠 versus 𝑅𝑔∕𝑎 in a log–log axis. As shown in Figure S3, the power-law relationship of
𝑁𝑠 versus 𝑅𝑔∕𝑎 is not significantly modified when 𝑅𝑔 is calculated using Eq. (8).

To analyze the fractal characteristics of coated soot aggregates, we plot the relationship of 𝑁𝑠 versus 𝑅′
𝑔∕𝑎

′ in a log–log axis.
Fixing the soot volume fraction to be 75%, the fractal characteristics of coated soot with different coating structures are described in
Fig. 2. With the first coating method, even with thin coating materials, the overall structure is difficult to be fitted by an ideal fractal
law. Even though the structures of large coated soot can be still fitted by Eqs. (22) – (23), for the small coated soot aggregates, the
6
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Fig. 2. 𝑁𝑠 versus
𝑅′
𝑔

𝑎′
plot of thinly coated soot with a fluffy structure (𝐷𝑓 = 1.8), and the soot volume fraction is 75%. Rows 1 and 2 present soot with two

ifferent coating distributions. The insets of the figures represent typical simulated soot morphologies, and the green lines are fits to Eqs. (22) – (23). (For
interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

Fig. 3. Similar to Fig. 2, but for heavily coated soot, where the soot volume fraction is 10%. The green lines are fits to Eqs. (22) – (23), and the red lines

re fits to the equation: 𝑁𝑠 = 2.33
(
𝑅𝑔

𝑎

)2.76
. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this

article.)

slope for the power-law of 𝑁𝑠 versus 𝑅
′
𝑔∕𝑎

′ can be much steeper than 1.8 (the first coating method (𝑘 = 4, 8)), and the morphologies
are difficult to be fitted using an ideal fractal law. With the second coating method, the fractal law described by Eqs. (22) – (23)
can generally characterize the fractal characteristics of coated soot aggregates. The morphologies of coated soot can be well fitted
by Eqs. (22) – (23) when 𝑅𝑐 is large, while 𝑘

′
0 is a little larger than the values given by Eq. (22) when 𝑅𝑐 is small, and the slope is a

ittle larger than 1.8. Therefore, the coating structures would significantly affect the fractal characteristics of the fluffy, thinly-coated
oot. In Fig. 2, some outliers were found in the data points. The reason may be that soot aggregates were unevenly coated in this
ork, and this may lead to some unconventional/extreme coating distributions.
Fig. 3 describes the fractal characteristics of heavily coated soot with different coating structures. Even though the fractal law

escribed by Eqs. (22) – (23) can still fit the structures of large, heavily coated soot aggregates when the coating materials are
distributed uniformly on the soot surface, the effective 𝐷′ can increase as the coating structures become more spherical. Besides,
𝑓
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Fig. 4. The comparison of the fractal characteristics of coated soot by assuming identical and different densities for coating materials and soot, respectively,
where 𝑓𝑠𝑜𝑜𝑡 = 10%, 𝐷𝑓 = 1.8, and the top and bottom rows reflect different coating distributions. The green lines are fits to Eqs. (22) – (23), and the violet

ines are fits to the equation: 𝑁𝑠 = 2.33
(
𝑅𝑔

𝑎

)2.76
. (For interpretation of the references to color in this figure legend, the reader is referred to the web version

f this article.)

the ideal fractal law described by Eqs. (22) – (23) is difficult to fit the morphologies of small coated soot particles. As shown in
Fig. 3, with the first coating method, Eq. (22) – (23) can generally fit the power-law of the large, heavily coated soot aggregates
when 𝑘 is large (𝑘 = 2, 4, 8), while the slope of the power-law can increase with decreasing 𝑘. However, with the second coating
method, we noticed that the 𝐷′

𝑓
of heavily coated soot can increase. Fixing 𝑓𝑠𝑜𝑜𝑡 to be 10%, 𝐷

′
𝑓
can reach approximately 2.76 and

′
0 can reach approximately 2.33 when soot is with a nearly spherical coating structure (𝑅𝑐 = 0.25 𝑅𝑔). As the coating materials
s nearly uniformly distributed on the soot surface (𝑅𝑐 = 2𝑅𝑔), the power-law relationship of 𝑁𝑠 versus 𝑅

