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Atomic nuclei are composed of a certain number of protons Zand neutrons N.
Anatural questionis howlarge Zand N can be. The study of superheavy elements
explores the large Zlimit'?, and we are still looking for acomprehensive theoretical

explanation of the largest possible N for agiven Z—the existence limit for the
neutron-rich isotopes of a given atomic species, known as the neutron dripline’.

The neutron dripline of oxygen (Z=8) can be understood theoretically as the result
of single nucleons filling single-particle orbits confined by amean potential, and
experiments confirm this interpretation. However, recent experiments on heavier
elements are at odds with this description. Here we show that the neutron dripline
from fluorine (Z=9) to magnesium (Z=12) can be predicted using a mechanism that
goes beyond the single-particle picture: as the number of neutrons increases, the
nuclear shape assumes anincreasingly ellipsoidal deformation, leading to a higher
binding energy. The saturation of this effect (when the nucleus cannot be further
deformed) yields the neutron dripline: beyond this maximum N, the isotope is
unbound and further neutrons ‘drip’ out when added. Our calculations are based on a
recently developed effective nucleon-nucleon interaction®, for which large-scale
eigenvalue problems are solved using configuration-interaction simulations. The
results obtained show good agreement with experiments, even for excitation energies
of low-lying states, up to the nucleus of magnesium-40 (which has 28 neutrons). The
proposed mechanism for the formation of the neutron dripline has the potential to
stimulate further thinking in the field towards explaining nucleosynthesis with

neutron-rich nuclei.

Intheaccepted simple picture, protons and neutronsinan atomic nucleus
are confined by amean potential, filling single-particle orbits. Like elec-
tronsin hydrogen-like atoms, these single-particle orbits have shell struc-
tureand magic numbers (Z,N=2, 8, 20,28, 50, ....) as conceived by Mayer
andJensen®®. These single-particle orbits for neutronsare displayed sche-
matically inFig. 1a, b for the example of the magnesium-32 nucleus (**Mg;
Z=12,N=20).InFig.1a, allneutron orbits below N=20 (a magic number)
are occupied, forming a neutron closed shell. A closed shell implies a
spherical shape in general (Fig. 1c). However, if single-particle orbits are
only partially filled, the picture is altered. If the nucleons are scattered,
givingrise tolonger mutual distances (Fig.1d), aweaker bindingisinduced
because of the short-range attractive nuclear force. On the other hand, if
thenucleonsareclosely configured, forming an ellipsoid (Fig. 1e), mutual
distances between the nucleons become shorter, resulting in stronger
binding due to the nuclear force. Thus, an ellipsoidal shape”® can arise.

For the example of Mg, if neutrons are excited across N=20 magic
gap (Fig. 1b), orbits below and those above N =20 are both partially
filled. A deformed shape canthen arise. The binding energyisincreased
by the deformation. If this effect is large enough that its energy gain

overcomes the energy needed to promote neutrons across the magic
gap, this state is low in energy, and is called an ‘intruder’ (Fig. 1b, e).
Iftheintruder becomes the ground state asin*Mg, itis called an inver-
sion'°*, a breaking of Mayer-Jensen’s magic scheme (Fig. 1a, c).

Here we present a theoretical description of magic number, shell,
shape and dripline properties of nuclei with Z=9-12. Experimentally
known neutron driplines are reproduced for Z=9 and 10. Likewise,
experimental excitation energies of low-lying states are reproduced,
confirming the validity of this calculation. Inisotopes of Z=10-12, as
Nincreases from 20, the ellipsoidal shape deformation remains large,
which results in strong binding. This effect, however, terminates at a
certain N, and theisotope chainreaches the dripline. This mechanism
isin contrastto the traditional scenarioin which, near driplines, the last
neutrons occupy loosely bound single-particle states™ 8,

Nuclear chart, exotic nuclei and dripline

Thenuclear analogue of the periodic tableis the Segré chart (or nuclear
chart). Figure 2ashows a part of it for Z=1-16. Each square in this chart
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Fig.1|Schematicillustrations of shell structure and nuclear shape.

a, b, Shell structure of neutrons for **Mg. The numbers in circles with yellow
highlight denote Mayer-Jensen’s magic numbers®®-2, 8,20, 28, ... The sd shell
isindicated by the green background; the pfshellisindicated by the blue
background. All orbits below the magic number N=8 are occupied by neutrons
(browncircles), forming theinert core. The vertical dots at the top imply higher
orbits.a, The lowest orbits are occupied (filling scheme): Nis 20 for Mg, which
isamagic number; all orbitsin the sd shell are then occupied by neutrons (red

corresponds to an individual nucleus with specific values of Zand N.
Black squares imply stable nuclei, which have infinite or long enough
lifetimes. The element name and the mass number,A=Z+ N, are indi-
cated. Stable nuclei constitute most of the matter on the Earth. Orange
squaresindicate the remaining nuclei, called exotic nuclei. Exotic nuclei
can exist for finite, usually rather short, lifetimes, because they decay
into other nuclei through radioactive decay, primarily through S decay’,
eventually reaching stable nuclei after sequential decays. Thus, exotic
nucleiareliterally ‘exotic’in nature. They are, however, produced con-
stantly in the Universe as intermediate products in stellar nucleosyn-
thesis or in nuclear reactors.

The chain of isotopes (that is, the horizontal spanin Nforeach Z) in
the Segré chart ends at the neutron dripline. Its location on the chart,
aswellasitsunderlying mechanism, is one of the most intriguing prob-
lems of nuclear physics at present, and is our focus here. Figure 2a
indicates that as Zincreases, the dripline moves farther right in the
Segré chart; more protonsinanucleus meansthat the nucleus can hold
more neutrons’. We also note that some nuclei with odd N do not exist
near thedripline. The dripline has been established experimentally up
toZ=10; see below.

Stable and exotic nuclei are called bound nuclei, in the sense that
protons and neutrons are put together by nuclear forces indefinitely
oruntil radioactive decays change them to other nuclei. Opensquares
in Fig. 2a mean unbound systems, which are usually called unbound
‘nuclei’ regardless of their instability against neutron (or proton) emis-
sions, and can be observed, for instance, as resonance-like peaks in
the emission spectra. By identifying relevant unbound nuclei such
as those indicated by open squares in Fig. 2a, one can experimentally
confirmthe dripline.

