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Abstract—The second-order converse bound of multiple access
channels is an intriguing problem in information theory. In this
work, in the setting of the two-user discrete memoryless multiple
access channel (DM-MAC) under the maximal error probability
criterion, we investigate the gap between the best achievable rates
and the asymptotic capacity region. With “wringing techniques”
and meta-converse arguments, we show that gap at blocklength
n is upper bounded by O(1/\/n).

I. INTRODUCTION

The multiple-access channel (MAC) is a fundamental in-
formation theory problem, which admits multiple independent
users (transmitters) to deliver signal to a noisy channel, and
the signal sent by corresponding sources must be recovered at
the receiver.

The MAC was first alluded to by Shannon [1] more than
half century ago. Since then, it attracted significant amount
of attention and became a fruitful research field [2]. For the
discrete memoryless multiple-access channel (DM-MAC), the
capacity region was derived by Liao [3] and Ahlswede [4].
For the Gaussian MAC, the capacity region was introduced by
Wyner [5] and Cover [6]. Dueck [7] showed that for maximal
errors the capacity region of the MAC (and also for Shannon’s
two-way channel) can be strictly smaller than the one for
average errors. However, these results were in the context of
first-order asymptotic, that is, the error probability approaches
to zero and and blocklength grows to infinity. Naturally, one
may ask that, if we have finite blocklength and constrained
error probability, how does the capacity region change?

The strong converse shows that with error probability fixed
to be greater than zero, the set of achievable coding rates
approaches to the standard capacity region when blocklength
grows to infinity. For the DM-MAC, the strong converse
was first given by Dueck [8] using the blowing-up lemma
and a wringing step. Ahlswede [9] presented an alternative
proof using Augustin’s converse argument [10] instead of the
blowing-up lemma and also improved the wringing technique.
For the Gaussian MAC, a strong converse was given by Fong
and Tan [11] by applying Ahlswede’s wringing technique.
Based on the strong converse, one may further ask, given fixed
error probability, how quickly do the achievable coding rates
approach to the standard capacity region as the blocklength
grows?
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The answer to this question is the second-order coding rate,
which is the gap between the best achievable rates and the
asymptotic capacity region given finite blocklength. Strassen
[12] showed that the gap at blocklength n for point-to-point
channel is O(1/y/n). This result was refined by Polyanskiy
et al. [13] and also brought renewed interest regarding the
second-order rates. Second-order achievable results for the
MAC under average probability of error were found in [14]-
[18]. For the problem variant with degraded message sets,
second-order results, including matching converses, were de-
rived in [19], [20]. However, for the standard MAC, exist-
ing second-order achievability and converse bounds do not
coincide. Second-order converse bounds have been found by
Kosut [21] under the average error probability criterion, and
by Moulin [22] under the maximal error probability criterion.
However, we have been unable to verify the proof of [22]
(specifically, the transition from equation (27) to (28)). Thus,
in this work, we present an alternative proof of a second-
order converse for MAC under the maximal error probability
criterion. Our work has a different approach which mainly
uses wringing-based techniques (which will be introduced in
detail later), and claims similar results as of [22].

II. PRELIMINARIES
A. Basic Notations

For a random variable X, we use calligraphic letter X to
represent the alphabet, and the lower case = to represent a
realization. We denote the set of all possible distributions on
X as P(X). Given a distribution Px and a subset A C X,
we may represent »_ . Px(x) as Px(A). At times, for
simplicity we may omit the subscript, e.g., we may use P(z)
instead of Px (). And we denote a vector of random variables
(X1,...,X,) as X", and set {1,...,n} as [n].

Given distributions P,() € P(X), the Kullback-Leibler
divergence is given by

D(PIQ) =B [tow 5|

Q(X)
The Rényi divergence of order oo is given by
P(A)
Q(A)

Doo(P||Q) = sup log
ACXx



The divergence variance is defined as

V(P|Q) = Varp [mg P m] ,

QX)
and the conditional divergence variance is defined as

V(Pyx|Qyx|Ux) = Z Ux(2)V(Py|x=21Qy|x=2)-
zeX

We take the standard Q~1(p) as the inverse of the comple-

mentrary Gaussian CDF. We also adopt the standard O(-) nota-

tion, that is, g(n) = O(f(n)) means limsup,,, , . ‘%

< 0.

