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Abstract

Graphparameterssuchasthecliquenumber,thechromaticnumber,andtheindependencenumber

arecentralinmanyareas,rangingfromcomputernetworkstolinguisticstocomputationalneuro-

sciencetosocialnetworks.Inparticular,thechromaticnumberofagraph(i.e.,thesmallestnumber

ofcolorsneededtocolorallverticessuchthatnotwoadjacentverticesareofthesamecolor)can

beappliedinsolvingpracticaltasksasdiverseaspatternmatching,schedulingjobstomachines,

allocatingregistersincompileroptimization,andevensolvingSudokupuzzles.Typically,however,

theunderlyinggraphsaresubjectto(oftenminor)changes.Tomaketheseapplicationsofgraph

parametersrobust,itisimportanttoknowwhichgraphsarestablefortheminthesensethatadding

ordeletingsingleedgesorverticesdoesnotchangethem. Weinitiatethestudyofstabilityofgraphs

forsuchparametersintermsoftheircomputationalcomplexity. Weshowthat,forvariouscentral

graphparameters,theproblemofdeterminingwhetherornotagivengraphisstableiscomplete

forΘp2,awell-knowncomplexityclassinthesecondlevelofthepolynomialhierarchy,whichisalso

knownas“parallelaccesstoNP.”
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1 Introduction

Inthisfirstsection,wemotivateourresearchtopic,introducethenecessarynotionsand

notation,andprovideanoverviewofboththerelatedworkandourcontribution.
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19:2 ComplexityofStability

1.1 Motivation

ThefollowingextendsanexamplegivenbyBollobás[3](seealso[26,Section2.3.3]).Consider

agraphwhoseverticesrepresenttheISAAC-2020attendees,andanedgebetweenanytwo

verticesrepresentingthewishofthesetworesearcherstoattendeachother’stalks. The

ISAAC-2020organizershaveelicitedthisinformationinadvance,wishingtoensurethatevery

participantcanattendallthedesiredtalksandalsogivetheirownpresentation.Therefore,

theycolorthisgraph,whereeachcolorrepresentsatimeslot(runningparallelsessionswithin

eachtimeslot). Whatisthesmallestnumberofcolorsneededsothatnotwoadjacentvertices

havethesamecolor,i.e.,whatisthechromaticnumberofthisgraph?Supposeitis12;so

12timeslotsareenoughtomakealltheparticipantshappy.Now,however,theISAAC-2020

organizersreceivemessagesfromProfessorLateandProfessorRiserexpressingtheirwishto

attendeachother’stalksaswell.Doesthisadditionaledgeincreasethechromaticnumberof

thegraph,requiringanadditionaltimeslot?Ordoesitalwaysremainthesame;thatis,is

thisgraphstablewithrespecttothechromaticnumberandaddingedges?

Informallystated,agraphisstablewithrespecttosomegraphparameter(suchasthe

chromaticnumber)ifsometypeofsmallperturbationofthegraph(alocalmodification

suchasaddinganedgeordeletingavertex)doesnotchangetheparameter.Othergraph

parametersweconsiderarethecliquenumber,theindependencenumber,andthevertexcover

number.Thisnotionofstabilityformalizestherobustnessofgraphsfortheseparameters,

whichisimportantinmanyapplications.Typicalapplicationsofthechromaticnumber,for

instance,includecoloringalgorithmsforcomplexnetworkssuchassocial,economic,biological,

andinformationnetworks(see,e.g.,Jackson’sbookonsocialandeconomicnetworks[26]or

Khor’sworkonapplyinggraphcoloringtobiologicalnetworks[28]).Inparticular,social

networkscanbecoloredtofindroles[15]ortostudyhumanbehaviorinsmallcontrolled

groups[27,10].Invariousappliedareasofcomputerscience,graphcoloringhasalsobeen

usedforregisterallocationincompileroptimization[7],patternmatchingandpattern

mining[37],andschedulingtasks[29].Toensurethattheseapplicationsofgraphparameters

arerobust,graphsneedtobestableforthemwithrespecttocertainoperations. Weinitiate

asystematicstudyofstabilityofgraphsintermsoftheircomputationalcomplexity.

1.2 NotionsandNotation

Inthissubsection,wedefinethecorenotionsusedinthispaperandfixournotation.

1.2.1 ComplexityClasses

Webeginwiththerelevantcomplexityclasses.BesidesP,NP,andcoNP,theseareDP,coDP,

andΘp2.TheclassDP,introducedbyPapadimitriouandYannakakis[33],isthesecondlevelof

theBooleanhierarchyoverNP;thatis,DP=NP∧coNP={L1∩L2|L1∈NP∧L2∈coNP}

isthesetofallintersectionsofNPlanguageswithcoNPlanguages.Equivalently,itcanbe

seenasthedifferencesofNPlanguages,whencethename.AnexampleofatriviallyDP-

completelanguageisSat-UnSat=Sat×UnSat,whereUnSatisthesetofallunsatisfiable

CNF-formulas.ThecomplementclasscoDPcontainsexactlytheunionsofNPlanguages

withcoNPlanguages.