′
𝑔∕𝑎

′ for the structure of
arge, heavily coated soot is close to the analytical expression given by Eqs. (22) – (23), while for small coated soot, the effective
′
𝑓
and 𝑘′0 are still approximately 2.76 and 2.33, respectively. Besides, we notice that the effective fractal parameters of coated

oot aggregates at different size scales can be varied, which means that the ideal fractal law is difficult to fit the morphologies of
nevenly coated soot.
In the atmosphere, the densities of soot and coating materials can be varied. Fig. 4 shows the comparison of coating materials

ith the same mass density as the soot and those with different mass densities, and they were denoted as ‘‘Homogeneous’’ and
‘Heterogeneous’’, respectively. In the cases of ‘‘Heterogeneous’’, the mass density of soot and coating materials were assumed to be
.8 g/cm3 and 1.2 g/cm3, respectively. A similar conclusion can be drawn for the ‘‘Heterogeneous’’ case. As shown in Fig. 4, in most
ases, the ‘‘Heterogeneous’’ densities of coating and soot do not significantly affect the fractal characteristics of coated soot, apart
rom 𝑘 = 8 for the first coating method, where some differences between the cases of ‘‘Homogeneous’’ and ‘‘Heterogeneous’’ were
ound when the unconventional coating distributions occur if soot particles are small. Therefore, the ‘‘Heterogeneous’’ densities do
ot affect the general conclusion of this work.
To make it convincing that the variation of the fractal dimension is mainly caused by the modification of 𝑅′

𝑔 , we have listed
he 𝑅′

𝑔 of soot with different coating structures, as shown in Table 1. When 𝑁𝑠 is small, 𝑅
′
𝑔 is significantly affected by the coating

aterials, and this is why Eqs. (22) and (23) is difficult to fit the morphologies of small soot as soot is heavily coated, as shown in
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Table 1
The radius of gyration of the soot core and heavily coated soot which is normalized using the
monomer radius of the soot core (i.e. 𝑅𝑔∕𝑎 for soot core and 𝑅′

𝑔∕𝑎 for coated soot). Here 𝑓𝑠𝑜𝑜𝑡 is
assumed to be 10% for heavily coated soot. 𝑘 = 1 and 𝑘 = 4 represent the coated soot generated
using the first coating method; 𝑅𝑐 = 0.25𝑅𝑔 and 𝑅𝑐 = 𝑅𝑔 represent the coated soot generated
using the second coating method.

Morphology Soot core Homogeneous Heterogeneous

𝑁𝑠 = 20

𝑘 = 8 4.536825 5.818425 7.961292
𝑘 = 1 4.536825 5.568964 5.532700
𝑅𝑐 = 𝑅𝑔 4.536825 4.614015 4.611817
𝑅𝑐 = 0.25𝑅𝑔 4.536825 8.579591 8.722327

𝑁𝑠 = 100

𝑘 = 8 11.010700 10.994286 11.662003
𝑘 = 1 11.010700 9.041380 9.144889
𝑅𝑐 = 𝑅𝑔 11.010700 8.595076 8.725983
𝑅𝑐 = 0.25𝑅𝑔 11.010700 8.024328 8.191324

𝑁𝑠 = 400

𝑘 = 8 23.677540 23.640051 24.189559
𝑘 = 1 23.677540 18.006886 18.318435
𝑅𝑐 = 𝑅𝑔 23.677540 16.496689 16.909145
𝑅𝑐 = 0.25𝑅𝑔 23.677540 13.642163 14.286373

𝑁𝑠 = 600

𝑘 = 8 29.777694 29.741317 30.175068
𝑘 = 1 29.777694 20.384201 20.932547
𝑅𝑐 = 𝑅𝑔 29.777694 20.130863 20.697245
𝑅𝑐 = 0.25𝑅𝑔 29.777694 16.098404 17.012174

Fig. 4. If 𝑁𝑠 is large enough (𝑁𝑠 >100 in our cases), as coating materials are distributed uniformly on the soot surface (e.g. 𝑘 = 8
for the first coating method), 𝑅′

𝑔 of coated soot is close to that of the soot core, so Eqs. (22) – (23) can still fit the morphologies of
oated soot in that case (see Fig. 4). Nevertheless, as coating structures become more compact, 𝑅′

𝑔 of coated soot will deviate from
he 𝑅𝑔 of the soot core, which leads to the inapplicability of Eqs. (22) – (23).