B. Multiple Access Channel

In this work, we consider a discrete memoryless multiple-
access channel (DM-MAC) with two independent users (trans-
mitters) S7 and S,. For ¢ = 1,2, S; independently generates
message m; € M; (JM;|= M,), then m,; is encoded into
channel input z; via deterministic encoding function X; :
M; — X;. The MAC is defined by channel law

I/Vy‘xl’x2 S P(X1 X Xo > y),

where X, X5 are input alphabets and ) is the output al-
phabet. In what follows, given a message tuple (mq,ms2)
and encoding functions X;, X5, for simplicity we may use
Wy to represent Wy |x, x,, use W(y|mi,mz) to represent
Wy x,,x, (Y| X1(m1), Xo(mz2)), and use Wy |y, m, to rep-
resent Wy x, (m,),X2(ms)- Given a one-shot channel W, the
product channel of blocklength n is given by

W(y"|zy, 23) = H W (yilz1i, T2:).

i=1
The receiver has a decoding function ¢g4e : Y™ — Mj X

M. The decoding error probability for each message tuple
(ml, mg) is

e(mi,ma) = Y W"(y"|XT] (m1), X5 (ms))
yneyn

“L(Pae(y™) # (m1,m2)).

Here 1(-) is the indicator function. The maximal error proba-
bility emax 1s defined as

emax = Mmax e(mq, ma).
mi,m2

A (n,M;,M;) DM-MAC code consists of codebooks
{X"(m;) : m; € M;} for i = 1,2. We say a rate pair
(R1,R2) is (n,€) achievable if there exists a (n, My, Ms)
MAC code with maximal error probability e, where onta <
M and 27F2 < M.

III. MAIN RESULTS

Assuming X, X, are independent, we define

Csum £ max I(Xl,XQ;Y).

Px, Px,

We assume the maximum is achieved at unique (P% , P%,),
such that Wy x, x, Py, Px, is our optimal joint distribution

for (X1, X2,Y) which achieves Cyyy. Therefore, the corre-
sponding unique distribution of Y is

Pi(y) = Y W(ylar,x2) P (1) P (22).

T1,2T2

And we define
VEEV(Wyx, x, [I1P¥|Px, Px,)-

Note that in general the sum capacity for the maximal error
setting is unknown, so we choose to write our converse bounds
in terms of the average-error sum capacity, which is Cy,, as
we defined. Our goal of this work is to prove the following
theorem.

Theorem 1. For every (n,Mi, Ms) DM-MAC code with
maximal error probability € € (0,1), it holds that

log My My < nCyym — VnV*Q 7 (€) + o(v/n).
IV. PROOF TOOLS

The proof consists of four steps. Step 1), we use an
averaging argument with Markov’s inequality to find a subset
2 of message pairs with a desired property. Step 2), we use the
wringing technique to find subsets M1, My and define subset
Q = (M1 x M3)NQ such that inputs are almost independent
when restricted to €. Step 3), we prove a converse bound on
the subset Q and relate it back to the original code.

A. The Wringing Technique

The history of the wringing technique can be tracked back
to the work of Dueck [8] and Ahlswede [9] in the 1980s,
and it was refined by Kosut [21] recently. Roughly speaking,
given any subset {2 of a MAC code, the goal of the wringing
technique is to “wring out” the dependence in the subset by
taking 2 C €, such that inputs are “almost independent” when
restricted to be taken from (.

Definition 1 (Wringing Dependence). Given random variables
X, Y with joint distribution Px y, the Wringing dependence
between X and Y is given by

A(X;Y) = inf sup
PX7PY Ac,;&BCy

Pxy (A, B)'™ < Px(A)Py(B)}

inf{6 >0:

Lemma 1 (The Wringing Lemma in [21]). Let Px y € P(X' X
Y), Px € P(X), and Py € P(Y) be distributions such that