TheclassΘp2,whosenameisdueto Wagner[39],belongstothesecondlevelofthe

polynomialhierarchy;itcanbedefinedasΘp2=P
NP[O(logn)],whichistheclassofproblems

thatcanbesolvedinpolynomialtimebyanalgorithmwithaccesstoanoraclethatdecides

arbitraryinstancesforanNP-completeproblem–withoneinstancepercallandeachsuch

querytakingconstanttime–restrictedtoalogarithmicnumberofqueries.(Withoutthelast
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restriction,wewouldgettheclass∆p2=P
NP.)ResultsduetoHemachandra[21,Thm.4.10]

usefullycharacterizeΘp2asP
p
tt,theclassoflanguagesthatarepolynomial-timetruth-table

reducibletoNP. Bydefinition,thisisthesameasPNP,theclassoflanguagesthatare

polynomial-timerecognizablewithunlimitedparallelaccesstoanNPoracle.Unlimited

meansthatanalgorithmwitnessingthemembershipofaprobleminPNPcanquerytheoracle

onasmanyinstancesofanNP-completeproblemasitwants–whichduethepolynomial

running-timemeansatmostpolynomiallymany–whileparallelmeansthatallqueriesneed

tobesentsimultaneously.ThecharacterizationofΘp2asP
NP[O(logn)],incontrast,allows

thelogarithmicallymanyqueriestobeadaptive;thatis,theycanbesentinteractively,with

onedependingontheoracle’sanswerstothepreviousones. MembershipproofsforΘp2are

usuallyeasy;wewillseeasimpleexampleofhowtogiveoneatthebeginningofSection4.

NotethatthedefinitionsimmediatelyyieldtheinclusionsNP∪coNP⊆DP⊆Θp2⊆∆
p
2.

1.2.2 GraphsandGraphNumbers

Throughoutthispapergraphsaresimple.LetGbethesetofall(simple)graphsandNthe

setofnaturalnumbersincludingzero.ForanysetM,wedenoteitscardinalityorsizeby

M .Amapξ:G →Niscalledagraphnumber.Inthispaper,weexaminetheprominent

graphnumbersα,β,χ,andω,whichgivethesizeofamaximumindependentset,thesize

ofaminimumvertexcover,thesizeofaminimumcoloring(i.e.,theminimumnumberof

colorsallowingforapropervertexcoloring),andthesizeamaximumclique,respectively.

LetV,E,andEbethefunctionsthatmapagraphGtoitsvertexsetV(G),itsedgeset

E(G),anditssetofnonedgesE(G)={{u,v}|u,v∈V(G)∧u=v}−E(G),respectively.

LetGandHbegraphs. WedenotebyG∪HthedisjointunionandbyG+Hthejoin,

whichisG∪Hwithalljoinedges–i.e.,theedges{v,w}∈V(G)×V(H)–addedtoit.1

Forv∈V(G),e∈E(G),ande∈E(G),wedenotebyG−v,G−e,andG+ethe

graphsthatresultfromGbydeletingv,deletinge,andaddinge,respectively.

Foranyk∈N,wedenotebyIkandKktheempty(i.e.,edgeless)andcompletegraphon

kvertices,respectively.ThegraphI0=K0withoutanyverticesiscalledthenullgraph.A

vertexvisuniversalwithrespecttoagraphGifitisadjacenttoallverticesV(G)−{v}.

1.2.3 Stability

LetGbeagraph.Anedgee∈E(G)iscalledstablewithrespecttoagraphnumberξ(or

ξ-stable,forshort)ifξ(G)=ξ(G−e),thatis,deletingeleavesξunchanged.Otherwise(that

is,ifthedeletionofedoeschangeξ),eiscalledξ-critical.Foravertexv∈V(G)insteadof

anedgee∈E(G),stabilityandcriticalityaredefinedinthesameway.

Agraphiscalledξ-stableifallofitsedgesareξ-stable.Agraphwhosevertices–rather

thanedges–areallξ-stableiscalledξ-vertex-stable. Thenotionsofξ-criticalityandξ-

vertex-criticalityaredefinedanalogously.Notethateachedgeandvertexiseitherstable

orcritical,whereasagraphmightbeneither.Anunspecifiedξdefaultstothechromatic

numberχ.

1 Weadoptthenotation G+HforthejoinfromHarary’sclassicaltextbookongraphtheory[18,p.21].

ISAAC2020



19:4 ComplexityofStability

Atraditionaltermforstabilitywithrespecttoaddingedgesandvertices–ratherthan

deletingthem–isunfrozenness.2 Specifically,anonedgee∈E(G)iscalledunfrozenif

addingittothegraphGleavesχunchanged,andfrozenotherwise.Allofthesenotions

extendnaturallytovertices(wherewecanfreelychoosetowhichexistingverticesanew

vertexisadjacent,implyinganexponentialnumberofpossibilities),toentiregraphs,andto

anygraphnumberξ,asjustseenforstabilityandcriticality.

Wecallagraph two-waystableifitisbothstableandunfrozen,everythingwithrespect

tothechromaticnumberanddeletinganedgeasthedefaultchoice.Again,wehavethe

analogoussetofnotionswithrespecttoverticesandanygraphnumberξ.

Prefixinganaturalnumberk∈Ntoanyofthesenotionsadditionallyrequiresthe

respectivegraphnumbertobeexactlyk.Forexample,agraphGisk-criticalifandonlyif

χ(G)=kandχ(G−e)=kforeverye∈E(G).

ThenotionofstabilitycanbenaturallyappliedtoBooleanformulasaswell. Wecall

aformulaΦinconjunctivenormalformstableifdeletinganarbitraryclauseCdoesnot

changeitssatisfiabilitystatus–thatis,ifiteitherissatisfiable(andofcoursestayssoupon

deletionofaclause)orifitandallits1-clause-deletedsubformulasΦ−Careunsatisfiable.

1.2.4 Languages

Wedenoteby CNFthesetofformulasinconjunctivenormalformandby3CNF,4CNF,

and6CNFthesetofCNF-formulaswithexactly3,4,and6distinctliteralsperclause,

respectively.3 ThesetsSatand3Satcontainthesatisfiable,UnSatand3UnSatthe

unsatisfiableformulasfromCNFand3CNF,respectively. LetStableUnSat={Φ∈

UnSat |(Φ−C)∈UnSatforeveryclauseCofΦ}bethesetofstablyunsatisfiable

formulas.ThesetStableCNF=Sat∪StableUnSatconsistsofthestableCNF-formulas.

Intersectingwith3CNFyieldstheclassesStable3UnSatandStable3CNFandsoon.