Configuration-interaction calculation up to driplines

Here we study the stable and exotic nuclei in the isotopic chains of
fluorine (F,Z=9),neon (Ne,Z=10), sodium (Na, Z=11) and magnesium
(Mg, Z=12). Wide ranges of N are covered. Particle-hole excitations
across the N=20 magic gap, an example of whichis shown by dark pink
arrows inFig.1b, are crucialin many of these nuclei. Other particle-hole
combinations should be included, and multiple particle-hole excita-
tions can occur. Consequently, two major shells below and above the
magic number 20 (the sd and pfshells, respectively, as shownin Fig. 1a,
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circles) formingthe N=20 closed shell.b, Asina, but two neutrons are excited
fromthe sdshell (holes shown by white circles) to the pfshell (red circles), as
shownby pink arrows. c-e, Spherical and ellipsoidal shapes. ¢, The shapeis
spherical, forinstance, for the ground state with Nand Zbeing magic numbers.
d, Atypical configuration of valence nucleons without substantial correlations
amongthem. e, An ellipsoidal deformed shape formed by closely configured
valence nucleons with strong correlations.

b) must be explicitly treated in the theoretical calculation. We take the
180 closed shell, where all single-particle orbits below the magic number
8 are fully occupied (brown circles in Fig. 1a, b). The sd and pf shells
provide single-particle states where active (or valence) nucleons can
move around, interacting with each other. This interaction has been
derived®, via the extended Kuo-Krenciglowa (EKK) method” %, from
the fundamental chiral-effective-field-theory (YEFT) interaction by
Machleidt and Entem?? stemming from quantum chromodynamics
(Methods). The derivation of an effective NNinteraction like thisis not
trivial. For example, relevant earlier methods may encounter difficulties
of divergence, once both the sd and pfshells are included®. The EKK
methodresolves this difficulty. The contributions from three-nucleon
forces (3NF) are further included into this effective NN interaction*?,
where the 3NF represents effects of virtual excitations to the 4 particle,
thatis, the Fujita-Miyazawa force?* (Methods). The present effective
interaction, called EEdf1, is thus constructed*. The Schrédinger equa-
tionis solved for thisinteraction using a configuration-interaction-type
calculation, called the shell-model calculationin nuclear physics (Meth-
ods). We note that in traditional shell-model calculations, some parts
ofthe NNinteraction are usually adjusted by using experimental data
(see this review™). In addition, ab initio shell-model-type approaches
have worked well recently, but some difficulties appear when going
through N=20; see, for example, refs. 2%,

The nine nuclei with Z=10-12 and N=20-22 are often referred to
collectively as the island of inversion'?, named after their intruder
ground states (Methods). A number of earlier works have been reported
on many nuclei in and near the island of inversion (see reviews>?).
Morerecently, those nuclei have also been described by the EEdfl inter-
action*?32, Here we extend the application of the EEdf1 calculation
towardsdriplines. Figure 3 displays such results for the excitation ener-
gies of the 2] and 4] states in even-N Ne and Mg isotopes. We observe
agood agreement with experiment, including those (Ne with N =22
and Mg with N=24, 26 and 28) measured after the derivation of the
EEdflinteraction. Low-lying 2] and 4] energy levels are usually good
indicators of substantial ellipsoidal deformation, and this is the case
for N>20inFig.3.

We note that configuration-interaction calculations to solve the
present eigenvalue problem cannotbe performed for N=24-30 within
the traditional computational method, that is, the diagonalizationof a
Hamiltonian matrix, because the dimensions of the matrix exceed the
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Fig.2|The Segré (nuclear) chart (from hydrogenup to sulfur) and
schematic picturesfor the dripline mechanisms. a, Part of the Segré chart,
whereindividual atomic nucleiare plotted as squares for their Zand N. The
name of the elementand its mass number (4 =27+ N) are showninsomesquares.
Mayer-Jensen’s magic numbers are denoted along the axes. The thin dotted
linesindicate those magic numbersinthe chart, whereas the dashed line
indicates the Z=8 magic number. The black squaresindicate stable nuclei,and
the orange onesindicate exotic nuclei observed experimentally so far. Thered
squares aredriplines for F, Ne and (probably) Naisotopes, while the pink square
isthe present prediction for Mgisotopes. The blue-outlined squares indicate

current limit®, which is 10", We employ the Monte Carlo shell model,
whichenables us to solve this eigenvalue problem to agood approxima-
tion by means of selected importantbasis vectors for agiven many-body
state*** (see recent applications® 3 and Methods).

Ground-state energy, dripline and magic number

We calculate the ground-state energies relative to that of the '*O nucleus
and compare them to experimental data (Fig. 4). A good agreement
is seen in each panel. Although the NN interaction was derived as
described above, the single-particle energies with respect to the 0
inert core were fitted as free parameters for the original EEdf1 Ham-
iltonian* (Methods). In principle, the single-particle energies can be
derived, but more studies are needed to achieve an accuracy compa-
rable to that of the effective NNinteraction. The validity of these fitted
values has been confirmed by comparison toanumber of experimental
data not only of energy levels but also of electromagnetic properties
or spectroscopic factors*?®32, Although the derivation of the effective
NNinteraction does exhibit a certain ab initio aspect, this fit prevents
us from calling the present calculation fully ab initio.

We now calculate the ground-state energies of the four isotopic
chainsupto their driplines. The driplines obtained by the original EEdf1
calculation differ somewhat from recent experimental ones for F and
Ne isotopes®. To retain the advantage of the successful application
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experimentally known unbound nucleirelevant to this work. The green arrow
labelled bsuggests theregionin the chart where the dripline mechanismshown
inpanelbis considered tobeapplicable; the brown arrow labelled c suggests
theregioninthe chart where the dripline mechanismshownin panelcis
considered tobeapplicable. b, Traditional picture of dripline mechanism
based on the filling of single-particle orbits from the bottom. ¢, New dripline
mechanismbased onshape evolution and the resulting change of the binding
energy.d, Theenergy needed to move one of the neutronsinthe ground state
(brackets) toaloosely bound or continuum single-particle states (wavy lines).
The upper wavy line with arrowhead implies astate in the continuum.

of the original EEdf1 calculation, we simply shift all the single-particle
energies by the same amount, A¢. This shift changes neither excitation
energies nor wavefunctions, but varies the ground-state energies.