In the atmosphere, soot aggregates would be collapsed to a compact structure with atmospheric aging. We have also analyzed
he variation of fractal characteristics as the compact fractal soot aggregates are coated, and the results are shown in Figure S4–S7.
imilar conclusions can be drawn for the compact soot aggregates. Differently, the 𝐷′

𝑓 of compact soot aggregates increases more
asily after soot is coated, as the voids of more compact aggregates are more easily filled. For the soot core with 𝐷𝑓 = 2.6, the 𝐷′

𝑓
f coated soot aggregates can reach approximately 2.9 even when the coating materials just account for 25% of the volume of the
otal particles, and the 𝑘′0 can increase to approximately 2.33. For the soot core with 𝐷𝑓 = 2.2, unlike in the case of soot core with
𝐷𝑓 of 2.6, the 𝐷′

𝑓 of thinly coated soot is still close to 2.2 as it is more difficult to fill the voids for more fluffy soot. Combining
he above analysis, we can conclude that the fractal law is just applicable for evenly coated soot where 𝑅′

𝑔 = 𝑅𝑔 . For the unevenly
oated soot, the ideal fractal law is difficult to fit the morphologies of coated soot. Besides, even though Eqs. (22) – (23) can still
it the morphology of the large, fluffy soot as the coating materials are distributed uniformly on the soot surface, the effective 𝐷′

𝑓
an increase as coating structures become more spherical, which is consistent with the findings of Liu et al. (2016). Furthermore,
he effective 𝐷′

𝑓 can more easily increase for a more compact soot core.
To verify our findings, we have also calculated the structure factor 𝑆(𝑞) by assuming the identical optical properties for soot core

nd coating. As shown in Figure S8, when the 𝐷𝑓 of the uncoated soot is 1.8, 2.2, and 2.6, the slope of the power-law relationship of
𝑞 versus 𝑞 is −1.8, −2.2, and −2.6 respectively when 𝑞 is smaller than approximately 2 μm−1, while the slope tends to approximately
4 if 𝑞 is larger, which is consistent with the findings of previous studies (Heinson et al., 2017). However, as soot aggregates are
oated, the structure factor is significantly modified. As shown in Figs. 5 – 6, for coated soot aggregates, the 𝑆(𝑞) plot shows an
arlier inflection to −4 power-law exponent as the soot aggregates are coated, which agrees with the findings of Heinson et al.
2017). As the −4 power-law exponent shows typical non-fractal particles, this finding shows the small coated soot does not present
fractal structure anymore. As the coating volume fraction increases to 90%, the global −4 power-law exponent can be observed,
hich means that the particles exhibit the characteristics of nearly spherical particles. For the DLCA aggregates, Heinson et al.

2017) showed that the relationship of 𝑆𝑞 versus 𝑞 for coated soot still exhibits a −1.8 power-law exponent before the inflection to
4, while some different results are found in this work. As shown in Fig. 6, for the aggregates with 𝑘 = 2, 4, 8 (the first coating
ethod) and 𝑅𝑐 = 2𝑅𝑔 (the second coating method), the −1.8 power-law exponent can still well fit the relationship of 𝑆(𝑞) versus
before the inflection. However, for other aggregates (such as 𝑅𝑐 = 0.25Rg with the second coating method), the slope is steeper

han a −1.8 power-law exponent. By glancing at the generated soot images (see Fig. 3), we found that the coating materials are
istributed nearly uniformly on the surface of soot when 𝑘 = 2, 4, 8 for the first coating method and 𝑅𝑐 = 2𝑅𝑔 for the second
oating method, so the coated soot still exhibits a fluffy structure. However, with 𝑘 and 𝑅𝑐 decreasing, the coated soot aggregates
how more compact coating structures, and the slope can be steeper than a −1.8 power-law exponent. Therefore, the reason why a
1.8 power-law exponent was still observed by Heinson et al. (2017) is that the coating materials are not enough to fill the voids,
nd we believe the slope can be steeper as more coating materials are coated on. A similar phenomenon is found for more compact
ggregates (See Figure S1–S4). Differently, the slope for the power-law of 𝑆(𝑞) versus 𝑞 is steeper than −𝐷𝑓 even for aggregates with
arge 𝑘 (𝑘 = 2, 4, 8 (the first coating method)) and large 𝑅 (𝑅 = 2𝑅 (the second coating method)) if the soot core is compact, as
9
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Fig. 5. Structure factor of thinly coated soot. The soot volume fraction is 75%, and the top and bottom rows reflect different coating distributions.

Fig. 6. Structure factor of heavily coated soot (𝐷𝑓 = 1.8). The soot volume fraction is 10%, and top and bottom rows reflect different coating distributions.

the voids of compact aggregates are more easily filled. Besides, the power-law exponent of 𝑆𝑞 versus 𝑞 is more easily increased to
4 for more compact soot cores.