LetStabilitybethesetofstablegraphsandUnfrozennessthesetofunfrozengraphs,

bothwithrespecttothedefaultgraphnumberχ. Thesetoftwo-waystablegraphsis

TwoWayStability=Stability∩Unfrozenness.Oncemore,thesedefinitionsextend

naturally. Forexample,4-VertexStabilityisthesetof(withrespecttothedefault

χ)4-vertex-stablegraphsandβ-TwoWayStabilityconsistsofthegraphsforwhichthe

vertex-covernumberβremainsunchangedupondeletionoradditionofanedge.

1.2.5 ANDFunctionsandORFunctions

FollowingChangandKadin[8],wesaythatalanguageL⊆Σ∗hasAND2ifthereisa

polynomial-timecomputablefunctionf:Σ∗×Σ∗→Σ∗suchthatforallx1,x2∈Σ
∗,wehave

x1∈L∧x2∈L⇐⇒ f(x1,x2)∈L.Ifthisisthecase,wecallfanAND2functionforL.If

2 Thenotionofinstancepartsbeingeitherfrozenorunfrozenhasoriginallybeenintroducedtothefieldof
computationalcomplexityinanalogytothephysicalprocessoffreezing[30,31].Thesuddenshiftfrom
PtoNP-hardnessthatcanbeobservedwhentransitioningfrom2Satto3Satbyallowingalargerand
largerpercentageofclausesoflength3ratherthan2,forexample,mimicsthephasetransitionfrom
liquidtosolid,withtheformergrantingmuchhigherdegreesoffreedomtothesubstance’sconstituents
thanthelatter.Basedonthisgeneralintuition,BeachamandCulberson[2]thenmoreformallydefined
thenotionofunfrozennesswithregardtoanarbitrarygraphpropertythatisdownwardmonotone
(meaningthatagraphkeepsthepropertywhenedgesaredeleted);theycallagraphunfrozenifitalso
keepsthepropertywhenanarbitrarynewedgeisadded. Wenaturallyextendthisnotiontoarbitrary
graphnumbers,whicharenotnecessarilymonotone.

3 Intheliterature,thesesetnamesareoftenprefixedbyanE,emphasizingtheexactness.Thisisnotably
notthecaseforapaperbyCaiand Meyer[6]thatcontainsaconstructioncruciallyrelyingonthis
restriction. Wewillbuilduponthisconstructionlateronandarethusboundtothesameconstraint.
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thereevenisapolynomial-timecomputablefunctionf:
∞
k=0(Σ

∗)k→Σ∗suchthatforevery

k∈Nandforallx1,...,xk∈Σ
∗wehavex1∈L∧···∧xk∈L⇐⇒ f(x1,...,xk)∈L,then

wesaythatLhasANDω.Replacing∧with∨,wegettheanalogousnotionsOR2andORω.

NotethatalanguagehasAND2ifandonlyifitscomplementhasOR2,withtheanalogous

statementholdingforANDωandORω.

1.3 Related Work

Manyinterestingproblemsaresuspectedtobecompleteforeither DPorΘp2. While

membershipisusuallytrivialinthesecases,matchinglowerboundsarerareandhard

toprove.Forexample, Woeginger[41]observesthatdeterminingwhetheragraphhasa

wonderfullystablepartitionisinΘp2,andleavesitasanopenproblemtosettletheexact

complexity. Wagner,whointroducedtheclassnameΘp2[38],providedanumberofhardness

resultsforvariantsofstandardproblemssuchasSatisfiability,CliqueandColorability,which

aredesignedtobecompleteforDPorΘp2.Forexample,heprovestheDP-completeness

ofExactColorability={(G,k)∈G×N|χ(G)=k}[38,Thm.6.3.1withk=1]and

theΘp2-completenessofOddVertexCover={G∈G|β(G)isodd}[38,Thm.6.1.2].
4He

obtainstheanalogousresultsforColorability,Clique[38,Thm.6.3],IndependentSetinstead

ofVertexCover[38,Thm.6.4]andpointsout[38,second-to-lastparagraph]thathisproof

techniquesalsoyieldtheΘp2-completenessoftheequalityversionofalloftheseproblems–for

example,EqualVertexCover={(G,H)∈G2|β(G)=β(H)}.Thesameholdstruefor

thecomparisonversionssuchasCompareVertexCover={(G,H)∈G2|β(G)≤β(H)}.5

TheDP-completenessofExactColorabilityhasbeenextendedtothesubproblemof

recognizinggraphswithchromaticnumber4[34].Furthermore,afewelectionproblemshave

beenprovedtobeΘp2-completebyHemaspaandraetal.[22,23],byRotheetal.[35],and

Hemaspaandraetal.[24].

Ingeneral,establishinglowerboundsprovedtobedifficultformanynaturalDP-complete

andparticularlyΘp2-completeproblems.Consequently,hardnessresultsremainedratherrare

intheareaofcriticalityandstability,despitethegreatattentionthatthesenaturalnotions

havegarneredfromgraphtheoristseversincetheseminalpaperbyDirac[13]from1952;

seeforexampletheclassicaltextbooksbyHarary[18,chapters10and12]andBollobás[3,

chapterIV]–thelatterhavingaprecursordedicatedexclusivelytoextremalgraphtheory[4,

chaptersIandV]–andcountlesspapersoverthedecades,ofwhichwecitesomeselected

examplesfromearlytorecentones[14,19,1,40,17,20,12,25,11].Apioneeringcomplexity

resultbyPapadimitriouand Wolfe[32,Thm.1]establishestheDP-completenessofMinimal-

UnSat.(Theycallaformulaminimallyunsatisfiableifdeletinganarbitraryclauserenders

itsatisfiable,thatis,ifitiscritical.)Theyalsoprovedthatdetermining,givenagraphG

andak∈N,whetherGisk-ω-vertex-criticalisaDP-completeproblem[32,Thm.4].Later,

CaiandMeyer[6]showedtheDP-completenessofk-VertexCriticality(whichtheycall

Minimal-k-Uncolorability)forallk≥3.Burjonsetal.[5]recentlyextendedthisresult

tothemoredifficultcaseofedgedeletion,showingthatk-CriticalityisDP-complete

forallk≥3[5,Thm.8].TheyalsoprovidedthefirstΘp2-hardnessresultforacriticality

problem,namelyforβ-VertexCriticality[5,Thm.15].Notethedropindifficultydown

toDPwhenfixingthegraphnumber.Thisemergesasageneralpattern,asevidencedby

ourresultsoutlinedinthecontributionsectionbelow.