Asshowninthe Methods, Ae=0.82 MeV appearsto be appropriate,
andsoweuseitinthiswork.Figure4 showsthe ground-state energies
for each chain of isotopes: as N'starts to increase, the ground-state
energy first comes down, and reaches a minimum point. Beyond this
minimum point, the ground-state energy becomes higher, meaning
that a certain energy can be released by breaking this nucleus into a
lighter one and some fragment(s) including neutron(s); this nucleus
isunbound. The minimum points (red arrows) in Fig. 4 correspond to
the driplines. Figure 4 displays only isotopes with even values of V.
This is because near the dripline, isotopes with odd values of N show
higher ground-state energies, and what is relevant to the dripline is
the comparison between even-Nisotopes.

Figure 4 indicates that the present calculation reproduces observed
driplines® at*F and **Ne as well as the probable candidate at **Na, and
predicts the dripline at “Mg (Fig. 2a, Methods and Extended Data Fig.1).
Earlier dripline works show similarities and differences to this work:
forexample, amean-field calculation® predicted driplinesat N=24 +2
and 32 + 2 for Ne and Mg isotopes, respectively, while an empirical
approach* predicted driplines at ”°F, >*Ne, *Na and “°Mg.

Figure 2b exhibits aschematic picture of an underlying mechanism
ofthedripline: neutrons fill single-particle orbits in the mean potential,
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isotopes, asfunctions of N.a, Ne; b, Mg. The results of the present configuration-
interaction calculation with the EEdflinteraction (lines) are compared to
experimental data (symbols)*. Dataare from the National Nuclear Data Center’s
‘Evaluated Nuclear Structure DataFile’ (http://www.nndc.bnl.gov/ensdf/).

but the last neutron cannot occupy any bound orbit. As this neutron
must go away, the nucleus is unbound. This scenario basically repre-
sents the situation of the oxygen isotopes. The two highest bound
orbits, the 1d;,, (lower) and 2s,,, (higher) orbits (Fig. 1a, b), are fully
occupied. The next orbit is the 1d;, orbit. In oxygen isotopes, there is
anew magic number N=16, with a sizeable gap between the 1d,,, and
2s,,, orbits (see a review”) partly due to the tensor force*. The 1d;,
orbitislocated high in energy, because of this gap, at positive energy
or the continuum. This feature remains unchanged in oxygenisotopes
due to 3NF (ref. ). In fact, 20 and %0 have been known experimen-
tally to be unbound (open squares in Fig. 2a), locating the dripline at
the 2O nucleus*?**. Thus, the magic number/shell structure and the
dripline can be linked directly. As the mean potential is mainly due to
the proton-neutron interaction, the mean potential for neutrons is
shallower for smaller Z, because of fewer protons. Neutron orbits are
then lifted up in energy, and the highest orbit can be pushed up into
the continuum. Thus, the neutron dripline moves to smaller N value
asZdecreases, although the actual mechanism can be more complex.
Ifthe last bound single-particle state of neutrons is loosely bound, an
outward tunnelling may occur, ending up with a neutron halo, that is,
an extremely extended neutron density distribution' 8, The coupling
of suchloosely bound states to continuum tates is of currentinterest,
leading to an open system**,

Another dripline mechanism and nuclear shapes

We next discuss how the driplineis determined in neonand magnesium
isotopes. We decompose the effective NN interaction, vy, into three
components according to their effects (not their origins):

+ Upair TV,

Unn = Umono pair rest (1)
Where Unono, Upairand v denote the monopole, pairing and rest interac-
tions, respectively. This decomposition is made uniquely for a given

vy (Methods). We start with asimple explanation of them. We take two
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Fig.4|Ground-state energies ofeven-Nisotopes of F, Ne, Naand Mg,
relative to the'°0 value. Coloured segments exhibit decompositions into
various effects from the monopole (green), pairing (blue) and rest (such as
quadrupole) (red) components of the effective nucleon-nucleoninteraction as
wellas those from Coulomb interaction (black) and single-particle energies
(labelled SPE; grey). The monopole effect grows steadily as a function of Ninaall
cases; theresteffectis also substantial but varies in more complex ways. The
experimental values areindicated by closed black circles: dataare fromthe
National Nuclear Data Center’s ‘Evaluated Nuclear Structure Data File’ (http://
www.nndc.bnl.gov/ensdf/). The theoretical driplinesindicated by red arrows
arethe same as the experimental ones for Fand Ne isotopes, and probably also
for Naisotopes. The dripline of Mg isotopesis not known experimentally.

single-particle orbitsjand,’. The monopole interaction represents
an average effect between a nucleon injand another inj’ for vy, (see
areview”). The average is taken over all possible quantum states of
these two nucleons. The effect of the monopole interaction is given
by the product of the occupation numbers of the orbitjand thatin,”.
It resembles the bond between two interacting objects.

The pairing interaction in atomic nuclei induces nucleon-pair cor-
relations in the angular momentum space in the same way as the BCS
(Bardeen-Cooper-Schrieffer) pairing in linear momentum space in
condensed matter. The pairing interaction is then extracted from v,
after the removal of the monopole component, asacomponentacting
on two neutrons (or two protons) in the same orbits but in opposite
directions, coupled to/"=0" (where/is total angular momentumand
is parity). Thisinteraction moves such a pair from an orbit to another,
keeping /"= 0", and is one of the major sources of binding energy.

The ‘rest’interaction collectively implies all other terms after extract-
ing the monopole and the pairing components from v,. Although the
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restinteraction consists of many terms with various effects, the effect
most relevant to this work is the generation of more binding energies
for stronger ellipsoidal (or quadrupole) deformation, illustrated in
Fig.1le. Because other effects may also provide some binding energies,
the contribution of the rest interaction is referred to as ‘rest (such as
quadrupole)’in Figs. 4 and 5a as well as in the text.

Figure 4a-d displays the contributions of these three terms, as well
as the contribution of the Coulomb interaction evaluated as in the
previous work®. All these contributions are shown relative to the values
for the 0 core. The effects of the single-particle energy are negative
inFig. 4, and the positive Coulomb effects are cancelled by part of the
single-particle energy effects.