Do (Pxy|PxPy) <o

where o is finite. For any 6 > 0, there exist sets X c X,
Y C Y such that

PX,y(‘)? x V) > exp {—%}

and
A(X;Y) <6

where (X,Y) are distributed according to Px yixexyey-



B. Hypothesis Testing

Definition 2. Consider a hypothesis testing between two
distributions P and Q. Let ¢ : X — [0,1] be a randomized
decision rule that ¢¥(x) = Pr[Give P|X = z]. The Type-1I
error probability of the Neyman-Pearson test at significance
level 1 — € is given by

Pri-e(P,Q) =

min

Eo (X)),
el EelW(X)]

Lemma 2 (Proposition 2.1 from [22]). For any (n, M1, Ms)-
MAC code with maximal error probability € over channel W™,
the following holds for any subset Q* of M1 x My and any
distribution Pyn € P(Y™),

1 1 Z

>
o “ o, 2
1,m2)EN

61_E(W{/L"|XT’(M1),X§(WL2)7 PYn).

V. PROOF OF THE THEOREM

We let (mq,ms) be drawn uniformly at random from M X
M. This is an artificial distribution for the purposes of the
proof, rather than an assumption on the true distribution of
the messages. Consequently, from encoding functions {X7; :

€ [n]} and {Xy; : ¢ € [n]}, we obtain distributions Qx,, €
P(X1) and Qx,, € P(Xa) as follows. For any (z1,x2) €

Xl X XQ,
ZP m1

ZP m2

Qx,, (1) - Qx,, (2), and

Z W y‘xlvl.Q) QXh le(xlaxQ)

Z1,T2

Qx,, (z1) 1(X1i(ma) = 1),

Qx,, (z2) 1(X9i(m2) = z2).

Note that Qx,,, x,, (z1,22) =

Qv (y

For each message tuple (m,msy), we define the average
divergence as

1 n
D(ml’ m2) £ E ZD(WYLIX1i(m1)7X2i(m2)HQYi)v

i=1
and define the divergence variance as
1 n
V(mlu m2) £ E Z V(WY1‘|X17‘,(m1)7X27‘,(m2)||QY1')7
i=1

and we assume V' (mq, mg) > 0. Additionally, for X1; ~ Qx,,
and Xo; ~ Qx,,;, Yi ~ Qy, for each i € [n] we define

1 n
I3 £ ; ZI(XU,X%YJ
i=1

and we have the following lemma.

Lemma 3.
I3 = Eml,m2 [D(m17 mQ)]

Proof.

(yz|x17,7 x22)

Q(vi)

Z Z P(x1;, 29, yi) log ————"=

=1 Z14,%2i,Yi

1 n
= Y P(mi,ms ﬁ;D Wy, 1X 1 (1), Xai (ma) | QY:)

mi,ma2
:]Epml mo [ (ml, m2)] D
Lemma 4. Let Q = {(my,ma) € My x My : D(my,mz) <

I3+ LY, it holds that |Q|> 20z

Proof. As (mq,ms) is uniform over M; x My, by Markov’s
inequality and Lemma 3, we have
€
M M,

—Pr <D(m1,m2) <L+ ;)
EP,., m, [D(m1,m2)]

>1_ 'mq,mo

I+ 1

I3
I3+ ]

. /
Given ) and Py, m,, we define Py, . as

=1 —

1

P (mla m2) Pm1 ,mal|(mq, mg)GQ(mlva) @

for each (mi,ms) € Q, and P’(my,mz2) = 0 otherwise.
Accordingly, for any (mj,ms) it holds that
P’(ml,mg)

Plmy)P(ma) <log(nls +1).

log

Therefore,
D ( my, WLQ”PmleZ) < 1Og(n‘[3 + 1) é

Given Pp,,, Py, and P, .. , by Lemma I, for any § > 0

there exists M; C My and My C M, such that
Pl sy (M x Ma) 2 exp (=5 ). )

my,ma

and
A(ﬁll;ﬁlg) S 5, (2)

- /
where (ml’TriQ) ~ Pm1,m2|m1 EMi,maeM>"
We define Q

(M x Ma) N The definition of P’

implies that P, . (M1 x Ms) = (Q), therefore (12)
implies

ml ma2

Phy (@ = 15 = exp (=) ©

We define Py, m, as
_ 1
Py (i, m2) éP7/711ﬂﬂz|m1€/\;l1,mz€./\;12 (ma,m2) = ‘Q|
for each (my,m2) € Q, and Py, m,(m1,ma) = 0 otherwise.
By (3) and Lemma 4, it holds that
o o o
MMy |9 MMy

con(-5)-

€]