4 Notethat Wagneroriginallyderivedhisresultswithrespecttothemorerestrictedformofpolynomial-
timereducibilityviaBooleanformulas,indicatedbythebfintheclassname. Helaterprovedthe
resultingnotionstobeequivalent,however;thatis,wehavePpbf=Θ

p
2[39].

5 SpakowskiandVogelexplicitlyprovedtheΘp2-completenessofCompareVertexCover[36,Thm.12],
CompareCliqueandCompareIndependentSet[36,Thm.13].Forothercases,seeAppendixQ[16].

ISAAC2020



19:6 ComplexityofStability

Stability,incontrasttocriticality,hasbeensorelyneglectedbythecomputational

complexitycommunity,whichissurprisinginlightofitsapparentpracticalrelevance–for

exampleinthedesignofinfrastructure,wherestabilityisamostdesirableproperty. A

verysmallexceptiontothisareBeachamandCulberson[2],whoprovedacomparablyeasy

variantofUnfrozenness,namely{(G,k)|χ(G)≤kandGisunfrozen},tobeNP-complete.

1.4 Contribution

Wechoosefourofthemostprominentgraphproblems–Colorability,VertexCover,Indepen-

dentSet,andClique–toanalyzethecomplexityofstability. Weproveallofthemtobe

Θp2-completeforthedefaultcaseofedgedeletion.Forunfrozenness–thatis,stabilitywith

respecttoedgeaddition–weprovethesame,withtheoneexceptionofColorability.Forthis

problem,weprovethattheexistenceofaconstructionwithafewsimplepropertieswould

besufficienttoproveΘp2-completeness.Finally,weintroducethenotionoftwo-waystability

–stabilitywithrespecttobothdeletingandaddingedges–andproveagainΘp2-completeness

forallfourproblems.Table1providesanoverviewoftheseresults,showcasingsurprising

contrastsbetweensomeoftheproblems.

Wealsoderiveseveralotherusefulresultswithbroadappealontheirown,among

thesebeingthecoDP-completenessofStable3CNF[Thm.14],theDP-completenessof

k-Stabilityandk-VertexStabilityforallk≥4[Thm.18],generalcriteriaforproving

DP-hardness[Lems.33and34],andfinallyconstructionssuchastheedge-stabilizinggadget

[Lem.19]thatyieldsanANDωfunctionforStability[Cor.20]andhaspotentialapplications

invariouscontextssuchasreoptimizationandgeneralgraphtheory.

Table1Anoverviewofourresultsregardingthecomplexityofdifferentstabilityproblems.See

Section3fortheresultsonCliqueandIndependentSet;almostallofthemfollowinanalogytothe

onesforVertexCover,withα-VertexStabilityandω-VertexStabilitybeingtheexception.

Withrespecttothis
baseproblemand
graphnumber:

Stability Unfrozenness Two-WayStability

Edge Vertex Edge Vertex Edge Vertex

[Thm.23] [Thm.21] [Thm.25] [Thm.24] [Thm.31] [Thm.28]

VertexCover,β Θp2-compl. P Θp2-compl. P Θp2-compl. P

IndependentSet,α

andClique,ω
Θp2-compl. Θ

p
2-compl. Θ

p
2-compl. P Θp2-compl. P

Colorability,χ Θp2-compl. Θ
p
2-compl. ? P Θp2-compl. P

[Thm.7] [Thm.8] [Thm.26] [Thm.24] [Thm.29] [Thm.28]

2 BasicObservations

Webeginwithafewverybasicandusefulobservationsthatwillbeusedimplicitlyand,

whereappropriate,explicitlythroughoutthepaper.TheproofsaregiveninAppendixA[16].

Observation1. Thedeletionofanedgeorofavertexeitherdecreasesthechromatic

numberbyexactlyoneorleavesitunchanged.

Observation2.Lete={u,v}beacriticaledge.Thenuandvarecriticalaswell.

Observation3.Letvbeastablevertex.Thenalledgesincidenttovarestable.

Observation4.LetGbeagraph.Avertexv∈V(G)iscriticalifandonlyifthereisan

optimalcoloringofGthatassignsvacolorwithwhichnoothervertexiscolored.
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3 ConnectionsbetweenClique,VertexCover,andIndependentSet

Asistobeexpected,thethreeproblemsofClique,VertexCover,andIndependentSetareso

closelyrelatedthatalmostallstabilityresultsforoneofthemcarryovertotheothertwoin

astraightforwardway. WestatetheconnectionsinProposition5,provedinAppendixB[16].

Proposition5.LetGdenotethecomplementgraphofG. Wehavethefollowingequalities.

1.β-Stability=α-Stability={G|G∈ω-Unfrozenness}.

2.β-Unfrozenness=α-Unfrozenness={G|G∈ω-Stability}.

3.β-TwoWayStability=α-TwoWayStability={G|G∈ω-TwoWayStability}.

4.β-VertexStability={In|n∈N}.

5.α-VertexStability={G|G∈ω-VertexStability}.

6.β-VertexUnfrozenness=β-VertexTwoWayStability={K0}.

7.α-VertexUnfrozenness=α-VertexTwoWayStability=

ω-VertexUnfrozenness=ω-VertexTwoWayStability=∅.