The monopole interaction effectively changes the single-particle
energies (see areview”).Itis therefore natural to combine the effect of
thesingle-particle energy (grey in Fig. 4) and that of the monopole inter-
action (green), andto call it the combined-monopole effect, including
the Coulomb effect as well. This combined effect is seen as the lower
edgeofthegreenareainFig. 4.If thisedge comesdownas Nisincreased,
added neutrons are bound as far as the combined-monopole effect is
concerned. For Ne isotopes, the lower edge of the green area comes
downtoN=30, evenbeyond thedripline. Similar trends are seen for Na
andMgisotopes. This means that an added neutron gains some binding
energy from the combined-monopole effect even beyond the dripline.
So there must be another mechanism to push the driplines back to
the right places. The pairing interaction is basically irrelevant to this,
becauseits effectis rather stable asafunction of Naround the driplines.

Figure 5adisplays the contribution of the rest (such as quadrupole)
interaction. We focus on the Mg case first: as Nincreases from 16, this
contribution becomes larger in magnitude but comes to the turning
point at N=22. Although it does not change much until N=26, it rises
rapidly for N>26. Note that a similar trend is expected for the quad-
rupole deformation, which can be quantified, for example, by elec-
tric quadrupole properties. Infact, a consistent enhancement of their
values is seen in the present calculation, exhibiting agreement with
experiment for lighter isotopes* while heavier ones are experimental
challenges. The ground-state energy is lowered until the turning point
at N=30 (Fig. 4d). Thus, the rest (such as quadrupole) contribution
and the ground-state energy show different turning points. We point
out that the combined-monopole effect changes, as a function of N,
almost linearly as -2.4 MeV per Ninthe range N=22-32. Therest (such
as quadrupole) contribution, however, exhibits a different pattern,
like a parabola. In going from N=30 to 32, it becomes too weak to be
compensated by the monopole effect, lifting the N=32 ground state
abovethe N=30ground statein energy. Thus, the Mg driplineis placed
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plus monopole (thatis, combined monopole) effects (Fig. 4). The **Mg nucleus
isindicatedbyacircle.b, Ontheleft, theoretical energylevelsbelow2.5MeV
areshown, including the prolate ground (red) and triaxial side (blue) rotational
bands. The shapes of the bands are shown by illustrative symbols. On the right,
the experimental levels are shown®.

at N=30.Neither magic number N=20 or N=28 characterizes the nuclei
being discussed: for example, the neutron 1d,, orbit (Fig. 1a) remains
only about half-filled still in the **Mg ground state, implying that the
intruder nature persists beyond the island of inversion*. The para-
bolic behaviours™ as a function of Nin Fig. 5a are stretched both ways
farbeyond N=20 and 28, whereas if these magic numbers dominated
the structure of these nuclei, the parabolas would end there.

Figure 2c displays this situationintuitively: the variation of the shape
and ground-state energy are depicted as afunction of N, starting from
aspherical shape at a higher energy. By adding neutrons, the ellip-
soidal deformation evolves, giving the nucleus additional binding
energy (second object from left in Fig. 2c). Because such deforma-
tion is a realization of the Jahn-Teller effect*®, special superpositions
of single-particle states are needed to enlarge the deformation. We
note thatbesides the superpositionsinthe pfshell, there can be other
superpositions by neutron holes (Fig.1b). The deformed ground-state
wavefunction contains some of these superpositions (second object
fromleftinFig.2c). Atacertain value of N, all available superpositions
areinthe wavefunction, implying that this extrabinding effect is satu-
rated, marking a maximum (third object fromleftin Fig. 2c). After this
point, additional neutrons weaken the deformation, forinstance, yield-
ing triaxial shapes (on the far right in Fig. 2c).

On top of this effect, as explained above for Mg isotopes, thereis a
displacement between the minimum point of the rest (such as quad-
rupole) effect and the dripline, mainly due to the combined-monopole
effect (arrows in Fig. 5a). If thismonopole effect is weaker, the displace-
mentbecomes smaller.Infact, thereis nosuch effect for Fisotopes (see
the top part of Fig. 5a). For Ne isotopes, the monopole effect changes
by approximately —0.9 MeV per Nin the range N=20-28, producing a
smaller displacement of AN=2, as compared to AN=6 (8) for Na (Mg)
isotopes (Fig.5a). We note that the pairinginteractionisincludedin the
present calculation but does not change the basic trend. Thus, for the
isotopesbeing discussed, thedriplineis given by the saturation of the
rest (such as quadrupole) effect combined with the present outward
displacement. Because the present effective NN interaction has been
derived from the basic nuclear forces (see Methods for their possible
variations), both effects are expected to be robust, providing a visible
example of the dripline mechanism.

Itisthen of particularimportance to examine the present approach
by comparing with experimental data near the dripline. For this ques-
tion, we present the energy levels of **°Mg, for which experimental data
became available very recently*. Despite a plausible claim about the
incapability of “any currently published calculations™, Fig. 5b exhibits
anice agreement for the energy levels of **°Mg. In this case, the Monte



Carlo Shell Model (MCSM) calculation yields a rotational band built
ontheground state with a prolate shape (red), and another rotational
band with a triaxial shape at very low excitation energy (blue). This
agreement seems to suggest the validity of the present approach.

We now commentonthetraditional view thatloosely bound neutrons
characteristic of dripline nuclei may show notable coupling to con-
tinuum states, referred to as “open system™*, When the gain of the
combined-monopole effect with one more neutronis denoted as€,—¢€
represents, as arough estimate, the energy needed to promote a neu-
tron from the ground state to a loosely bound state, assuming that all
effects except for the combined-monopole effect are unchanged
(Fig.2d).Inthe case of Mgisotopes, the open-system scheme may show
up, inthis estimate, with excitation energies around —€=2.4 MeV, apart
from other effects. As €is much smaller for F isotopes, this coupling
can occur at lower excitation energy. It is of great interest to see such
variations. If Nis an odd integer, the pairing and rest (such as quadru-
pole) effects are weaker. This is one of the reasons why only even-N
isotopes appear near driplines, and the open system may be found in
low-lying states with odd N, for example*,

