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CrossMark
Abstract
We consider a slowly decaying oscillatory potential such that the corresponding
1D Schrodinger operator has a positive eigenvalue embedded into the abso-
lutely continuous spectrum. This potential does not fall into a known class of
initial data for which the Cauchy problem for the Korteweg—de Vries (KdV)
equation can be solved by the inverse scattering transform. We nevertheless
show that the KdV equation with our potential does admit a closed form clas-
sical solution in terms of Hankel operators. Comparing with rapidly decaying
initial data our solution gains a new term responsible for the positive eigenvalue.
To some extent this term resembles a positon (singular) solution but remains
bounded. Our approach is based upon certain limiting arguments and techniques
of Hankel operators.

Keywords: KdV equation, Wigner—von Neumann potential, inverse scattering
transform, Hankel operator, embedded eigenvalues
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1. Introduction

We are concerned with the initial value problem for the Korteweg—de Vries (KdV) equation

3,u—6u8xu+83u20, —oco<x<oo, t>=0,
u(x,0)=gq(x).

As is a well-known, for smooth rapidly decaying functions g (1.1) was solved in closed form in
the short 1967 paper [13] by Gardner—Greene—Kruskal-Miura (GGKM). This seminal paper
introduces what we now call the inverse scattering transform (IST). Conceptually, it is similar

(1.1)
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to the Fourier transform (see, for example, the classical books [1, 34]) but based on the inverse
scattering theory for the Schrodinger operator

L, =—02+q(x) onL*(R). (1.2)
Moreover, the solution ¢ (x, #) to (1.1) for each # > 0 can be obtained by the formula
u(x,t) = —20% log 7 (x,1), (1.3)

where 7 is the so-called Hirota tau-function introduced in [19] which admits an explicit repre-
sentation in terms of the scattering data of the pair (]Lq, ]Lo) . The solution has a relatively simple
and by now well understood wave structure of running (finitely many) solitons accompanied
by radiation of decaying waves (see e.g. Grunert—Teschl [16] for a streamlined self-contained
exposition). In about 1973, the IST was extended to functions ¢ rapidly approaching different
constants g, as x — %00 (step initial profile). It appeared first in the physical literature [17]
and was rigorously treated in 1976 by Hruslov' [20]. The formula (1.3) is also available in this
case with an explicit representation of the tau-function in terms of certain scattering data. We
refer to our recent [15, 37] where (1.3) is extended to essentially arbitrary functions ¢ with a
rapid decay only at +-co. The main feature of such initial profiles is infinite sequence of solitons
emitted by the initial step. Note that a complete rigorous investigation of all other asymptotic
regimes and their generalizations was done only recently by Teschl with his collaborators (see,
for example, [4, 11, 12]).

Another equally important and explicitly solvable case is when g is periodic. The periodic
IST is quite different from the GGKM one and is actually the inverse spectral transform (also
abbreviated as IST) since it relies on the Floquet theory for IL,, and analysis of Riemann sur-
faces and hence is much more complex than the rapidly decaying case. The solution u (x, f) is
given essentially by the same formula (1.3), frequently referred to as the Its—Matveev formula
[22] (see also [10] by Dubrovin—Matveev—Novikov and the 2003 Gesztesy—Holden book [14]
where a complete history is given), but 7 is a multidimensional® theta-function of real hyperel-
liptic algebraic curves explicitly computed in terms of spectral data of the associated Dirichlet
problem for IL,. It is therefore very different from the rapidly decaying case. The main feature
of a periodic solution is its quasi-periodicity in time ¢.

We have outlined two main classes of initial data ¢ in (1.1) for which a suitable form of the
IST was found during the initial boom followed by [13]. Such progress was possible due to
well-developed inverse scattering/spectral theories for the underlying potentials g. However,
while we have proven [15] that no decay at —oo is required to do the IST but slower than x>
decay at +oo results in serious complications. The main issue here is that the classical inverse
scattering theory, the foundation for the IST, has not been extended beyond short-range poten-

tials, i.e. g(x) = O (\x\fzfg), x — +oo. We emphasize that during the boom in scattering

theory there was a number of results on (direct) scattering/spectral theory for a variety of long-
range potentials but the inverse scattering theory is a different matter. It was shown in [2] that
the short-range scattering data no longer determine the potential uniquely even in the case when
qg(x)=0 (x‘z) and it is not merely a technical issue of adding some extra data. The problem
appears to be open even for L' potentials [3] for which all scattering quantities are well-defined
but may exhibit an erratic behavior at zero energy which is notoriously difficult to analyze and
classify. Besides, a possible infinite negative spectrum begets an infinite sequence of norming

I Also transcripted as Khruslov.
2 Infinite dimensional in general.
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constants which can be arbitrary. Consequently, it is even unclear how to state a (well-posed)
Riemann—Hilbert problem which would solve the inverse scattering problem. Once we leave
L' then infinite embedded singular spectrum may appear leaving no hope to figure out what
true scattering data might be. We note that any attempt to try the inverse spectral transform
instead runs into equally difficult problems (see, for example, our [36] and the literature cited
therein) as spectral data evolve in time under the KdV flows by a simple law essentially only
for the so-called finite gap potentials. In addition, it makes sense to find a suitable IST for
(1.1)if (1.1) is actually well-posed. The seminal 1993 paper by Bourgain [7] says that (1.1) is
well-posed if ¢ is in L? and not much better result should be expected regarding the decay at
+00; also see recent Killip—Visan [23] where well-posedness is extended to H~'.

In the current paper we look into a specific representative of the important class of
continuous potentials asymptotically behaving like

g(x) = (c¢/x)sin2x+ 0 (x %), x— £cc. (1.4)

In the half line context such potentials® first appeared in 1929 in the famous paper [30] by
Wigner—von Neumann where they explicitly constructed a potential of type (1.4) with ¢ = —8
which supports bound state +1 embedded in the absolutely continuous spectrum. Note that any
q of type (1.4) with |¢| > 2 may support a bound state +1 which is rather unstable. On the other
hand, it is shown in [8] that the set of L' (R) perturbations of W (x) = (c¢/x) sin 2x, |c| > 2,
supporting the embedded bound state, is an unbounded differentiable manifold in L! (R) of
codimension one, which is, in a sense, a stability result. Note that +1 does not seem to be a
bound state for Ly, but is certainly a Wigner—von Neumann resonance.

If |c| > 1/+/2 then the negative spectrum (necessarily discrete) of L, is infinite in general
[24]. While there is a very extensive literature (see, for example, recent [21]) on potentials of
type (1.4) (commonly referred to as Wigner—von Neumann type potentials) but, as Matveev
points out in [9]. ‘The related inverse scattering problem is not yet solved and the study
of the related large times evolution is a very challenging problem’. Observe that since any
Wigner—von Neumann potential is clearly in L?, the Bourgain theorem [7] guarantees well-
posedness of (1.1) and the good open problem is if we can solve it by a suitable IST. Our goal
here is to investigate a specific case of (1.4) which can be done by the IST. Namely, we consider
an even potential Q (x) defined for x > 0 by

& p .
0x) = —2@ log (1 + px — 5 sin 2x) ,

where p is a positive constant. One can easily check that Q is continuous and behaves like (1.4)
with ¢ = —4. The main feature of Q is that Ly admits explicit spectral analysis and conse-
quently the scattering problem for the pair (]LQ, ]LO) can also be solved explicitly. In particular,
-+ 1 is a positive bound state of I but its negative spectrum consists of just one bound state. We
show that for (1.1) with initial data Q the tau-function in (1.3) can be explicitly calculated. The
formula however is expressed in the language of Hankel operators (which is not commonly
used in integrable systems) and we have to postpone it until section 4. We only mention here
that, comparing to the short range case, the tau-function 7 gains an extra factor responsible for
the positive bound state. Our approach rests on suitable limiting arguments based on certain
short range approximations of Q combined with techniques of Hankel operators developed in
our [15].