. Atmospheric implication

In this work, we found that the fractal law can apply to the coated soot only when 𝑅′
𝑔 = 𝑅𝑔 . Besides, in that case, the fractal

dimension of the coated soot is identical to that of the soot core. Our results can provide new insight into the different results
produced between the 2D and 3D electron tomography methods. As described above, the 𝑅′

𝑔 calculated from the 2D soot images
is close to the 𝑅𝑔 of the soot core, and the fractal dimension is the same as that of the soot core if 𝑅′

𝑔 = 𝑅𝑔 . Therefore, the fractal
dimension of coated soot calculated using the 2D method should be close to that of the soot core. Even though 𝑑𝑝 measured from
the 2D image analysis is close to that of coated soot, it would just affect the 𝑘0, as we learn from Eqs. (22) – (23) and the findings
f Heinson et al. (2017). On the other hand, the fractal dimension of coated soot calculated from the 3D electron tomography
10

ethod is the fractal dimension of coated soot, which is larger than the fractal dimension of the soot core.
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In the optical modeling, the 𝐷𝑓 of soot cores is commonly assumed, then the coating materials are added on (Doner, Liu, &
on, 2017; Kahnert, 2017; Kanngießer & Kahnert, 2018; Liu & Mishchenko, 2018; Liu, Panetta, & Yang, 2012; Liu et al., 2016; Luo
t al., 2019; Luo, Zhang, Wang and Zhang, 2018; Luo, Zhang and Zhang, 2018; Luo, Zhang, & Zhang, 2021; Luo et al., 2018). The
ptical modeling commonly requires the 𝐷𝑓 of soot cores but not the 𝐷′

𝑓 of the overall coated soot structure. So, the use of the 𝐷𝑓
f coated soot obtained using the 3D electron tomography method would be a little large for optical modeling, and the small 𝐷𝑓
alues analyzed using the 2D image analysis method are more preferred. However, we also notice that the 2D image analysis has
ome drawbacks. When the coating materials are distributed uniformly on the soot edge but do not fill the voids, the 𝐿𝑚𝑎𝑥 is larger
han that of the soot core, and the calculated 𝐷𝑓 would be smaller than that of the soot core. Besides, the above 2D image analysis
s just applicable for those aggregates with non-compact structure (𝐷𝑓 of the soot core is commonly less than 2.0) (China et al.,
015). Furthermore, the 2D method assumes that soot exhibit an ideal fractal structure, and some non-ideal minor structures can
xhibit similar effects on the fractal characteristics of soot as coatings. For example, the effects of necking and overlapping should
lso be carefully considered (Doner et al., 2017).

. Conclusions

Many studies have analyzed the atmospheric soot (including coated soot) based on the fractal law, and the coating materials
re difficult to be completely removed during the measurements. Even though the structures of uncoated soot are widely accepted
o be fitted greatly by the fractal law, the applicability of the fractal law to the coated soot is unclear. In this work, we have
umerically investigated the variation of fractal characteristics as soot is coated. We found the ideal fractal law can provide great
its for the morphologies of coated soot only when the 𝑅′

𝑔 of coated soot is identical to that of the soot core, which can explain
hy an unchanged fractal dimension was observed by Heinson et al. (2017) as soot was evenly coated. Our results showed that

ven though Eqs. (22) – (23) can still fit the morphology of the large, fluffy coated soot as the coating materials are distributed
niformly on the soot surface, the effective fractal dimension can increase as the coating structures become more spherical, and
he ideal fractal law is difficult to fit the structures of unevenly coated soot universally. The findings were also verified by Q-space
nalysis. As soot particles are unevenly coated, the global power-law exponent of 𝑆(𝑞) versus 𝑞 tends to −4 for heavily coated soot.
his means that heavily, unevenly coated soot exhibits the characteristics of nearly spherical particles.

We also found that the 𝐷′
𝑓 of coated soot is the same as the 𝐷𝑓 of the soot core if 𝑅′

𝑔 = 𝑅𝑔 . As the voids of soot would be commonly
illed firstly, the 𝑅′

𝑔 obtained from the 2D method is close to the 𝑅𝑔 of the soot core. Therefore, the determined fractal dimension
rom 2D images would be close to that of the soot core. However, as coating materials are difficult to be completely removed from
oated soot, the fractal dimension of atmospheric soot measured using the 3D electron tomography method is actually the fractal
imension of coated soot, which is larger than that of the soot core. In optical modeling, we commonly require the 𝐷𝑓 of soot cores
ut not that of the overall structures, so 𝐷𝑓 obtained from the 2D method is preferred.
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