(@) AT

ml,mg



which implies

log|Q|— log (M My) > A log(nls + 1)

1)
* 1
L (1 + 5) log(nls + 1),
where (*) holds as we defined o = log(nlz + 1). Thus,

~ 1
log M1 M, < log|Q|+ <1 + 5) log(nls + 1). 4)

We apply the meta-converse of Lemma 2 to the set {2, with
Pyn =i, Qy,. Thus

1 1
ﬁZﬁ Z /816<

(m1 mg)EQ

o ma, WHQY> 5)

=1

For any (mq,ms), the following asymptotics hold for the
Neyman—Pearson test [23]:

—10g B1—e(Wyn |y my» @yn)
—/nV (m1,me) Q71 (6)

+ Elogn +0(1).

=nD( ml, ma)

Combining (5) and (6) gives

DS

(m1 ,7”2)EQ

- VTG e - Siosn =0
> e (VaVingm)e (o)

(m1,m2)€Q

log|Q[< — log exp (—nD(my,my)

(@)
— log

—_

+T’L13+

2

1
10gn+0( )

(v) 1
— log |exp @ Z

(m1,m2)€R

nV(my,ms)Q ! (e)

1
+nls + 3 logn + O(1)

>

(m1,m2)eQ

- nVms,ma) o g
1€

~ (7
Here, (a) holds by the definition of set €2 and 2 C €. (b) holds
by the fact that function f(z) = e°V® is convex for 2 > 0
when ¢ < 0 and # > ¢=? when ¢ > 0. Where as ¢ < 1/2
implies Q71 (¢) > 0 and we have nV (my,mz2) > (Q 1(e)) 2
when 7 is large. And Q7 !(e) < 0 when € > 1/2.

Now combining (4) and (7) gives
nV(my, ms)

L T

(m1,m2)EN

1
+§logn+0(1)+ <1+

longMg S?’ljg, — Qil(G)

;) log(nlsz +1).
®)

We want to prove that either I3 is bounded away from Cyyp,

>

(m1,m2)€Q

V(mi,m2)
— V.

it

Given encoding functions {X1; : i € [n]}, {X2; : i € [n]},
let P rXp be the distribution 1nduced by Pml’mz, and PXn
PXn be the marginals. That is,

xp.xp (o], 73)

= Z P(my,ms) -

(m1,m2)€Q

L(XT (ma) = o7, X5 (mg) = 23).
We first focus on the second-order term in (8), note that

n

ZV(WYHXUX%
i=1

:Z Z P(x1i,29:)V

1=1 T14,%24

SIS

1=1 x14,T2; (ml,m2)€Q

'X2z‘>
(WYilfﬂu,rzi ”le)

1(X1i(m1) = 14, Xoi(ma) = x2;)

. p(mlva)V (WYi|Iu7fE2i QYi)
:Z Z V(WY5|X1i(m127Xzi(m2)||QY1')
€2

=1 (ml m2)
_ Z nV(m_l,mQ)
( )EQ &

mi,ma2
G
Regarding each channel use 4, for any (x1,22) € Qwié
{(z1,22) : 1 = X15(m1), z2 = Xo;(m2), (M1, m2) € Q},
let A = {m1 : l(Xlz(ml) = 1‘1)}, B = {m2 : 1(X27(m2) =
x2)}. By (2) and Property 3 of Theorem 2 in [21], we have
|pm1,m2(A’B) - [_)7711(’4)]37"%2(3”S 20.