Prospects

Here we have described a mechanism for the dripline of atomic
nuclei, to which both the variation of the shape deformation and the
combined-monopole effect contribute. Although this mechanism is
not very sensitive to details, the agreement with a variety of experi-
mental data and the ab initio nature of the effective NN interaction
enhance the reality of the mechanism. The patterns of the monopole
and rest effects in Fig. 4 have been observed in other regions of the
Segré chart”, and their combination, naturally and robustly, gives us
the present dripline mechanism, in which the EEdflinteraction provides
their precise magnitudes. It is remarkable that the driplines of F, Ne
and probably Naisotopes are described within a single framework of
EEdflinteraction, despite the large structural changes observed. The
excited states are described also, including the recent data for *°Mg.
As a general outcome, this work proposes two dripline mechanisms:
onewithasingle-particle nature and the other with shape deformation
(the collective mode), as shown in Fig. 2b, c, respectively. These two
mechanisms are complementary, and may appear alternatively as Z
increases. For instance, the mechanism in Fig. 2b may return for the
magic number Z=20. The interplay of single-particle versus collective
aspects has been studied inmany facets of nuclear structure***°, and is
now showntobe crucial also to the dripline. Includingintermediate situ-
ations, itis of greatinterest where and how these two mechanisms arise
as Zchanges as well as how one can observe them experimentally, for
example, by measuring ellipsoidal deformation of the nuclei towards
driplines. The relation between fission and the present mechanism is
of interest as the limiting case of the dripline in heavy nuclei.
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Methods

EKK method

The EEdflinteraction is derived by using the EKK method, which is
explained here. The EKK method is a version of many-body perturba-
tion theory. The many-body perturbation theory stands for a group
of the methods for deriving the effective interaction designed for a
givenmodel space (for example, the sd or sd-pfshells), starting fromthe
nuclear force in vacuum®. The Kuo-Krenciglowa (KK) method®is also
one of themany-body perturbation theories, and hasbeen used conven-
tionally and successfully for this purpose®. One cannot, however, utilize
the KK method for a model space composed of more than one major
shell, owing to the divergence problem of the perturbative expansion.

Inthe framework of many-body perturbation theory, including the
EKK and KK methods, a bare nuclear force in vacuum is renormalized
toan effectiveinteraction for the designated model space. The renor-
malization is materialized by perturbative techniques to take in the
effects of the virtual excitation to the outside of the model space. This
is the reason for the divergence in the KK method, because the naive
treatment of the energy denominator leads to a divergence if the model
space comprises more than one major shell. Unfortunately, this has
been afundamentalissue of many-body perturbation theories.

To describe many exotic nuclei, the model space composed of more
than one major shell (for example, the sd-pf shell) is essential but one
cannotaccess, using the KK method, this interesting and fruitful region
of the Segreé chart. The EKK method has overcome this difficulty by
re-summingthe perturbative series so that one can avoid the divergence.
There-summationis performed withaformulasimilar to the Taylor expan-
sionbutinthe operator form. One canavoid the divergence by choosing
an appropriate value of the ‘origin’ of the expansion, without changing
theresult, aslong as the summation of the series converges. The detailed
derivation and explanation of the EKK method are shown in refs. 2,

EEdflinteraction and its single-particle energies

The first application of the EKK method was carried out for the study
of the nuclei around the island of inversion, as described in ref. *. We
outline here how the effective interaction for the shell model calcula-
tion was constructed.

ThexEFT interaction proposed by Entem and Machleidt*~°was taken
withA =500 MeV, asthe nuclear force in vacuum mentioned above, up
to the next-to-next-to-next-to-leading-order (N3LO) inthe YEFT. It was
then renormalized by the V,,,, approach® with a cutoff of
Avowe=2.0fm™, inorder to obtain alow-momentuminteraction decou-
pled fromhigh-momentum phenomena. This treatment helps to gener-
ally improve the convergence of the many-body perturbation theory
calculation, whichisinthis case, the EKK method. The EKK method was
thenadoptedin order to obtainthe effective NNinteraction for the sd-pf
shell, by including the so-called Q-box, which incorporates unfolded
effects coming from the outside of the model space®, up to the third
order and its folded diagrams. As the single-particle basis vectors, the
eigenfunctions of the three-dimensional harmonic oscillator potential
were taken as usual. On top of this, the contributions from the Fujita—-
Miyazawa 3NF were added in the form of the effective NN interaction.
The Fujita-Miyazawa force* represents effects of the virtual excitation
from a nucleon to a4 baryon by pion-exchange processes. It has been
discussed and included inmany works, for instance’®*”. While the 3NFs
may contain other terms, the Fujita-Miyazawa force is considered to
produce dominant contributions to binding energies, as shown, for
instance, in ref. 2. Furthermore, its major and important roles have
recently been clarified also from the viewpoint of the yEF T interaction®.
The other terms are still under discussions with variations of their
strength parameters among different YEFT approaches, and their effects
are expected to be small with respect to the present issues. We thus
retained the Fujita-Miyazawa force in evaluating contributions from
the 3NFs, but other 3NFs will be discussed later.
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The effective NNinteraction for the sd-pfshell was thus constructed,
and was named the EEdfl interaction. There are seven single-particle
orbitsinthe sd-pfshell. Their single-particle energies are determined
by thefit, as stated in the main text. We note that only the single-particle
energies are fitted and the interaction between valence nucleons in
the sd-pfshell is derived as mentioned above. Because of the isospin
symmetry, a proton orbit has the same energy as the corresponding
neutron orbit except for the Coulomb contribution, whichis assumed
tobeequaltoall protonorbits (for agiven nucleus) as usual. The values
of the seven single-particle energies were determined so as to repro-
duce observables such as the ground-state energies of N < 20, the 2]
level of *°Ne, *’Mg, 3Si, and the excitation energies of several states of
3IMg. The fit was not like a y>-fit but was done so as to reproduce basic
patterns of these observables. The single-particle energies of the 2p,,
and 1f;, orbits are constrained by the GXPF1values®, as described also
in ref.*. We note that no structure data of neutron-rich exotic nuclei
with N>20 were used in this fit.