Aninterestinginversioninthispatternoccursforthevertexdeletioncase.Here,switching

fromβtoαorωinfactflipsthestabilityproblemtothecriticalityversionandviceversa.

Proposition6.Wehavethefollowingequalities.

1.β-VertexStability=α-VertexCriticality={G|G∈ω-VertexCriticality}.

2.β-VertexCriticality=α-VertexStability={G|G∈ω-VertexStability}.

Proposition6isprovedinAppendixC[16]. Usingit,wedirectlyobtainfromthe

Θp2-hardnessofβ-VertexCriticality[5]thesameforα-VertexStabilityand,bycom-

plementingthegraphs,ω-VertexStability.Unfortunately,β-VertexCriticalityisthe

onlyproblemtoyieldanynontrivialresultviatheconnectionbetweenstabilityandcriticality.

Wenowturnourattentiontotheremainingstabilityproblems,forwhichthehardness

proofswillrequiresubstantiallymoreeffort.

4 StabilityandVertex-StabilityforColorability

Wewillprove Θp2-completenessforbothStabilityandVertexStability.

Theorem7.DeterminingwhetheragraphisstableisΘp2-complete.

Theorem8.Determiningwhetheragraphisvertex-stableisΘp2-complete.

Asistypical,theupperboundsareimmediate: Wecandeterminethechromaticnumber

ofagraphandallits1-vertex-deletedand1-edge-deletedsubgraphswithapolynomial

numberofparallelqueriestoanoracleforthestandard,NP-completecolorabilityproblem

{(G,k)∈G×N|χ(G)≤k}.Specifically,thequeries(G,k),(G−e,k),and(G−v,k)

foreverye∈E(G),everyv∈V(G),andeveryk∈{0,...,V(G)}sufficetodetermine

whetherGisstableandwhetheritisvertex-stable.Toprovethematchinglowerbounds,we

firstnotethatthelowerboundforTheorem8impliesthelowerboundforTheorem7.

Lemma9.VertexStabilitypolynomial-timemany-onereducestoStability.

ItcanbeshownthatmappingagraphGtoitsself-joinG+Gprovidestherequiredreduction.

Duetothespacerestrictions,theproofofLemma9isdeferredtoAppendixD[16].

ItremainstoestablishthelowerboundofTheorem8,thatis,toprovethatdetermining

whetheragraphisvertex-stableisΘp2-hard.ProvingΘ
p
2-hardnessisnoteasy.However,we

willnowarguethatitsufficestoshowthatVertexStabilityiscoDP-hard.

ISAAC2020



19:8 ComplexityofStability

ChangandKadin[9,Thm.7.2]showthataproblemisΘp2-hardifitisDP-hardandhas

ORω.ObservingthatΘ
p
2isclosedundercomplement,weobtainthefollowingcorollary.

Corollary10.IfacoDP-hardproblemhasANDω,thenitisΘ
p
2-hard.

Wenotethatthejoinisan ANDωfunctionforVertexStability;seeAppendixE[16].

Now,Theorem8followsfromCorollary10andthecoDP-hardnessofVertexStability.

Theorem11.ThejoinisanANDωfunctionforVertexStabilityandUnfrozenness.

Lemma12.Determiningwhetheragraphisvertex-stableiscoDP-hard.

ToproveLemma12,weshowinTheorem14thatStable3CNF=3Sat∪Stable-

3UnSatiscoDP-completeandthenreduceittoVertexStabilityinTheorem17. Wewill

usetwicethefollowinglemma,whosestraightforwardproofisdeferredtoAppendixF[16].

Lemma13.Thereisapolynomial-timemany-onereductionfromSatto3Satconverting

aCNF-formulaΦintoa3CNF-formulaΨsuchthatΦisstableifandonlyifΨisstable.

Theorem14.Stable3CNFiscoDP-complete.

Proof.ItisimmediatethatStable3CNFisincoDP. ToshowcoDP-hardness,wewill

showthatStable3CNFiscoNP-hard,NP-hard,andhasOR2.ThecoDP-hardnessthen

followsbyapplyinganobservationbyChangandKadin[9,Lem.5]–asetisDP-hardifit

isNP-hard,coNP-hard,andhasanAND2function–tothecomplementlanguage.

coNP-hardness.Itiseasytoseethatthefunctionf:Φ→ Φ∧(x∨y∨z)∧(x∨y∨z)∧

(x∨y∨z)∧(x∨y∨z)∧(x∨y∨z)∧(x∨y∨z)∧(x∨y∨z)∧(x∨y∨z),wherex,y,

andzarefreshvariablesnotoccurringinΦ,reduces3UnSattoStable3CNF.

NP-hardness.Wegiveareductionfrom 3SattoStable4CNF;composingitwiththe

reductionfromLemma13yieldsthedesiredreductiontoStable3CNF. Givena

3CNF-formulaΦ=C1∧···∧Cm overX={x1,...,xn},mapittothe4CNF-formula

Ψ=(C1∨y)∧(C1∨y)∧(C1∨y)∧···∧(Cm∨y)∧(Cm∨y)∧(Cm∨y)∧(y∨y∨y),

wheretheclausesCiandCiarejustliketheclausesCibutwithanewcopyofvariables

X ={x1,...,xn}andX ={x1,...,xn}insteadofX,respectively,andy,y,andy

beingthreefreshvariablesaswell.Deletingtheclause(y∨y∨y)rendersΨtrivially

satisfiable;anyassignmentthatsetsy,yandy to1willdo.ThusΨisstableifand

onlyifitissatisfiable.ItremainstoprovetheequisatisfiabilityofΦandΨ.

FirstassumethatΦhasasatisfyingassignmentσ:X →{0,1}. ThenΨissatisfied

byanyassignmentτwithτ(xi)=τ(xi)=σ(xi)fori∈{1,...,n}andτ(y)=0.Now

assumethatΨhasasatisfyingassignmentτ.ThenΦissatisfiedbyσ:xi→ τ(xi)if

τ(y)=0,byσ:xi→τ(xi)ifτ(y)=0,andbyσ :xi→τ(xi)ifτ(y)=0.