3 In fact, for 3D radially symmetric potentials.
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We, however, were unable to find a direct analog of the IST. The trouble is that both Jost
solutions associated with Ly have simple poles at &1 which makes the corresponding Rie-
mann—Hilbert problem singular. It can however be regularized by introducing an extra condi-
tion, similar to the pole condition in the Riemann—Hilbert problem in the short range case, but
its solubility is a nontrivial issue. This situation is somewhat similar to the problem that arises
in placing the Peregrine breather (as well as related higher-order rogue wave) in an inverse
scattering context. In the recent [5] Bilman—Miller introduce the robust IST, a modification of
the standard IST for the focusing nonlinear Schrodinger (NLS) equation with nonzero bound-
ary conditions at infinity. The main idea is to transform the original Riemann—Hilbert problem
in such a way that all arbitrary-order poles and potentially severe spectral singularities are
‘rounded up’ in a disk and all necessary information is indirectly encoded in the jump across
the circle through the Jost solutions. Since the underlying AKNS system has Schwarz symmetry,
the new Riemann—Hilbert problem is well-posed. For the same reason the robust IST can be
readily found for some other integrable systems but not for KdV, which AKNS system is not
Schwartz symmetric. Thus [5] is rather an inspiration than a recipe for how to put our solution
in the Riemann—Hilbert problem framework. While we are yet to prove well-posedness of our
singular Riemann—Hilbert problem, the Bourgain theorem gives an indirect indication that it
can be done.

The reader will see that our approach is not restricted to just one initial condition and should
work for a whole class of initial data (at least [33] gives some hopes). We however do not make
an attempt to be more general for two reasons. First, our consideration would complicate a great
deal due to numerous extra technicalities. But the main reason is that the scattering theory, the
backbone of our approach, is not developed well enough outside of short-range potentials. (At
least not to our satisfaction.) For instance, there are only some results on regularity properties
of scattering data for Wigner—von Neumann type potentials (see [25]) but almost nothing is
known about their small energy behavior. The latter was posed as an open question in [25] but,
to the best of our knowledge, there has been no progress in this direction since then. This is a
major impediment to our approach as it requires a careful control of the scattering matrix at all
energy regimes.

The paper is organized as follows. In section 2 we review pertinent material from the theory
of Hankel operators. In section 3 we construct an explicit short range approximation of our Q,
which will be crucial to our consideration. Section 4 is devoted to stating and proving out main
result.

2. Our analytic tools

To translate our problem into the language of Hankel operators some common definitions and
facts are in order [31, 35].
2.1. Riesz projections

Recall, that a function f analytic in the upper half plane C* := {z| & Imz > 0} is in the Hardy
space H% of C* if

sup / f @F |de] < oo,
R+ih

h>0

It is a fundamental fact of the theory of Hardy spaces that any f € H2 has non-tangential
boundary values f (x & i0) for almost every (a.e.) x € R and H? are subspaces of L* := L? (R).
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Thus, H2 are Hilbert spaces with the inner product induced from L?:

ethe = g = g) =5 | Fzeoa

It is well-known that L* = H% & H?, the orthogonal (Riesz) projection P+ onto H2 being
given by

(]P’if)(x):j:% lim / * f(s)ds

Tie=0+ ) 8§ — (x £ ig)
o e et e
21 ) 8§ — (x £10)

In what follows, we set H7. = H*. Notice that for any f € H*

Ly b +
P (_)\f) = — SO rect. (2.2)

Besides H2, we will also use HS°, the algebra of uniformly bounded in C* functions.

2.2. Reproducing kernels

Recall that, a given fixed A € C* the function

k(@) = % AecC* (2.3)
is called the reproducing (or Cauchy—Szego) kernel for H>.. Clearly,

1
Ikl = v/ {kx kn) = (2.4)

2Im A\

and hence k) € H2 if A € C*. The main reason why reproducing kernels are convenient is the
following:

feH ANeCr = f(\) = (f,k)) (Cauchy’sformula) (2.5a)
fEANER = Pif)(N) = +(f, krsio)- (2.5b)
Let B be a Blaschke product with finitely* many simple zeros z, € C*, i.e.

Z_Zn
21—

B =[], bd=

Introduce
Kp = span{k, }.

It is an easy but nevertheless fundamentally important fact in interpolation of analytic
functions, the study of the shift operator, so-called model operators, etc, that

Ky = H> ©BH, where BH*:= {Bf : f € H’}. (2.6)

4]t can also be infinite but it does not concern us.
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Lemma 2.1. The orthogonal projections Py of H> onto Kg and Py = I — Py are given by
P = BP_B, P; = BP, B. .7

Furthermore, if A is a linear bounded operator in H* then the matrix of PgAPg with respect
to (kz,,) is given by
(PpAPp),, = (Ak;,. k). 28)

<m

where

k,, (2) =

B () k. B, =B/b, 29
B(n) (@) ks, (2), / (2.9)

form a bi-orthogonal basis for (kzn), ie. <kl Zm> = Oum-

Proof. (2.7)  are proven in [32]. To show (2.8) we first explicitly evaluate Pg. By (2.1) for
f € H? we have

ap_ b f(S)L
P-Bf = 271'1 w B(s) s — (x —i0)

and by residues

( Bf (x) = ZR (f(Z)/B(Z) n)

—X

B ZZlImz,, f (zn)
4~ B,(z) x— 12

ZZI Imz, (f, kz,,>

B, (zn) x (b (2:32)

Hence, by (2.7),

2ilmz, 1
B,(z) =

= Z <f’an>k;;’

where kZ- is given by (2.9). It remains to verifies that (k. ) forms a bi-orthogonal basis for K.
Indeed,

Pof =) (f.k,)

2Imz, 2Imz,
= 7Bnk N k = Bnk s k
< Zm> < B, (Zn) Zn zm> B, (Zn) < Zn zm>

Zlmzn
© Bu(z)

If n # m then B, (z,,) = 0. If n = m then by (2.4)

——— B, (zm) kzn (Zm) -

(k: k) =2Imz, Kk, (z,) = 1.

The formula (2.8) easily follows now. O
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2.3. Hankel operators

A Hankel operator is an infinitely dimensional analog of a Hankel matrix, a matrix whose (j, k)
entry depends only on j + . In the context of integral operators the Hankel operator is usually
defined as an integral operator on L>(R ;) whose kernel depends on the sum of the arguments

(Hf)(x) = /0 h(x +y)fOdy, [ eLP(Ry), x>0 (2.10)

and it is this form that Hankel operators typically appear in the inverse scattering formalism. It
is much more convenient for our purposes to consider Hankel operators on H? (see [31, 35)).
Let

JHx) = f(=x)
be the operator of reflection on L? and let ¢ € L*. The operators H(i) defined by
H(p)f =IP_of, f€H, (2.11)

is called the Hankel operator with the symbol .
It is clear that H(¢y) is bounded from H? to H* and

H(p + h) = H(p) forany h € H>. (2.12)

It is also straightforward to verify that Hi(y) is selfadjoint if Jp = ¢.
The following elementary lemma on Hankel operators with analytic symbols will be
particularly useful.