The EEdflinteraction and the single-particle energies attached to
it were thus constructed. It has been extensively applied to a variety
of cases: many experimental data other than those used for the fitare
described well, as one can find not only in Figs. 3, 4, but also in the
results shown in refs. %32,

As stated in the main text, the single-particle energies need to be
refined from the original EEdf1values. In the present work, we shift them
by the same amount, Ae. We first investigate, for each isotopic chain,
which nucleus becomes the dripline as a function of A¢. As shown in
Extended DataFig.1, the original values of the single-particle energies
(Ae=0) are too low, and the calculated dripline appears too far from
the experimentally observed location in the Segré chart. By increas-
ing the A¢ value, the dripline is shifted to smaller N values, that is, to
lighter isotopes (Extended Data Fig. 1). The driplines were assigned
experimentally to *'F and **Ne very recently®, suggesting the range
Ae=0.82-1.17 MeV. Regarding the chain of Na isotopes, a preliminary
reportindicates, with one event, that *Nais bound®. The nucleus *Na
is known to be bound®. If the dripline is on *Na, A = 0.82-0.87 MeV is
obtained (dark pink belt in Extended Data Fig. 1). As it is very unlikely
from empirical systematics that “Nais bound, we exclude this possibil-
ity. We thus adopt Ae=0.82 MeV, the lower boundary of the range. This
range, 0.050 MeV, is the uncertainty of this study and limits, for instance,
the precision of the one-neutron separation energy; itis toosmalltobe
visible in Extended DataFig. 1. The **Mg isotope is known to be bound®,
and the predicted dripline of Mgisotopesis ““Mg (Extended Data Fig. 1).

Uncertainty quantification

The comparisons to experimental data stated in the previous section
reinforce the validity of the EEdf1 interaction for the present study.
While this kind of comparison is a standard way to ensure the validity
ofagiventheoretical scheme, another approach, called the uncertainty
quantification, has been investigated in recent years***®*, By using this
approach, different treatments of acommon nuclear force invacuum
canbe compared inorder to see the variable range of the outcome. In
the present work, we have discussed the uncertainty due to the range
ofthe shift Ag, givingrise to limited precision of the neutron separation
energies. This affects only ground-state energies.

Recently, a variety of ab initio effective NN interactions have been
proposed®?*¢57¢: different choices of the nuclear forcein the free space
and varyingrecipes of its renormalization lead to different effective NN
interactions. To reinforce our findings including the dripline mecha-
nism, therefore, itis desirable to performthe uncertainty quantification
analysis by adopting other effective NN interactions into the present
scheme. Although such a full-scale calculationis ideal, it is at present
not feasible because of limited computational resources. We therefore
explore how results are varied by changing the interactions.

The present work uses the cutoff parameter A, =2.0 fm?inthe V,
calculation®*¥. We vary A, from 2.0 fm™ to 1.8 fm ™" and 2.2 fm™. Note



that Ay, =1.8fm™,2.0fm™and 2.2fm were used in earlier works, such
asref.”. The YEFT N3LO NNinteraction mentioned above***is renormal-
ized with these three values of A,,.,.+, and is further transformed, by the
EKKmethod,intotheeffective NNinteractionforconfiguration-interaction
calculations. The expectation values of such effective NN interactions
arecalculated with respect to the ground-state wavefunctions obtained
inthe work described in the main text. Although the third-order Q-boxes
were included in the EKK calculation for the results shown in the main
text, this comparison with different values of A, is made at the
second-order Q-box, for the sake of simplicity. The Ne and Mg isotopes
with N >16 are considered up to near their driplines. The comparison
showsrather weak dependence onA,,,,,. The expectation values appear
to be similar for the three different values of A, for agivenisotopein
both Ne and Mg isotopic chains (Extended Data Fig. 2). The change of
this expectation value from *Ne to **Ne is more directly related to the
driplines,andisshowntobeinsensitive to the A, value:itis—57.16 MeV,
-57.57MeV and -58.27 MeV, respectively, for A, =1.8 fm™,2.0 fm™and
2.2fm™. The deviation is < 1%. The Mg isotopes show asimilar insensitiv-
ity: the corresponding changes from Mg to **Mg are -102.62 MeV,
-102.10 MeV and -101.49 MeV. The third-order Q-box results are slightly
above these second-order Q-box results (Extended Data Fig. 2). Thiscan
be a hint of good convergence as a function of the Q-box order, and
enhances the validity of the present comparison.

Wealso found, in the analysis stated above, that the monopole, pair-
ing and rest (such as quadrupole) components in equation (1) depict
similarly weak dependences on A,,,,,. The expectation values of the
rest (such as quadrupole) term by the second-order Q-box calculation
provide an example of the insensitivity to the A,,,,, value (Extended
DataFig.3), including the location of its maximum magnitude (N=22,
thatis, *Ne and **Mg), which has exactly the same location as in Fig. 5.
This indicates that the second-order results already carry essential
properties of the structure evolution. Such similarities between the
second- and third-order results are seen also for the monopole and
pairing terms.

Another variationis investigated for the 3NF. The Fujita-Miyazawa
3NF, whichwe adopt here, does not contain the so-called ¢, and ¢, con-
tact terms’®”°, Although there are various options of 3NF that include
these terms, we use the following two frequently used 3NFs: one given
by Hebeler et al.” (option of 2.0/2.0 (EM c; values) for V,,,,) and the
other by Gazit et al.®’. We obtain effective NN interactions from these
3NFs first by deriving density-dependent NNinteractions from them®,
and then by having the density dependence integrated out with the
normal density. Similarly to the cutoff dependences discussed above,
we calculate the expectation values of such effective NN interactions
with respect to the ground-state wavefunctions of the Ne and Mg iso-
topes with N>16 up to near the driplines (Extended Data Fig. 4). The
resultant expectation values derived from the 3NF of Gazit et al.®° show
quite good agreement with the values obtained from the currently used
Fujita-Mitazawa 3NF. We note that ¢, =0.83 and ¢;=-0.052 are adopted
besides the standard c,c;c, term®°. In fact, the expectation value of
the Fujita-Mitazawa (Gazit et al.) 3NF is 11.2 (12.3) MeV for Mg and
46.4 (49.2) MeV for **Mg. This close relation indicates that the Fujita-
Mitazawa 3NF adopted in this work may be, especially in practice, not
too far from the 3NFs used in other approaches, providing us with an
indication of the robustness of the present dripline mechanism. The
3NFs of Hebeler et al.”’, where ¢, = 1.6-1.7 and ¢; = —0.1, show some
systematic deviations from the results of the Fujita-Mitazawa 3NF, but
this deviation is not large and varies smoothly as a function of N. The
difference between this 3NF and the Fujita-Mitazawa 3NF can thenbe
remedied by shifting the value of the parameter As by -0.5 MeV, that
is, from the present value of 0.82 MeV to 0.32 MeV (see the columns
labelled ‘Hebeler et al.-0.5N in Extended Data Fig. 4). In other words,
by using such a value of A¢, one can probably describe the existence
and structure of the nuclei of interest in a similar way to the present
work, interms of basically the same mechanism. We note that c,and ¢;

are smaller in the delta-full formulation®®, where the excitation to the
A particle is more explicitly included.