OR2.IntheirproofofDP-completeness,Papadimitriouand Wolfe[32,Lem.3pluscorollary]

implicitlygaveasimpleAND2functionforbothMinimalUnSat andMinimal3UnSat

(thesetsofunsatisfiableformulasthatbecomesatisfiableafterdeletinganyclause). We

makeuseofthesameconstructionanddeferthefullprooftoAppendixG[16].

ThisconcludestheproofthatStable3CNFiscoDP-complete.

AllthatislefttodoistoreduceStable3CNFtoVertexStability.First,weconsider

theknownreductionfromMinimal3UnSat toVertexMinimal3UnColorabilityby

CaiandMeyer[6].ItmapsaformulaΦwithmclausesC1,...,Cm toagraphGΦ,whose

vertexsetincludes,amongothers,avertexcalledvsand,foreveryi∈{1,...,m},avertex

ti1;seeFigure1inAppendixI[16]foranexampleofthefullconstruction,combiningthe
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singlestepsdescribedintheoriginalpaper[6].Itcomesasnosurprisethatthisreduction

doesnotworkforussince,forexample,GΦ−vsisalways3-colorable,andthusGΦisnever

stableifΦisnotsatisfiable.However,carefulcheckingrevealsthefollowingpropertyofGΦ.

Lemma15.A3CNF-formulaΦisnotstableifandonlyifχ(GΦ)>χ(GΦ−ti1)forat

leastonei∈{1,...,m}.

TheproofofLemma15isdeferredtoAppendixH[16]. Whatweneednowisawayto

enhancetheconstructionsuchthatthedeletionofavertexotherthant11,...,tm1,for

examplevs,doesnotdecreasethechromaticnumber. Weachievethisbythefollowing

lemma.

Lemma16.LetGbeagraphandv∈V(G). LetGbethegraphthatresultsfrom

replicatingv;thatis,V(G)=V(G)∪{v}andE(G)=E(G)∪{{v,w}|{v,w}∈E(G)}.

Thenχ(G)=χ(G)=χ(G−v)=χ(G−v).

Proof.Theonlynontrivialpartistoshowthatχ(G)≤χ(G).Toseethis,westartwithan

arbitraryoptimalvalidvertexcoloringofGandthencolorvwiththesamecolorasv.

Lemma16issimpleandyetverypowerfulinourcontext.Itallowsustoselectasetof

verticeswhoseremovalwillnotinfluencethechromaticnumber,andthuswillnotinfluence

whetherornotthegraphisvertex-stable. Wecanusethistoobtainthedesiredreduction.

Theorem17.Stable3CNFpolynomial-timemany-onereducestoVertexStability.

Proof.Givena3CNF-formulaΦ,mapittor(GΦ),whereGΦisthegraphfromthereduction

byCaiandMeyer[6]andrdenotesthereplicationofallverticesotherthant11,...,tm1.

IfΦisnotinStable3CNF,thenwehaveχ(GΦ)>χ(GΦ−ti1)forsomei∈{1,...,m}

byLemma15.Furthermore,arepeatedapplicationofLemma16yieldsχ(r(GΦ))=χ(GΦ)

andχ(r(GΦ)−ti1)=χ(r(GΦ−ti1))=χ(GΦ−ti1).Thusr(GΦ)isnotvertex-stable.Forthe

converse,supposethatr(GΦ)isnotvertex-stable.Letv∈V(r(GΦ))beavertexsuchthat

χ(r(GΦ))>χ(r(GΦ)−v).FromLemma16,wecanseethatv=ti1forsomei∈{1,...,m}.

ByLemma15,thisimpliesthatΦisnotstable.

ThiscompletestheproofofTheorem8–statingthatVertexStabilityisΘp2-complete

–whichinturnimpliesTheorem7,theΘp2-completenessofStability,byLemma9.Now

webrieflyturntosomeDP-completeproblems.Recallthatbyprefixinganumberktothe

nameofastabilitypropertyweadditionallyrequirethegraphnumbertobeexactlyk.

Theorem18.Theproblemsk-Stabilityandk-VertexStabilityareNP-completefor

k=3andDP-completefork≥4.

Proof.Themembershipproofsareimmediate.ForthelowerboundweusethatExact-k-

Colorability(theclassofallgraphswhosechromaticnumberisnotmerelyatmost,but

exactlyk)isNP-completefork=3andDP-completefork≥4;see[34].Itsufficestocheck

thatmappingGtoG∪GreducesExact-k-Colorabilitytok-Stabilityandk-Vertex-

Stability.Indeed,foranytwographsHandH,wehaveχ(H∪H)=max{χ(H),χ(H)},

implyingthatG∪Gisstableandvertex-stablewithχ(G)=χ(G∪G).

Inthepreviousproof,weusedthedisjointunionofagraphwithitselftorenderitstable

withoutchangingitschromaticnumber.Usingafarmorecomplicatedconstruction,wecan

alsoensurethestabilityofanarbitrarysetofedgesofagraphwhilekeepingtrackofhow

exactlythischangesthechromaticnumber. Westatethisresultinthefollowingtheorem.

ISAAC2020
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Lemma19.Thereisapolynomial-timealgorithmthat,givenanygraphGplusanonempty

subsetS⊆E(G)ofitsedges,addsafixedgadgettothegraphandthensubstitutesforevery

e∈SsomegadgetthatdependsonGande,yieldingagraphGwiththefollowingproperties:

1.χ(G)=χ(G)+2.

2.AlledgesinE(G)−(E(G)−S)arestable.

3.EachoneoftheremainingedgesinE(G)−SisstableinGexactlyifitisstableinG.