Lemma 2.2. Let a function @ be meromorphic on C and subject to
p(=2) =@ () (symmetry). (2.13)
If  has finitely many simple poles {zn}l,:’:_N in C*, is bounded on R, and for any h > 0
e(x+ih =0 (x""), x— o0, (2.14)
then the Hankel operator H(yp) is selfadjoint, trace class, and admits the decomposition
H(p) = H(¢) + H(®), (2.15)

where ¢ is a rational function and ® is an entire function given respectively by

R n
b (x) = Z M,

_N<n<n Y T
1
d(x)= —— ¥ () ds, h > maxImz,. (2.16)
27T1 R+ihs — X n
Moreover,
H(g)= > iRes(p,zn) (ke ,) ke, (2.17)
—N<n<N
dz dz _
H(P®) = / 7@(1) (ko) kz= / —@(=2) (- k3) k,, (2.18)
R+in 2T R+in €T
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i

where k) (z) = s the reproducing kernel of H>.

Proof. The selfadjointness follows from (2.13). By (2.12)
H(p) = H(P_p)

and hence we have to worry only about IP_¢. By the residue theorem (4 > max; Im z;), we
have

b 0]
27 Jps — (x —10)

3 Res (p,z,) L/ AU
27

_N<n<N X —Zn R+ihS — 2
=¢x)+P(x),

and (2.15) follows. Apparently ® is analytic (and bounded) below the line R + iA. Since £ is
arbitrary, ¢ is then entire. Moreover, all derivatives of ¢ are bounded on R and therefore H(®P)
is at least trace class (in any Shatten—von Neumann ideal).

It follows from (2.2) that for any z € C*

P-p) (x) =

1 .
H <_Z> f=if @k
and (2.17) and (2.18) follow. U
Corollary 2.3. If p has no poles in CT then H(p) = H(®).

Corollary 2.4. If(2.14) holds uniformly in h > hy > max, Im z, then ® = 0.

A very important feature of analytic symbols is that H(¢) is well-defined outside of H>. In
particular, H(¢)k, 1 i is a smooth element of H> for any x € R while k1o ¢ H*. We will need
the following statement.

Corollary 2.5. Forevery x,s € R

H(®)k, (s) = hf})‘ H(®)k i (5)
o / P dz
 JrrnG@—x) @+ 2w
. / v (2) dz
@)@ +s) 2w
=: K.(s) € C*(R) N H>. (2.19)

Moreover; if ¢, — @ uniformly on R + ih then for every x,s € R

lim H(®e)kxric (s + ie) = Kx (5) - (2.20)

Convergence in (2.19) and (2.20) also holds in L.

Proof. It follows from (2.18) that
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d
H(®ky e (5) = / E o @ ke k) k9
R+ih <70

d
= /R 3@ (hesie ) 2 5) by (250)
+i

d
= / S @ ks k2 ()
R+ih <70
o p@  dz / P  dz
Rtin (2 — Xx) (2 +5) 27 B rtin (2 —X) (2 + ) 21’

e—0,

where we have used two obvious facts: (a) ky+ic (z) — k, (z) uniformly on R + iA, and (b) by
the Lebesgue dominated convergence

/ 6)  dz _ hm/ 0@ o
r+in(@— X) (2 + )21 h=ooJpyy (2 —x) (2 +5) 2w
Thus (2.19) is proven. (2.20) is proven similarly. O

3. Our explicit potential and its short-range approximation

In this section we explicitly construct a symmetric Wigner—von Neumann type potentials
supporting one negative and one positive bound state. Our construction is base upon a clas-
sical Gelfand—Levitan example [26] of an explicit potential of a half-line Schrodinger oper-
ator which spectral measure has one positive pure point. The symmetric extension of this
potential to the whole line will be our initial condition. We then find its explicit short range
approximation, which will be crucial to our consideration.

3.1. An explicit Wigner—von Neumann type potential

Consider the function
. 2p
m()\)ZI\/X—i—ﬁ, Im\ >0, (3.1
where p is some positive number. This is a Herglotz function (i.e. analytic function map-
ping C* to C*) which coincides with the Titchmarsh—Weyl m—function® of the (Dirichlet)

Schrodinger operators —d? / dx? + qo (x) on L7 (0, c0) with a Dirichlet boundary condition at
0. The potential g, has the following explicit form:

2

d
qo(x) = =2— log 1o (x), x2=>0, (3.2)
dx?
where
T0(x) =1+ 2p/ sinds = 1+ px — (p/2) sin 2x. (3.3)
0

5'We recall that the problem —%u + q(x)u = u, x € (0, +00),u(£0,\) = 1 has a unique square integrable (Weyl)
solution W (x, A) for any Im A > 0 for broad classes of ¢’s (called limit point case). Define then the (Titchmarsh—Weyl)
m-function m. for (0, £00) as follows: m. (\) = £0, V. (£0, ).
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Introduce

Q(X) _ qo (X) s X 2 0’ (34)
qo (—x), x <0

i.e. Q is an even extension of g,. One can easily see that the function Q is continuous and
0 (0) = 0 but not continuously differentiable. In fact, Q is as smooth at x =0 as |sin x]|.
Moreover, one has

0w =4 o (t) . x— too, (3.5)
X X

and hence Q € L* (R) but (1 + |x[) Q (x) is notin L' (R). Thus, Q is not short-range. Also note
that

/OO Q((x)dx =0.

The main feature of Q is that Ly admits an explicit spectral and scattering theory.

Theorem 3.1. The Schridinger operator Lo on L (R) with Q given by (3.4) has the
following properties:

(a) (Spectrum) The spectrum of Ly consists of the two fold absolutely continuous part filling
(0, 00), one negative bound state — k> found from the real solution of

K4+ k=2p (3.6)

and one positive (embedded) bound state +1.
(b) (Scattering quantities) For the norming constant ¢ of —k* we have
2p

¢ = —iRes (T (k),ik) = —iRes (R (k),ik) = 3211 (3.7)

and for the scattering matrix we have
_ (TG R

Sk) = (R & Th) keR, (3.8)

where T and R are, respectively, the transmission and reflection coefficients given by
P (k) —2ip
Tk)=——"", R(k) = —————, 3.9
® P (k) + 2ip ® P (k) + 2ip (3:9)
Pk =k —k

Proof. Due to symmetry m_ = my = m it follows from the general theory [38] that the
eigenvalues of the Schrodinger operator Ly are the (necessarily simple) poles of m and 1/m.
Thus, Ly has one positive bound state 41 (the pole of m ()\)) and one negative bound state —K?
(the zero of m (X)). Clearly (3.6) holds. The fact about the absolutely continuous spectrum also
follows from the general theory (as well as from (b) below) and therefore (a) is proven.

Turn to (b). By a direct computation one verifies that

etix eFix p sin x i
,k i B ilkx,
J (x, k) { <k+l k_1>1+px_(p/2)sin2|x}e

+x >0,
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solve the Schrodinger equation Lo f = k* f for +=x > 0if k # 1. Since clearly
fe ) =1+o)e ™, x— +oo,

we can claim that f, are Jost solution corresponding to +c0. By the general formulas (see e.g.