By our definitions Px, (x1) = P, (A), Px,(z2) = Pp,(B),
and Px, x,(z1,72) = Pp,. mQ(A7B), such that for any

logn + O, 22) € Q, we have

|P(x1,22) — P(x1)P(x2)|< 20. (10)

For any distribution Py € P(Y), by (10), for each i € [n]

Z P(l’li, fI/'QZ)V(

T1i,%24

= Z p(xlha:?i)V(WYilIli,Izi

L14,T2i

> Y (P(en)P(zai) = 26) V(Wy, gy, 0, Py) (1D

T14,T2i
:V(WYHXM,X% PYl-PXh»PXm)
—20 Z V(WK‘,\UEU,IQ?‘, PY)

L1i,X24

WK‘,MM@% PY)

Py),




By (9) and (11),

V(imy,m 1 — _
Z (51)|2) Zg Z [V(WYi\thxzi QYi PXliPXZi)
(m1,m2)€EQ i=1
26V

(12)
where V! =37 V(Wy, |z, 20 |Qv:)- ~
_ It remains to prove that Qy, = Py, Px,, = P% , and
Px,, ~ P)*(z. Regarding the first-order term in (7), if nl3 <
nCsum—VnV*Q~1(e), then by (8) we are done with the proof.
Hence we assume

nCum — VnV*Q 7 (e) <nly =Y I(X1;, X253 Vi)
i=1

Recall that X3; is independent of Xo;, so I(X1;, Xo;;Y;) <
Cyum. Define the set

A={ien]: (X1, X2:;Y;) < Coum —n~ /).
‘We have

nCam — O(v/n) < ZI(XU,X% Y;)

i=1
< [A|(Csam — n %) + (1 = [A)) Coum.-
Thus |A|< O(n3/%). For any i ¢ A, we have
C’sum - n71/4 S I(X117X217}/;) S C’sum-

Recall that we have unique optimizer (Py ,Py,) =
argmaxp,  p. I(X1,X2;Y) and the mutual information can
be considered as a continuous function of (Px,, Px,). Thus,
for any i ¢ A,

Qv (y) — Py (y)|< o(1) for all y.
Define the distribution
Py,(y) = > W(ylar,22)Px,, (1) Px,, (z2).
ZT1,T2

We again apply the meta-converse of Lemma 2 on €, but now
with Pyn =[]}, Py,. By applying a similar technique as in
(7), it holds that

1Og‘Q|§ ZD(WYHXM,X% Hﬁﬁ

=1

< Z |:D(WY£|X1iX2i
1=1

pX11:7X27‘,) - O(\/ﬁ)

n
<Y Ia(Xui, X233 Yi) + O(nd) — O(Vn).
i=1
B _(13)
Where I3 is the mutual information respect to Px,,, Px,,,
and Pyl If Z?:l IF:)(X127 X2i; Y;)+O(n6) < nC’mm—O(\/ﬁ)
then we are done. Therefore we assume

i=1

Py,|Px,,Px,,) + O(8)| — O(v/n)

As described in detail below, we will choose § =
O(@/nl/‘l) Thus
n 10 .
Zlﬁ(XlivX%;Yi) > nCym — O (n\/ng) .

i=1

Applying a similar argument to above, there exists a set 3 C
[n] where |B|= o(n) and for each i ¢ B,

I]:D(Xli) X2la }/:L) Z Cvsum - 0(1)

Therefore, again by continuity of the mutual information, for
all i ¢ B,

|Px,, (1) — P%, (z1)|< o(1) for all 2,

and a similar result for Py,,.
Thus, by (12), when n is large, it holds that

Z V(mi, m2)
( e 1
mi,msa =9
1 _ _
> E Z V(WYHXM:Xzi QYi|PX1i7PX21') — 20V’
i€(AUB)¢
> A |“2|_‘B‘ (V* —o(1)) — 26V

>V*—o(1) - 25V,

15)
where in the last inequality, we have used the fact that both
A and B have cardinality that is o(n). Applying the bound of
(15) to (8), we have

log My My <nCum — v/n(V* — 26V — 0(1))Q " (¢)

1 1
+ 3 logn + O(1) + (1 + 6) log(nls + 1).

By applying Taylor expansion with respect to § at § = 0, we
have

—/n(V* =26V 4+ 0(1))Q (e
= —Vn(V* +0(1))Q7"(e) + O(5v/n).

~—

We achieve
1 1
min O(6v/n) + 3 log(nlz 4+ 1) = O(n#+/logn)

which is achieved by § = O(y/logn/n'/*). Thus, the proof
concludes as

log M1 M,

< nCam — /nV* +0(n)) Q7! (e) + O(n? \/logn)

< nCom — VnV*Q7 ' (€) + o(v/n).
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