Owingtospaceconstraints,theproofofLemma19isdeferredtoAppendixJ[16].However,

wecanatleastprovideabriefsketchoftheconstructionforthecasewhereonlyoneedge

isstabilized,thatisS={e},omittingtheverificationoftheproperties.Joinanewedge

{w1,w2}tothegivenG,removee,joinoneofitsendpointstoGe,aninitiallydisjointcopy

ofG,andtheotheronetoanewvertex,uewhichistheninturnjoinedtoGe.Finally

replicateallverticesoutsideofG,yieldinginparticularanedge-freecopyGeofG.Figure2

inAppendixJ[16]displaystherelevantpartsoftheconstructionforasimpleexamplewith

asingletonS={e}.

Notethatthisconstructionallowsustoreducetheproblemofdecidingwhetherinagiven

selectionofedgesallofthemarestabletoStabilitybystabilizingallotheredges. Moreover,

ityieldsthefollowingANDωfunctionforStability.Thisisstatedinthefollowingcorollary,

whosequitestraightforwardproofisdeferredtoAppendixK[16]duetothespaceconstraints.

Corollary20.MappingkgraphsG1,...,GktoG1+···+Gkwithalljoinedgesstabilized

usingtheconstructionfromLemma19isanANDωfunctionforStability.

5 TheComplexityofβ-Stabilityandβ-VertexStability

Wewillnowexaminethecomplexityofstabilitywithrespecttothevertex-covernumber β.

First,notethatβ-VertexStabilityistriviallyinPasitconsistsoftheemptygraphs.

Theorem21.Onlytheemptygraphsareβ-vertex-stable.

TheeasyproofisdeferredtoAppendixL[16].Turningtothesmallerchangeofdeletingonly

anedgeinsteadofavertex,thesituationchangesradically. WewillprovewithTheorem23

thatdeterminingwhetheragraphisβ-stableisΘp2-complete.Animportantingredientto

theproofisthefollowinganaloguetoLemma16,whichshowshowtoβ-stabilizeanarbitrary

edgeofagivengraph.TheproofisdeferredtoAppendixM[16]duetothespaceconstraints.

Lemma22.LetGbeagraphand{v1,v2}∈E(G)oneofitsedges.CreatefromGanew

graphG byreplacingtheedge{v1,v2}bythegadgetthatconsistsoffournewverticesu1,u2,

u3,andu4withedges{u1,u2},{u2,u3},{u3,u4},and{u4,u1}(i.e.,anewrectangle)and

additionallytheedges{v1,u1},{v1,u3},{v2,u2},and{v2,u4}.(Thisgadgetisdisplayedin

Figure3binAppendixM[16].)Thenwehaveβ(G)=β(G)+2,alledgesofthegadgetare

stableinG,andtheremainingedgesarestableinG ifandonlyiftheyarestableinG.

Theorem23.Determiningwhetheragraphisβ-stableisΘp2-complete.

Proof.Wereducefrom {(G,H)∈G2|β(G)>β(H)},whichisΘp2-hard[36,Thm.12].

(NotethatthislanguageisessentiallythecomplementofCompareVertexCoverandthat

Θp2isclosedundertakingthecomplement.)LetGandHbegivengraphs.Replaceeach

edgee∈E(G)byacopyofthestabilizinggadgetdescribedinLemma22.Calltheresulting

graphG.Clearly,wehaveV(G)= V(G)+4E(G).ByLemma22,G isβ-stable

andβ(G)=β(G)+2E(G). Moreover,letH =H∪K2.TheedgeinK2ensuresthatH

isnotβ-stable. Moreover,wehaveβ(H)=β(H)+1and V(H)= V(H)+2.



F.Frei,E.Hemaspaandra,andJ.Rothe 19:11

Now,letG = G,justforconsistentnotation,andH = H ∪K2E(G). Since

β(Kn)=n−1forn≥1,thisimpliesβ(G)−β(G)=E(G)=β(H )−β(H). We

finishtheconstructionbyaddingisolatedverticestoeitherG orH suchthatweachieve

anequalnumberofverticeswithoutchangingthevertexcovernumber;thatis,welet

G =G ∪Imax{0,V(H )− V(G )}andH =H ∪Imax{0,V(G )− V(H )}. Letc=

V(G )= V(H )andd=β(G )−β(G)=β(H )−β(H).NotethatG isβ-stable

sincewestabilizedG withthegadgetsubstitutionsandthenonlyaddedisolatedvertices

butnomoreedges. Moreover,H isnotβ-stableduetotheβ-criticaledgeofK2.

LetSbethejoinG +H withalljoinedgesstabilized,againbythegadgetsubstitution

describedinLemma22.ItiseasytoseefromtheproofofLemma22thatthegadgetas

awholebehavesjustliketheedgeitreplaces,inthesensethatanoptimalvertexcoverof

thewholegraphcontains,withoutlossofgenerality,eitherv1orv2orboth.Therefore,an

optimalvertexcoverofSconsistsofeitheranoptimalvertexcoverofG andallverticesof

H orofanoptimalvertexcoverofH andallverticesofG plus,inbothcases,aconstant

numberkofverticesforcoveringthegadgetedges–namelytwoforeachformerjoinedge,

thatis,k=2·V(G )·V(H ).Inthefirstcase,weobtainanoptimalvertexcoverfor

Sofsizeβ(G )=β(G)+d+c+k,inthesecondcaseoneofsizeβ(H )=β(H)+d+c+k.

Assumefirstthatβ(G)>β(H).Itfollowsthatβ(G )>β(H )andthusanyoptimal

vertexcoverforSconsistsofallverticesV(H ),anoptimalvertexcoverforG ,andk

verticesforthegadgets.SinceweensuredthatG isβ-stable,Sisβ-stable.Now,assume

thatβ(G)≤β(H).Thenthereisanoptimalvertexcoverthatconsistsofallverticesof

G ,anoptimalvertexcoverofH ,andagainkverticesduetothegadgets.SinceH not

β-stable,aspointedoutabove,Sisnotβ-stableeither. WeconcludethatSisβ-stableexactly

ifβ(G)>β(H),thusprovingthatβ-stabilityisΘp2-hardandthereforeΘ
p
2-complete.