[18])

1 2ik - .
T (k) = 70 k) my ( kz) gy ( k2) (transmission coefficient), (3.10)
00 2 2
R (k) = —2: Eg Zi Ellzz; iZ: E;; (right reflection coefficient), (3.11)
FaTAY 2
L(k) = —ﬂ (k) my (k ) e (kz) (leftreflection coefficient) (3.12)

f- () my (K2) +m_ (k)

and fi (k) .= f+(0,k) are Jost functions. Since in our case my+ = m and fy (k) =1, we
immediately see that L = R and arrive at (3.8).
It remains to demonstrate (3.7). Recall the general fact (see, for example, [3]) that for any

short-range g
Res (T, ik,) = i(—1)""y/eter, (3.13)

where c,f are right/left norming constant associated with the bound states —lﬁ% n=12,..)
enumerated in the increasing order. If ¢ is even then ¢;” = ¢, = ¢, and hence in our case of a
single bound state —x? we have

Res (T,ik) = ic

and the first equation in (3.7) follows. The second and third equations in (3.7) can be verified
by a direct computation. (]

Remark 3.2. Same way as we did in the proof, one can find an analog of theorem 3.1 for the
truncated potentials Q|R. .. There will be no positive bound state but the formulas (3.10)—(3.12)
immediately yield same (3.9) where 2p is replaced with p. Indeed, for Q|R; we have

m+(k2):m(k2):ik+lipk2, m_ (k) =ik, fi(k) =1,

and the claim follows. Moreover, (3.7) also holds for the truncated Q with the same substitution.
This demonstrates clearly that the standard triple (R, x, ¢) no longer constitutes scattering data.

3.2. Short-range approximation of Q

The simples short range approximation is based upon a truncation but the limiting procedure
will not be simple. We instead approximate the scattering data. While much more complicated
than truncation, the limiting procedure becomes easier to track.

We start with an elementary observation that will be repeatedly used.

Lemma 3.3. The cubic equation
K —k+is=0, §>0
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has one purely imaginary solution ko € C™ and two symmetric solutions k. € C~ obeying
k_ = —k4. Moreover,

ko=0+0(6), ke=+1-i6/2+0(6), §—0. (3.14)

If you recall the famous characterization due to Marchenko of the scattering matrix [27] of
a short-range potential, one of the conditions is that T (k) can vanish on C+ only at k = 0. But
in our case this occurs if P (k) = 0 which happens also for k = £1. This prompts us to replace
P (k) in T (k) given by (3.9) with P (k) + ic with some small ¢ > 0. By lemma 3.3, P (k) + ie
has three zeros iv. € CT and p., —fiz € C™. Form now the Blaschke product B° with zeros
7.1 = —, 21 = e, 20 = ive (all of course in CT). That is,

k—z,

B =b_1boby, b, (k)= P

It follows from (3.14) thatas ¢ — 0
Z=n+ig/2" +0 (%), n=0%l.

The Blaschke product B* will be a building block in our approximation. Apparently, B* — 1
as € — 0 uniformly on compacts in C* and a.e. on R (but not uniformly). We are now ready
to present our approximation.

Theorem 3.4. Let

I (6 — (P (k) + ie)* /b3 (k) 1
PR +ip(l+a) P +ip(d—a)
R(0 = —2iap P (k) 1

P(k)+ip(1+a)Pk)+ip(l —a) B (k)

a=1\/1-(¢/p)’, (3.15)

with some 0 < ¢ < p. Then

(a) The matrix

€

. . . . . N2
is the scattering matrix of a short-range potential having two bound states — (f@) KL >

k%, subject to
K=k +0(%), K. =0(*), e—0. (3.16)

(b) If we choose the left and right norming constants associated with — (Ki)z equal to each
other and to satisfy

¢, = FiRes (Tg,ilii) , (3.17)
then the unique potential Q. (x) corresponding to the scattering data

{RE, K, c;}
is even and everywhere

0-(x) > Q(x), e—0. (3.18)
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Proof. To prove part 1 it is enough to show that Marchenko’s characterization applies. This
amounts to checking eight conditions if we use it in the form given in [29]. We start with
showing that S. is a unitary matrix. That is to verify that on the real line T.R. + T.R. = 0 and
|IT.|* + |R|* = 1. We only show the first one as it is more involved. It follows from (3.15) that

T-R. + T-R. = 2ReT.R.

N (P +ie)*/bg 2iap P
IP+ip(1+a) |P+ip(l —a)f B
B 4apP m<P+is>2 .
P+ip(1+a)’|P+ip(1 — a) b ’

where we have used the facts that on the real line P is real and B° = 1/B°. But
Pk)+ic =k —k+ic = (k— p.) (k + 1) (k — iv.)
= (k+2z) (k+z-1) (k- z0)
and hence (recalling that z_; = —Zz1,20 = —20)

Im (P + i)*B° /b

k—uk—zik—2(k-%\
=1Im (k + 2)*(k + z_1)*(k — 2)” ( )
( z21)°( Z-1)( ZO)k_ak_ak—% k—zo

k—z k—z.k—2 (k-7
=Im (k + 21)*(k + z1)°(k — 20)° ( )
m (k + z1)"(k + z-1)"(k — 20) k+z1 k+z1 k=2 \k—2

=Im(k+z1) (k —z1) (k+z-1) (k — z-1) (k — 20) (k — Z0)
=lk—zm(E-2) (k—22)) = k-2 Im(®-23) (k-3)
= |k—zo|21m|kz—z%|2 =0.

Thus T.R. + T.R. = 0. One now easily checks the symmetry property: S.(—k) = S. (k).
Indeed,

- (P (—k) +ie)*/b} (—k) 1
(b= P(=k)+ip(1 +a) P(=k)+ip(l —a)
(=P (k) +ie)*/bE (k) 1
P +ip(14+a) —P(k)+ip(l —a)
(P —ie)*/b3 (k) 1
Py —ip(l+a) P(k)—ip(1 —a)
_ (PR +ie)’/bg (k) 1

P(k)+ip(1+a) P(k)+ip(l —a)

and similarly one checks R. (—k) = R. (k). Next, by construction, 7 (k) is a rational function
with simple poles in C* determined by

P(k) +ip(l £a)=0. (3.19)
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Note that z9, the zero of by, is a removable singularity as by the very construction P (zo) + i =
0. By lemma 3.3 each equation (3.19) has only one (imaginary) solution ix% in C™ and
thus 7. (k) has two simple imaginary poles ix in C*. Since also T. (k) =1+ O (1/k),
k — o0, and has no real zeros, we assert that 7. (k) is subject to the conditions of Marchenko’s
characterization.

Turn now to R. (k). Clearly R. (k) = O (1 / k3) and is a rational function. Therefore one
concludes by parts that

d ) . 1
7/W&®%:/&%&®&:047,x%iw (3.20)
dx R R x

The latter yields that % fRe”‘x R. (k)dkis in L' along with its first moment which completes
verification of all conditions of Marchenko’s characterization and the set {RE, K, ci} is the
scattering data for some short-range potential g (x) forany c; > 0. Since by the general theory,
- (ni)z are bound states and part 1 is proven.