We now look at some individual terms in equation (1) coming from
the 3NF. Although the ¢, and c; contact terms contribute, as a general
property, totherest (such as quadrupole) term, the actual contribution
is quite small. Forexample, the expectation value of the rest term from
the 3NF of Gazit et al.®* remains 1.3 MeV for**Mg to *°Mg with a decrease
afterwards, whereas the total effect of this 3NF is of much larger mag-
nitude, varying between —29 MeV and -26 MeV for **Mg to “°Mg. Thus,
the 3NF produces rather minor effects on the rest (such as quadrupole)
term.Onthe other side, the 3NF effect on the monopole termis notable.
We sketch howit occurs. Single-particle energies of valence nucleons are
lowered by A-hole excitations, but this lowering should be reduced by
the Pauliblocking due to other valence nucleons. Such blocking effects
canbeincorporated by the monopole term of the Fujita-Mitazawa 3NF
asdescribedinref.?,and this effectis usually rather sizeable and general
because of'its origin. The dominance of the monopole effect over the
othertwotermsinequation (1) is seen commonly in the 3NFs of Hebeler
etal.” and Gazit et al.®, resulting in cancellation of the total attractive
monopole effect (20-30% in the case of Fig. 4).

Summarizing the discussions above, the NNinteraction of the YEFT
was renormalized in the present work by the V,,,, calculation®*> with
the cutoff parameter A« The effects of the effective NNinteraction
for the configuration-interaction calculation are shown to beinsensitive
to this parameter around the present value, up to three decomposed
components: monopole, pairing and rest. The 3NF affects mostly the
monopole term of this effective NNinteraction, and its effects are quite
similar amongthe different 3NF options, or canbe made sobyasimple
tuning. From these findings, the dripline mechanism proposed in this
work appears to be natural and robust with respect to the variations
of NNinteractions.

The background of the features shown above with the case studies
may be discussed as follows. First, as far as the ground and low-lying
states are concerned, the low-momentum part of the effective NN
interaction is more relevant than the high-momentum part. This fea-
tureis further strengthened for long-wavelength phenomenasuch as
the shell structure and the shape evolution, which we focus on in this
work. Second, all reasonable ‘recipes’ of the renormalization®*58283
probably lead to effective NNinteractions with similar low-momentum
properties, which is a natural consequence of the guiding principle
for deriving the effective NN interaction: low-momentum properties
of the original interaction must be reproduced. Third, because the
EEdflinteraction explains experimentsrather well for low-energy and/
orlong-wavelength phenomena, we expectlittle room for substantial
improvement by changing interactions. We thus expect that the present
description of the interplay between the monopole and therest effects
by the EEdflinteractionis close to the ultimate picture of thedripline,
which can be shared by other ab initio effective NN interactions. This
isalsobecause the EEdflinteraction was derived from one of the most
frequently adopted nuclear forces in free space?,

Configuration-interaction calculation or shell-model calculation
Theshell-model calculationis one of the standard methods in the nuclear
many-body problem. Itis similar to the configuration-interaction calcula-
tionin other fields of science. The single-particle orbits are defined first,
ontop oftheinert core (or closed shell) (Fig.1a). Protons and neutrons are
putintothese orbits. They are called valence protons or neutrons. Slater
determinants are composed of single-particle states of these valence
nucleons. We can construct the Hilbert space spanned by such Slater
determinants. The matrix element of the Hamiltonian is calculated for
each pair of the Slater determinants. Once all matrix elements are cal-
culated, the matrix is diagonalized, to solve the Schrédinger equation.
We then obtain energy eigenvalues of this Hamiltonian as well as their
wavefunctions, fromwhich we can calculate various physical quantities.
Thisis an outline of the conventional shell-model calculation.
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The number of such Slater determinants is called the shell-model
dimension, and is crucial for the feasibility of actual computation.
The maximum number of dimensions for which the conventional
shell-model calculation can be performed is about 10" at present®.
Although this number of dimensions has been increased on average
by afactor of two every two years, there are a number of highly inter-
esting or important projects beyond this limit. In fact, the maximum
shell-model dimensionin the present work is 7.45 x 10" for **Mg, which
iswell above the current limit stated above. The MCSM was introduced
to overcome this difficulty®**, and is explained in the Methods. The
shell-model interaction is also being studied for lighter nuclei in ab
initio frameworks, for instance’®* 7,

Island of inversion

The island of inversion stands for the nine nuclei of Z=10-12 and
N=20-22inthe Segré chart. Although this terminology was introduced
in ref. 2, the corresponding phenomena had earlier been recognized
widely, as reviewed in refs. %, The island of inversion has served as a
useful concept since then, in shell-model (configuration-interaction)
calculations (for example, refs. 2132745848¢ ‘in comparison to a large
number of experiments, such as in refs. 54),

Because N=20is one of the magic numbers, the natural expectation
isaneutron closed-shell ground state with aspherical shape (Fig. 1a, ).
Intruder states with deformed shapes may then be found among excited
states. In the picture of the island of inversion, however, an intruder
state gains a large binding energy and becomes the ground state. This
extrabindingenergyis duetoastrongellipsoidal deformation (Fig.1e).
Ifthe closed shell structure remains (Fig. 1a), such strong deformation
doesnotoccur.Onthe other hand, particle-hole excitations across the
N=20 magic gap (Fig. 1b) can generally lead to strong deformation by
creating orincreasing valence particlesinthe pfshelland holesin the sd
shell, as shown in Fig. 1b. Thus, the deformation and the particle-hole
excitationarelinked intheisland of inversion. In the original picture of
theisland ofinversion®, the inversion occurs also for N=21and 22, but
not for N>22.The contribution from protons is also needed for astrong
deformation: the deformation can be stronger for Z=10-12, owing to
particular occupations of proton single-particle orbits. Thus, theisland
of inversion picture suggests that the intruder ground states (that is,
the ‘inversion’ phenomenon) emerge inthe designated area of the Segré
chart, and that the nuclei outside the island of inversion are ‘normal’,
having spherical ground states and retaining the N=20 magic number.