6 Unfrozenness

WebeginwiththeobservationthatbothforColorabilityandforVertexCoveraddingavertex

istoogenerousamodificationtobeinteresting.ThetrivialproofisfoundinAppendixN[16].

Theorem24.Thereisnovertex-unfrozengraphandonlyoneβ-vertex-unfrozengraph,

namelythenullgraph(i.e.,thegraphwiththeemptyvertexset).

Bothproblemsarefarmoreinterestinginthedefaultsetting,thatis,foraddingedges.

TheΘp2-completenessofdecidingwhetheragivengraphisβ-unfrozencanbeobtainedbya

methodsimilartotheoneweusedtoestablishTheorem23;seeAppendixO[16]forthe

proof.

Theorem25.Determiningwhetheragraphisβ-unfrozenisΘp2-complete.

Now,wewouldliketoshowtheanalogousresultthatUnfrozennessisΘp2-completeas

well.Thisturnsouttobeaverydifficulttask,however.Therearemanycluessuggestingthe

hardnessofUnfrozenness,whichexhibitsafarricherstructurethanalloftheproblems

listedinTable1aseasy.Thelatterproblemsareeitheremptyorsingletonsorconsistof

allindependentsetsorallcliques,whileUnfrozennesscontainslargeclassesofdifferent

graphs. Wecanevenproducearbitrarilymanynewcomplicatedunfrozengraphsusingthe

graphjoin.Therearenoclearlyidentifiablecharacteristicstotheseunfrozengraphstobe

leveraged.Instead,wegiveasufficientconditionfortheΘp2-completenessofUnfrozenness,

namelytheexistenceofapolynomial-timecomputableconstructionthatturnsarbitrary

graphsintounfrozenoneswithoutchangingtheirchromaticnumberinanintractableway.
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Theorem26.Assumethattherearepolynomial-timecomputablefunctionsf:G →Gand

g:G →ZsuchthatforanygraphGwehavethatf(G)isunfrozenandχ(f(G))=χ(G)+g(G).

ThenUnfrozennessisΘp2-complete.

TheproofofTheorem26isdeferredtoAppendixP[16].Itissimilarinflavortotheoneof

Theorem25andreducesfromCompareColorability,whoseΘp2-hardnessisstatednow.

Theorem27.CompareColorability={(G,H)∈G2|χ(G)≤χ(H)}isΘp2-hard.

Theorem27isprovedessentiallyinthesamewayas Wagner[38,Thm.6.3.2]provesthe

Θp2-hardnessofOddColorability.Ashesuggests[38,page79],itisratherstraightforward

totranslatethehardnessresultforOddColorabilityintooneforEqualColorability.

ThisholdstrueforCompareColorabilityaswell.Themethodforobtainingtheseresults

iseasilygeneralizedtoyieldtwosufficientcriteriaforΘp2-hardness,statedasLemmas33

and34inAppendixQ[16]. Weusethelatterlemma–statedinasomewhatflawedformby

SpakowskiandVogel[36,Lem.9]–toproveTheorem27.SeeAppendixQ[16]foralldetails.

NotethatananaloguetoLemma19forunfreezinginsteadofstabilizingedgeswouldbe

sufficienttosatisfytheassumptionofTheorem26.However,basedonoureffortswesuspect

thatasuitablegadget–ifoneexists–mustbeofsignificantlyhighercomplexitythanthe

oneinFigure2inAppendixJ[16].

7 Two-WayStability

Agraphistwo-waystableifitisstablewithrespecttoboththedeletionandadditionofan

edge.First,wenotethattheanalogousproblemwithrespecttoverticesistrivialforboth

ColorabilityandVertexCover.ThefollowingisanimmediateconsequenceofTheorem24.

Theorem28.Thereisnovertex-two-way-stablegraphandonlyoneβ-vertex-two-way-stable

graph,namelythenullgraphwiththeemptyvertexset.

Thedefaultcaseofedgedeletionismoreinteresting. WebeginwithColorability.

Theorem29.TheproblemTwoWayStabilityisΘp2-complete.

Toprovethis,itsufficestocheckthatmappingagraphGtoG∪GreducesUnfrozennessto

TwoWayStability;seeAppendixR[16]forthedetails. Weareabletoprovetheanalogous

resultforβ-TwoWayStabilityviaLemma30;theproofisdeferredtoAppendixS[16].

Lemma30.LetanonemptygraphGandanedgee∈V(G)begiven.Constructfrom

GagraphG bysubstitutingforetheconstant-sizegadgetthatconsistsofacliqueonthe

newvertexset{u1,u2,u3,u4,u1,u2,u3,u4},withthefouredges{ui,ui}fori∈{1,2,3,4}

removedandthefouredges{v,u1},{v,u2},{v,u3},and{v,u4}added.(Thisgadgetis

displayedinFigure5binAppendixS[16].)ThegraphG hasthefollowingproperties.

1.β(G)=β(G)+6,

2.everyedgee∈E(G)−{e}isβ-stableinGexactlyifitisinG,

3.allremainingedgesofG areβ-stable,

4.everynonedgee∈E(G)isβ-unfrozeninGexactlyifitisinG,and

5.allremainingnonedgese∈E(G)−E(G)ofG areβ-unfrozen.

Aniteratedapplicationofthislemmaallowsustostabilizeanarbitrarysetofedges

ofanarbitrarygraphwithoutintroducinganynewunfrozenedges. TheΘp2-hardnessof

β-TwoWayStabilityisnowaneasyconsequenceofLemma30;seeAppendixT[16].

Theorem31.Theproblemβ-TwoWayStabilityisΘp2-complete.
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