Turn now to part 2. Consider the reflection coefficient R.. It follows from (3.15) that

bo (k) )2 P (k)

RE@):__%ap<P(m—kE B (k)

T. (k).

Apparently R. has five simple poles: two imaginary poles ix% are shared with 7. plus z,,
n = 0, %1, the zeros of B® (k). Note, as we have observed, P (k) + ic has only one zero zj in
C™, which is the zero of by, and the squared factor in the equation above produces no poles in
C™. One sees

Res (R.,ix5) = —2i o (in2) )" P(inc) Res (T.,ix%) (3.21)
es (R-, ik, ) = —2iap P(i/{i)—i—is B (i’fi) es (T.,1k%) . .

Recalling that P (k) + ie = (k + z1) (k + z-1) (k — 20), one has (k is real)
P (k) —ie = (k — z1) (k — z-1) (k + 20)
P (k) +ie = (k—z1) (k —z=1) (k — 20)

and hence

(k—71) (k —z=1) (k — 20)
(k —z1) (k — z-1) (k + 20)
Pk +ie
Pk —ie

bo(k)*/B* (k) =

Therefore, since P (ix7.) 4 ip (1 &= a) = 0 one obtains
< bo (ir2) )2 P(irg) _ P (ir?)
P (i/{i) +ie ) B* (i/{i) a (P (ilﬁi) + is) (P (ilﬁi) — is)
_ip(l*a)
 pX(1ta) -2

Substituting this into (3.21), yields
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ip(1+
WA= g (1)
P21 £ a)? — &2

- 2ap* (1 £ a)
- p2(1 +a) —&2
B 2ap2(1 +a)

- Pl +a) - P2+ pPa?
B 2a(1 + a)
C(lzxal-U-—a)(1+a)

2a
T (ta-(Fa

Res (R.,ik%) = —2iap

Res (7.,ix7)

Res (7-,ik%.)

Res (T, ik7.)
Res (7.,ir%) = £Res (T.,ik%) .

Here we have noticed that it follows from (3.15) 2 = p? — p?a®. Thus, due to (3.17) we have
Res (R.,ik%) = £Res (T.,ik7) = ic5. (3.22)
We now solve the inverse scattering problem for the data
{R.,k%,—iRes (R..,ik7) },

based upon our Hankel operator approach [15]. To this end, form the symbol

—Res (Re.ir%) 5, —Res (Re,ir?)

—2KE x 2ikx
e "4+ R.(k)e .
k—in, k—int + Re ()

o5 (k) =
(3.23)

One immediately sees that ¢ is subject to the conditions of lemma 2.2 with three (symmetric)
poles z,,n = 0, =1. By condition, the left and right scattering data are identical and hence Q.
must be even and it enough to recover it only on (0, co). Therefore we can assume that x > 0
in (3.23) which by corollary 2.4 implies that the ®-part of our symbol is zero. By lemma 2.2

H(p) = Y iRes(¢5.z-0) (ko) k.

—1<n<l
Thus, our Hankel operator is rank 3 and by the Dyson formula [15] we have
0 (x) = =207 log det (I + H(¢))), x> 0.

Note that our Q. can be explicitly evaluated. We however do not really need it. We will take
the limit as € — 0 in the next section. (]

We emphasize that part 2 of theorem 3.4 is essential because, due to non-uniqueness, it is a
priori unclear if our approximations indeed converges to the original potential.

Remark 3.5. Note, that each Q. (x) has the property that 7. (0) = —1. Such potentials are
called exceptional (or resonant) because generically 7 (0) = 0. On the other hand for the limit-
ing potential Q (x) we obviously have T (0) = 0. This means that S. (k) — S (k) not uniformly
which may look disturbing as theorem 3.4 nevertheless claims that Q. (x) — Q (x) everywhere.
As the reader will see in the next section, uniformity of S. (k) — S (k) is not to be expected and
in fact dealing with this circumstance is the main point of this paper.

1252



Nonlinearity 34 (2021) 1238 A Rybkin

Remark 3.6. Continuing in (3.20) integration by parts, we see that the derivative of the
Fourier transform of R. decays faster than any power (in fact exponentially). This means [27]
that Q. (x) decays as fast.

4. Main results

Through this section
£s(k) = exp{i(8K°t + 2kx)}.
Theorem 4.1. Let Q be the initial condition (3.4) in the KdV equation (1.1),

Res (RE,.ik)

Pr (k) = R (k) & (k) — —— —

and H,,=H (cp_m), the associated Hankel operator. Then (1.1) has the (unique) classical
solution given by

u(x,t) =uy(x, 1) + up (x,1) 4.1)
where
uo (x, 1) = —207 log det {7 + H,,}, (4.2)
and
u (x,1) = —28X2 log 7 (x,1),
T =14 px+121) — g sin (2x + 81)
+ DRe(+ Hy) " (Hukiio — & (D Eako10)| .
14i0
Here, as before, k) (s) = ﬁ is the reproducing kernel.

Proof. Since our approximation Q. (x) decays exponentially, the (classical) solution to the
KdV equation can be found in closed form by Dyson’s formula

0. (x,1) = —20; log det (I + H (¢5,)), (4.3)

where

—Res (R.,ik7.)
k —ik%

+ Ra (k) gx,t (k) .

—Res (R.,ik%)

(3 k —
P () k— in

Eor (i65) + Eer (7)) (4.4)

Since according to the Bourgain theorem [7] the KdV equation is well-posed in L?, the limit
lim._y Q. (x, 1) does exist. However we cannot pass to the limit in (4.3) under the determinant
sign since, as we will see later, H (¢5,) does not converge in the trace norm to H (., ), where

—Res (R, ik)

s (k) = i s (iK) + R (k) Ex s (K) -
— 1K
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To work around this circumstance we split our determinant as follows. Consider

1

K. = spanfk,, },_ |,
and decompose H? into the orthogonal sum (see subsection 2.2)
H* =K. oK', K'=BH. 4.5)

The decomposition (4.5) induces the block representation

H (¢5,) = (HI_EH]%’] ]%011) ,
where
Ho :=Pp-H (¢5,) Ppe, H; = PH (¢5,) Py
Ho ==PgH (¢5,) Ps-, Hy = Pp-H (¢5,) Py,
and

—Res (R-,ix7.)
k —ik%

+ Ra (k) gx,t (k) .

—Res (R-,ik%)
k —ik¢

oy (k) = Eur (i/‘ii) + & (ilii)

Examine the block H first. It follows from (4.4) that the poles of ¢ , coincide with zeros (z,,)
of B® and therefore by lemma 2.2 (h > %)

H(¢5,) = Z iRes (&/R-,z0) (ko) ke,

—1<n<1

= > iRes (§uRezn) (ko) ke, +H(D5,).
—1<n<1
One immediately sees that
H, = PgH (®5,) Py

Since @5, — ¢, uniformly on R + ik, we obviously have

- 1 <
o, = [ Dy
’ 27 R+ih 2 — S

1 ©xt (2)

27Ti R+ih Z—S

dz =B, (s), £—0,
in C" (R) for any n which in turn implies [35] that lim__o H (®,) = H (®,,) in the trace norm
(in factin all G, p > 0). Since

—Res (R, ik)

P (k) = i i (iK) + R (k) &x s (K)
— 1K
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we see that ix is a removable singularity for ¢, , and hence by corollary 2.3
H () = H (pur) -
Since B° — 1 a.e., it follows from (2.7) that in the strong operator topology
Py =B P.B —1, ¢—0. (4.6)