The ellipsoidal deformation is a general phenomenon in atomic
nuclei”®, andis not necessarily connected to particle-hole excitations
across some magic gap. On the other side, a strong deformation can
result in substantial particle-hole excitations over a magic gap, asa
matter of the balance between the strength of the deformation and
the size of the magic gap. In this sense, the mechanism of the island
ofinversionis a part of the general view of the nuclear deformation.

Theisland of inversion picture limits the nuclei with the ‘inversion’
to the nine nuclei mentioned above. This has been extensively stud-
ied; see recent reviews? for instance. It has been shown, however, in
ref. *, where the same framework was taken as the present work, that
substantial particle-hole excitations occurin the ground states of rel-
evantisotopes with N<20, contrary to the island of inversion picture of
ref.”2. Thisis partly due to the shell evolution, meaning that the magic
gap at N=20 becomes smaller as a function of Z (ref.?’). The question
thenarises as to what happens inthe nuclei with N>22. This work shows
the results up to the driplines, and as we show, the N=20 closed-shell
structure is kept broken all the way. The strong deformation persists
up to the dripline, while the degree of the deformation varies.

Monte Carlo shell model

The MCSM?*** uses Slater determinants as the basis vectors, similarly
to the conventional shell-model calculation. However, the Slater deter-
minants are not the same as those used in the conventional one. A basis

vector for the MCSM calculation is a Slater determinant composed
of ‘stochastically and variationally’ deformed single-particle states:
Each such single-particle state is given by a certain superposition of
theoriginal single-particle states with amplitudes determined by sto-
chasticand variational methods. By having some MCSM basis vectors
produced and selected in this way, we diagonalize the Hamiltonian, and
obtain energy eigenvalues and their wavefunctions.

These MCSM basis vectors are obtained one by onesothat the energy
eigenvalue of the state of interest is lowered sufficiently by adding a
new one. For each MCSM basis vector, the single-particle amplitudes
mentioned above need to be determined properly. They are searched
by the stochastic process and are improved in the variational way.
Because of the superposition over all single-particle states, the sym-
metries of the configuration-interaction Hamiltonian are lost, and
the projection onto the angular momentum, the parity, and so onis
carried out for the MCSM basis vector, already in the selection process
of the basis vectors. Many candidates of such Slater determinant are
tried and abandoned, keeping only those making sufficient contribu-
tions. Although there are a number of methodological refinements
practically, we do not mention them here. Usually, we keep 50-100
MCSM basis vectors thus selected and polished. Since the computa-
tion can be quite large, the world’s largest supercomputers, such as
the K-computer (https://www.r-ccs.riken.jp/en/k-computer/about/),
have been used.

Decomposition of the interaction

A given effective NN interaction, v,,, scatters a pair of nucleons in
single-particle orbitsj; and , into a pair of single-particle orbits j; and
Jjs conservingtheir total angular momentum/and parity . Theisospin
Tisrelevantalso, butis omitted here. This process is expressed by the
so-called two-body matrix element

sy T [onnlJy . 2)
The monopole interaction®?, v,,.,,, in equation (1), is defined as an
interaction with a constant strength (coupling constant) common to
any pair of anucleon in orbit, and the other nucleon in orbit j,. This
constant strength should reproduce the average effect of v, for the
orbitsj, andj,, and hence is given by the monopole matrix element

e 5 DGy S iy )
V)= %, @+ ) '

(3)

where/in the summation takes all possible values with certain limita-
tions due to the Pauli principle for the cases with j, =/, (same orbit).
The monopole matrix element is indeed the average over all possible
orientations whenanucleonisin the orbitj, and the otherin the orbitj,.
The monopoleinteraction keeps quantum states of these two nucleons.
Thestrengthvariesingeneralifj, orj,is changed. It is analogous to the
bondbetween two quantum objects (like atoms), in the sense that only
average effects are carried (without fine details). A more precise and
pedagogical explanation, including isospin properties, can be found
in areview article?”. We point out once again that the monopole inter-
action is uniquely determined from a given effective NN interaction.
The pairing interaction, v,,;, is represented by the two-body matrix
elements
<j3 rj3 r./n = O+|UNN - Umgnoljl ’jl ;j" = O+>~ (4)
We consider the pairing interaction between neutrons and the pairing
interactionbetween protons, whereas the one betweenaprotonanda
neutronis not considered in this work. The pairing interactionthen rep-
resents aninteractionacting on twoidentical fermions in time-reversal
states, which is analogous to the BCS pairing of electrons in con-
densed matter. To avoid double counting, the monopole-interaction
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component is subtracted from vy, in equation (4), but this is a minor
pointbecause of the (2/+1) factor inequation (3) and/= 0 for the pair-
ing. Infact, the contribution of the monopole component of the pairing
interaction, which is included not in the pairing segment but in the
monopole segmentin Fig. 4, is small (less than about 2 MeV) and does
not change rapidly as a function of the neutron number. We point out
that the pairing interaction favours states of spherical shapes.
Therestinteractionis given by:

Vrest = UNN~Umono ~ Upair (5)

As mentioned in the main text, v, contains many terms, but the most
dominant one in the present issue is the quadrupole-quadrupole
interaction, for which the main contribution comes from the coupling
between the proton quadrupole operator and the neutron quadrupole
operator. Because of the construction, three terms, Vynonos Vpair aNd Uyer,
exclude each other, and their total sum constitutes theinteraction vy.

Data availability

Alldatarelevantto this study are showninthe paper, butif more details
are needed, they are available from the corresponding author upon
reasonable request.

Code availability

Several codes for the conventional shell-model (configuration-
interaction) calculation are available, of which we used KSHELL* in
the present work. Reasonable inquiries about the MCSM code will be
responded to by the corresponding author.
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