But [6], if H, — H in trace norm, A, is self-adjoint, sup,, ||A,|| < oo, and A, — A strongly, then
A,H,A, — AHA in trace norm. Therefore, we can conclude that in trace norm

H; = H (¢y), €—0. 4.7)

We now make use of a well-known formula from matrix theory:

A Ap\ B —1
det <A21 Azz) =det Ay, det (A22 A21A“ A12) R (4.8)
which yields
det (I +H (¢5,))
= det{I + H,} - det {I + Ho — Hy; (I + Hy) 'Ho, } . (4.9)

Our goal is to study what happens to (4.9) as € — 0. The determinants on the right-hand side
of (4.9) behave very differently and we treat them separately. It follows from (4.7) that

lim det {7 + H } = det {/ + H (o) } - (4.10)

Turn now to the second determinant in (4.9). It is clearly a 3 x 3 determinant. We are going to
show that, in fact, this determinant vanishes as O (¢). To this end, we explicitly evaluate it in
the basis (k., )

det {1 + Ho — Hg,( + Hy) 'Ho, }

l+h1+dy hoyo+doyo h_i+d_y
= det ho_1 + do_1 1 + hoo + doo hor + doi s 4.11)
hon+d-q hio + dio I +h_1_+dn

where h,,, and d,,, are the matrix entries of

Z iReS (gx,tRE’ Z—n) <" kZ—n> kzn

—1<n<1
and
PH (@5,) Ps — Hy, (I + Hy) 'Hy,

respectively. By lemma 2.1
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hmn=< Z iRes (&xiRe,2)) (koo ks >kzj’kzl>

-1<<1
=iRes (gx,tRa, me) (ke,s ke ) = iRes (fx,tRa’ me) k, (z—m)
& z-m)Res (Re, z-m)

4.12
Zm +Zn ( :
Incidentally, (4.12) implies hj—; = h_11,h_1- = hy;. Recall that z, are chosen so that
P(z,) —ie =0if n = =1 and P (z,) + ie = 0 if n = 0. Rewriting (3.15) as
P (k) + 2ip P (k) 1
R. (k) = aR (k . : )
(=R (0 PO +ip( —a) B @
for the residues we then have
P(z,) + 2i P (z, 2ilmz,
Res (R, 2,) = aR (z,) ) = 2P @) 2,
P(z) +ip(1+a) P(zy) +ip(1 —a) B (zn)
One now readily verifies that
P(z,) + 2i
(zn) 10 1+ 0( )
P(z) +1ip(1 + a)
P(Zn)
I+(-1)'"—+0
Pay+ipi—a TN, +0E),
Bi(zs) ' = 1+ 5ing/2+ 0 (€%),
and thus
. ie al )
Res (R.,z,) = 2iImz,R (z,) |1 + 5 Sn+(=1)"=)+0()]. (4.13)
P

Inserting (4.13) into (4.12) yields

_Zilmzm m 2
o = 2 (ER) (o m){1+ (5 +-1) )+0(s)].

Observe, that h,,, = O (¢) if n # —m and hy, _,, does not vanish as € — 0 (which is an impor-
tant fact for what follows). As we will see, only /#_;; and & matter. Recalling that R (1) = —1
we have

hoyy =& (1) {1 - % [; +i€e (D(RE) (D) + Si} +0 (62)}, (4.14)

ie
hoyo1 = Eé},z(l)[l + 0 (9)]. (4.15)
Similarly, for the matrix (d,,,) we have

dnn = (H(85,) ksyoke, ) = (U + HD ok, Holks, )

<m

2 Imz,
BE (zm)

{(H(2%,) ke Bk, )
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— <(I + Hl)_lHo1kzn,HOIB§1kzm>} .
— 2D, + 0 (e). (4.16)

where D,,, will be computed later. For the determinant in (4.11) we clearly have

det {1 + Ho — Hg,(I + Hy) 'Ho, }

1 4+h__1+dy h_y1+d_n 2
= (1 + hoo +dyo)det [~ —""L°° 0
(1 + hoo + doo) de ( W 4do 1—|—h_1_1—|—d11> + (E)

-2 {11 Fho o +dn) = oo+ d711|2} + 0 (%) (by (4.15) and (4.16))
=2(1=|h [ +2Reh 1) +2:Re Dy — &, (WD 1] + 0 (). @4.17)
Evaluate each term in the right-hand side of (4.17) separately. By (4.14) and (4.15) one has
1—|hn)* +2Reh ;
= {1/p+Reita D[ (Re) W= 1] + 06}
2¢e po.
:—{1+p(x+12z)—5 sm(2x+8t)+0(€)} (4.18)
P
and
Dy = Tim { (B () ks, By ks, ) — (U + H,)™'Ho ks, HoiBj ks, ) }
=:DV 4 p?.
Since H (®7,) is a self-adjoint operator, by corollary 2.5 we have (m = +1,n = 1)
Dy = lim (HL(®5,) Buks,,. ks,)
= ggH (®5,) Buks, |zn(by(2.2))
= Km (n) s (419)

where

R
" ryin(@—m)(z+n)2m’

Similarly, by (4.6), (4.7), and corollary 2.5 we have

Dy = ~H (pxs) (I + H (pr)) ' Kn

. (4.20)
n+i0

Therefore, combining (4.19) and (4.20) we have

Do = Ky (1) — H (92) (I + H (011)) 'K

n—+i0

= (1 + H (Sox,t))_le

n—HO.
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Substituting this and (4.18) into (4.17) yields
4% det {1 + Ho — 5, (I + Hy) ' Hyy }

=1+ p(x+ 120 — sin (2x + 81

+ g Re(I+H (p0,)) ' (K — &0 (1)1@)‘% +0(). 4.21)

We have now prepared all the ingredients to find the solution to the KdV equation with the
initial data Q. by the Dyson formula. Indeed,

0. (x,1) = —20; log det {1+ H (¢5,)} (by (4.17))
= 20? log det (I + H)
— 207 log det {I + Hy — Hy, (I + H;) 'Ho, }
= —20; log det {I + H (ix,) } (by(4.10)and (4.21))

2 1og{1 Fpx+ 120 — g sin (2x + 87)

+§%U+H@@)W&—@ADKJMW}+MQ.MD)

We are now able to fill the gap left in the proof of theorem 3.4, i.e. (3.18). To this end, set t = 0
in (4.22) and take x > 0. In this case £, € H> and hence ¢, , € H™. Therefore, H (¢,,) = 0
and by the Lebesgue dominated convergence theorem (or by corollary 2.5) we also have

mwz—/ C pw@  d
R

cin@—m) (@ +9) 2

~ im Pro(@)  dz 0
h=o0 Jpyip (2 — m) (z +5) 2T

Equation (4.22) simplifies now to read
0. (x,0) = —28? log (1 ¥ px — g sin 2x) 10@), x>0.

Recalling (3.2), we conclude that Q. (x) = Q. (x,0) = go (x) for x > 0. Since Q. (x) is even,
(3.18) follows.
Pass now in (4.22) to the limit as ¢ — 0. Apparently,

: _ 2
lim 0. (x, 1) = 207 log det {1 +H (ipx,) }
— 28 log {1 o+ 120 — g sin (2x + 87)

) -1
+ORe(r+H (5) ! (k- o)L

By the Bourgain theorem Q (x,?) = lim. Q- (x,?) is the (unique) solution to the KdV
equations with data Q (x). Recalling corollary 2.5, we see that

Kn - H(‘px,t)knJriO, n==l.
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This completes the proof of the theorem. |

Note that the first term ug (x, ) in the solution (4.1) is given by the same Dyson formula (4.2)
as in the short-range case but of course ug (x, 0) is not a short range potential. Thus ug (x, 1)
comes from data with the missing embedded eigenvalue. On the other hand, the second term
uy (x,1) in (4.1) is responsible for the bound state +1 and if p = 1 it resembles the so-called
positon solution

1
Upos (X, 1) = —265 log{l + x4+ 12t — 3 sin 2 (x + 4t)} . (4.23)

Such solutions seem to have appeared first in the late 70s earlier 80s but a systematic approach
was developed a decade later by Matveev (see his 2002 survey [28]).

The formula (4.23) readily yields basic properties of one-position solutions. (1) As a func-
tion of the spatial variable up (x, ) has a double pole real singularity which oscillates in the
1/2 neighborhood of the moving point x = —12¢ — 1. (2) For a fixed r > 0

in 2 4t
sin 2 (x + )+0

s (x, 1) = —4
Upo, (x,0) X

(x_z) , X — too. (4.24)
Observe that
1
Upos (x,0) = —28]% log (1 +x — 3 sin 2x> ,

which coincides on (0, co) with our Q (x) for p = 1. Moreover, comparing (3.5) with (4.24)
one can see that the asymptotic behaviors for x — —oo of our Q (x) with p = 1 and us (x, 0)
differ only by O (x~2). But, of course, Q (x) is bounded on (—oo, 0) while upos (x, 0) is not.
Note also that the positon is somewhat similar to the soliton given by

Usol (x, 1) = —20? log cosh (x — 4t) . (4.25)

As opposed to the soliton, the positon has a square singularity (not a smooth hump) moving in
the opposite direction three times as fast.

We note that multi-positon as well as soliton-positon solutions have been studied in great
detail (see [28] the references cited therein). In [28] Matveev also raises the equation if there
is a bounded positon, i.e. a solution having all properties of a positon but is regular. We are
unable to tell if our solution is a bounded positon or not.

Acknowledgments
We are grateful to Rowan Killip and Peter Miller for valuable discussions, interesting questions,

and literature hints. We also thank the referee for his/her careful reading of the manuscript and
valuable comments.

ORCID iDs

Alexei Rybkin @@ https://orcid.org/0000-0001-7731-0937

1259


https://orcid.org/0000-0001-7731-0937
https://orcid.org/0000-0001-7731-0937

Nonlinearity 34 (2021) 1238 A Rybkin

References

[1] Ablowitz M J and Clarkson P A 1991 Solitons, Nonlinear Evolution Equations and Inverse Scat-
tering (London Mathematical Society Lecture Note Series vol 149) (Cambridge: Cambridge
University Press) p xii+516

[2] Abraham P B, DeFacio B and Moses H E 1981 Two distinct local potentials with no bound states
can have the same scattering operator: a nonuniqueness in inverse spectral transformations Phys.
Rev. Lett. 46 1657-9

[3] Aktosun T and Klaus M 2001 Chapter 2.2.4: Inverse theory: problem on the line Scattering eds E
R Pike and P C Sabatier (London: Academic) p 770

[4] Andreiev K, Egorova I, Lange T L and Teschl G 2016 Rarefaction waves of the Korteweg—de Vries
equation via nonlinear steepest descent J. Differ. Equ. 261 5371-410

[5] Bilman D and Miller P D 2019 A robust inverse scattering transform for the focusing nonlinear
Schrodinger equation Commun. Pure Appl. Math. 72 1722—805

[6] Botcher A and Silbermann B 2002 Analysis of Toeplitz Operators (Berlin: Springer) p 665

[7] BourgainJ 1993 Fourier transform restriction phenomena for certain lattice subsets and applications
to nonlinear evolution equations Geom. Funct. Anal. 3 209-62

[8] Cruz-Sampedro J, Herbst I and Martinez-Avendafio R 2002 Perturbations of the Wigner—von
Neumann potential leaving the embedded eigenvalue fixed Ann. Henri Poincaré 3 331-45

[9] Dubard P, Gaillard P, Klein C and Matveev V B 2010 On multi-rogue wave solutions of the NLS
equation and positon solutions of the KdV equation Eur. Phys. J. Spec. Top. 185 247-58

[10] Dubrovin B A, Matveev V B and Novikov S P 1976 Nonlinear equations of Korteweg—de Vries
type, finite-band linear operators and abelian varieties Uspehi Mat. Nauk 31 55—136 (in Russian)

[11] Egorova I, Gladka Z, Kotlyarov V and Teschl G 2013 Long-time asymptotics for the Korteweg—de
Vries equation with step-like initial data Nonlinearity 26 1839-64

[12] Egorova I, Gladka Z and Teschl G 2016 On the form of dispersive shock waves of the Korteweg—de
Vries equation Z. Mat. Fiz. Anal. Geom. 12 3—-16

[13] Gardner C S, Greene J M, Kruskal M D and Miura R M 1967 Phys. Rev. Lett. 19 1095-7

[14] Gesztesy F and Holden H 2003 Soliton Equations and Their Algebro-Geometric Solutions. Volume
L. (1+41)-Dimensional Continuous Models (Cambridge Studies in Advanced Mathematics vol 79)
(Cambridge: Cambridge University Press) p xii+505

[15] Grudsky S and Rybkin A 2015 Soliton theory and Hankel operators SIAM J. Math. Anal. 47
2283-323

[16] Grunert K and Teschl G 2009 Long-time asymptotics for the Korteweg—de Vries equation via
nonlinear steepest descent Math. Phys. Anal. Geom. 12 287-324

[17] Gurevich A V and Pitaevskii P 1973 Decay of initial discontinuity in the Korteweg—de Vries
equation JETP Lett. 17 193-5

[18] Hinton D B, Klaus M and Shaw J K 1989 High-energy asymptotics for the scattering matrix on the
line Inverse Problems 5 1049-56

[19] Hirota R 1971 Exact solution of the Korteweg—de Vries equation for multiple collisions of solitons
Phys. Rev. Lett. 27 1192—-4

[20] Hruslov E'J 1976 Asymptotic behavior of the solution of the Cauchy problem for the Korteweg—de
Vries equation with steplike initial data Mat. Sb. (N.S.) 99 261-81

[21] Jecko T 2019 On Schrodinger and Dirac operators with an oscillating potential (arXiv:1905.07156)

[22] Its A R and Matveev V B 1975 Schrodinger operators with the finite-band spectrum and the N-
soliton solutions of the Korteweg—de Vries equation (Russian) Teoret. Mat. Fiz. 23 51-68

Its A R and Matveev V B 1975 Theor. Math. Phys. 23 343-55 (Engl. transl.)

[23] Killip R and Visan M 2019 KdV is well-posed in H~! Ann. Math. 190 249-305

[24] Klaus M 1982 Some applications of the Birman—Schwinger principle Helv. Phys. Acta 55 49-68

[25] Klaus M 1991 Asymptotic behavior of Jost functions near resonance points for Wigner—von
Neumann type potentials J. Math. Phys. 32 163-74

[26] Levitan B M 1987 Inverse Sturm-Liouville Problems (Zeist: VSP) p x+240 Translated from the
Russian by O Efimov

[27] Marchenko V A 2011 Sturm-Liouville Operators and Applications (Providence, RI: AMS Chelsea
Publishing) p xiv+396

[28] Matveev V B 2002 Positons: slowly decreasing analogues of solitons Theor. Math. Phys. 131
483-97

1260


https://doi.org/10.1103/physrevlett.46.1657
https://doi.org/10.1103/physrevlett.46.1657
https://doi.org/10.1103/physrevlett.46.1657
https://doi.org/10.1103/physrevlett.46.1657
https://doi.org/10.1016/j.jde.2016.08.009
https://doi.org/10.1016/j.jde.2016.08.009
https://doi.org/10.1016/j.jde.2016.08.009
https://doi.org/10.1016/j.jde.2016.08.009
https://doi.org/10.1002/cpa.21819
https://doi.org/10.1002/cpa.21819
https://doi.org/10.1002/cpa.21819
https://doi.org/10.1002/cpa.21819
https://doi.org/10.1007/bf01895688
https://doi.org/10.1007/bf01895688
https://doi.org/10.1007/bf01895688
https://doi.org/10.1007/bf01895688
https://doi.org/10.1007/s00023-002-8619-4
https://doi.org/10.1007/s00023-002-8619-4
https://doi.org/10.1007/s00023-002-8619-4
https://doi.org/10.1007/s00023-002-8619-4
https://doi.org/10.1140/epjst/e2010-01252-9
https://doi.org/10.1140/epjst/e2010-01252-9
https://doi.org/10.1140/epjst/e2010-01252-9
https://doi.org/10.1140/epjst/e2010-01252-9
https://doi.org/10.1070/rm1976v031n01abeh001446
https://doi.org/10.1070/rm1976v031n01abeh001446
https://doi.org/10.1070/rm1976v031n01abeh001446
https://doi.org/10.1070/rm1976v031n01abeh001446
https://doi.org/10.1088/0951-7715/26/7/1839
https://doi.org/10.1088/0951-7715/26/7/1839
https://doi.org/10.1088/0951-7715/26/7/1839
https://doi.org/10.1088/0951-7715/26/7/1839
https://doi.org/10.15407/mag12.01.003
https://doi.org/10.15407/mag12.01.003
https://doi.org/10.15407/mag12.01.003
https://doi.org/10.15407/mag12.01.003
https://doi.org/10.1103/physrevlett.19.1095
https://doi.org/10.1103/physrevlett.19.1095
https://doi.org/10.1103/physrevlett.19.1095
https://doi.org/10.1103/physrevlett.19.1095
https://doi.org/10.1137/151004926
https://doi.org/10.1137/151004926
https://doi.org/10.1137/151004926
https://doi.org/10.1137/151004926
https://doi.org/10.1007/s11040-009-9062-2
https://doi.org/10.1007/s11040-009-9062-2
https://doi.org/10.1007/s11040-009-9062-2
https://doi.org/10.1007/s11040-009-9062-2
https://doi.org/10.1088/0266-5611/5/6/011
https://doi.org/10.1088/0266-5611/5/6/011
https://doi.org/10.1088/0266-5611/5/6/011
https://doi.org/10.1088/0266-5611/5/6/011
https://doi.org/10.1103/physrevlett.27.1192
https://doi.org/10.1103/physrevlett.27.1192
https://doi.org/10.1103/physrevlett.27.1192
https://doi.org/10.1103/physrevlett.27.1192
https://arxiv.org/abs/1905.07156
https://doi.org/10.1007/bf01038218
https://doi.org/10.1007/bf01038218
https://doi.org/10.1007/bf01038218
https://doi.org/10.1007/bf01038218
https://doi.org/10.4007/annals.2019.190.1.4
https://doi.org/10.4007/annals.2019.190.1.4
https://doi.org/10.4007/annals.2019.190.1.4
https://doi.org/10.4007/annals.2019.190.1.4
https://doi.org/10.1063/1.529140
https://doi.org/10.1063/1.529140
https://doi.org/10.1063/1.529140
https://doi.org/10.1063/1.529140
https://doi.org/10.1023/a:1015149618529
https://doi.org/10.1023/a:1015149618529
https://doi.org/10.1023/a:1015149618529
https://doi.org/10.1023/a:1015149618529

Nonlinearity 34 (2021) 1238 A Rybkin

[29] Melin A 1985 Operator methods for inverse scattering on the real line Commun. PDE 10 677-766

[30] von Neumann J and Wigner E P 1929 Uber merkwu rdige diskrete eigenwerte Phys. Z. 30 465-7

[31] Nikolski N K 2002 Operators, Functions, and Systems: An Easy Reading. Volume 1: Hardy, Han-
kel and Toeplitz (Mathematical Surveys and Monographs vol 92) (Providence, RI: American
Mathematical Society) p 461

[32] Nikolski N K 1986 Treatise on the Shift Operator: Spectral Function Theory (Grundlehren der
Mathematischen Wissenschaften [Fundamental Principles of Mathematical Sciences] vol 273)
eds S V Hruscev, S V Khrushchév and V V Peller (Berlin: Springer) p xii+491 Translated from
the Russian by Jaak Peetre

[33] Novikov R G and Khenkin G M 1984 Oscillating weakly localized solutions of the Korteweg—de
Vries equation Teoret. Mat. Fiz. 61 199-213 (in Russian)

[34] Novikov S P, Manakov S V, Pitacvskii L P and Zakharov V E 1984 Theory of Solitons
(Contemporary Soviet Mathematics) (New York: Plenum) The inverse scattering method, trans-
lated from Russian

[35] Peller V V 2003 Hankel Operators and Their applications (Springer Monographs in Mathematics)
(New York: Springer) p xvi+784

[36] Rybkin A 2008 On the evolution of a reflection coefficient under the Korteweg—de Vries flow J.
Math. Phys. 49 072701

[37] Rybkin A 2018 KdV equation beyond standard assumptions on initial data Physica D 365 1-11

[38] Titchmarsh E C 1962 Eigenfunction Expansions Associated with Second-Order Differential
Equations. Part I 2nd edn (Oxford: Clarendon) p vi4-203

1261


https://doi.org/10.1080/03605308508820393
https://doi.org/10.1080/03605308508820393
https://doi.org/10.1080/03605308508820393
https://doi.org/10.1080/03605308508820393
https://doi.org/10.1007/bf01029110
https://doi.org/10.1007/bf01029110
https://doi.org/10.1007/bf01029110
https://doi.org/10.1007/bf01029110
https://doi.org/10.1063/1.2951897
https://doi.org/10.1063/1.2951897
https://doi.org/10.1016/j.physd.2017.10.005
https://doi.org/10.1016/j.physd.2017.10.005
https://doi.org/10.1016/j.physd.2017.10.005
https://doi.org/10.1016/j.physd.2017.10.005

	The effect of a positive bound state on the KdV solution: a case study
	1.  Introduction
	2.  Our analytic tools
	2.1.  Riesz projections
	2.2.  Reproducing kernels
	2.3.  Hankel operators

	3.  Our explicit potential and its short-range approximation
	3.1.  An explicit Wigner–von Neumann type potential
	3.2.  Short-range approximation of 

	4.  Main results
	Acknowledgments
	ORCID iDs
	References


